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THE REGULARISATION OF THE N-WELL PROBLEM BY FINITE ELEMENTS
AND BY SINGULAR PERTURBATION ARE SCALING EQUIVALENT
IN TWO DIMENSIONS

ANDREW LORENT!

Abstract. Let K := SO (2) A1 USO (2) A2...S0O (2) Ax where A1, As, ..., Ax are matrices of non-
zero determinant. We establish a sharp relation between the following two minimisation problems in
two dimensions. Firstly the N-well problem with surface energy. Let p € [1,2], Q C R? be a convex
polytopal region. Define

17 (u):/QdP (Du(2),K) + €| D*u(2)|* dL?=

and let Ap denote the subspace of functions in W22 (Q) that satisfy the affine boundary condition
Du = F on 99 (in the sense of trace), where F' ¢ K. We consider the scaling (with respect to €) of

P._ P
m? = ulenAfF 17 (u).

Secondly the finite element approximation to the N-well problem without surface energy. We will
show there exists a space of functions D where each function v € D} is piecewise affine on a regular
(non-degenerate) h-triangulation and satisfies the affine boundary condition v = [z on 9Q (where I
is affine with DIp = F) such that for

ap (h) := inf [ d”(Dv(z),K)dL*z

UGD% Q

there exists positive constants C; < 1 < C2 (depending on Ay, ..., Ay, p) for which the following holds
true
Ciap (Ve) <mf < Caap (Ve) for all € > 0.
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1. INTRODUCTION

The main goal of this paper is to show the equivalence in two dimensions (in the sense of scaling) of two
different regularisations of a non-convex variational problem that forms a model of crystalline microstructure,
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specifically regularisation by second order gradients (otherwise known as singular perturbation) and regularisa-
tion by discretation wvia finite elements.

We focus on the simplest problem with non-trivial symmetries, the N-well problem in two dimensions. To
set the scene let us take the Ball-James [3,4], Chipot-Kinderlehrer [6] approach to crystal microstructure. We
have an energy function Z on the space of deformations v :  C R? — R? which has the form

T (u)= /QW(DU (z))dL?z, (1.1)

where W is the stored energy density function that describes the various properties of the material. The
function W has its minimum on a set of matrices known as the wells

Roughly speaking the Ay, Ao, ..., Ay are symmetry related and represent the lattice states of the material.
Since w must be invariant with respect to rotation of the ambient space the wells K must have form (1.2).
Functional Z is minimised over the space of functions that have affine boundary condition F' ¢ K.
A key point is that functional Z is not weakly lower semi-continuous. Minimising sequences form finer and
finer oscillations, as is to be expected in any model designed to capture properties of microstructure.
Surprisingly for certain choices of K of the form (1.2) in two or three dimensions, the quasiconvexr hull
(see [27] for precise definitions and more information) of K (which we denote K %) is sufficiently rich to allow
for the existence of F' € K%\ K for which there exists an exact minimiser of Z over a space of function with

boundary conditions F. Specifically if K = SO (2) U SO (2) H where H = (3 2) and puA > 1 [35], or

K =580(2)A1US0(2)As...50(2) Ay, where Ay, Ag, ..., Ay satisfy a certain condition [14], or if K are the
so call cubic to tetragonal wells K = SO (3) U; U SO (3) U2 U SO (3) Us where for A > 1

A0 0 0 0 £ 0 0
Uy=(0 1 0],0c=(0 X 0| andUs=|0 5 0
0 0 % 0 0 =5 0 0 A

[15], then in these cases there is an exact minimiser to Z for some F' € K\ K. This follows from work of Miiller-
Sverdk [29,30], Sychev [33,34], Kirchheim [19,20] and Conti-Dolzmann-Kirchheim [11], see also Dacorogna-
Marcellini [12] for a different approach to some related problems. The approach of Miiller-Sverdk uses the
theory of “convex integration” (denoted by CI from this point) developed by Gromov, it is one of the simplest
results of the theory.

Functional Z does not constrain oscillations of the gradient, it does not give a length scale or any restriction
on the fine geometry of the microstructure. For many materials, the observed length scale of the microstructure
is many orders larger than the atomic scale and for these materials functional 7 is only a first approximation.
To overcome this the following adaption of the functional Z is commonly made, see [27], Section 6,

T, (u) = /QW (Du (2)) + ¢ |D?u (2))* dL?z.

Roughly speaking this is a regularisation of Z that constrains the minimiser u of Z to have less than M
interfaces when typically M will be a negative power of € that depends on K and W. For example if we
take K = SO (2) U SO (2)H (with det (H) = 1) and W () ~ d(-,K) then using the characterisation of
Sverdk [35] (as will be explained later) we have the upper bound of inf Z, < ces. Let v (z) := u (v/ez) €2, then
f;%g |D21j‘2 < mee~t < ce 8. Now v satisfies the elliptic Euler Lagrange equation divDW (Dv) + A%v = 0
which by standard elliptic regularity means Dv is Holder with Holder exponent O (1), thus each interface running

. 2 5 .
through ¢~ 2 contributes O (e_%> to fc,%g |D2v‘ so we have at most M < ceZe 8 = ce 3 such interfaces.
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There have been a number of studies of simplified versions of functional Z, [8,22,26]. However these works
focus on the case where Z. acts on scalar functions and the wells of Z. are given by two matrices. In this
case (scaling) sharp upper and lower bounds have been proved. For functional with wells that have rotational
invariance, i.e. of the form (1.2), nothing is known about the energy of minimisers.

Another way to constrain oscillation in the gradient is to minimise Z directly over the space of functions that
are piecewise affine on a h sized triangular grid. This is known as the finite element approximation of Z. There
have been many studies of finite element approximations to functionals of the form Z, again for the simplified
case where the wells are given by sets of two or three matrices [5,7,23,24].

Our main achievement in this paper is to show that for the specific stored energy function W (-) ~ dP (-, K)
(for some p € [1,2]) these two regularisations are scaling equivalent.

For the case where the wells of Z are given by sets of two or three matrices (and W (+) ~ d (-, K)) it is possible
to calculate the scaling of the energy of Z, and the scaling of the energy of the finite element approximation to Z
[7,23]. To be more specific given matrices A, B with rank (A — B) = 1 using methods from [7] it can be shown
that for wells K; = {A, B} the functional Z! minimised over the space of functions that are piecewise affine on a
h-sized triangular grid' and have affine boundary condition Fy = pgA + (1 — pg) B (for some pg € (0, 1)) scales
like v/h. Strictly speaking the functional studied in [7] acts on scalar functions but the method works for the
case stated above with minor modifications. In [23] three rank-1 connected matrices were considered, expanding

on the methods of [7] it was shown in [23] that if functional Z? has wells Ky = {(01 701)’ (701 (1)>, ((1) 8)}

(and W (-) ~ d (-, K2)) then over the space of piecewise affine functions with boundary condition F; = (8 8)

the energy of functional Z2 scales like h3. Using very similar methods to [7] and [23] it is possible to show that
functionals Z¢ := [, d (Du, K,) + € ‘D2u|2 for a = 1,2 are such that their energy scales like inf Z! ~ €1 and
inf 72 ~ es.

Thus for functionals whose wells are given by sets of two or three matrices our main theorem is of no interest,
for in these cases we can calculate the scaling and it can be seen instantly that the energy of functional Z¢ taken
over a space of function that are piecewise affine on a grid of size /€ scales in the same way as the energy of
functional Z¢. The point of this paper is that we study functional Z. with wells

K =S0(2)A,USO(2)Ay...S0(2) Ay

and for these wells the scaling of the energy of Z. and the scaling of the energy of Z over the space of piecewise
affine functions are completely unknown. In this case our main theorem tells us that these two problem, one
discrete and one continuous, are scaling equivalent.

1.1. Background and statement of main result

To state our theorem we need to give some background. Given a polytopal region 2 and some small constant
¢ € (0,1) we say a collection of disjoint triangles {7;} is an (h,¢)-triangulation of Q if |J,75 = Q and every
triangle 7; contains a ball of radius ¢h and has diameter less than ¢~ *h. Given w € S' we denote by A, (w)
the set of regular triangulations with respect to axis (w), w' axis, by this we mean every triangle 7; of distance
¢~ 'h from 09 is a right angle triangle with sides parallel to (w), w*. Finally we let f;h (w) denote the space
of functions that are piecewise affine on some triangulation in A} (w) and satisfy the affine boundary condition
u = lg on 0F), where [ is a fixed affine function with Dip = F.

Given two connected subsets of matrices M, N C M?*2? we say M and N are rank-1 connected if and only if
there exists A € M and B € N and v € S! such that Av = Bv. The set of rank-1 directions connecting M, N
are the set of vectors v € S! satisfying Av = Bv for some A € M, B € N.

1Whose edges are not parallel to the rank-1 connections between A and B.
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For given triangulation {7;} and function u € .7-';’}1 (w) and triangle 7; we define the neighbouring gradients
by

N (u) = {Du, :Eﬂ?;ﬁ@} forz:such that ?0892@ (1.3)
{Duj,, :75NT #0} U{F} for i such that 77 N Q # 0.
And for u € f;h we define the jump triangles by
J(u):={i:3 A B€N;(u) suchthat [A—B|>¢'}. (1.4)
Let o be the minimum of the absolute values of the eigenvalues of Aq,..., Ay. Let w; € S be such that for

wa, ‘51:32‘ are not in the set of rank-1 directions connecting SO (2) A; to

SO (2) A for any i # j, let ¢ € (0, 10’10) we define function space

some wg € wf- we have that wi,

Dy (wy) = Qve Fyt(w): Y > }Dan*M}Q§§*1h*2/d”(Dv,K) : (1.5)
i€J(v) MEN;(v) @

When there is no ambiguity we will denote these function spaces just as f;h or D}’h. Clearly inf _ z<.n Il (v) <
F

inf e n 1§ (v), the main reason for introducing function space D}’h is that with our methods we can not show
F

the sharpness of the lower bound

. DY <
ﬂegl;ﬁlo (v) < cvler}qu I (v) (1.6)

(where Ap is the subspace of functions in u € W22 () with Du = F in the sense of trace). So instead we will
prove the stronger lower bound inf __. /2 Il (v) < cinfyea, I (u) and it turns out that function space D}’h has
F

enough structure to allow us to show the upper bound?

inf I? (u) <c inf IP (v). 1.7
Jnf 2 (u) _cvegl;ﬁ 0 (v) (L.7)

Our main theorem is the following.

Theorem 1.1. Let K := SO (2) A; U SO (2) Ay...S0 (2) Ax where Ay, As, ..., An € M?*2 are matrices of
non-zero determinant. Let o be the minimum of the absolute values of the eigenvalues of Aq,..., An.

Let wy € St be such that for some wy € wf‘, the vectors w1y, ws, ﬂi:ﬁ; are not in the set of rank-1 directions

connecting SO (2) A; to SO (2) A; for any i # j. Let Q C R? be a polytopal convex domain. For p € [1,2] define

TP (u) := / d” (Du (2),K) + ¢ |D*u (z)‘QdL2z.
Q
Let F ¢ K and let Ap denote the subspace of functions in W22 (Q) that have boundary condition Du = F

on 0S) in the sense of trace. For ¢ € (0, 10_10) let function space D}’h (w1) be defined by (1.5). If we define

ap (k)= inf I (v) and m? := inf IP (u)

vED;’h(wl) u€AFR
then there are positive constants C1 <1 < Ca (depending only on o, s, p) for which
Crap (Ve) < mP < Cacy (Ve) for all e > 0. (1.8)

2For further explanation as to why function space D;’h allows us to prove (1.7) where as with our methods we can not show

the same inequality for the larger function space f;’h see Section 2.2.
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The point of introducing parameter ¢ into the definition of D}}’h is that we would like to use the greater
flexibility it allows for a potential future improvement of our main result. To explain this further note that the
definition of D}’h gives us the inclusion

£5" = {v e FE" Dol iy < 477} € DY

so clearly we have the upper bound (1.7) for this function space. Given the results of [28] it seems reasonable
to hope that minimisers of a functional equivalent® to I? for p > 1 are Q-Lipschitz (for some possibly large®
Q independent of €) inside the whole domain . In [28] this has only been proved for p = 2 in an interior
domain. If such a result could be proved the methods of this paper would allow us to show the lower bound
infveﬁ},h I? (v) < cinfyea, IP (u) which together with the upper bound would imply for p > 1 the equivalence
of the scaling of m? to the scaling of I? over the space of Lipschitz finite elements. This is the principle reason
for introducing parameter .

In truth our main motivation for establishing Theorem 1.1 was that we hoped to use it as a tool to under-
standing the minimiser of I?. To explain this further we will simplify and take K = SO (2) U SO (2) H where
H is a diagonal matrix of determinant 1 and we take p = 1.

As mentioned, nothing is known about the minimiser of the functional I'. In particular it is completely
unknown if for very small ¢ the minimiser is something like the absolute minimiser of Iy provided by CI°. In
some sense this might seem reasonable, we refer to the [ }D2u}2 term as the “surface energy” and the [ d(Du, K)
term as the “bulk energy”, as e — 0 the surface energy becomes less and less important, the main thing to be
minimised is the bulk energy and of course CI solutions have zero bulk energy.

This question is best expressed by considering the scaling of m!. An upper bound of m! < cet s provided by
the standard double laminate which follows from the characterisation of the quasiconvex hull of SO (2)USO (2) H
provided by [35], see Figure 1.

If me ~ €67 for o > 0 then the minimiser will have to take a very different form than the double laminate.
On the other hand if @ = 0 then energetically the minimiser does no better than the double laminate.

This question is important because CI solutions are important, many counter examples to natural conjectures
in PDE have been achieved via CI [13,19,31,32]. Minimising functional I is the simplest problem that constrains
oscillation in some slight way where we can hope to see the effect of the existence of exact minimisers of (1.1).

In the proof of Theorem 1.1 we have to work quite hard to establish the result for p = 1, we do so because
functional I} is particularly clean in the sense that it is not necessary to consider laminates with “domain
branching” to construct upper bounds (contrast this with the case p = 2 [8,22]) as such the upper bound is
given by ced and is domain independent.

Let w; € S be such that for wy € wi we have wy, wy, 121=%2

[w1 —wa|
between SO (2) and SO (2) H. If 4 € f;h (w1) and 71,72 € Af, (w1) are such that d (Di,,, SO (2)) ~ 0 and
d (Dﬂm, SO (2) H) ~ 0, it is not too hard to see 71 can not touch 7o, i.e. there must be a triangle 73 between
71 and 7 for which d (DuLT3,K) > o(1).

For example if we have an interpolant of a laminate, and triangle 7; cuts through an interface of the laminate
the affine map we get from interpolating the laminate on the corners of 7; will have its linear part some distance
from the wells. See Figure 2.

do not belong to the rank-1 connections

3In order to apply the result of [28] we need a functional that is quadratic at infinity in a strong sense, but given W (-) ~ d? (-, K)

it is easy to construct a function W such that W = W in a large ball By and ||fﬁ7 — Wl|pee < ¢ while W (M) = |M|? for any
M ¢ Bag. Defining I? (v) = Ja w (Dv) +e |D2v|2 we have |I? (v) — I? (v)| < ¢ for any v € W22 (Q) so obviously the energy of I?

and I? scale the same way with respect to € and for the case p = 2 it is possible to apply the results of [28] to the minimiser of INS .
4Found via a compactness argument.
5We know it can not be a function u with Ip (u) = 0 because the result of Dolzmann-Miiller [16], that any u with this property
and with the property that Dw is a BV has to be laminate.
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FIGURE 1. Rank-1 connections between sets of matrices.

FIGURE 2. A finite element approximation to a laminate.

So we can not lower the energy of Iy over .7-';’h (w1) by simply making a laminate type function with finer

layers, there is a competition between the surface energy as given by the error contributed from the interfaces
and the bulk energy which in the case of the laminate is the width of the interpolation layer.
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As mentioned for functional Z? with wells {<_01 _01), (_01 (1)), <(1) 8)} in [23] it was shown the energy

of 7% over the space f}’lh (where F} = (8 8)) scales like h3. From Sverdk’s characterisation [35] we know the

exact arrangement of rank-1 connections between the matrices in the set SO (2) USO (2) H and a matrix in the
interior of the quasiconvex hull of SO (2) U SO (2) H, see Figure la. As we can see from Figures 1a and 1b, the
finite well functional Z? precisely mimics these rank-1 connections.

Conjecture 1.1. Let K = SO (2) U SO (2) H where H is a diagonal matriz with eigenvalues o, o~ 1. Let

wy € ST and wy € wi- be such that wi, wa, =2 aqre not in the set of rank-1 connections between SO (2) and
1 [w1—wa|

SO (2) H. Let Q be a polytopal conver region, ¢ € (0, 10’10). Given F € int (K9°), let function space .7-';’}1 (w)
denote the space of functions that are piecewise affine on some regqular triangulation {T;} € A} (wy). There
exists co = co (0,5) > 0 such that

inf I (u) > coh for all h > 0.
ueF"

So from Theorem 1.1, if Conjecture 1.1 could be proved it would imply the scaling m! ~ €6 Unfortunately
even though the minimisation of I} over f;h is discrete problem, it appears to be quite hard to prove lower
bounds.

2. SKETCH OF THE PROOF

Written out in detail, the proof of Theorem 1.1 is not short, however the basic ideas are quite simple. We
give a sketch of the proof based on two lemmas that are only approzimate principles, by this we mean that
either we can not prove them, or only a weaker form hold true. This may be a bit unconventional, but it seems
to us to be the best way to get to the heart of the matter without being flooded with details.

2.1. Lower bound

We focus on the case p = 1 and take @ = @4 (0). Let M = {e_%} . We cut the square  into M? sub-squares of
side length ﬁ, let ¢, ca, ..., cpr2 be the centres of these squares. So Q1 (0) = Uf‘ii m Let C; = Cy (0) be
some small constant we decide on later. Now we define the “bad” squares to be B := {1 : fQ; () ‘D2u‘2 >C1 }
Approximate principle 1. For any i € {1, 2,... ,M2} \B define v; (2) = u (ci + ﬁ) Mkiive have that there
exists affine function L; with DL; € K such that

2
||Ui — LZHLOC(Ql(O)) < C/ d(D’U,L',K) + ‘D2'Ui‘ . (21)

Q1(0)
Approximate principle 2. The minimiser u of I, is a Lipschitz.

Let us make it once again clear we can not prove either approrimate principle, they are simply a device to
show the strategy of the proof. Now we split every sub-square @ L (¢;) into two right angle triangles, denote
them 7;, ;4 a2 so the set {11, 72,...,7op2} is a triangulation of Q. Let @ be the piecewise affine function we
obtain from u by defining % ,, to be the affine map we get from interpolating u on the corners of ;.
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Now for any i ¢ B let w},w},wi denotes the corners of 7;, so [, ¢ € {1,2,3}

~ wl - w wl 1
Dy, - DL,
‘Wl ‘ |Wz |

21 2 2 |2
< c/ M?d(Du, K) + |D?ul”. (2.2)
1 (51)

< M|(u (i) = Li (@) = (u(wp) = Li («3))]

Since (2.2) holds true for every I,q € {1,2} we have |Di|,, — DL;| < cfQ M d(Du,K) + |D2u| In

~ DLy

+Mm2

exactly the same way ‘DULT < cfQ e M?d (Du, K) + |D2u| .
3 (e

— DLiyp2| L? (Tipar2) < eml. (2.3)

+M2

> |Diy, - DL| L2 () + |Di,
i€{1,2,..., M2 }\B

Now for any ¢ € B, since u is Lipschitz, for [,q € {1,2,3} we have
w? —w u (w?) —u (Wl
Dﬂ/[ri l ( l) ( q)
o — wil _‘*’1‘

<c
|wi — wi
thus d (Dilln, ) < ¢ and in the same way d (DuLT a2 K) <cso

> |Diiy,, — DLi| L* (1) + ‘Dﬂtmm — DLy 2| L? (tigar) < Z / |D%u|? < em!. (2.4)
i€B i€B L (c4)

So as {r;} is a (y/€,107'o)-triangulation and from (2.3), (2.4) we have a (y/€) < cm! which establishes the
lower bound.

It is easy to construct a counter example to the “morally true” Lemma 1, however as a substitute we have
Proposition 5.1, see Section 5. Since i € B it should seem reasonable that there exists kg such that

/ d (Dv;, SO (2) Ag,) < c/ d(Dv;, K). (2.5)
Q1(0) 1(0)

This follows from a kind of capacity type argument that is Step 1 of Proposition 5.1. Alternatively imagine

1
we had slightly more integrability of D?v; and hence that (le(o) |D21)Z-|2+6) s “gmall” (in fact v; satisfies
a fourth order elliptic PDE coming from the Euler Lagrange equation of u so we could indeed establish such
higher integrability via reverse Holder inequalities), then by Sobolev embedding we would have that Dv; stays
in a neighbourhood of some well SO (2) A, and so (2.5) trivially follows.

Now if we were considering the d? (-, K) distance from the wells then we could apply Theorem 3.1 to obtain
sharp LP control of the distance of Dv; from a matrix in K. For the p = 1 case Theorem 3.1 is false [10] and
so we need to use the fact that the “tangent space” to the set SO (2) around the identity is the set of skew
symmetric matrices. This allows us to apply the Korn type Poincaré inequality given by Lemma 3.1 to gain
sharp control of the L' distance of v; from the affine function.

Note that Proposition 5.1 is not enough since in the argument given in (2.2) we need to control the function
exactly at the corners of the triangles. The trick to overcome this is the following. Let v : Qps (0) — R? be
defined by v (z) = u ( ) M. By the Co-area formula we can find a grid of squares of side length 1, labelled
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S1,S9,...,Sy2_ap such that for each ¢ there exists affine function L; with DL; € K such that

c/ |v—Li| + |D2’U‘2 +d(Dv, SO (2)sym (DL;)) < / d(Dv,K) + |D21)‘2 = (2.6)
S, N1(Si)

(where sym (A) denotes the symmetric part of matrix A we obtain by polar decomposition). We can split \S; into
disjoint triangles 7;, ;4 a2. Let a;, b;, ¢; be the corners of 7; where [a;, b;] U [b;, ¢;] = 973 N 0S;. The important
point is that Dv along [a;,b;] varies by at most \/a; and so its not hard to show Dv (2) € B. /a; (DL;) for
all z € [a;, b;]. For simplicity let us assume sym (DL;) = Id.

Given b; € [a;, b;], by trigonometry this allows to conclude

}v(ai) — (61-)

And very easily from (2.6) (since we have assumed sym (DL;) = Id) we have

ai—bi .

> (1 —cay)

ai—bi

‘v (a;) —v (Ez)

< (1+ ew)

The point l~)l can be easily chosen so that "u (l;z) —L; (l;z)

< cay. In exactly the same way we can find

¢ € [ag,ci] such that |v (&) — Li (é)] < coy and ||v (a;) — v (&)| — |a; — &|| < cai. Let 41 = |a; — b;| and
Y2 = |a; — & so (defining Ns (A) :={x : d(x, A) < §}) we have
0(a:) € Nea, (981, (:) ) 0 Nea, (9B, (7)) (2.7)

See Figure 4. From (2.7) it is not hard to show v (a;) € Bea,; (Li(a;)). We can control the corners b;, ¢; in
the same way. Therefor if we define [; to be the affine map we get from interpolating v on {a;, b;, ¢;} we have
d(Dl;, DL;) < cay. Since Y, oy < ce”'m? this gives the lower bound.

2.2. Upper bound

To obtain the upper bound we will have to convert a function v that is piecewise affine on a (/€,¢)-
triangulation into a function v € W22 (Q) with affine boundary condition Du = F on 9Q (in the sense of
trace), recall we denote the space of such functions by Ap. The most natural way to do this is to convolve v

with a function 1 , where ¢ s (2) =€ 19 (ﬁ) and ¢ € C° (B1 (0) : Ry) with ¢ =1 on By (0).

Let Go := {Z :d (Do, K) < W} and define E (2) := {i : 5N B 4 (z) # 0}. Suppose z € Q is
such that E (z) C Gy, for simplicity we will assume d (DULW SO (2)) =d (DULm K) for every i € E (x). Since
for any k,l € E (x) with H' (Tx N7;) > 0 we have that there exists w € S* such that Dv|,, w = Dv|,w and
thus |DUI_Tk — D”Ln| <c (d (DvLTk,SO (2)) +d (DULTL,SO (2))) because if Dv|,, € SO (2) and Dv|,, € SO (2)
the fact that Dv ,, w = Dv,w would imply Dv, = Duv|,, so the difference between Dv , and Dv, is

controlled by the distance of these matrices from SO (2).
A relatively easy generalisation of this is that for any = where E () C Gy

Dv,, — Dy, | < cmax{d (Dan,K) i EFR (:L')} for any k,l € E(x). (2.8)
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Now Du (z) = 3,c p(s) DVn, J ez =) dL?z. Let’s pick ig € E (x) we then have

‘Du (z) — Dv|,,

= | X (DvmvaL%)/_wﬁ(zfm)dm

i€E(x)

(2.8)
< cmax{d(Dv,,,K): i€ E(z)}. (2.9)

So for any x € Q such that E (z) C Gy, d(Du(z),K) is comparable to d (DUL%,K) with error given by
max {d (Dv|,,,K) :i € E ()} and thus f{m:E(m)CGO} d? (Du (z),K)dL*z < ¢, d? (Dv|,, K).

Since [Du(z)| < ¢} icp) |D’uh‘ thus d? (Du(z),K) < ¢ (ZieE(x) d? (Dv|,,, K) + 1) so as
L?({z €Q:E(z) ¢ Go}) < cL? (UieGo Ti) < em? we have f{z:E(z)¢G0} d? (Du (z),K) < cm?.

So all that remains is to control the [, ‘D2u‘2 term. For x € Q such that E (z) C Gy this is relatively easy
since

D?u (z) = f/D’u (2) @ DY fe (2 — ) dL?*z (2.10)

and as [ D1 sz (z — ) dL?*z = 0 we have

D?u(z) = 7/ (Do (2) = Dupr,, ) @ Dibye (= — @) AL
< et max{‘DvLTj ~ Doy, |ije E(:c)}.
So
Dru@) < et (max{|Doy,, - Dopr, |1 € E@)})
(2;8) ce 'max {d” (Dv,,,K) :i € E(2)}.
Thus

/ |D?u (x)|2 dL?z < ce ! Zd” (Dv,,, K) L? (1;) < ce”'m?.
{z:E(x)CGo} p

So far everything goes well simply by using (2.8), however for x € Q such that E () ¢ Gy we have a problem
because the quantity we are interested in is |D2u (:c)|2 and from equation (2.10), if the jump from Duv|,, to

Du),, is much greater than 1 we can not estimate ‘DQU‘Q by any L' control of the distance of Dv from K. Quite
simply if we have an arbitrary function v € F l(;ﬁ) and we form function u by convolving it with ¢ ~ it could
be the case that [, d” (Du, K) + |D2u|2 > mP. In order for the estimate we want to hold true we need some
condition that bounds the square of all the jumps of order > 1 by the quantity e 'mP. The way we deal with
this problem is by circumventing it: in establishing the lower bound we showed that from a function u € Ag
we can create a function @ that is piecewise affine on a (y/€,<) triangulation and [, d (D, K) < em?, if we
were smarter we could show the function @ that we created had even stronger properties. For example if u was
Lipschitz then @ would also be Lipschitz and our problems would be over. Unfortunately we can not prove w is
Lipschitz, however what we have for free is that fQ ‘DQU‘Q < e ImP. Tt turns out that for sufficiently careful
choice of triangulation this is strong enough for us to be able to construct a function @ such that if we define
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N; (@), J (@) by (1.3), (1.4) we have that

S Y |pay, - M[P <cetm? (2.11)

ieJ(u) MeN; (i)

So we define a function space we call Dg’h) to be the set of piecewise affine functions in fl(;’h) that satis-

fies (2.11) and we will show in the “lower bound” part of Theorem 1.1 that given u € Ap with I? (u) < cmP we

can construct function @ € DS;\/E) from it such that [, d” (D, K) < em?.

To prove the “upper bound” we will need to show that if v € DE;’\/E) then we can construct function u € Ap

and I? (u) < ¢ [ d? (Dv, K). It turns out that proceeding in the “naive” way and simply defining u = v * ¢ 5
inequality (2.11) is strong enough to conclude fQ ‘DQU‘Q < e !m?, in some sense from equation (2.10) this should
come as no great surprise. Since we have already shown fQ dP (Du, K) < m? the upper bound is completed.

3. BACKGROUND

We will need a couple of not so well known Poincaré inequalities. Firstly a Korn type Poincaré inequality
from [21], for a form more convenient for our purposes we refer to Theorem 6.5 [1]. The lemma we state is
highly simplified version of Theorem 6.5.

Lemma 3.1. Let u € WH1 (Q: R™) we have a constant co = co (n) such that for any B, (x) C Q there exists

vectors ag » € R™ and matriz by , € M™*"

Du (z) + DuT (2)
2

dL™z.

/ |u(z) —byyr - (z—2x) —ag,|dL"z < cor/
B, (x)

B, (x)

Secondly a version of the more standard Poincaré inequality.

Lemma 3.2. Let ag > 0 be a fived small constant. Let p > 1. Suppose u € WP (By(0)) is such that
L" ({z : u(x) =0}) > ag. There exists constant ¢y = ¢1 (ag,n)

/ lu(2)|PdL"z < cl/ |Du (2)|P dL" 2. (3.1)
BI(O) BI(O)

Proof of Lemma 3.2. Since this lemma is essentially standard we only sketch its proof. Suppose (3.1) is false,
then we have a sequence u,, € W17 (B; (0)) such that

</ lun (2)|" dL"z) (/ |Duy, (2)|° dL"z) — 00. (3.2)
B1(0) B1(0)

-1 21
Let wy, (x) := u, () (fBl(O) [ty (2)[P dL"z) . So ||wn||Lr(By(0y) = 1 and |[Dwy || Le (B, (0)) @Y 0 asn — . By

BV compactness theorem (see Thm. 3.22 [2]) there exists a subsequence of w,, that has a limit w € BV (B; (0))
where |Dw| (B; (0)) = 0 and fBl(O) w =1 with L? ({z : w (x) = 0}) > ao, which is a contradiction. O

A theorem that we will use many times is the following [18].

Theorem 3.1 (Friesecke, James, Miiller). Let U be a bounded Lipschitz domain in R™, n > 2. Let q > 1.
There exists a constant C (U, q) with the following property. For each v € W14 (U, R™) there exists an associated
rotation R € SO (n) such that

| Dv — Rl ey < C (U, q)||dist (Dv, SO (n)) || Lewy- (3.3)
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4. ROUGH LOWER BOUNDS ON m?P

Lemma 4.1. Let p > 1, define

mP = inf / d” (Du (2),K) + ¢ |D*u (,z)|2 dL?z. (4.1)
Q

u€Ap
We have positive constant ¢y (depending only on o, p) such that
mP > cr€2 for all € > 0. (4.2)
Proof. Let
1

By density of smooth functions in W22 (Q) we can find a smooth function u satisfying u (x) = Iy (z) for z € 9Q
with

/ d” (Du (z),K) + €| Du (Jc)|2 dL?z < max {2mf, cle%} . (4.4)

Q

Now suppose (4.2) is false, so for some small positive constant ¢; < dy we have mP < cres. By Cauchy Schwartz
inequality we have

/ d? (Du(z),K)|D%u (z)| dL%z < 2¢;. (4.5)

Q

Let U; := {z € Q:d(Du(x),SO (2) A;) < c1}. There must exists igp € {1,2,...,N} such that L2 (U;,) >
1

M Let E (z) = d* (Du () |D2 | and 9, : R? — [0,27) be defined by |z — z|e™=(®) = 2 — 2.

Note 1, is smooth in R?\ {(z1, 2o +)\) Ae R+} =: U, and |Dv¢, (z)| < ‘xiz‘
sup {fQ HdL z:x € Q} We know via Fubini theorem

// x) | Dy, (x)|dL*zdL?z < /E(x) (/ |Z_$|dL2>dL2x
< Co/E ydL2x

(4.5)
< 2¢pcq.

for any x € U,. Let ¢y :=

So we can find a subset G C  such that L? (Q\G) < 20001% and for every z € G we have
2
/ E (z)| Dy, (z)|dL?x < 3.
Q
1
Now by the Co-area formula, for each z € G we can find ¥, C [0, 27) with L ([0,27)\¥,) < ¢} for every § € U,

1
we have fZJr (€9))n0 E (z)dHx < ¢}. We can assume c; is sufficiently small so G N U;, # 0. Now we claim for
each z € GNU;, we have that

sup {d(Du (2),50(2) A;y) s x € < U (z+ (ei9>)> ﬂQ} < 4cf(2+”. (4.6)

ocv.,
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Suppose (4.6) is false. So there exists z0 € G NU;, and 6y € V., with z; € (20 + (¢')) N Q such that

d(Du(z1),50 (2) Ayy) > 4013(2%”. So as d (Du (z9),50 (2) A;,) < ¢1 we can find 29, 25 € [20, 21] with the prop-
erties 5 2

d(Du(23),80 (2) A;y) = ¢;*™ and d (Du (23), S0 (2) A;)) = 4e; @
In addition we have

d(Du(z),S0(2) A;,) € [Cf&ﬂ)) : 4cf(2“’>] for any z € [29, 23] . (4.7)

So ci% > f;; E(2)dH'z > ¢]®™ f: ‘DQU (z)‘ dH'z > 3ci§ which is a contradiction. So pick z9 € G N U;, and
let A = (Uee\lfzo (20 + (eie))) N . Note that

L2(Q\A) < 1P U Go+ () | N Baiam (0)
0€[0,2m)\ W2,
< 2rdiam () ¢ . (4.8)

So as for any x € Q\A we have d (Du (x),50 (2) 4;,) < d(Du(z), K) + c thus

/ d(Du(z),S0(2) A;,)dL*z < / d(Du(z),K)dL*z + cL* (Q\A)
Q Q

(4‘8) 1 1
< 2mdiam () ¢§ + ce?r.

So applying Proposition 2.6 [9] we have that there exists Ry € SO (2) such that
/ |Du () — RoA;,| ALz < cc%.
Q
Since RoA;, # F there must exist w € S' such that RyA;,w # Fw. We must be able to find m € w* N

Baiam (0) such that fﬂm(me» |Du (z) — RoA; | ALYz < ccll%. Let a, b denote the endpoints of QN (c + (m)).
10
We have

b
|F (a —b) — RoAi, (a —b)| < / (Du(2) — RoA;,) wdL'z| < ccl%2
a

which is a contradiction assuming c¢; is chosen small enough. U

5. PROOF OF THEOREM 1.1

Proposition 5.1. Let K = SO (2) A1 U...S0(2) An, let o be the minimum of the absolute values of the
eigenvalues of A;. Let p > 1, suppose u € W22 (31 (0): R2) satisfies the following properties

/ d? (Du (z),K)dL?z < 8 (5.1)
B1(0)

/B o |D?u (z)|2dL22 <p (5.2)
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then in the case p > 1 there exists matriz M € K such that
/ |Du (2) — M|P dL*z < ¢p. (5.3)
B1(0)

And for the case p = 1 there existsig € {1,2,..., N} and affine function L : By (0) — R? with DL € SO (2) A;,
such that

/ lu(z) — L(2)|dL?z < ¢ (5.4)
B 2 (0)
and

/ d(Du(2), 50 (2) Ay, )AL= < cf. (5.5)
B1(0)

Proof.
Step 1. Recall definition (4.3) of do, let d; = f;do and let

Ui ={xe B (0):d(Du(x),SO(2)A;) <di} fori=1,2,...,N. (5.6)
We will show there exists ig € {1,2,..., N} such that
L? (B1(0)\Us,) < cB. (5.7)

As a consequence we will establish (5.5).
Proof of Step 1. Since for any « € By (0) \ (vazl Ui> we have d (Du (z),K) > d;. So

> N 1 . , 6D
L <31 0\ <L=J1U>> < d_’i’/31<o>d (Du(2), K)dL%: < of (5.8)

which implies there must exists ig € {1,2,..., N} such that L* (U;,) > £.
Let v € (0, %) be some very small number. We define

_J z=3y for z> 3y
S(z)'_{() for z < 3y

and 7 (z) = [S(z) ¢, (2 —x)dL'z where ¢, (2) := ¢ (%) v~ and 4 is the standard one dimensional con-

volution kernel with [¢ = 1 and ¢ = 1 on [~%,%]. Let Py : M**? — R be defined by Py (M) =
T (d(M,S0O(2) A;,) — d1) note that Py is smooth and Lipschitz. We define f(z) := Py (Du(z)) it is easy
to see that f € W2 (B (0)) and we have |Df (z)| < ¢|D?u(z)|, hence I, 1Pf (2)]*dL2z < ¢B. We also
know we have f(z) = 0 for any z € U;, and so by Lemma 3.2 we have that fBl(O) If (2)]?dL%z < ¢B. As
f(2) = dy for any 2 € U;eq1,. np\ (i) Ui together with (5.8) this implies (5.7).

Note (d (Du (2),K)+¢)’ <dP (Du(z),K)+c

/ d? (Du (2),S0 (2) A;,) dL?z
B1(0)

< / d? (Du (2), K)dL?z + cL?* (By (0) \Us,)
B1(0)

< ep. (5.9)
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Now for p > 1 by Theorem 3.1 there exists Ry € SO (2) such that [ ) [Du(z) — RoA;, [P dL?z < ¢ which
establishes (5.3). Obviously inequality (5.9) also gives (5.5) for p = 1.

Step 2. Let Py be the affine function with Py (0) =0, DPy = AZ-_OI. Define v : B, (0) — R% by v (2) = u (P (2)).
We will show there exists and affine function L; such that

/ (v (2) — Ly ()| dL2= < cB. (5.10)
B, (0)

Proof of Step 2. Firstly we apply the truncation theorem Proposition A.1. [18]. So there exists a Lipschitz
function ¥ with || D9 (g, (o)) < C and

L2({z € B, (0): 5 (x) v (2)}) < c/ |Du (=) dL2 < ¢ (5.11)
{2€B, (0):| Dv(2)|>C}
and
|Dv — Do| 1B, 0)) < c/ |Dv (2)|dL?z < ¢f. (5.12)
{z€B,(0):|Dv(z)|>C}
Note
(5.12)
/ d(Dv(z),S80 (2))dL*z < / d(Dv(z),S0 (2))dL*z + cf
B, (0) B, (0)
(5.9)
< B (5.13)

Thus by Theorem 3.1 we have that there exists Ry such that

/ |Do (z) — Ro|*dL?z < c/ d? (Do (z),S0 (2))dL2x
B, (0) B, (0)

(5.13)
< B (5.14)

Let [r, be an affine function with Dir, = Ry and [g, (0) = 0, we define w (z) = o (Ir, (x)). So from (5.14) we
have

/ |Dw (z) — Id|* dL?z < ¢f. (5.15)
B, (0)
Now linearising d (-, SO (2)) near the identity we have
1 T 2
4(G,S0(2) = |5(G+GT)~1d +O<|G71d| )

lsym (G — Id)| + O (|G - Id|2) .

So we have
/ lsym (Dw (z) — Id)| dL%x < ¢ / |Dw (z) — Id)* dL%x
B, (0) B, (0)

+ c/ d(Dw (z),S0 (2))dLx
B, (0)

(5.15),(5.13)
< cf.
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Now by Lemma 3.1 we have that there exists an affine function Lo : B, (0) — R? such that
/ lw (x) —x — Lo (z)| dLz < ¢f8 (5.16)
B, (0)
which gives us an affine function L : B, (0) — R? with the property that
/ 15 () — L1 (2)] dL22 < cB. (5.17)
B, (0)

Now note by Lemma 3.2 we know that

(5.12)
/ o (z) — v (z)|dL%z < / |Do (x) — Dv (2)|dL*z < ¢f. (5.18)
B (0) B (0)
Thus
(5.17),(5.18)
/ |v(z) — Ly (z)|dL%x < cB.
B, (0)

Step 3. We will show there exists Ry € SO (2) such that

|DL; — Ry| < ¢f. (5.19)
Proof of Step 3. It is immediate from (5.2) that fBU(O) |D2’U (av)‘2 dL?z < ¢B. And so by Holder
J5. 0 |D?v (z)| dL*z < ¢/B. We also know that

/ d(Dv(z),S0(2))dL?x (559) cB. (5.20)
B, (0)

Let C3 be some large positive number we decide on later
Hy:={x € B,(0):|Li(2) —v(z)] <C38}. (5.21)

Assuming constant Cs is large enough we have from (5.10) that

2

1000

L* (B, (0)\Hy) < (5.22)

Let w € S'. We define
Gl .= {y € P, (Bg (0)) : / d(Dv(z),80 (2))dH"z < Cgﬁ}
P 1 (y)NBg (0)

and

G2 = {y € P, (Bg (0)) :/P,

w

‘D2’U (z)‘2dle < Cgﬁ} .
LwnBg O

Assuming Cs was chosen large enough we have that

2

g
and L' (P, (Bz (0))\G2) < 000

L' (P, (Bg (0))\G)) < 1000
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Now by (5.22) we can pick y € G, N G2, such that
_ o
L' (P! (y)NBs (0)N Hp) > —-
So we can pick a,b € Pﬂj (y) N Bz (0) N Hp such that |a — b > 175 We have that

/ d(Dv(z2),80(2))dH'z < ¢ (5.23)
[a,b]

and

/[ ) |D21) (z)|dH'z < e/ (5.24)

For each z € [a,b] let R(z) € SO (2) be such that d(Dv(z),SO(2)) = |Dv(z) — R(z)|. From (5.23)
and (5.24) we have that there exists Ry € SO (2) such that

sup {|Dv (z) — Ro| : z € [a,b]} < e/ (5.25)
Now note
(v(a) —v (b)) Rovy = ( Do (2) ’U1dH12> - Rovy
[a,b]
(5.23)
> / R(2)e1 - RoerdH'z — cf3. (5.26)
[a,b]

(5.25)
By definition of R (z), we have that |Dv (z) — R(z)| < |Dv(z) — Ry| < ¢v/B. So
(5.25)

R (2) = Ro| < [Dv (2) = Ro| + |Dv (2) = R(2)] < /B

Let ¢v € [0,2r) be such that Ry = (jg(l);/}w Z?ﬁg) and ¢ (z) € [0,2w) be such that

([ sin(z)  cosv(z) e e
R = (S (o) sinas (o)) We know sup ([~ ()] : = € [a B} < e/B

/ R(2)e1 - RoeydH'z = / cos (¢ (2) — ) dH 2
la,b] la,b]
> |a—0b] —cB.

Putting this together with (5.26) we have (v (a) — v (b)) - Rov1 > |a — b| — ¢f8 which of course implies

0(@) ~ v ()] > a—b] — cb. (5.27)
Now
a—>b
(@) — v () < /[a’b] Du(e) =y ‘ dH
< Ja—bl+cB. (5.28)
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Since a,b € Hy we have

(5.21) (5.27),(5.28)
ILi(a=b)| =la—bl] < [[v(a)=v(b)|—la=bll+cB < cf

which gives
||L1 (w)| — 1| < ¢ for all w € S*. (5.29)
Let us take three points xi, @2, x3 that form the corners of an equilateral triangle, i.e. |z; —x;| = 1 for
i, €{1,2,3}. So Ly (x1), L1 (x2), L1 (x3) form the corners of a triangle which we denote by T3.
Let 6; denote the angle of the triangle T} at the corner Lj (x;). Let Ay = |Lyi(x2) — L1 (z3)], A2 =
|Ly (1) — Ly (z3)|, As = |L1 (z1) — L1 (22)]. Now by the law of sins Siﬁfl = sinf; _ 51253. Let i,j € {1,2,3},

Az
o 0. 0. ) in 6, —sin 6, ) A (5.29)
S’gf’ = Slgfj = Slzfj + sin 6, (Ai] - A%) So 7SIHQ’A7§IHGJ = sinéd; (AjjﬁJ). Note A1 = |Ly(z1 —x3)] €
(1—c¢B,14¢pB). In the same way 1 —¢f < A; <1+ ¢l fori=2,3s0
|sin®; —sinf;| < c|A; — Aj| < cf. (5.30)
Now assuming [ is small enough we must have 6; € (0, %) fori = 1,2,3 since otherwise

max {|Ly (z;) — L1 (z;)| : 4,5 € {1,2,3},i # j} > V2 — & which contradicts (5.29). So

(5.29)
|6; — 6] < clsinf; —sind;| < cf.

Since 01 + 0 + 03 = 7 this gives ‘91- — §| < ¢f for i = 1,2,3 which implies there exists rotation Ry € SO (2)
such that |DL; — Rp| < ¢f which completes the proof of Step 3.

Proof of Proposition 5.1 completed. Let Ly be the affine function with Lo (0) = Lq (0) and DLy = Ry where
Ry € SO (2) satisfies (5.19) of Step 3. So from (5.10) we know

/ |v (x) — Lo (2)| dL?z < cB. (5.31)
B4 (0)
As u(z) = v (Py " (2)) we have that
(5.31)
/ |u(2) — Lo (Py ! (2))|dL?z = / lv (P ' (2)) — Lo (P! (2))|dL*z < B
BGQ (0) BUQ (O)

Define L := Ly - Po_l, so DL = DLy - DPO_1 = RopAp € K so L satisfies (5.4) which completes the proof of
Proposition 5.1. (]

Proposition 5.2. Let w; € S be such that for some wy € wi- we have that wy, wo, ﬁ are not in the set

of rank-1 directions connecting SO (2) A; to SO (2) A; for any i # j. Let p > 1, we will show that for some
enough ¢ = ¢ (o) we can find € D;"/E (w1) such that

/ d? (Dii(2), K)dL?*z < cm?. (5.32)
)

Proof. The main idea for the proof is to take a function u € Ap with I? (u) < 2m?P and to find a regular

triangulation {r;} € A% (w1) (recall notation from Sect. 1.1) such that when we define @ to be the piecewise

affine interpolation of w on {r;} then we have [, d? (Da,K)dL*z < e¢m? and @ € D}"/E. In order for u
to satisfy these properties we will need Du to have controlled surface and bulk energies on the set | J, 07;.
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However as (Q\N.-1 z (89Q)) N {J; 97 is the intersection of three sets of evenly spaced parallel lines that are
of order O (y/€) apart, by applying the Co-area formula to all possible shifted copies of these sets of lines we
can find a triangulation with the properties we want. The rest of the proof is just a matter of harvesting the
inequalities we need.

Let Cp = Cp (0,5) be some small number we decide on later. We claim we can assume

m? < Co. (5.33)

Suppose (5.33) is false, then we define @ = Ilp, clearly Ip € D}’ﬁ and [, d? (Dip,K) dL?z < ¢, so inequal-
ity (5.32) is satisfied. So we can assume (5.33) or there is nothing to show.

Let u € Ap be such that I? (u) < em?. So we [, |D?u (z)‘QdLQZ < cetmP. Define v (z) := u(—\/fz) Recall
Q_y =20, Note
/ d? (Dv (2),K)dL?z < ce 'mP (5.34)
“4
and
/ D0 (2)[” dL2z < ce 'm?. (5.35)
Q

3
Let T} := {kwy + (w1) : k € Z} + twe and T? := {kw; + (wg) : k € Z} + tw;. Define Ly : Q- [0,1] to
be such that L' (s) = T} N Q_jandly: Q4 — [0,1] to be such that L;* (s) = T2 N Q
Now Dv = F' in the sense of trace on 02

1. It is easy to see

1
€ 2

. By Theorem 2, Section 5.3 [17], this implies

lim |Dv (2) — F (2)|dL?*z = 0 for H'a.e. x € 0 ;. (5.36)

=0/, (z)ne

N

1
e 2

. For simplicity we make the assumption that none of the sides

Let Si1,...,5p, denote the sides of 9§ _
S1,Ss2,...,Sy, are parallel to wq, wa. Let i € {1,...,po}, there exists gl C S; with L! (Si\§i> = 0 such that
for any x € S; we can find r, € (0,€) with the property that for any r € (0, r,] we have fBT(a‘)r‘iQ |Dv (z) —

wl=

F(2)|dL%z < er?.

So there exists € (0,1) such that for each i we can find subset S; C gz with L! (gz\&) < € and for
each x € S;, r, > 0.

Let g € {1,2},i € {1,...,po}. The set of intervals {Pw; (Bs(x)) :x € SZ} forms a cover of P,qu (S;) and so

by the 5r Covering Theorem, Theorem 2.1 [25] we can extract a subset {1, xa,...,2,} CS; such that
{Pwé (Bg (acn)) ne{l,2,. ..,JO}} are disjoint (5.37)
and
Jo
Pyy (Si) € | Pur (Bs (wn)).- (5.38)
n=1

Let C!, := {z € Bs (x,) N _

1
€ 2

:|Dv(z) — F| < 1} so L? (Bs (z,) \C}) < €6, This implies

I (quL (Bs () \Py (c;)) < ced. (5.39)
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Let Xy = ;2 C,. We have
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L (Pqu (Si N H (0,wg)) \Pyy (£i N H (0, wq))) =I' <quL (Sin H (0,wg)) \ (U Py (C, N H (0, wq))>>

n=1
(5.38),(5.39)
< cJoed

(5.37)
< ce.

By exactly the same argument
Lt (pqu (Si N H (0, ~wy)) \P,ys (: 1 H (0, —wq))) < ce.

Define
Po
Ay = U Y); and note that Ag C Ny (896,

)

Let g € {1,2} and let [ be such that {I} = {1,2}\ {¢}. As shown on Figure 3, let

N

Qt =inf {k € Z: (buy + (wg) N0 _y #0}

and let
Qi :sup{kGZ: (kwy + (wq)) NQ

€

7&@}.

Nf=

Step 1. For g € {1,2} and [ be such that {{} = {1,2}\ {¢} define
Pr={te[0,1]: (wgRy + (t+k)w)) NAg # 0 for every k € {Q1, Q] +1,...,Q% —1}}

and

P, :={t€[0,1]: (wgR_ + (t+k)w;) NAg # 0 for every k € {Qf,Q +1,...,Q3 — 1}}
we will show L' ([0,1]\P) < ¢y/e and L' ([0,1]\P,) < cy/e.
Proof of Step 1. We argue only for the set P} For each ¢ € [0, 1] \P] let

Nt = {k(w1R++(t+k)w2)ﬁA0:@, ke {Q}aQ}+177Q%71}}

and let® n () := min N;.
So [0, 1]\P{ = Uke{Q} Qit1,Qi-1} n~! (k) and thus there must exist ko such that

L' ([0,1]\P7)
EHEICH

YEL (0.1)\p)

L' (n™" (ko))

v

However by definition since for every t € n=! (kg), ko = n (t) € N; and by (5.45) we have

(w1R+ + (t + kO) w2) N AO = Q] fOI' any te n_l (ko)

6We define n (t) to be the minimum only to produce a well defined function, we could just as well take the maximum.

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)
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FicUre 3. Constructing the triangulation for a typical polygonal region.

hence ((t + ko) w2) N P,,1 (Ao N H (0,w1)) = 0 for any t € n~" (ko), i.e.
((77,71 (ko) + ko) '(UQ) N P,wlL (Ao NH (0, wl)) = (. (548)

Since ko € {Q1,Q7 +1,...,Q5 — 1} we have (n~" (ko) + ko) w2 C P,,1 (QE,%) = P, (8967%) and by con-

vexity of € this implies (n~" (ko) + ko) w2 C Pt (89
have

NnNH (O,wl)) so for some a € {1,2,...,po} we must

1
€ 2

Lt (n_l (k’o))

Ll (PwlL (Sa N H(O,wl)) N ((n71 (k’o) + k’o) wg)) Z 20

(5.49)
and by (5.48) (and recalling definition (5.42)) we have
PwlL (Sa NH (0, wl)) N ((nfl (k‘o) + k’o) wg) C P'wf (Sa NH (0, wl)) \ow (Ea NH (0, wl))

and thus from (5.40), (5.49) we have ce > L' (n=! (ko)) by (5.46) cy/e > L' ([0,1]\P]), this completes the
proof of Step 1.

Step 2. Let {¢;:i=1,2,..., Ny} be an ordering of the set of points

{k1w1 + kaws < ki, ko € Z, kyws + kyws € Q4 \Nag2 (896,%)} .
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Let C; be some small positive number we decide on later. Let

By = {z €{1,2,...., N} / |D%0 (2)[* dL2z > cl} (5.50)
32a*2(°l

and
By = {z €{1,2,...,Nop}: / d? (Dv (z),K)dL?*z > Cl} . (5.51)
By, —2(ci)
Note

(5.34),(5.35)
Card (By) + Card (Bs) < ce tmpP. (5.52)

Define Gy = {1,2,. No}\(31 U Bs). For the case p = 1, for each i € Gy by Proposition 5.1 we have the
existence of ¢ (i) € {1 2,..., N} and an affine function L; : Bss (¢;) — R? with DL; € SO (2) A(;) and

/ lv(2) — L; (2)| dL2z < / d(Dv(z),K) + |D%v (2)|*dL?2 (5.53)
Bsa(ci) By, —2(ci)
and
/ d(Dv(2),50 (2) Ayuy) dL?z < / d(Dv(z),K)+ |D* (z)\2 dL?z. (5.54)
332(61) 332072 (51)
For p > 1 for each i € Gy by Proposition 5.1 we have a matrix M; € K such that
/ |Dv (2) — M;|P L2z < / & (Do (2),K) + | D (2)|* AL, (5.55)
Bgyo—2(ci) Bype—2(ci)
Define
0, if p e (1,2]
and define
. N ID — M;|P, if 1,2
Q (Z) _ Z’LEGQ XBsz(CJ v (Z) | ’ 1' pe ( ’ ] (557)
0, ifp=1.
Note
/ Q(2) + P (2)dL?%z < ce 'm?. (5.58)
Q 1
e 2
By the Co-area formula we can find oy € P} NP7 and o2 € P§ NP, such that
/ d” (Dv (z),K) + |D?v ( | dH'z < ce 'mP fori=1,2 (5.59)
L; ' (o4)
and
/ P(2)+Q(2)dH"z < ce 'mP fori=1,2. (5.60)
L7t (o4)
Now set
A = Qéf%\(Lfl (Ul)ULgl (0’2)) . (561)
Let R1,Ra2, ..., Ry, denote those among them that form complete squares. Let {71, 72, ..., Tan, } be a collection

of right angle triangles with 7; U T; 1w, = R; for each i = 1,2,..., Ny.
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Let
Gr={ie{l,2,....Ni}:Rin{c;:i € Go} #0}. (5.62)
Note that from (5.52) we have
Card (G1) > Ny — ce 'm?. (5.63)
For each i € {1,2,..., N1} let I; denote the affine function we obtain from interpolation of v on the corners
of ;. We will show
> d (DI, K) + d? (Dliyn,, K) < ce”'mP. (5.64)

1€Gq
Proof of Step 2. Case p > 1. Firstly we will deal with the simpler case.
For any i € G1, 7; has two sides parallel to w1y, wa. Let {a, b, e} denote the corners of 7; where we have order

them so that \Z:2| = w; and ﬁ = ws.
Dlsws — Maws| = Ja—b"" / (Do (2) — M;) wndH'>
[a,b]

(5.57) 0
< e (z)dH'2 ]| .
fa.b]

So |Dlywy — Myw: [P < cf[a . Q (2)dH'z, in the same way |Dl;wy — M;ws|? < cf[b § Q(z)dHz.
Assume without loss of generality |Dl;w; — Mwq| < |Dljwe — Miwa| so

|Dl; — M;|P < ¢ (z)dH" 2.
OR;
So d? (DI;,K) < ¢ [, Q(z)dH"'z in exactly the same we have d? (Dl;yn,, K) <c¢ [, Q(z)dH'z. Thus

Z d? (Dl;, K) + d? (DZHNI,K)gc/ Q(2)dH'z < ce'm?.
i€Gh L=t (1)UL~ (02)

Case p = 1. Now we tackle the more difficult case. Let i € Gy. So there exists p (i) € Gg such that ¢,;R; # 0.
Let

o = / P (2)+|Dv(2)) dleJr/ d(Dv(z),K)+ P(z)+ ‘D2’u (z)‘QdLQ,z. (5.65)
OR; Byye—2 (Cp(i))
So there exists R,; € SO (2) such that DL,y = Ry As) for some s (i) € {1,2,..., N} (note that s (i) =
q(p (i), see (5.54)). Let {a,b,d, e} denote that corners of R; where ﬁ = wy, ﬁ = wa.
By definition of «; there exists x1,x2 € [a,b], |z1 — x2| > ¢, P (1) < ca; and P (22) < ca;. So
"u (21) — Lpgi) (21)] < cay, ‘v (z2) = Lpgi) (22)| < cay

thus

v (21) — v (22) — Rp(iyAsi) (21 — 22)| < cau. (5.66)
Since f[a,b] ‘DQ’U (Z)‘ dH'z < cy/a; there exists Ry such that

sup {|Dv (2) — RoAyy| : 2 € [a,b]} < ey/ai. (5.67)
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So
1 — T2 1
|v (1) — v (22) — RoAs) (x1 — m2)| = / (Dv (2) — RoAs(i)) —=dH" z
[11,12] |I1 - fL‘2|
(5.67)
< ooy
Putting this together with (5.66) gives
}Ro — Rp(i)} < C\/Oé_i. (5.68)

For z € [a,b] define R (z) € SO (2) be such that d (Dv (z), S0 (2) Ay;)) = |Dv (2) — R(2) Ag(s)|- So note that
f[a b d(R(z),50 (2))dH'z < ca;. Note also that from (5.67) and (5.68) we have

sup {|R (2) = Ry(i)| : 2 € [a,b]} < ey/a. (5.69)

Arguing as in Step 3, Proposition 5.1. Let 6,0(z) € [0,27) so that R(z) = <sm0(z) _COSG(Z)> and

cosf(z) sinf(z)
R= sinf - — .COSH . We have
cosf  sind

R(z)e1-Rey = cos(0(z)—0)
(5.69)
> 1—caq for any z € [a,b]. (5.70)
We can pick point a € [a, b] with |b —a| > c and € € [b, e] with |é — b| > ¢ where
|v(€) = Ly (€)] < cai and |v(a) — Ly (a)] < ca. (5.71)
Let v1 = |@ — b| |Ayyw1| and 42 = | — b| |Ay(yw2|. We claim
v (b) € Nea, (0B, (v(a))) (5.72)

and
0(8) € Nea, (9B, (v(€)). (5.73)
To see this note that
- 2
|(v (@) —v (D) - RpiyAsiy (—w1)| > |Ayyw]

— COy;

/ R(2) e RyerdH'z
[a,b]

(5.70) 5
> ‘As(i)w1| la —b| (1 — cay)

which implies |v (a) — v (b)| > ‘As(i)wl‘ |a —b| (1 — ca;) =1 — ca. Now

lv(a) —v(b)] < + ca;

/ —R(z) AjywidH' 2
[a,b]

< mteq

which establishes (5.72). Inclusion (5.73) can be shown in exactly the same way. So putting (5.71) together
with (5.72), (5.73) we have established that

v (b) € Nea; (9B, (Lpgi) (@))) 0 Neas (9B, (L (8))) -
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F1GURE 4. Controlling the function of the corners of a triangle.

Now the set Nea, (0B, (Ly(iy (@))) N Nea, (0B, (L (€))) consists of two disjoint connected components
which we denote C7 and Cb, see Figure 4. It is quite straightforward to see that diam (C;) < cq; for i = 1,2.

Let Cy be the component that contains L) (b). We will show v (b) € C;. We argue by contradiction,
suppose v (b) € Cy. By Proposition 5.1, inequality (5.5) (recall s (i) = ¢ (p ())) we know

(5.34),(5.35)
/ d(Dv (2), S0 (2) Aysy) dL?z < cay.
Bsa(cp(iy)
So by Proposition 2.6 [9] we have that there exists Ry € SO (2) such that

/ |Dv (2) — RoAys)| dL?z < clog (o ) . (5.74)
Baz(cpi))

Now by Sobolev embedding theorem there exists matrix M; such that

Do (z —Mi3dL22 Sgc D%*v(z 2dLQ,z Egc ;. 5.75
(/Bm(w)| (=) - My ) (/Bm(wﬂ (=) ) Jar (5.75)

So

(5.74),(5.75)
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Let A; @ Bs (cp)) — R? be such that DA; = RoAyp and A;(0) = 0. Define w;(z) = Ai(2) +
fBaz(cpm) v (:E) - A (CE) dL2%x so

][ v(2) —w; (2)dL2z =0 (5.77)
B32 (Cp(i))

and

ol
ol

Dv (2) — Dw;|* dL?z < Dv (z) — M; > dL2z
</Bg2<%>)' (2) - Du| ) </Bg2<%>)' (2) - M| )

+ ¢|M; — RoAy|
(5.76),(5.75)

< NGTE
So by Morrey’s inequality Theorem 3, Section 4.5.3 [17], together with (5.77) this implies

||’U — wi”LOC(ng (cp(”)) < C\/Oc_i. (5.78)

Since (5.53), (5-65) v = Lyl 1 (B ey ey)) S €V/@i- And since w; and
Ly(iy are both affine this implies |Dw; — DL,;| < ¢y/a; and thus [Jw; — Lp(i)HLoo(Bgz(cW))) < ¢y/a;. Putting
this together with (5.78) we have that

) < cay; we have |Jw; — Lp(i)||L1(332(

= Lp(i)lle(BSQ(Cp(i))) < e/ (5.79)

Recall we are arguing by contradiction, as we supposed v (b) € Cy, from (5.79) this implies that L) (b) €
N, /z (C2) however as we also know Ly, ;) (b) € C1 and d (C4, C2) > c this is a contradiction.
Thus we have that
v (b) ey C Bcai (Lp(z) (b)) . (580)

Arguing in exactly the same way we can establish the same thing for the other corners of R;, i.e. we can
show

v (a) € Bea, (Lp@i) (@) ;v (d) € Bea, (L (d)) ;v (€) € Bea, (Lpgiy (€)) - (5.81)
Recall l; and ;4 n, are the affine maps we obtained from interpolating v on the corners of triangle 7; and
Titn, where 7, UTpn, = R;. Recall also that DL, = Rp;)As@) where Ry € SO (2), s (i) € {1,2,...,N}.
From (5.80) and (5.81) we have
v(a) —v(b)\ ([ Lpw(a—b)
la — 0] la —b]

<  coy.

| Dliwy — Ry Asgiywn |

In the same way we can show |Dl;ws — Rp(i)As(i)w2| < ca; which gives }Dli — Rp(i)As(i)} < ca; and hence
d(Dl;, K) < ca;. In exactly the same way we can show d (Dl;1n, K) < cq;.
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Thus using (5.34), (5.35), (5.58), (5.59) and (5.60) for the last inequality

< £5)
> d(Dl;, K) +d(Dliyn,, K c> / )+ | D% (2)|* dH' =
i€Gy i€Gy
+c/ d(Dv(z),K)+ P (2) + | D (2)|* dL?=
Bgyo—2 (Cp(i)
Sc/ P(z)—i—‘DQv(z)‘Qdle
Ly ' (o1)UL;  (02)

+c2/ Duv(2),K) + P (2) + | D% (2)[* dL22
i€Go 320*2(51
Sce_lmi.

Thus we have shown (5.64) in the case p = 1. This completes the proof of Step 2.

Step 3. We will show

> & (DI, K)+d” (Dliyn, K) < ce'mP. (5.82)

ie{1,2,....N1}
Proof of Step 3. Let i € {1,2,...,N1}\G1 and let {a;,b;,¢;} denote the corners of 7; where we have ordered
them so that ““_b = w1 and bll = wsy. Let DI; denote the affine map we obtain from interpolation of v on

\c
the corners of 7;. Note

v (a;) — v (b;)

Dlyw, [P =
| Dlw | P—

P b
Sc/ |D’U(Z)|de12§C/ d? (Dv (z),K)dH'z + c.
a OR;

7

In exactly the same way we have |Dlws|” < ¢ [, d” (Dv(z),K)dH"'z + ¢ which gives
|Dli|p§(3/ d? (Dv(z),K)dH'z + ¢
OR;

in exactly the same way |Dliyn|" < ¢ [y d?(Dv(z),K)dH'z + c. As d?(Dl;, K) < ¢|Dl;|” + ¢ and
d? (Dlisn,K) < c|Dliyn|P + ¢ thus

d? (Dl;, K) 4 d? (Dl;y v, K) > c|DL|P + ¢|Dliyn|?
ie{l,Q,...,Nl}\Gl ie{l,Q,...,Nl}\Gl
+ cCard ({1,2,..., N1} \G1)

IN

(5.59),(5.63)
< ce tmbP. (5.83)

Putting (5.83) together with (5.64) gives (5.82).

Step 4. Recall {Ry,Ra,...,Rn,} denote the connected components of 2 (see (5.61)) that form complete
squares, and {71, 72,...,Tan, } are triangles where 7; UT; 1N, = R;. Let

Vo (i) :={je{1,2,....2N1} : H' (7, N7) ><}. (5.84)
For any j € {1,2,...,2N;} let I; denote the affine map we get by interpolating v on the corners of ;. Define

To:= {i€{1,2,...,2N1} : There exists j € Vy (i) such that |Dl; — Dl;| > '}, (5.85)
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We will show
> > Dl - DIj|* < ce ' (5.86)
i€0 jEVo (i)

Proof of Step 4. For any i € {1,2,...,2N;} define

o | ific{1,2,....N}
PR N ifie (N +1,...,2N,).

To start we will show that if ¢ € {1,2,...,2N;} and j € Vj (i) then

2
|Dl; — DI < c </ |D?v (z)fdﬂlz) . (5.87)
(Rp)UR () )

So see this we will argue as follows. Note m U m forms a rectangle, thus 7; U7; must form a regular
parallelogram with two opposite sides that intersect 0 (Rp(i) U Rp(j)), see Figure 5.

Let U; denote the side of 07; that intersects O (Rp(i) U Rp(j)) and U; denote the side of O7; that intersects
0 (Rp(i) U Rp(j)). Let ¢ € {1,2} be such that U; and U; are parallel to w,. Now by the fundamental theorem
of Calculus (and Holder’s inequality) there must exist M € M?*2 such that

1

2

sup {|Dv (2) = M| : 2z € 0 (Rpi) URu5)) } §c</6 |D?v (z)|2dH1z> . (5.88)

(Ro)URu())

Let {wi,wé,wg} denote the corners of 7; and {w{,w%,wé} the corners of 7; where we have chosen to label

these points such that w§ — wj = w) — w{ and W} = w), wi = wj, see Figure 5, note {w§, wi} = OU; and

{w%,w] } = 0Uj, again see Figure 5. Recall we know triangles 7;, 7; are conjugate to each other and hence

|wi — wi| = ‘w% - w{‘ By definition

Dzi<“§w5) lifes) Z1i () _ v fes) — v () (5.89)

and in the same way

DI 2 S B (+4) (1) : (5.90)
o — o —

Let s denote an affine function with Diy = M

v (wh) — v (wh) — I (wh —wh)| < /[wi . |Dv (2) — M|dH'z

(5.88) ) 9 . 2
< ¢ / ‘D v(z)]"dH'z | . (5.91)
B(Rp(i)UR ()
In the same way

1
2

<o D20 (2 2dH12 ) 5.92
‘ </8(Rp<i>URp<j)) ‘ ( )‘ ) | |

<
~/~
&
[CRS
—
\
<
/~
&
=,
~—
\
3
~/~
&
[CEER
\
€
<
~—
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(03 & )
Ui (1)
Ti
W3 =, i =7’
Tj
) Uj Wq
& D

(Dlj

Fi1cURE 5. Two touching triangles.

Thus as w) — w! = wi — Wi (see Fig. 5) we have from (5.91), (5.92)

1

vlws) —vlwn) Y (w%) Y (“{) <o </8(R o | D% (Z)|2dH1z> N
p()) I Rp ()

wzfuﬂ‘ Jo_
|3 2 why — wy

Which from (5.89) and (5.90) implies

i i % %
DI wh—wh | Dl 222 )| <. / D20 ()" dH"z | . (5.93)
‘W3 - W2| |W§ - wé‘ Ry URH(5))

Recall again (see Fig. 5) the endpoints of 7; N 7; are given by w}, w}. So

Dl; (w} — wh) = Dl;j (w} — wh) (5.94)
and as 1 —w2 %’l (5.87) follows from (5.93) and (5.94). Thus
w1 w3
2N1 2]\]1
(5.87)
SN pi-pyP o< Y N / \D%(z)fdﬂlz
i=15eVy (i) i=1 jeVy (i) 0(7)UR0(1)
<

c/ ‘DQ’U(Z)‘QdHIZ
Ly ' (o1)ULy ' (02)
(5.59)

< celmP.
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Step 5. Recall Ry, Ra,..., Ry, are the connected component of 2 (see (5.61)). Let Dy, Ds,..., Dy, denote
the connected components of

st (Ue)

Note that each D; forms a polygon. As before for simplicity we will assume none of the sides of 9 _1
€

1 s parallel
to wy. Let cq denote the length of the shortest side of 99, we can assume without loss of generality /e < cq, so
we have that any D; will intersect at most two sides of 00 _y. Let By := {i €{1,2,..., N} : OD; has 4 sides}.
So any ¢ € {1,2,..., N2} \E is such that 9D; has 5 or 3 sides.

Let Ey := {i € {1,2,..., Nz} : 9D; has 5 sides}. For any i € F5 let a;, b; be the endpoints of 99
and let ¢;, d; denote the corners of the polytope D; that do not intersect 02

1 ND;

1
€ 2

i
Define D; = conv (a;, b;, ¢;,d;) for i € Ey and define D; = D; for i € Fy. Finally define T; := D;\D; for
i € Es, note each T; forms a triangle. -
For_each i € E1 U Ey we can split each D; into two triangles 7}, Tf, each of which has a side parallel to w;

(i.e. ﬁ =71 U7?). Let {Ton, 41, 2N, 42, - .., TN, | denote the additional set of triangles that are formed by

(0 i€ ByUB,, e {1,2}},{D; i € {1,2,...,No}\ (E1 UE)} and {T:i € By}

)} (5.95)

N3 —2N; < ce~ 2 and Card (Bg) < ce 2, (5.96)

Secondly let [; be the affine interpolation of v on the corners of 7; for i € By we will also show

and let
By :— {z €{1,2,..., N3} : 7i C Nggy (896,

wl=

Firstly we will show that

Z |DL)* < ce'mP. (5.97)
i€By

Proof of Step 5. To start with since UieBd T; C Ngag—2 (0QE,%> and since L? (7;) > ¢ for any i € B;. So

)

Card (By) < cL? (N64C,72 (8(26,

N

[

< ce

note also {2N; +1,..., N3} C By which gives (5.96).

For any i € Eq U Ey we will order the triangles 7!, 77 so that two of the corners of 77 intersects 8(26, 1 and
two of the corners of 7} intersects Uie{l 2, 2N} Ri.
So let {a;, b;,c;} denote the corners of T,L-l we can order them so that lg’{:lgé‘ = w; and lz":lgé‘ = wsy. SO

[ai, b)) C LY (1), [ci,bi] € Lyt (02). So by definition of L * (1) we have that
[ai, bl] C (R+w1 + (t + kl) '(UQ) @] (R,wl + (t + kl) ?JJQ)

for some k; € {Q%,Q% +1,...,Q% - 1}, o1 € P NP;. By definition (5.43) and by (5.42) we have that
[ai, bi] N Ag # 0. So there exists x; € [a;, b;] such that d (Dv (z;),K) < 1. Thus

sup {|Dv (2)] : 2 € [ai, bi] U [bi-ci]} < c+/ |D?v ()| dH 2. (5.98)
[awb%]u[bivcm]
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Let L} be the affine function we obtain from the interpolation of v on the corners of 7. We have

clv(a:) — v (bi)
< c/ |Dv (2)|dH" 2
[aifb']

(5.98)
< c+c/ |D21) (2)|dH" 2.
[ai,bi]U[bi,Ci]

|DLjw|

IN

And in exactly the same way we have

T~ _71(p.
‘DL%U}2|=‘M S—l—c/ |D2U(z)|dH12.
lei — bil [ai,b:]U[bic:]
Thus
IDLI® = ¢(|DLwi|* + | DLwsl")

2
< c+c</ |D21j(z)|dH1z>
[ai,bi]U[bi,Ci]

< e+ c/ |D0 (2)|” dH 2. (5.99)
arin(Ly ' (e1)ULy ' (02))

Now let us consider the triangle T . Let {a;, b;, ¢;} denote the corners of T where we have ordered a;, b;, ¢;
such that “’ b" = w; and b;, ¢; € 89 . Let L? denote the affine map we get from interpolation of v on the

corners of 7'2 Arguing exactly as we have before we can show that

pL2w[*<cte (D2 ()] d'=.
or2n(Ly ! (1) U(L; }(02))

2
Now ‘DL2 ( bi—c; )‘ <cllp(b;) —lp (cz-)|2 < ¢. Since wy and 2=%- are not parallel this implies

—ci| [b; —cil

IDL2* <+ c/ | D20 (2)|* dHz. (5.100)
o720 (Ly ' (e1)ULy ' (02))

Now for any i € {1,2,...,No}\ (E1 U E3), D; forms a triangle with the corners in 92 1, let I; be the affine
€
map we obtain by interpolation of v on the corners of D;, then I; has the property that

|DIZ| < ¢ for any xS {1, 2,... ,NQ}\(El U Eg) . (5101)

For any i@ € E, let J; be the affine function we get from interpolating v on T}, since again the corners of 7;
belong to 992 we have

1
€ 2

|DJ;| < ¢ for any i € Fs. (5.102)
Let I; be the affine map we obtain from interpolating v on 7; for ¢ € B4. For any ¢ € B4\ {2N; +1,..., N3}

let {a;, b;,c;} denote the corners of 7; where ““ 2"‘ = w; and \Ci_27'| = ws. Exactly as in the case where we

considered triangle 7} for i € E; U Ey we must have that [a;,b;] C L' (01) and [e;, 0] € Ly (02). We will
assume a;, b; are ordered so that d (ai, 896 %) <d (bi, 896 ) Let d; € 092 be such that [a;, b;] C [d;, b;].

1 1 1
2 € 2
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By definition of By we know |d; — b;| < 32072, Let I'; := [d;, b;] U [b;, ¢;], by arguing exactly the same way as
we did to show (5.99) we have

DL < c+/ |D%0 (2)|” dH 2. (5.103)
r;

So let I; be the affine map we obtain from interpolating v on 7; for i« € By we have by (5.99), (5.100),
(5.101), (5.102) and (5.103)

(5.96

) 1
g |DI;|? < ce 2 +c/ |D21) (z)|2dH1z
i€By Lyt (o1)ULy * (o2)

(4.2),(5.59)
< ce tmbP. (5.104)

— €

Step 6. Let w € fl\f’c be defined by w (z) =1; (z) for z € 73,7 = 1,2,..., N3. We will show that

SN |pwp, - M| < et (5.105)
i€J(w) MEN; (w)

Proof of Step 6. Let

Vi(i)={je{1,2,....Ns}: H' (. n7) > 0}. (5.106)
Let

Ip:={ie{1,2,...,N3} : 7, C Q\N3gs—2 (0Q)}. (5.107)
Note that for any ¢ € {1,2,..., N3} \Io, V4 (i) C By4. So

> Y |puw Ml < S S -yl + oL - PP

J(w)\Ip MEN; (w) ieJ(w)\lo \jeVi(i)
2
< c Z |DI;|” + ¢ Card (Bg)
i€By

-1

(5.96),(5.97),(4.2)
< ce”tmP. (5.108)

Also note that if ¢ € Iy then Vi (i) C {1,2,...,2N1} and Vi (i) = Vo (¢) (see definition (5.84)) in addition we
know 91; N9Q = 0 so N; (w) = Vp (4) and J (w) NIy = Yo (see (5.85)). So

)DIED SINLIRET YD Vi) DR LIS
i€J(w)Nlp MEN; (w) i€Yo eV (7)

(5.86)

< ce'm?. (5.109)

Now

Z Z | Dwyr, = M ’ = Z Z |Dw,, —M}Q

i€J(w) MEN; (w) i€J(w)Nlp MEN; (w)
2
+ Z Z |leﬂ' - M‘
ieJ(w)\Io MEN; (w)

(5.108),(5.109)
< ce tmbP.
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Step 7. We will show

N3

> & (Dwy,,,K) < ce 'm?. (5.110)

j=1
Proof of Step 7. Since for any j € {2N; +1,..., N3} we have

P 2
d” (Dw|,;,K) < c+ |Dw,,|" < c+ |Dw|,]| (5.111)

so using the fact {2N7 + 1,..., N3} C B, for the last inequality

Ns (5.82),(5.111) N3
N d (Dw,,, K) < cetmf +e(Ns— 2N + 1)+ > |[Du,|”
j=1 j=2N1+1

-1

(4.2),(5.96),(5.97)
< ce mb.

Step 8. We will show that (for small enough ¢) there exists a function @ € D}’h such that
/ d? (Dii(2), K)dL?*z < cm?. (5.112)
Q

Proof of Step 8. Recall definition of dy, see (4.3). Let
Gy:={ie{1,2,....,Ns}:d(Dw,,,K) <do}.

Recall V1 (i) is defined by (5.106). Let V (i) := Ugey, () V1 (k) and (recall the definition of Io, see (5.107)) let
Ggi :=={i€lp: V(i) C Gy}. Note Card (V (7)) <12. Let Ag:=J

i€lo\Gg; Tir SO

L? (Ag) > cCard (Ip\Gyi) - (5.113)

Let O; := Ujcy(; Tj, to by applying the 5r Covering Theorem (see Thm. 2.1 [25]) we can find a subset
{il, 12, ... ,ipl} C ]Io\Ggi such that
P
Ay C U Ngo (Oik) (5.114)
k=1
and {0O;,,04,,...,0;, } are disjoint. Note (5.113), (5.114) imply P; > ¢Card (Io\Gy;) and since for every

ke{l,2,...,P} since V (iy) ¢ Gg; (by definition of Gg4;) we can find g € {1,2,..., N3} such that 7, C O;,
and d (Dwtqu , K) > dg. We also know that {qu sTazs > Tap, } are disjoint. So

Lt} (5.110)
P <Y & (Do, K) < celml.
k=1

(5.33)
Thus Card (In\Gy;) < ce 'm? < c¢Coet. Now Card (Ip) > ce ™! so

Card (Ip N Ggy;) > ce !t —cCpe .
Assuming constant Cy at the start of Proposition 5.2 was chosen small enough we have

Card (Ip N Gy;) > ce . (5.115)
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Note that again by applying the 5r covering Theorem we can find subset {j1,j2,...,75p,} C Iy N Ggy; such that

P>
U 7 C U Nego (Ojk) (5.116)
i€lpNGyy k=1

and {0;,,0,,,... ,ij2} are disjoint. Inequalities (5.115) and (5.116) imply that
Py > cet (5.117)

We denote the corners of 7; by {w},w%,w?} for any ¢ = 1,2,...,N3. Let ¢ € {1,2,..., P} and pick ¢, €
{w}q,w?q,w?q}. Let W (jq) C V (jq) be defined by W (j4) := {k € V (jq) : Ts N¢cq # 0}. Note that for any k €
W (jq), since V (j4) C G4 we have

lw (W§) —w (cq)| < 40! for any a € {1,2,3}. (5.118)

For each k € W (j,) define the affine map i : 7 — R2 by

- {w(b) for b € {w},wi,wit\ {cg}

w(cy) +300 ey for b=c,.

For simplicity we order the corners {wj,w?,w; } so that wj = c,. Note

7 Wli _Wl% 1 211 1 2 -1
‘le (ﬁ)‘ = |wi-wi] |w(wh) —w(wp) +300 e
lwi — wil
(5.118)
> 100t

In exactly the same way we have

DI, ( wi—w )‘ > 100! which implies

1i_,,3
|‘*’k ‘*’k|

‘ka‘ > 100 1. (5.119)

~ 12
In a very similar way we can show ‘le <|w’f w’;|) ‘ < 60071,
Wi Wi

Dl ( w’}_wz )‘ < 600! and thus

|wor—w]
‘ka‘ < 6001 (5.120)
From (5.119) we know

S (Dik,K)LQ(Tk) > (ijq,K)LQ(qu)

REW(iq)
(5.119)
> 90 PL*(15,) (5.121)
and
- (5.120)
Yo (le,K) L*(r) < 120202 x 1002 (5.122)

keW(jq)
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mP

(5.33) . . .
LS —= so we can define piecewise affine function v :

Note recall from (5.117) Py > ce™ — R? by

1
e 2

w(z) forzemr,ie{l,2,...,N3}\ (U([;zllmp] W(jq))
e me

v(2) = li(z) forzem, ic <qu_1me] W(jq)) '

So

/ d” (Dv (z), K)dL?z - > &’ (Dwi,,, K) L* (1)
-3 ie{1,2,,,,,N3}\<U£:11m€]W(jq))
n 3 v (Dl}, K) L2 (1)
ie(UlS " wan)

(5.110),(5.122)

ce 'm? + ¢ [e7'm?]
ce m? (5.123)

IN A

and

S~
S
-l
<

O
=
o
&~
()
I
vV

1]

\
S
-l
<

O
=
o
&~
()
I

(5.121)
> cle'm?]. (5.124)

[eflmp

Let Y i= {z € (1,2, N3} : Vi (i) N (qul E]W(jq)) - @}. Note

Card ({1,2,..., N3}\Y) < ce 'm? (5.125)

and note
Z |D77L'ri - ]\4|2 < Z |DwLﬂ. - M‘Q +cforany i € J(0)\Y (5.126)
MEN;(v) MEN, (w)
soas J(0)NY = J(w) NY and Do, = Dw|, for every j € U,c j5)ny V1 (i) we have

> > [P - M = > Y |pw, - M[

i€J(B) Ni(3) i€J(w)NY MEN; (w)

+ Z Z ‘Dﬁ[Ti_M‘2

i€ J(0)\Y MeN;(v)
ce tmP + cCard (J (9) \Y)
cetmbP. (5.127)

Thus

(5.124),(5.127)
/ d” (D¥ (2), K)dL?z > c > Y |Di|,, — M| (5.128)
Qé,% i€J (D) MEN; (v)
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1

Define @ (z) = 0 (y/ez) e 2. We have that

/dp(Dﬁ(z),K)dLQz = e/ d? (Do (z), K)dL?z (5.129)
Q Q

1
e 2
and thus

(5.128)
/dp(Da(z),K)dLQZ > ce > > |Di, - M| (5.130)
Q

i€ J(0) MEN; (D)

Now (for small enough <) {/er;} forms a (h,<) triangulation of  and it is easy to see that

o Y Dape,-MP= > > Do, - M|

i€J (@) MEN; (i) i€J (D) MEN; (D)

Thus (again assuming ¢ is small enough) we have from (5.130)

S > e|Diyye, - M <—/dp K)dL?z. (5.131)

i€J(u) MEN;(a)

Thus we have that u € D}‘/E We also know from (5.129) and (5.123) that @ satisfies (5.112). O

Proposition 5.3. Let w; € S! be such that wy € wf we have that wy, we and \E:E\ are not in the set of
rank-1 connections between SO (2) A; and SO (2) A; for any i # j. Let p € [1,2]. Let F ¢ K, given function
u € D}’\/g we define w : Qy — R? by

' Q
@(z)=4" =) vEe (5.132)
Ip(z) if z€ Q\Q
We will show there exists a small positive constant n =1 (w1, A1,...,ANn) such that for & = w * Pyye and
z
— + 5.133
w = () 1+ ave) (5.133)
then w € Ap and w satisfies
/ & (Dw (z), K) + €| D*w ()| dL?z < c/ @ (Du (z), K)dLz. (5.134)
Q Q

Proof. Firstly note u is piecewise affine on a triangulation which we will label {7y, 79, ..., 7n,}. Given triangle 7;

we define the neighbouring gradients N; (u) by (1.3) and we define the jump triangles J; (u) by (1.4). Now since
u € D3V we have
Y |Dup, - MP <t —1/ d? (Du (2), K)dL>?z. (5.135)
i€J(u) MeN; (u) a2
Let v (2) = u (y/ez)e 2. Let
ay = / d? (Dv (z),K)dL?z. (5.136)
o)

1
2

Let V (j) := {k: H' (7; N 7;) > 0}. Define Vo( ) = Ujev V () and Vi () == Uj;cv, i) V ()
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Let Gg := {z :d (DvLTi,K) < 77}. Let Ay, As, ..., Ay, denote the connected components of UZ-GG0 7;. Let

G :={i:7m C Ap} and define A, = | ] 7 (5.137)
{i:V1(i)CGr }
Define
E(z)={i:7NB,(z) #0} foranyzeQ,i_H](). (5.138)
Note Card (E (z)) < ¢ and note
E(z) € Vy (i) for any z such that Bsy (2) N7 # 0. (5.139)

Step 1. Given k € {1,2,..., N1} we will show there exists ko € {1,2,..., N} such that

d (Dv|,,, 50 (2) Ak,) = d (Dv|,,,K) for every i € Gy. (5.140)
Proof of Step 1. Suppose this is not true. So we can find kg € {1,2,..., N1} and some Ny € {2,3,...,N} for
which we have disjoint subsets Q1,Q9,...,Qn, C Gk, with vaz"l Q; = Gy, and for each k € {1,2,..., Ny} there
exists pr € {1,2,..., N} such that

d (Dv|,,, S50 (2) Ap,) = d (Dv|,,K) foralliec Qy for k=1,2,...,N,.

Since Uiegko 7. = Ak, and Ay, is connected we must be able to find i1 € €y and iz € Qo such that
H' (97;, N07;,) > . Let a, b be the endpoints of d1;, Nd7;,, since (by definition of Gg) d (Dvm1 , S0 (2) Am) <
n, d (thﬂ.2 , S0 (2) Am) <mnand Dv,, (a—b)= Duv|,, (a—>b)wemust have that for some R, Ry € SO (2),

|R1A4,, (a —b) — R2A,, (a—b)| <37 (5.141)
since u € Dy V€ the edges of the triangles are parallel to w;, wy and ﬁi 52| Thus (assuming a, b are or-
dered correctly) 2 B bl c {wl, wa, ﬁﬂ”i L”z‘ } Recall we chose w1, ws so that {wl, wa, ﬁﬂ”i L”z‘} are not in the set

, We can assuine

of rank-1 connections between SO (2) A, and SO (2) Ap,. So ‘Apl (Ia b‘>‘ + ‘Am (‘a bl)

without loss of generality there is a constant ¢4 = ¢4 (w1, w2) > 1 such that ‘Apl (m)‘ > ¢y ‘APQ (la——b\) ‘
Assuming we chose 7 small enough this contradicts (5.141) this completes the proof of Step 1.

Step 2. Given ko € {1,2,..., N1} and x € .Zko we will show that
max {|Dv|,, — Dv,,| 14,1 € E(2)} < cmax {d (Dv;,, K):jeE(x)}. (5.142)

Proof Step 2. Firstly by change of variables we can assume ko is such that Dv|,, € N, (SO (2)) for any i € Go.
We introduce some notation, let j € {1,2,..., N3} for any p € V (j) define

a(j,p) = max{d (DULT , S0 (2 )) (D’ULT ,S0 (2 ))}
so there exists R; € SO (2), R, € SO (2) such that

|DUI_Tp - RP| < 2a (]ap) ) |DU|_T,' - R]‘ <2a (jap) . (5143)
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Tl

FIGURE 6. A typical ball in the triangulation.

Since H' (7, N7;) > ¢, let a,b denote the endpoints of 7, N 75, so as Dv|,, (a —b) = Dv|;, (a —b) we have
|R, (a —b) — R; (a —b)| < 4a(j,p) which implies |R, — R;| < 457 'a (j, p). Putting this together with (5.143)
gives
|D’ULTP - D’ULTj| <ca(j,p). (5.144)
Pick i,1 € E (z), now (see Fig. 6) we must be able to find” iy,4s, ..., i, € F (2¢) with the following properties
(1) io =14, in, =1
(2) ipy1 € V(ip) forr=0,1,..., My — 1;
(3) iy, # iy, for ry # ro;
M, ,
(4) E(zo) c U=V (ir)-

We have
(5.144) M1l
Dv,, — DanM1 < Z ca (ipyiry1)
r=0
< cMimax{d(Dv,,,SO(2)):r€ E(z)}.

Since from property (3) we know M; < ¢ Card (E (z9)) < ¢ this gives (5.142).

Step 3. Let © := v * p, we will show

N1
> / d? (Do (2), K)dL%z < cay. (5.145)
k=1 Ak

"Since By, (x) is open and 7; N By, (z) # @, 7, N\ By (z) # ® we have H' (8B, (z)N7;) > 0 and H! (B, () N7) > 0. Pick
point sg € 7; N IBy, (x) and a point spy, € 7, N OBy (x), since all but finitely many points on By, (x) are contained in U]- T; we
can go clockwise from s1 to sy, , the first triangle 7; we encounter after 7; with H L (1; N @By, (x)) > 0 will have the property that
75 N By () # 0 (and hence j € E (z0)) and j € Vi (i) so define i1 = j. We can then define i3 to be the first 7, we encounter going
clockwise on 0By, (x) after 7;; N OBy (x), continuing in this way gives us the sequence 41,42, ...,4ip, with the properties we want.
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Proof of Step 3. Let D := {i : 97, N 9N # 0}. We define p : QE,%_H] (0) — {1,2,..., N3} by

min{i: z € T} for z € Q) _
p(z) = mindi€D:Bsy (2)NT #0; forzeQ 1 \Q
2 €

1.
2-‘,—7] € 2

[N

(5.146)

Fix ko € {1,2,..., N1}, assume .,Zko #+ (0. Lety € ,Zko. Pick ig € E(y) and let Ry € K be such that
d (DUL%,K) - ‘D%O - Ro‘. Now

Do) Rl = | 3 [ (v ) = Ro) g (o - ) L%

JEE(y) T

< c Z ‘DUI_TJ' — D”L% + ‘DULTm — Ro‘
JEE(y)

(5.142)
< cmax{d(Dv,,K):je€E(y)}. (5.147)
Define ¢ (i) € V; (4) to be such that
d (DULTC(WK) = max {d (D’ULTJ,K) 1jEeVL()}. (5.148)

Note for any z € Q _1 0) from (5.139) we know (recall definition (5.138)) that E (y) C Vi (p(y)), so
€ 2+4n

(5.147),(5.148)

d? (Do (y), K < cd? ( Dv .. JK ). 5.149
[Tetw))
Now
/~ d? (Do (2),K)dL?z < > L*(r)sup{d’ (Di(2),K):z €7}
Aro {i:V1 (1) Gy }
(5.149)
< Z cdP (DUTC(i),K) )
{i:V1(1)CGig }

Note max {Card (¢™" (i) : i € Gy} < candso [3 dP(Dv(2),K)dL?2 < ¢}
0
ming over kg = 1,2,..., Ny gives (5.145).

dr (D’ULT%,K). Thus sum-

1€Gk,
Step 4. We will show that

/ d? (D3 (z), K)dL%z < cag + cne™ =. (5.150)
Q

Proof of Step 4. Let D := {i : 97, N 9N # 0}. Note (recalling definition (5.146), (5.138))

p(z) € E(z) for any z € Q (5.151)

1
€ 2
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SO
| Do (2)] = F/ pn (a— 2)dL%a + Z Do, / pn (a— 2)dL%a
By(N\2 _ 4 i€E(2) Ti
(5.139)
< cte Y d(Duy,K). (5.152)
i€Vy (p(2))
Thus
p
(5.152)
&’ (Do (2),K) < cte Y. d(Dv,,K)| +ec
i€V1(p(2)
< cte Y, d (D, K). (5.153)
i€V1(p(2)

Let B := {i:V; (i) € Gp}. Note that if ¢ is such that Vy (i) C Go then V; (i) C Gy, for some k € {1,2,..., N1}
(and recall definition (5.137)) and hence 7; C Ay, thus

Um=2_;\ (U /Tk) (5.154)

So
(5. 155)
/ d? (Do (2), K)dL?z Y L) lcte Y d(Dvy,, K)
UmeEﬁ ieB JjeV, (’L)
(5.136)
< cap+cCard (B). (5.155)
By an easy application of the 5r Covering Theorem (Thm. 2.1. [25]) we know
Card (B) < c({1,2,...,N3}\Gp) < cayp. (5.156)
Now
Tp(z) C Qe,%\QE,%_mel for any z € QE,%M?\QE,%. (5.157)

Let {l1,l2,...,lx,} be an ordering of the set {p (2): z € QE,%H’\Q ,%} we have that X; < ce—%. And thus

(5.153) X1
/ & (Do (2),K)dL%: < ¢ I? (p—1 1)\, %> Z 3 ed (D, K)
QF7%+77\Q€7% k=1 k=1ieVi(ly)
(5.136)
: (5.158)

< cne” 2 + coyp.
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So putting things together, by (5.145), (5.154), (5.155), (5.156) and (5.158) we have

/Q d? (Do (2),K)dL?z = /U d? (D (2),K)dL*z (5.159)
3, ieB Ti
+/N _ d? (Do (2),K)dL?>
p AR
+ /Q d? (Do (z), K)dL?z

_1 (0\Q 1
e 2+4n e 2

N

< capg+cne 2,
which completes the proof of (5.150).

Step 5. We will show

Ny
Z[ D25 (y)|” dL2y < cay. (5.160)
k=1"Ar

Proof of Step 5. Let y € Ug:ll Ay, for each j € E (y) define A, := ij Dp, (z — y)dL?z, note ZjeE(y) A;=0.

So D%*4(y) = 2B ) ij —Duv|,, ® Dp, (z —y)dL?z = > jeny) —Dvlr, ® Aj. So we have D% (y) =
2jen(y) ~ (D”LTJ' - Dvaw) ® A;j and so

~ 2 2
|D*% (y)| < c Z }D’ULTJ. — Dv,
JEE(y)
(5.142),(5.151) 5

< ¢ (max {d (Dv|,,,K): 1€ E(y)})". (5.161)

Thus (recall the definition ¢ (i), (5.148)) we have
5 (5.139),(5.161) 5
/~ ‘D217 (y)| dL?y < Z ¢ (max {d (Dv,,,K) : 1 € V1 (i)})
A {i:V1(3)CGr }
_ 2
= Z Cd (DULTc(q,)7K>
{i:V1(3)CGr }
< Cj{:dp([h“ﬂ,}().
1€Gk
Thus summing over k = 1,2,..., N7 gives (5.160).
Step 6. We will show
/ 20 (2)‘2 dL%z < cag + cne 2. (5.162)
Q _1 \(UkN:11 Ak)
e 249
Proof of Step 6. Now let y € QC,%JFU. Note that if B, (y) ¢ Qe,% then define 4, := an(y)\Q . Dpy (v —y)dL%x
e 2

otherwise define 4, = 0.
As in Step 5 for each j € E (y) define A; = ij Dp, (z —y)dL%z. So we have 2 jeE(y)

Step 5 —D%3 (y) = F @ Ay + X e piy) Dolr, ® 45 = (F = Dojr ) ) @ Ay + ey (Dvis, = Doy, ) @ 4y

Aj+ A, =0. So asin
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Thus for any y € Qe’7+n (0)
2~ 2 2 P 2
|D*5 (y)| < C‘F*DULTP(M |4, |" + ¢ Z ‘D’um = Doy,
JEE(y)
(5. 139) 2
c|F - Doy, e 3 Dy, = Doy, (5.163)
J€Vi(p(y))

Now as in Step 1 for any i,j € Vy (p(y)) we can find a finite sequence I1,ls,...,In; € Vi (p(y)) such that
li =4, lay1 €V (la) fora=1,2,...,N; — 1 and Iy, = j so

Nj—1
|Dvy, — Do, [P < e Z ‘D% e~ DVn,
a=1
< ¢ Z Z ‘Dvm *Dvm|2
zE{ll,zQ,...,zNj,l} kev(l)
< Z Z }DUI_TL 7Dv|.7.k|2.
leVi(p(y)) keV (1)
So from (5.163) for any y € Qe,ﬂ_ (0) we have
2
|D217 (y)‘2 < ¢ ‘F — Do, |Ay|2 +c Z Z |Dvy,, — DUer|2
1eVi(p(y)) keV (1)
2
< ¢ ‘F = Do, |4,° + ¢ Z Z |Dvy,, — DvLTk‘Q +c. (5.164)

eV (p(y))NJ(v) keV (1)

1
€ 2

Recall D = {z 10T N0 _y # (Z]}. Note if y € U,gp 7 then B, (y) C Q

€

yi € T be such that | Do (y;)| = sup {|D?0 (y)| : y € 7: }, thus

and so A, = 0. For i € B let

D% ()P dzzy TS S L () [ D% ()|
1€B

CZ > > D, - D, [

1€B\D eV (i)NJ(v) keV (1)

€

(5. 164

+e > | |[F-Du, %14, > > |D”Ln*DULm‘2 +c¢Card (B)
1€BND 1evVi(i)NJ(v) keV (1)

SCZ Z Z ‘D’ULT[ vaLTk‘QJrc Z ‘FvaLTi|2+cCard(IB%)
i€B 1eV, ()NJ(v) keV (1) i€BND

<ec Z Z ‘D’ULT[ vaLTk‘Q+CZ‘F7DULTi|2+cCard(IB%)
leJ(v) keV(l) €D

(5. 156)

c Z Z ‘Dvm M‘ + cap

leJ(v) MeN(l)

(5.135),(5.136)
< cay. (5.165)
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Now to estimate [, L\ |D2ﬁ (z)|2dL22 we argue as in Step 3, let {l1,l2,...,lx,} be an ordering

240 2
of the set {p (2): z € QE,%H’\QC,%}, recall we have X; < ce~2. And of course, from (5.146) we have
{ll,lg,...,lxl} cD. So

(5.164) X1
/ |D?*% (z)|2 dL?z < Z c|F - Duv,, ‘2 +c Z Z |Dv;, — Dujy, ?
Q;%+7,(O)\Q;% a=1 1€V (La)NJT (v) kEV (1)

X1
+ CZCL2 (p™' (1))
b=1

IN

N3
CZ Z |DULTL7DULTk|2+CZ|F7DULﬂ 2+C77€7%
I=1 keV (1) i€D

c/ d” (Dv (2), K)dL?z + cne™ 2
Q

=

cag +cne 2.

Putting this together with (5.165) gives (5.162).

- _1
Proof of Proposition 5.2. Let w (z) := M, it is clear w can also be defined by equation (5.133). So
from (5.162) and (5.160) we have

1
€ 2+4n

/ |D*w (z)|2 dL%z < cag + cne 3 (5.166)
)
and
—2
/ & (Dw (2),K)dL?z = / & (Do (y) , K) (e*% + n) dL%y
Q @
(5.150) .
< ceag + cnez. (5.167)

Putting this together with (5.166) gives

/ d? (Dw (z),K) +¢€ |D2w (z)|2 dL%z < ceag + cne?. (5.168)

Q

Now by (4.2) we have that there exists some small constant ¢; = ¢; () such that
cre? < / d? (Dw (z),K)+e¢ ‘D2w (z)‘2 dL?z
Q
so assuming we have chosen 7 small enough we have that

/dp(Dw(z),K)+e|D2w(z)|2dL2,zfcne% > %/dp(Dw(z),K)+e|D2w(z)|2dL2z
Q Q
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hence from (5.168) we have

/ d” (Dw (2), K) + €| D*w (z)|2 dL?z < ceag
Q

G136, / & (Dw (2), K)dL2z
Q

which completes the proof of (5.134). O

5.1. The proof of Theorem 1.1 completed

By Proposition 5.2 for any € > 0 we can find u € D;"/E such that [, d? (Du(z),K)dL?*z < em? which
obviously implies there must exist constant C; < 1 such that C1a (v/€) < mk.

Let u € D}’\/g be such that [, d? (Du(z),K)dL?z < cay (y/€). By Proposition 5.3 function w defined
by (5.132) and (5.133) has the property that

I (w) < c/ d” (Du(z), K)dL*z < cay, (V)
Q
which implies there exists a constant Co > 1 such that m? < Caavp (Ve). O
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