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I'-CONVERGENCE APPROACH TO VARIATIONAL PROBLEMS
IN PERFORATED DOMAINS WITH FOURIER BOUNDARY CONDITIONS

VALERIA CHIADO PIAT! AND ANDREY PIATNITSKI?

Abstract. The work focuses on the I'-convergence problem and the convergence of minimizers for a
functional defined in a periodic perforated medium and combining the bulk (volume distributed) energy
and the surface energy distributed on the perforation boundary. It is assumed that the mean value of
surface energy at each level set of test function is equal to zero. Under natural coercivity and p-growth
assumptions on the bulk energy, and the assumption that the surface energy satisfies p-growth upper
bound, we show that the studied functional has a nontrivial I'-limit and the corresponding variational
problem admits homogenization.
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INTRODUCTION

This work is devoted to the asymptotic analysis of a variational problem for a functional defined in a perforated
medium and combining the bulk (volume distributed) energy and the surface energy defined on the perforation
boundary. In the studied model the perforation is obtained by a homothetic dilatation of a given periodic
structure of holes, with a small scaling factor denoted by . Then the surface measure tends to infinity as € goes
to 0. To compensate this measure growth we assume that the mean value of surface energy at each level set of
the unknown function is equal to zero. Then, under proper coercivity assumptions on the bulk energy, we show
that the said functional has a nontrivial I'-limit and the corresponding variational problem is well-posed and
admits homogenization.

The behaviour of solutions to boundary value problems in perforated domains with Neumann boundary
condition at the microstructure boundary is well understood now. There is an extensive literature on this
subject. We refer here the works [9,13], where both Neumann and Dirichlet boundary conditions were considered.
The paper [11] dealt with the Stokes and Navier-Stokes equations in perforated domains. In the work [6] the
variational approach was used to study boundary value problems for Poisson equation in perforated domain.

The linear elliptic equations in perforated domain with Dirichlet and Fourier boundary conditions on the
boundary of the perforation were considered in several mathematical works. The case of Dirichlet problem in
a periodic perforated medium was investigated in [8,13]. It was shown that, if the volume fraction of the per-
foration does not vanish, then the solution vanishes at the rate £2. If the volume fraction of the perforation
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is asymptotically small, then, under a proper choice of the rate of its decay, the homogenized equation might
receive an additional potential (the so called “strange term”). This phenomenon was observed in [8,13,14]. The
problem with dissipative Fourier condition on the boundary of the perforation was considered in [7,10], and some
other works. In the case of homothetic dilatation of a given periodic perforated structure, the solution vanishes,
as the microstructure period tends to zero. However, if the coefficient of the Fourier boundary operator is small
(of order ¢), or the volume fraction of the holes vanishes at a certain critical rate, then the homogenization
result holds, and the limit operator has an additional potential (see [3,15,16,18]).

The case of Fourier boundary condition with the coefficient having zero average over the perforation surface,
has been considered in [4]; closely related spectral problems have also been studied in [17,19]. In this case the
formally homogenized operator is well-defined and contains an additional potential. If this homogenized operator
is coercive, then the original problem is well-posed for all sufficiently small ¢ and the studied family of problems
admits homogenization. This is a linear version of the problem studied in the present paper, the corresponding
Lagrangian in this case being purely quadratic.

I'-convergence and homogenization of variational functionals with periodic and locally periodic Lagrangians
have been widely studied in the existing literature, see for instance [5,12].

In the model studied in this work, the bulk energy density (denoted by f(Z, Du)) is periodic in the space
variable and satisfies convexity, coercivity and p-growth conditions with respect to the gradient of the unknown
function. The surface energy density (denoted by g(Z,u(z))) is a periodic function of the first argument, which
admits a p-growth upper bound and satisfies a local Lipschitz condition with respect to u. We assume that the
mean value of g(+, z) over the perforation surface is equal to zero for any z € R. This condition is crucial.

We show that under mentioned above conditions the studied functional I'-converges to the limit functional
defined in the solid domain. The limit Lagrangian is determined in terms of an auxiliary variational problem on
the perforated torus. It is worth to note that, in contrast with the linear case mentioned above, the contributions
of the bulk and surface energies to the limit Lagrangian are coupled.

We then prove that, if the coerciveness constant of the bulk energy is large enough, then the functional under
consideration is coercive uniformly in e. This allows us to study the asymptotic behaviour of the correspond-
ing minimization problems and show that the minimal energies and minimizers of the e-variational problems
converge to those of the limit functional.

The paper is organized as follows:

Section 1 contains the problem setup and main definitions. Then, in Section 2 we introduce sufficient condi-
tions for the coercivity of the studied energy functionals, and state our main results. In Section 3 we prove some
auxiliary statements. Sections 4 and 5 deal with the proof of I'-liminf and I'-limsup inequalities respectively.

1. ASSUMPTIONS AND SETTING OF THE PROBLEM

Let Y = [0,1)™. Let also E C R™ be a Y-periodic, connected, open set, with Lipschitz boundary 0E = S, and
denote B = R™\ E. We also assume for the presentation simplicity that ENY is a connected set with Lipschitz
boundary and that BNY CC Y so that R™ \ E is made of disconnected components. Denote Ey = ENY,
So=5NY, Bp=BNY.

For any positive number ¢ and every set A C R™ we denote the corresponding e-homothetic set by
eA ={z € R" : z/e € A}. Now, for every i € Z" we set Y! = e(i+Y), S = eSNY!, B: =eBNY!
Given a bounded open set {2 C R™ with Lipschitz boundary, we consider the perforated domain 2. defined by

Q. =Q\U{BL:iel}, IL.={iecZ":Y' CQ} (1.1)

In this case ). remains connected and the perforation does not intersect the boundary of €2, so that 9€). is the
union of the fixed surface 92 and the varying surface S

0N =00QUS., S.=U{S.:iel}
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Let us denote by H"~! the Hausdorff (n — 1)-dimensional measure in R”, and let R =RU{—00,+00}. We
consider the functional F. : LP(2) — R defined by

Fu(u) = /Q f(g,Du)der/Ssg(g,u) AR ifu e WIP(QL) 1.2)

+00 otherwise.

Here f = f(y,&) :R"xR"” - R, g = g(y,2) : R"” x R — R are given Borel functions, which satisfy the following
conditions:
— f(y,&) and g(y, z) are Y-periodic in variable y.

- f(y,&) is convex in &.
— p-growth: there is p > 1 such that

alél” < f(y,€) < ca1+ [€]7) (1.3)
9y, 2)| < es(L+127),  l9hly, 2)| < es(L+[2P7) (1.4)
for almost all y € R", all £ € and z € R.
— Centering:
/ g(y,z)dH" Hy) =0 for all z € R. (1.5)
s

— Lipschitz continuity:
19(y, 21) = 9(y, 22)| < ca(L+ |z1] + [22])P 7 21 — 22, (1.6)
192(y, 21) — g1(y, 22)| < es(L+ [z1] + [22])P72[21 — 22, (L.7)

for all z1, z9 € R.

Actually, (1.6) is a consequence of (1.4). We formulate this condition explicitly for the sake of convenience.
Also notice that, due to the convexity of f(y, ), (1.3) implies the estimate

[f(y:&1) = fy, &) < eo(1+ €] + [P e — &el. (1.8)

Given ® € W’lif (R™), we consider a minimization problem with Dirichlet boundary conditions on the exterior
boundary 92, namely
me = min{F.(u) : u = P on N} (1.9)

and study the asymptotic behaviour of m. and the corresponding minimizers as ¢ — 0. We remark that the
surface integral in the functional (1.2) plays the role of a boundary condition of Fourier-type on the varying
part of 0f)..

Notice that the minimizers of F. are only defined in .. It is convenient to extend them to the whole
domain €.

Lemma 1.1. Under our standing assumptions on the geometry of Q. there exists a family of linear continuous
extension operators
T. - WhP(Q.) — WHP(Q)
such that
T.ou=wuin .

and
/ ToufPde < c/ lufPdz, / \D(Tou)|Pdas < c/ |\ DufPd (1.10)
Q Qe Q Qe

for each u € W1P(Q,), the constant C > 0 here does not depend on &.
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Proof. In the case p = 2 the proof of the required statement can be found in [9] and in [10], Theorem 1.2.10.
Following the line of this proof, one can easily show that this statement also holds for any p € (1, 4+00). Indeed,
for an arbitrary function u € WHP(Q.), denote by ul, i € I., the restriction of u on Y, and by U! the rescaled
functions

Uty) = ui(e(y +1)).
By construction, U? € W1P(Y\ By). Since, under our assumptions, Ey = YNE is a connected set with a Lipschitz

boundary, then, according to Lemma 2.6 in [1], there exists an extension operator ' : W1P(Y'\ By) — W1P(Y)
such that for any U € WhP(Y \ By) it holds TU = U in Y \ By, and

[woray<c [ wpay. [ pavpaysc [ pupd
y Y\ Bo Y Y\Bo

The proof of quoted above Lemma 2.6 in [1] is based on subtracting from U its mean value and applying the
Poincaré inequality to the obtained function (see [1] for the details). If we denote the extension TU! by U¢ and
let @l (x) = UI(Z=L), then 4L = in Y/ \ B, and

€
/ |Gt |Pda < C/ |u|Pde, / | Dt [Pde < C’/ | Du|Pdx (1.11)
vy Y2\Bi Yi YI\Bi

€

for all i € I.. Setting T.u = u! for z € Y and T.u = u for z € Q\ |J{Y? : i € 1.}, we obtain the desired
extension operator T.. The estimate (1.10) can be obtained by summing up the inequalities (1.11) over i € I..
This completes the proof.
For the notation simplicity, in this paper we will keep the notation u also for the extended function T.u.
As a consequence of the existence of extension operators one can derive Friedrichs inequality: there exists a
constant ky > 0 depending only on p, n, (), such that

/ |u|pdm§kf/ | DulP dx (1.12)
Q. Q.

for all € > 0 and all u € WHP(Q.), such that u = 0 on 9.

Notice that the functional (1.2) need not be equi-coercive in LP(2), and the infimum in (1.9) might be equal
to —oo. In this case the boundedness of the energies F.(u) does not imply any a priori estimates for u. The
corresponding example with quadratic functions f(z,-), g(x,-) can be constructed as follows.

Let © = (0,1)™ be a unit cube in R™, and suppose that B is a [0, 1]"-periodic cubic structure in R", generated
by the set By = [r,1 — r|™ with » = 1/4. Then eB is a disperse cubic structure. Denote S. = e0B N Q. We
consider the functional

Fu(u) = / Vul2dz + )\/go(g)quH”_l, with A > 0,
Qe Se

and we assume that go(y) is a smooth Y-periodic function whose trace on S is nontrivial (not equal to 0) and
satisfies the condition

/ go(y)dH™ ™t = 0.
So

This is a particular case of (1.2) with f(y, z,&) = |£|? and g(y, 2) = go(y)z2. Clearly, all the conditions (1.3)—(1.8)
are fulfilled with p = 2. Denote

uo(z) = [z1(1 — 1’1)]2[1‘2(1 — 1‘2)]2 X oo X (1 — :cn)]2
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and
e(2) = up(@) — g0 (< ) uola).

In this case u; = up = ® on 99, with ® = 0. Evaluating F. (u.) we obtain after straightforward rearrangements

Fuu) = / ay / (Vo (2)|?da + / () / IVg0(y)dy dz

—l—)\/uo dH" 1 25)\/|u0 )29 (E)dH”_l +0(e)

(1- <1—2r>n) / Vo () dz + / (@) [ Voo(w) Py da

Q Q Eg
+2)\/Vu0 ))da - /ygo( YdH" —2)\//u0 Vg8 (y)dH™(y)dz + O(e).

Sg Q SO

If we now choose go(y) in such a way that

— go(y) only depends on y1, i.e. go(y) = go(y1);
— go(y1 — 1/2) is an even function;

— supp(go(-)) N[0, 1] € (—1/4,1/4),

- fol go(y1)dy1 = 0,

then the third integral on the r.h.s. of the last formula is equal to zero, and we get

Fo(u) = (1- (/2" /|wO |d:c+/u0 /|vgO )[2dy d

Q Ey

72)\//% y)dH" " (y)dx + O(e).
Q So
Since [, uf(x)dz > 0 and fs g3 (y)dH" 1(y) > 0, then for large enough A and small enough ¢ we obtain
F.(uc) < ¢ < 0. Therefore, if we denote ve(x) = e tu (), then, for some \ > 0,

F.(v.) = ?Fe(u.) <ce? <0, and |ve|[r2) — oo, as e — 0.

In this paper we will show that the functional F, does I'-converge, as ¢ — 0 (see, for instance [12] for the
definition of I'-convergence), and that the limit functional F' takes the form

u, Du)dz if ue WhHP(Q)
Fu) = { o otherwise (1.13)
where
L(z,§) = inf / f(y, €+ Dw)dy + / 9o, 2)(E y +w)dH" T w e WR(Y N E) o - (1.14)

SNy
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Here Wl’p(E NY) denotes the space of functions w : E — R being the restriction to £ of Y-periodic functions

per

in W,oP(R™).

loc
We also show that, under the assumption that the coercivity constant ¢; in (1.3) is sufficiently large, the

minimizer u. in (1.9) converges in LP(§)), as ¢ — 0, towards a minimizer u of the limit functional F. Moreover,
the corresponding minimum values also converge, i.e., m. — m where

m = min{F(u) : u= ® on IN}- (1.15)
Let us compute the effective Lagrangian in the quadratic case:

f(yag) = a(y)f ! fa g(ya Z) = go(y)22

According to the above formula (1.14), in this case we have

e = _min 3 [ a@)e+ Do) €+ Duddy+2 [ gowe(eey+w)dn e (110)

per

sny
The corresponding Euler equation reads

div(a(y)(§ + Vw(y))) =0 in Eo,
- = fa(y)n : 5 + zyo(y), w e ngr(Y)

Ong

w

So

By linearity, a solution of this equation can be represented as the sum w(z) = wy(x) + wa(x), where wy and ws
are solutions to the problems

div(a(y)(E + Von(y)) = 0 in Bo.
%wl}s = _a(y)n : €’ wy € H;er(y)

0

and

div(a(y)Vws(y)) =0 in Ey,
paw| = zmy)  ws € HL(Y).

Substituting w; and ws in (1.16) and considering the above equations and the fact that w; and wy depend
linearly on £ and z respectively, we obtain after simple rearrangements

L(z,6) = /a(y)(E + Vw) - (§ + Vwr)dy — /a(y)ng - Vwsady

Ey Eo
+ 2/go(y)z(£ cy+wi () dH T =aNe £ — g2+ b€z

So

It should be noted that the matrix a" here coincides with the effective matrix for the classical homogenization
problem with homogeneous Neumann conditions on the perforation boundary.
Notice also that § > 0 unless go(y) = 0. The contribution of the last term b - £z can be computed explicitly.

Indeed, if u = ® on 012, then
L[ 2 L[ 2 n—1
3 b-V(u (x))dxza b-nd®*(x)dH" .
Q

[o19)

Therefore, this term does not depend on u, and hence it does not have an influence on the limit minimizer.
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2. MAIN RESULTS

First of all, we obtain the estimate for the surface term of F.(u) in terms of its volume term and the
LP-norm of u on Q.. This estimate relies crucially on the assumption (1.5) and plays important role in the
further analysis.

Lemma 2.1. For any v > 0 there exists a positive constant c(y) such that for each € > 0 and every set A. of
the form

A =U{Y!N(eE) i€ I}, withICI.
the inequality holds

\/SME 9(;; u) dHH‘ < (7 +£Pe(7)) /A Duf? dz + c(v)/A 1+ Jul?) de 21)

€

for all w € WHP(A,). Moreover,

‘/Sa g(%,u) dH"il‘ < (v+¢€Pe(n)) /QE |DulP dx + c('y)/ (14 |uP)dx (2.2)

€

for all w € WYP(Q.). In particular,
z n—1
‘ g(%.u)an \ <ko [ (1+ |uf”+|DulP)da (2.3)
5. € Q.

for some ko > 0 which does not depend on €.

The proof of Lemma 2.1 is given in Section 3.
For the reader’s convenience, we recall now the definition of I'-convergence that we will use in the rest of the

paper.

Definition 2.2. Let F., F : LP(Q) — R for every ¢ > 0. The family F. is said to I'-converge to F, as ¢ — 0, if
the following two properties hold

(a) (I-liminf inequality) For any sequence u. € LP(2), such that u. converges to u in LP(Q2), as € — 0, we
have
lim i(r)1f F.(uc) > F(u).

(b) (T-limsup inequality) For any u € LP() there is a sequence u. € LP(£2) such that u. converges to u
in LP(Q) and
limsup F; (ue) < F(u).

e—0

We state now our main result.

Theorem 2.3. Let F., F : LP(Q) — R be the functional given by (1.2), (1.13), (1.14), and suppose that all the
conditions specified in Section 1 are fulfilled. Then F. does I'-converge to F', as € — 0.

Proposition 2.4. Let u € WYP(Q), and suppose that ulpq = ®. Then there is a family u. € WHP(Q),
uc|loq = P, such that
limsup F; (us) = F(u). (2.4)
e—0
The proof of Theorem 2.3 and Proposition 2.4 is presented in the following sections. In the rest of this section
we derive a number of consequences of these results. Consider minimization problems (1.9) and (1.15).
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Corollary 2.5. If all the assumptions of Theorem 2.3 hold true and if, furthermore,
c1 > ko(1+ ky), (2.5)

where kg is given by (1.12), then for every ® € Wli’p(R”) and for all sufficiently small € > 0 problem (1.9) is

well-posed and has a minimizer u. € WHP(Q). Moreover, the limit problem (1.15) is also well-posed, and

/ |ue — ulPda — 0, me — M, (2.6)

€

as € — 0, where u is a solution to problem (1.15), and m is the corresponding minimum.

Proof. Let us first show that under condition (2.5) the functionals {F:(u) : ulapg = ®} are equi-coercive. For
any u € WHP(Q.) by (1.3) and (2.3) we have

F.(u) > fko/ (I + |ul? + |Dul?) dz + cl/ |Du|? dz. (2.7)

Since ulgo = @, (1.12) we get
/ |U7(I)|pd:L'§k’f/ |Du — D®|P da.
Q. Q.

We transform this estimate using the following simple inequality: for any « > 0 there is ¢(p, k) > 0 such that
(a+b)P < (1+ k)aP + c(p, k)bP for all positive a and b. After simple rearrangements this yields

/|u|pdx < +I<&)kf/|Du|p dz + e(p, K)(1 +kf)/(|q>|p + DD da. (2.8)

€ € Q.

Combining the last estimate with (2.7), we obtain

(c1 — ko(1+ (1 + n)kf))/ |DulP dz < F.(u) + ko|Q| + cl(n,p)/ (12" 4 [D®[") da.

€ €

According to (2.5) we can choose £ > 0 in such a way that (¢; — ko(1 + (1 + x)ky)) > 0. Considering (2.8) we
conclude that for some ¢y (p) > 0 and c2(p) > 0 the inequality

&1 (p) / (ul? + | DulP) de < Fu(u) + kol + ca(p) / (2] + |DBPP) da (2.9)

€

holds for all uw € W1P(€,) such that u = ® on 9. This completes the proof of equi-coercivity.

Another important property of F. is its lower semi-continuity in the space LP()). To prove this property
notice that, by Lemma 2.1, the surface integral | s. g(f, u) dH"~! is uniformly in & continuous in the space WP
equipped with the topology of weak convergence. This implies that the said surface integral is uniformly in e
continuous with respect to the strong LP topology in any bounded subset of W1?(Q). The lower semi-continuity
of F_ is then a consequence of the assumptions of Section 1 and of the coerciveness.

Notice also that, according to Proposition 2.4, for any u € WP(£) a recovery sequence {u.} which satisfies
I-limsup inequality can be chosen in such a way that uc|aq = ulgq for all € > 0.

The statement of Corollary 2.5 now follows from the standard properties of I'-convergence (see, for in-
stance [12]). L

Remark 2.6. It should be noted that the functional F. is coercive only in the presence of a dissipative
boundary conditions on 0f). Indeed, in the case of the homogeneous Neumann boundary condition on 952,
letting u.(x) = 1/¢ in  we obtain the sequence of zero energy functions which tends to infinity as ¢ — 0.
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3. PRELIMINARY RESULTS

We begin this section by recalling some inequalities valid in Sobolev spaces. For their proof see, for in-
stance [2,20]. Under our assumptions on E, and S, there exist positive constants kp, k; such that for each
u € WHP(Y) the following inequalities hold:

Poincaré- Wirtinger inequality
/ lu —aP dH" ™ < k,,/ | Dul? dy (3.1)
sny ENY
where
U= |EmY|—1/ udz (3.2)
ENY

(the inequality remains valid if @ is replaced by the surface average of u on SNY).

Trace inequality
/ lulP dH" ! < kt/ (Jul? + |Dul?) dy. (3.3)
sny ENY

By performing the change of variable y = £ it is easy to obtain the corresponding re-scaled estimates. Given
a function v € WHP(Q), denote by %, (-) the piecewise-constant function obtained by taking the mean value of u
over each cell Y, i.e.,

1 )
[ = — d if Y:NekE. 3.4
W) = [graeg e, M0 HaEYIne (3.9

Then, it is easy to check that, for every u € W1P(Q) and every € > 0

/3 lu — [P dH™ §kp5p_1/Q | DulP dy (3.5)

/ lulP dH™ ™ < ky <5_1/ |u|pdy+€p_1/ |Du|”)dy). (3.6)
Se Qe Qe

Using the preceding inequalities we can prove the statement of Lemma 2.1.

Proof of Lemma 2.1. We first prove auxiliary inequalities for W1P(Y) functions. Let u € W1P(Y) and u be
defined by (3.2); then, by (1.5) and (1.6) we have

‘/ 9(y,u) dH”_l‘ = ‘/ (y(yvu) - 9(y,w) +y(yﬂ)> dH”_l‘
Yyns Yns
<o [ fuul( ol + )
sny
By using Holder inequality, (3.7), (3.1) and (3.3) we obtain

1
1Y

'!:Ll,i

J g(y’“)d’“n_l‘gc“o '“m”dﬂn_l) ([ s+ mpran)
Yns YNns vAs
< (kp/ |Du|pdy> <kt ((
YNE YNE

1t Jul + [@])? + | Dul?) dy>
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Now, consider u € W1P(Q.). Making the change of variable y = £, for each Y C Q we have

ER
/ g(f, u) dH" !
vins. ‘€

|~

Sc(s_" / 5p|Du|pdx) <g—" / (1+|u|p+|ﬂg|p+5p|Du|p)dx)p

YiNeE YiNeE

El—n

1
7

1/p -
< d / P Dufpdz | e / ((1+ Jul + [@])? + <?| Duf?) dz
YiNeE YiNeE

4
7

1/p P
=cel™" (/ |Du|pdm) (/ (1 + [u| + [uc])? + 5”|Du|p)dx> :
YineE YineE

By the Young inequality, for any v > 0 we get

‘ / g(y,u) dH"il‘ <% / |DulPdx + c'y*p'/p / ((1 + |u| + |ﬂ5|)p+sp|Du|p) dz.

YiNS. YiNneE YineE

For w. Jensen’s inequality yields the bound

[w|” <

1
- ulPda, 3.7
T leENYY| /aEmf; e (3.7

and we finally obtain
x
[ o(Ew)art| < eere) [ ipapdsten [ fulrde.
Yins. € YineE YineE
Taking the sum over ¢ € I C I or i € I. we obtain the estimates (2.1) and (2.2), respectively. The estimate (2.3)
easily follows from (2.2). L
We proceed to coercivity properties of functionals Fy.
Lemma 3.1. Assume that u. € WP (Q.) satisfies the bound

/ |uc|Pde < ¢
Q

€

with a constant ¢ > 0 independent of €, and let F.(u.) < c. Then there exists g > 0 such that

/ (lucl? + |DucP)dz < ¢ Ve € (0,¢e0)

€

for a suitable constant ¢’ > 0 which does not depend on . In other words, there are constants ci, c3 > 0 and
go > 0, such that

Fo(u) + 01||U||€p(95) 2 02”“”%/1”95)
for all e < gp.

Proof. The desired statement follows immediately from the estimate (2.2) and assumption (1.3). L

Our next aim is to obtain some properties of the Lagrangian L, defined in (1.14).
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Proposition 3.2. The function L defined by (1.14) has the following properties:

(a) L(z,-) is convex for every z € R.
(b) L(-,&) is Lipschitz-continuous for every & € R", i.e.,

|L(22,6) = L(z1,€)| < es(1+ |21/~ + |22/~ + €71 )|e1 — 22 (3.8)

for every z1,z2 € R and every £ € R™.
(c) There are positive constants ki, ka, ks such that

L(2,8) = k1[€] — kalz]” — ks (3.9)

for every z € R, and every £ € R™.
(d) There is a positive constant ky such that

L(2,&) < ka(€° + |2[" + 1) (3.10)

for every z € R, and every £ € R™.

Proof.

(a) Let us rewrite L as

f(y, &+ Dw)dy + /

YNE Yns

L(z,€) = /Yms 9.y, 2)(& - y) dH"H(y) + igf< 9.y, z)w dH”l(y))

The first term is linear in £, while the second one is easily proved to be convex, since f(y,&) is convex
with respect to &. Hence the function L(z,-) is convex.

(b) For brevity we denote by £ the function

cegw) = [ faerDudy+ [ gy wan (3.11)

SNy

Let us fix £ € R", and 21,20 € R such that L(z1,£) < L(22,£). For every n > 0 there exists
w, € Wp2(Y N E) such that

L(z1,8) + 1> L(z1,§ wy).

The function w, is defined up to an additive constant. Choosing this additive constant in a proper way,
one can assume without loss of generality, that the mean value of either w,, or (§ -y + wy) is equal to
zero, so that the Poincaré inequality holds. It is not difficult to show that

IDwyl Lo vnpy < ks(L+ 517 +120"), 1€+ Dwyllpoynp < k(1 + 67 + [21]7) (3.12)
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with kg > 0 which does not depend on 7. Indeed, by (1.3) and (3.10) we get

1
/ € + Dw, [P dy < — < f(y,& + Dwy)dy
YNE C1 Jyne
1 1 _
<o)+ o] [ g€y rwan |+ 2
C1 c1lJsny C1

<CO+ P +aP)+ Ot aP™) [ e yr g an?
SNy

1/p
<c@lep+al) o+ alP( [ jes Dugpay)
YNE

1
<O+ [P+ |al) + 2 / €+ Dug|P dy:
2 YNE

here we have also used the Young and the trace inequalities. This yields the second upper bound
in (3.12). The first upper bound easily follows form the second one. Similar arguments are used in the
proof of Proposition 3.4. The reader can find more detail proof there.

Now, by the definition of L, we have

0< L(ZQag) 7L(Z1a£) S 5(227571077) 7‘6(21;571”77) +77

= / (g;(y, 22) = 92(y, Zl)) (& y +wy) dH" ™! 4.
yns
By the Lipschitz-continuity of g/, (see (1.7)) we conclude that

0 < L(22,6) — L(21,€) < e5(1 + [21]P 72 + |2aP2) 21 — 2016 + Duwy |12y ) + 10
< (L4 [21[P7H A+ [22P7H [P |21 — 22| + .

If L(22,&) < L(z1,&) the proof is analogous. Since 7 is an arbitrary positive number, then (3.8) follows.

(c) By the definition (3.11) of L and by the coercivity of f (see (1.3)), for every w € W) 2(Y N E) with zero
average on Y N E we have the following estimate

L(z,&w) > /

f(y,z,§ + Dw)dy + / gLy, 2) (€ y+w)dH" !
YNE S

ny

> 01/ |€ + Dw|Pdy +/ gLy, 2)(€ -y +w)dH" L
YNE sny

By assumption (1.4) we can estimate the second integral above as follows

[ dwaeyrwae e [ @apriey+ulane
SNy SNy
1/
< ) ([ feyrurane )
SNy
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where ¢ is a suitable positive constant, and we have applied Holder’s inequality. Now, by the trace
inequality (3.3)

1/
RN 08P / €y tupanr) " <
sSNY

([ e+l +le+ Dupy)

ENY

By means of Poincaré inequality (3.1), we obtain also that

’ -1 1/p , 1 1/p
O+ ([ g y+ul g+ Dul)dy) < Ry (L4 ( [ Je+ Dulay)
ENY ENY

Now, by Young’s inequality, for every n > 0 there exists ¢, > 0 such that

1/p
([ e Dupdy) < en ) n [l Dupdy,
ENY ENY

Hence, we have obtained that

[ dwareyr v <a a4l cn [ e+ Dulray. (313)
sny ENY

According to [1] there is an extension operator from WHP(Y N E) to W1P(Y) such that the extended
function (still denoted w) satisfies the inequality

[le+puray<c [ e+ Dupay
Y YNE

with a constant C' which does not depend on w. Hence, using Jensen’s inequality we can estimate L as
follows

L(2,6) = inf £z, 6, w) > inf(cl | e puray—y |£+Dw|pdy)
w Y ENY

nE n

—¢(14 |2|P) > inf <c_1/ |€ + Dw|Pdy — 7}/ €+ Dw|pdy)
CJy Y

— 1+ ) = (B =n) [ 6Py e+ 12p)

From the arbitrariness of 1 inequality (3.9) follows immediately.

(d) This upper bound is straightforward. Indeed, it suffices to substitute w = 0 in the definition of L(¢, z),

and the required bound follows from (1.3)—(1.4).

Remark 3.3. In the case of disjoint inclusions studied here, one can improve the upper bound (3.10) for L(¢, z)
by choosing the test function w(y) equal to —& -y on S and zero on JY, in such a way that |Vw| < C|¢|. This
yields an upper bound

L(& 2) < ks([€P +1)

with a positive constant k5. However, having in mind more general case of connected perforation, we prefer not
to use this estimate.
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Proposition 3.4. For every z € R, £ € R™, there exists at least one solution w(-,z,£) € WHP(Y N E) to the

minimum problem (1.14). Moreover, for every k € R the function w + k is also a solution. Finally, there exists
a positive constant co such that

/ lw(-; 2, §)[Pdy < co(1 + |27 + [£]7), (3.14)
YNE

/ |Dw(:, z,&)[Pdy < co(1 4 2" + [¢]7) (3.15)
YNE
for every z € R, £ € R™, and for every solution w that has zero average on the set’Y N E.

Proof. Let L(z,&,w) be defined by (3.11) for every z € R, £ € R*, w € WLP(Y N E). It is easy to see that
L(z,&,+) is lower-semicontinuous on W1P(Y N E) with respect to WlP-weak convergence. Moreover, £(z,£,-)
is also coercive; in fact, using (1.3) and (3.13), one can show that, for every n > 0 there exist ¢, such that

L0s,6w) > (1 — 1) /Y €+ Dupdy = 26,1+ 217, (3.16)
N

for any w with zero average. Therefore, problem (1.14) has at least one solution. If w is a solution and k € R,
then also w + k is a solution to problem (1.14) since, by (1.5)

/ g.(y,z)dH" ' =0 forall z€R.
YNnsS

In order to prove estimate (3.14), let w € WHP(Y N E) be a solution of (1.14) with zero mean value

/ wdy = 0.
YNE

By definition, £(z,£, w) < L(z,£,0) and hence

/ F(y 2.6+ Duw)dy + / gy, DJwdH" < / Fly, 2 6)dy. (3.17)
YNE YNnS

YNE

By (3.16) we obtain that for every n > 0 there exists ¢, > 0, such that
(cr=m) [ 16+ DulPdy = eofL +[2) < calt [ + 1)V 0 Bl
YNE

From this inequality (3.15) follows easily. The bound (3.14) follows, thanks to the Poincaré inequality.

We now state a lemma, that will be used both in the proof of I'-lim inf and I'-lim sup inequality.

Lemma 3.5. There exists a constant ¢ > 0 such that if u. € Wl’p(Qe) and u. is the piece-wise constant
function defined by (3.4) as the integral average of u. in each cell Y2, then

‘/Sg<§u) dH! /S g;(f,m)(ue — T dH Y < cmax{s,spl}(1+/§la(|u€|p+ |Du5|p)dm) (3.18)

€

for all e > 0.
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Proof. We make use of the representation

RGOS o) SO

icl.

and estimate separately the integral over different cells S. N Y. Since 7. is constant in Y, by(1.5) and the
regularity of g(y,-) we have

/S () /S a(E e =) are

1
- // g;(f,as +t(ue — EE)) (ue —T.) dH™ 1 dt.
S.NY: €
0
From (1.7) we have
1
(T _ — (T _ — n—1
}// {gz(—,ug—l—t(ue—ug)) —gz(—,ug)}(ug—ug)d’}-[ dt‘ <
Ssnysi g g
0
05/ (1 + Jue + [ ])7 2 e — 7|2 dHO,
S.ny
If p > 2 then by applying Holder’s inequality we get

/ (14 Jue| + [T@|)P % ue — @ *dH™ ! <
S.ny;

_ 7. |P n—1 2/ P 7 |P n—1 pT?2
c |ue — u|P dH : (14 |ue|? + |u.|?) dH
SNy 8Ny
Since we can estimate
/ P dH ! < e / @ Pde < ce! / (. |Pda,
S.NYy7 Q.NY7 QeNY7?
then by (3.5), (3.6) we have
2/p 2=2
(/ fue — | aH" ) (/ (U fuel + [y are=t) 7 <
S.NY: Seny?
p—2
-1 2/p -1 -1 I
(= / (Ducfraz) " (e / (1+ |u|P)d + @ / D Pde)
Q.NYZ Q.NYZ QeNY}
p—2

p

2/p
= cspfl/ | Duc|Pdx + 05(/ |Du€|pdz) . (/ (1+ |u€|p)d:c)
Q.NYZ Q.NY7 QNYY
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By Young’s inequality with powers p/2 and (p — 2)/p for any t € [0, 1] we finally get

‘/SW o (S ot =) 2 (37 )| e ) arn Y <

cmax{e’! ¢} |Duc|Pdx + CE/ (1 + |uel?)d.
Q.NYZ QeNYY

By summing up over 7 we complete the proof in the case p > 2.
If 1 <p<2, then

/ (1+ [ue| + [@))P e — |2 dHP! =
S.nY

|u€7ﬂ5|27p — |p n—1 — |p n—1
( lue —T|PAdH" " < ¢ |ue — we|? dH
5.nyi

1+ |ua| + |a€|)2—p S.NY/
< czspfl/ |Du [Pdz.
Q.NYz

Summing up over ¢ we obtain the desired bound.

Lemma 3.6. The family of functionals F. is continuous with respect to the strong topology of WP(Q), uniformly
with respect to €.

Proof. We can prove separately that volume integral

F?(u) = / f(f,u,Du)d:E
Q. €
and surface integral

Fi(u) = /SE g(g,u) dH"™ !

are continuous, uniformly with respect to e. We first proceed with F?. From the growth and convexity conditions
stated in Section 1 it follows that there exists a constant ¢ > 0 such that

1f(y.©) = Flym)] < @+ [P~ + [P~ H)ls =]

for a.e. y € R™, and every &,n € R™. Therefore,

|FY (u) — F2(u)| < c/Q 1+ |Du|p*1 + |Dw|p*1)|Du — Dw|dx

p—1 1
Sc(/ (1+ |Dul? + [Dup)dz) * (/ [Du ~ Dufdz)”
Q. Q.
-1 -1
< e+ 1Bty + ol ) — wllws e

Now we consider the surface integral F?. By Lemma 3.5, we have
P2 - ) < | [ b (Eom) - m- (- ) ane
S. €

/sa (glz(g,U) —g;(g,m)) (w — ) dH—1

+ cmax{e, P71} (1 + [l .y + W10 0,)- (3.19)

+
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For the first integral on the right hand side, by Poincaré inequality we obtain

c</sa(1+|u|p1)d7i"1> </ =7 — (w m)|de"1);§

(14 Jullfyn o) e = wllwrn o).

}/ o, (Z) (=7 (w0 — ) ap !

The second term on the right hand side of (3.19) can be estimated in a similar way, in view of the Lipschitz
continuity of ¢.(y, -). Combining the above bounds and taking into account the fact that for e € (¢, 1), g9 > 0,
the uniform continuity trivially follows from the trace inequality, we obtain the desired uniform continuity for
all e € (0,1).

4. PROOF OF THEOREM 2.3: THE I'-LIM INF INEQUALITY
By Definition 2.2, the family F.(-) I'-converges to a functional F' = F'(u) if the following two properties hold:

(1) (P-liminf inequality). For any sequence {u.}, u. € LP(2), such that u. converges to u in L?(Q), we have

limi(r)lf F.(u.) > F(u)
(by (1.2)), if ue € WHP(Q,), we set F.(u.) = +o0).

(2) (T-limsup inequality). For any u € LP(2) there is a sequence u. € LP(£2) such that u. converges to u in
LP(Q) and
limsup F.(u:) < F(u).

e—0
In this section we are going to prove the I'-liminf inequality. To this end, given any u,u. € WP(Q) such
that ue. — u strongly in LP(€2), we have to show that

F(u) < lim i(r)1f F.(ue). (4.1)

Since F is continuous on WHP(Q) and F. is continuous on W?(Q) uniformly with respect to ¢ (see Lem. 3.6),
then it is sufficient to prove the above inequality for piecewise affine function u. Moreover, without loss of
generality we can assume that F.(u.) has a finite limit, as ¢ — 0. Then, by Lemma 3.1,

sup{||uc|lw1.r(q.) : € > 0} < +oo0.

As we said in Section 1, by the extension theorem in [1] we can assume that u. are also bounded in WP ().
For any open subset A C 2 we denote

F.(u,A) = /QmAf(g,Du)d:EJr/SsnAg(g,u) dH™ 1.

Step 1. Let u. be defined by (3.4) as the integral average of u. in each cell Y. Then, by Lemma 3.5,

‘/ dH™ ! /s gQ(%,HE)(uE —EE)dH”*I‘ < (4.2)

cmax{s,spfl}(l +/ (Juel? + |Du€|p)d:ﬂ) < ¢ max{e, e’}
Q.

for all e > 0.
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Step 2. Let A% be the periodic grid with period § and thickness 8, = 02 4 0(62), defined by A° = R™\ U{da +
[76+5 S;S]n

2 2 V¢

Covering the domain € by § shifts of A% in each coordinate directions so that

o € Z"}. We assume in what follows that both § and ¢ are integer multipliers of &.

o= ((A“+a5)m§z),

aezrn0,6/5]"
one can conclude in the standard way that for every ¢ > 0 there exists 2 € R™ such that

F.o(ue, (A% +22) N Q) < ¢ 0F. (ue, Q),
(4.3)
/ (IDucl? + |uc|P) dz < cné/ (IDuel? + |ue|P) dz
(AS+z3)NQ Q

where the constant ¢,, > 0 only depend on the dimension n. Moreover, the shift 20 can be chosen in such
a way that (A% + 22) is compatible with e-grid, i.e. it consists of integer number of solid periods {YZ}.
From now on, we set A% = A% 4+ 22. In view of Lemmas 2.1 and 3.1 the estimate (4.3) yields

/(AM . Q(|u5|p + |Ducl? ) de < eb(F(ue, Q) + C) (4.4)
z2)N

for every § > 0.
Step 3. Let % be a 4- perlodlc cut-off function associated to the set A%, i.e., 00 € Coar(R™), 0 < Wl <1, 00 =1
in R"\ A2, ¢¢ = 0 on U({6a + 9([—3, 3]") : a € Z"} + 2¥), and |D<p6| < ¢/ Let us define
5 _ s
ug =u+ @2 (ue — u). (4.5)

Then ul = u on the boundary of each d-cell Sa + [—%, %]" + 22, For the volume integral we claim that

‘/ =, Du, dx—/Qaf(g,Dug)dx‘ :/Ag‘ f(§7Dua) —f(g,Duﬁ)

1
< c/ (1 +1Dul? + |Ducl? + 5lue u|p) dz
a3

1 1
< (35/9 (|Dul? + |Duc|P + 1)de + — 52 / |ue —u|Pde < cd + ﬁno(s) (4.6)

with ko(e) — 0 as € — 0, uniformly in J.
Step 4. Let 2§ be the center of the cell Y = da + 22 + [~3, 2], and let

us() = Y u(ah)xys(z), Vo eR"

9

We claim that

| /S oL(2.7 ) (ue =) dH" ! — /S oL (Zous Julan | < (5 + 617 4 k(e) (1 + 5%)) (4.7)

with k() — 0 as ¢ — 0.
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First we estimate

‘/s g;(g,ﬂg)(uefﬂe)d’l'lnfl f/ g;(g,u(g)(uefﬂg)d’l'lnfl <

Se

/ (1 + 2| + [us])P =2 [ — us| Jue — 7| K"

Se

If p > 2 then by the Holder inequality, (3.3), and the fact that T, is constant in each e-cell, we obtain

[ sl = sl e e dr <
Ss

p—2 1 1
([ asmisnrae) " ([ m-wpae) ([ u-apaoe)
Se 5. Se
p—2 1 1
< (csl/ (1+|ﬂ5|+|U5|)pd:E> (51/ |EEU5|pdx) <5p1/ |Du€|pd:c)
Q. Q. Q.

1 1 1
< c(/ [@. — u5|pdx) < c(/ [@. — u|pdx> + c(/ |u — u(5|pdx) < k1(e) + 16,
Q. Q. Q.

where k1(e) — 0 as e — 0.
If 1 < p < 2, for the same reason we have

/ (14 [Te] + |us )" ~2 (e — ws] |ue — T dH" T <
Se

/ |H5_U6|2—1’7 |ﬂ —U6|p_1 |u —u |dHn—1 </ |ﬂ _u6|p_1 |u —u |dHn—1
oo (T [ue] + Jus)>=7 T “ s S

p—1 1
< (/ [ —u5|PdH"—1) (/ |u€—u€|de"—1)
SE Sa

p—_1
< (51/ [Te U5|pd1'> (57”1/ |Du5|pd:ﬂ> < H2(€)+051_%,
Qe Q.

where again ka(e) — 0 as ¢ — 0.
Next, we should estimate

/E =\ _ .90 n—1| _ /E 0N Y n—1
‘/Sagz<g,u§)((u€ Ue) ua)dH ‘ ‘/Sagz(g,u,;)((uE ua) (ue ue))d’H ‘g
1/p
c/ |(ue —ug) — (ue —ud)|dH"t < c(/ | D(u. —ug)|pdx>
Se Q.
1/p 1/p 1 1/p
o [ 10— uppas) < ([ - wpa) g ([ - upar)
Qe Ag 5 Ag
< e+ ()

with k3(¢) — 0 as € — 0; the bound (4.4) and the estimate |D¢?| < ¢/§% have also been used here.
Combining the above estimates we obtain (4.7).
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Denote by C the discontinuity set of Du. Since u is a piecewise affine function, then C consists of finite
number of hyperplanes. For every 6 > 0, let us consider the set Bs = U{Y : Y*NC # 0 or Y*NOQ # 0},
It is easy to see that |Bs| < ¢d. Under our standing assumptions,

F.(ue,Bs) > —c0™% M, |F(u, Bs)| < c10. (4.8)
Indeed, by Lemma 2.1
Fulues B > = [ (1 fual?) 2 e Bl 5570 + 3]
Bs

the last inequality here follows from the bound ||uc||w1.»(q) < C and the Sobolev imbedding theorem.
The second inequality in (4.8) is trivial.
Taking into account the definitions of L(z,¢) and of u? (see (4.5)), we obtain

/ ! (E, Dug) dz +/ gé(f,u(s) (ud — us)dH" 1 > / L(us, Du)dz. (4.9)
Q.\Bs € S:\Bs € O\ Bs

In order to prove this inequality we denote Zs = {a € Z" : Y C Q\ Bs}, and J. = {i : Y C Q\ Bs}.
Then

/szs\Bdf(g’Dug)dz ' /Sa\stg;(g’ué)(ugud)dHnlz

Step 6.

Z inf / f (E,Du—l—Dw) dx—i—/ qg. (E,u(;)(u—i—w) dr" !
weWpk(Ye) Jygpno. M€ vens.  N\€

a€ls
= Z inf / f(E,Du—l—Dw) dx—i—/ g'z(f,u(;)(u—i—w)d’}-["_l
icq weWRd (V) Jyina.  \€ YinSe €

= / L(us, Du)dz,
Q\Bs

the first equality here follows from the convexity of the Lagrangian with respect to the function w and
its gradient.

Considering the properties of L(z, &) it is easy to see that
‘/ L(us, Du)dx — / L(u, Du)dz| < c¢o (4.10)
Q\Bs Q\Bs

as § — 0.
The last two inequalities together with the estimates (4.6), (4.7) and (4.8) imply

np—n-+p
- Al

1imi£1f Fo(u:) > / L(u, Du)dz — ¢(6 + SUP 4 57 s ).

Q

Since ¢ is an arbitrary positive number, the desired I'-lim inf inequality (4.1) follows.

5. PROOF OF THEOREM 2.3: THE I'-LIM SUP INEQUALITY

According to the definition of I'-convergence, we have to prove that for every u € WP (Q) there exists a
sequence u. € W1P(Q2) — u strongly in LP(2), such that

limsup Fe(ue) < F(u). (5.1)

e—0
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Since the functional F is continuous with respect to strong convergence in W1?(Q), it is enough to show that
(5.1) holds for every piecewise affine function u. Moreover, since

F(u):/QL(u,Du)d:E,

then, by localization, we can reduce to the case where w is affine, i.e., u(z) = 4+ & -z, where & € R and £ € R".
First of all, given z € R, and £ € R", we fix a solution w(-, z,£) € W)2(Y) of the minimum problem (1.14)
such that

w

HHSNY) ! / wdH""t = 0.
sny
For every § > 0, with 0 < £ < § < 1, let us define by Q° the open cube Q° =] — g, g[", and by Q°F and Q°~ the

sightly bigger and smaller ones Q°t =] — #7 %[”7 Q7 =]- 5352 ; 5*2—52[". For every x?- € 67", we denote
their translated images by Q?, Q?Jr, Q?f, i.e. Q? + :L'?, Q;H + :c?-, Q?i + :c?-. Let Js ={j€2Z": Q?Jr NnQ#0}.

To the family of cubes (Q?"’), with j € Js, we can associate a finite partition of unity on the set Q, by choosing

Pl e CSO(Q;H), such that 0 < ®% <1, %=1 on Q?f, |D®)| < & with fixed ¢ > 0, and djes 0 =1on Q.
For every €, > 0 and every j € J let us define the e-periodic function
w‘s»(yc):w(E W4€-ad §) Vo € R"™.
€j 57 IR )
Set also
v (x) = Z @?(x)ng (x) Vo € Q) (5.2)
=
and
ul =a+&- x4 el (5.3)
By construction and by (3.14)
12]|r) S ¢ Ve,0, (5.4)
and hence
[ud — (4 + & 2)||priy < ce Ve,0. (5.5)
Moreover, from (3.15) we also have
€
1D | oy < c (1 n 5—2) Ve, 4. (5.6)
Now we claim that, provided § is an integer multiple of &, we have
Fe(ul) < ) Lla+ €23, €)|Q5] + k(e 0), (5.7)

JE€Js

where

k(e,0) <c¢ (€+ 0+ 5%) + cmax{e, e’} (1 + (%)p) .

Note that, for a proper choice of § = d(¢), lim._o k(e, d(¢)) = 0. Hence, from (5.7), by choosing 6 = d(¢) — 0
and u. = ul — u, we will obtain finally that

lim sup F; (ue) < limsup Z L(t+¢- x§,§)|Q?| = / L(u, Du)dz = F(u).
Q

e—0 d— jeds
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The the inequality (5.7) will be derived through several steps. We recall that

Fa(u‘g):/Q f(g,Dug)dx—l—[S g(g,ug) dH™ 1, (5.8)

and Dul = & + eDv?.
Step 1. We start by estimating the bulk energy. We want to show that there is a constant ¢ > 0 such that

/Qaf(g,ﬁ—I—EDvg)dejez;/?mQEf (g,{-i-Dyw (g,ﬁ—i—é-x?,«f))dx-i-cs (1 +51—2)+C(5 (5.9)

for all € and 6, such that 0 < e < < 1. Since

Dug =&+ ED’ug =¢+e¢ Z ngDfﬁg + Z @?Dngj,
jeJ jeJ

we can rewrite the volume integral as follows

/Qaf(g,Dug)dx = /Qaf(?g—'—;q)?Dngj)dx

+ /Qaf(f,Dug)dz/st(f,uzqungj)dx . (5.10)

jeJ

Due to the convexity of f(y, ) with respect to &, we have
x x
f(—,£+ D wg-)dm < / f(—,g+D wg-)d:c. (5.11)
/Qa c _]EZJ J Y Teg Z QmQﬁ* c Yeg

J€Js
Moreover, since

[f(y,€) = Fym)] < e(L+ €7 + InlP~H)lg —nl, V& n R,

we can estimate the difference in square brackets in (5.10) as follows

Lf(g,Dug)dmf/ﬂf §,§+Z<I>§Dngj dz| <

J€Js
ce/ L+ [DudPt 4 e+ 3 @2D,wl Pt | | Y wl Ded|de 5.
Qe JETs JETs
Due to Holder’s and Young’s inequalities, the last integral admits the estimate
p—1 1
p P
J0 < e / 1+ |DullP + |6+ > @ Dywl;|P)da / 1> wd, DOO|Pd
QE =

JEJs

§ 5 s s 5
< ce/Q (L+[DullP + ¢+ > @ Dywd|P)dz +c€/ 'S b, Do

- Jeds Qe jeds

VISOE
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Notice that, by construction, |[D®%| < §5, and that by (3.14)

62)
lwdjllzria.) < e(L+[al” + &), [[Dwd]|ora. < e+ [al? +€7)

for all £, and j. Therefore,

p p

1
ce/ 1+|Dug|p+ E4 Z @?Dngj dx—i—cs/ ngjD(P? dzr < ce <1+6_2)
Qe jE€Js Qe |jeds

for all £,5. We have obtained the estimate

/f( &4 D’ dm<Z/

To complete the proof of (5.9) it is sufficient to show that

,§+Dyw(§,a+g.m§,5))dm+cg <1+5i2>~ (5.12)

‘”mﬂ

Z/ QIMQHNQ. wa-i-Dyw (g’a"’g'ﬂﬁ?,«f))dx < ¢d.

jed

Provided we choose 62 to be an integer multiple of £, the above inequality follows easily from the
¢ periodicity of the integrand, and the fact that Lebesgue measure of the set

U Q5T \ Q%)

can be estimated by cd.
Step 2. Now we estimate the surface integral on the right hand side of (5.8). We claim that

/SE g(%,uﬁ) dH" 1 < /3 g;(g,a + (e x)) (ug —u_g) dHn1 (5.13)

+ cmax{e, P71} (1 + (52) ) +c(e+9)
where, for every function v, the symbol v_denotes the piecewise-constant function which coincides with
the integral average of v on each e-cell Y, while (£ - ) is just defined by

T) = Z Xng : IE?-

JE€Js

The bound (5.13) will be obtained through the following intermediate steps.
Step 2a. By Lemma 3.5, considering the fact that ud satisfies estimate (5.5) for all € and &, we deduce that

/S€g<§,ug) dH™ ! < /SE gé(%,u_g) (ud — ud) dH" ' + cmax{e, P} (1 + 562) (5.14)

for all ¢, 4.
Step 2b. Let us recall that u® = @ + ¢ - ¢ + ev?. Our next aim is to prove the inequality

/ oL (Z.u2) (wl —ud)dn! < / gL(Zoat (6 2)) (ul — ud) dH" ! + ofe +9). (5.15)
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The proof relies on the Lipschitz-continuity of ¢, (y,-) (see (1.7)), and on the estimates of LP-norms of

the functions v? over the surfaces S.. It is convenient to rearrange the left-hand side of (5.15) as follows

N 5 _ 5 n—1 _ R . 6 _ .8 n—1
ot (Eum) e et = [ gl (L6l )

+[/ g(Zoad) Byt [ g (T (oo (ul - u et
S. 8. N

g

Denote the term in the square brackets here by J3 % Then by (1.7)
J— p—2 J—
B0 <o [ (U]l geal) - (6 ud - ] are
Ss

Note that
ud —ul = E(x =) + (0! —vP),

and that, by construction, |z — Z| < e. Hence,
5 T3 573
lug — ul| < (€| + [(ve —v2)]).

Taking this estimate into account and substituting

ul =G4 T+ ev?,
we obtain that

550 <o [ (1 lal o+l efefl) (T = (€ + <))+ fod - WE

€

Applying Holder’s inequality to the three terms of the integrand with the exponents ﬁ, p and p,
respectively, and distributing the factor ¢ among these terms, we get

_\p =
J0 < (/ 5(1+|a|+|£|+e|ug|> dH”‘l) (5.16)
S

x ( / etz (ea) +@|de”*); ( / <lll-+ 1o =281y dHn-l) "

The first and third terms of this product are bounded, while the second one is not greater than c(e +4).

In order to prove this we should estimate the LP-norm of ’ug on S.. To this end we recall that, by
s

definition (5.2), at each point « €  the function v2 (x) is a finite combination of the local minimizers ng

with coefficients <I>§, and the number of terms involved is at most 2n. Moreover, by (3.6),

[ougpant<e(e [ ugracs et [ oot pa)

6

for every j € J and €, > 0. Since wg; is an e-periodic function, it is easy to see that

/ |ng |Pdx <, / |Dng [Pdz < ce™P.
Qe

€
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The last two estimates imply the bound
/ |ng|” dH™ ! < et
Ss
for every j € J and €,6 > 0. By Jensen’s inequality we then get
/ 3P dH™ ! < / [P AH™ L < ce™! Ve, 6> 0. (5.17)
SE Sa
The first integral on the right-hand side of (5.16) is bounded for by (3.6), (5.5) and (5.6) we have

/5(”|“g|+|ﬁ+<f'f>|)p dH”1§C<1+e/ Iuilde"l)g
Se

€

P
(1 +/ [ul [Pda +5p/ |Dug|pdx) <c (1 +el 4 ef (5%) ) .
Q. Q.
The second integral vanishes, as £,0 — 0, since |£ - T — (£ - )| < ¢(e + )P and, by (5.17), we have
[ el m g n) B el ) ket [P < (@ 4 ),
€ SE

Finally, the third integral is bounded for all € > 0, since
—\P
5/ (|§| + vl - vg|) dH™ 1 < c(€) (1 + 5p+1/ |v§|p) dH™ 1 < e(€)(1 +€P).
Se S.

Combining the above bounds, we obtain (5.15).

Step 2c. To complete the proof of (5.13) it remains to show that

/Sig;(;a+<s-m>)<uiu_g>dﬂnl/Sag;(f,aw-@)(m<s-x>+sv§>dH”1. (5.18)

To this end, notice that the difference between u® — ud and (€ - (x — ) + e(v® — v?)) is equal to a

constant on each e-cell provided that ¢ is an integer multiplier of €. Then the desired relation (5.18)
follows from (1.5).

Step 3. With the help of (5.13) one can prove that

/s gé(g,’fﬂr({-@)({'mf<§~:c>+svg) dH" ! <

> /?QSE glz<§vﬂ+ (€ 5U>) (5 =&l +sng) dH™ ! +c(6+ 55_2) (5.19)

JE€Js

Indeed, by the definition of v0 we have
ot (Fitteom) (6 ) ) aret =

Z /Qjmsa glz(g,’&—i—gx?) (gx—gmg —I—E(I)?ng) ax™ L.

JE€Js
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Therefore, it suffices to estimate the difference

=13 gz — u—|—§ x) (@0 — Dwl, dH" |
jeds QﬂS

Recall that <I>;S =1in Qj-_ for any j € Z™. If we denote G? = Q? \ Q?_ and G5 = UG?, then
J

J0 < Z/Gns g. u+£ x) (®F — Dwd; dH" |,

JE€Js

Note that [® — 1| < 1 and, by (1.4)-(1.7),

gz(E a4+ (€ - >)‘§c for a.e. x € Q,

so that

Jj‘5<c2/ elwd; | dH™ L

jeds G nSe

Now, by the e-periodicity of ng and (3.14), for each j we have
/ 5|w AR = 1/ elw(y, o+ & - x?,£)| dH™ 1. |G§-|€_" < 6"t
GNS. SNy

a simple bound |G§-| < ¢6™*! has also been used here. Since the cardinality of Js is of the order =", then,
summing up over j and considering the fact that the cardinality of Js is not greater than bound ¢§ =",

we conclude that
> / elwd;| dH" ™ < ed,
: GO

which completes the proof of (5.19).

Taking into account the estimates of Steps 1-3, we arrive at the inequality
s x T . §
= Z/m PG Dy (Coare-ae))an

+Z/d L (Zratea))(e-o— 2l +eul) +hie,d)

jed
with

k(e,6) =c (E+ 5+ 5%) + cmax{e, e’} (1 + (%)p) .
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In order to prove (5.7) it is sufficient to observe that

S [t (Gtr o (it ) aes

jeJs jeJs

> L(i+&-25.6)[Q))

JE€Js

d(Zaveal)(eo—gadreut) =

Q3NS.

The I'-limsup inequality is proved. r

Proof of Proposition 2.4. For an arbitrary u € W1P(Q), u|sq = ®, we are going to modify the family u. so that
for the modified functions the relation (2.4) still holds true and they satisfy the boundary condition wu.|sq = P.
Clearly, it suffices to show that for any § > 0 there is a sequence vg € WhP(Q) such that vg — u in WHP(Q) as
£ — 0,90 = ® and

limsup F¢(v?) < F(u) + x5(9), (5.20)

e—0
where £5(0) — 0 as § — 0.
Let u® be a piece-wise affine function in R” such that [[u — u°[|y1.r(q) < 6. As was shown in the beginning
of this section, there is a family {ul} (see (5.2), (5.3)) such that

limsup F&(u’) = F(u?).

e—0

Denote by Lg, the v-neighbourhood of 02 intersected with Q. By construction,

lim sup [|ul[we(ry) — 0,
E*}O

as v — 0. Let ¢, (z) be a cut-off function such that ¢, € C5°(R2), 0 < ¢, < 1, ¢ (x) = 1 if dist(z, IN) > v, and
IVo,| < 2/v. If we set ud = u’ + (ul — u®)¢,, then uS* = u’ on 9, and

i = wllioy < C (I lozg) + ldllraz) ).

|Dul — Db ey < C <||Du“||Lp(L o + 1Dl oagy + St - u5||Lp<m> |

The last inequalities yield
lim S(l)lp ||ug’” — u?HWl,p(Q) — 0,
E—

as v — 0. Choosing now v = v(J) in such a way that

lim sup ||u” — ug||W1,p(Q) <46
e—0
and letting v = u%” + (u — u°), by Lemma 3.6 we obtain the desired inequality (5.20).
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