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RELAXATION OF ISOTROPIC FUNCTIONALS WITH LINEAR GROWTH
DEFINED ON MANIFOLD CONSTRAINED SOBOLEV MAPPINGS

DoMENICO Muccr!

Abstract. In this paper we study the lower semicontinuous envelope with respect to the L'-topology
of a class of isotropic functionals with linear growth defined on mappings from the n-dimensional ball
into RY that are constrained to take values into a smooth submanifold ) of RY.
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INTRODUCTION

Let B™ be the unit ball in R™ and ) a smooth Riemannian manifold of dimension M > 1, isometrically
embedded in RY for some N > 2. We shall assume that ) is compact, connected, without boundary.

In this paper we shall be concerned with manifold constrained energy relaxation problems, and we consider
variational functionals F : L'(B",)) — [0, +00c] of the type

Flu) = - f(z,u,Du)dx if uwe Whi(B"Y) 0.1)

400 otherwise
for a suitable class of integrands f, where, for X = C', L', BV, W', we denote
X(B™,Y):={uec X(B",RY)|u(z) €Y for L-ae. € B"}.

We shall study the lower semicontinuous envelope with respect to the L'-topology of the variational func-
tional (0.1), i.e., the relaxed functional F : L'(B™,)) — [0,+00c] defined for every function u € L'(B",))
by

Fu) = inf{likminf]:(uk) | {up} € WHY(B™Y), wuy — u strongly in Ll(B”,RN)}. (0.2)

Motivations for the analysis of non-convex manifold constrained energy relaxation problems are originated
by questions of equilibria for liquid crystals, where n = 3 and Y = S?, the unit sphere in R3. The study
of minimizers of the energy of non-linear elastic complex bodies has recently been studied in [17], where the
morphology of their substructures is represented by elements of some general differentiable manifold ).

Keywords and phrases. Relaxation, manifold constrain, BV functions.

I Dipartimento di Matematica dell’Universita di Parma, Viale G. P. Usberti 53/A, 43100 Parma, Italy; domenico.mucci@unipr.it

Article published by EDP Sciences © EDP Sciences, SMAI 2008


http://dx.doi.org/10.1051/cocv:2008026
http://www.esaim-cocv.org
http://www.edpsciences.org

296 D. MUCCI

Among the wide literature about relaxation problems for unconstrained mappings, for future use, we only
cite Fonseca and Miiller [8], who studied the analogous problem for functionals with linear growth but defined
for standard Sobolev mappings u € W11(B", RY). As to manifold constrained mappings, Dacorogna et al. [5]
studied the relaxation problem in topologies stronger than the L'-topology, namely, with respect to the weak
WhP_topology, for p > 1. Dealing with the L!-topology, Alicandro, Corbo Esposito and Leone [2] takled the
problem in the case of the target manifold ) equal to SN¥~!, the unit (N — 1)-sphere in RY.

An essentially different manifold constrained relaxation problem is the one when the variational func-
tional (0.1) is supposed to be finite only on smooth W1!l-maps in C*(B™,)) rather than on the whole class of
Sobolev maps W1(B™,)). In this setting, as to functional with linear growth, the case ) = S' was studied
by Demengel and Hadiji [6] in the case of dimension n = 2, and by Giaquinta, Modica and Soucek [15] in
the case of higher dimension n > 2. Dealing with more general target manifolds Y, Giaquinta and Mucci [11]
studied the relaxation problem in the case of the total variation integrand f = |Du|, and more recently [14] in
the case of integrands satisfying a suitable isotropy condition of the type f = f(z,u,|Du'|,...,|Du"]).

In this paper we shall extend to the case of general target manifolds ) the integral representation in BV (B™,))
of the relaxed functional (0.2) obtained in [2] for the case ) = S¥~1. More precisely, we shall assume that f
satisfies the same assumptions as in [2], see (H1)—(H5) in Section 1 below. In addition, we shall assume that the
recession function f°° satisfies the isotropy condition considered by Fonseca and Ribka [9], see property (H6)
below.

1. NOTATION AND STATEMENTS

In this section we collect a few known facts that are relevant for the sequel. We then state our representation
result of the relaxed functional (0.2), see Theorem 1.4.

VECTOR VALUED BV-FUNCTIONS. Let © C R™ be an open set and u : © — RY be a function
in BV(Q,RN), i.e., u = (u',...,u") with all components u/ € BV (). The Jump set of u is the count-
ably H"™!-rectifiable set J,, in § given by the union of the complements of the Lebesgue sets of the u/’s. Let
Vu = vu(z) be a unit vector in R orthogonal to J, at H" !-a.e. point x € J,. Let u®(z) denote the
one-sided approximate limits of u on J,, so that for H" !-a.e. point z € J,

lim p*”/ lu(z) — uF(z)|dz = 0,
p—0% B} (x)

where B (z) := {y € B,(z) : £(y — z) - vu(x) > 0}. Note that a change of sign of v, induces a permutation
of u™ and u~ and that only for scalar functions there is a canonical choice of the sign of v, which ensures
that u™(z) > u™(x). The distributional derivative of u is the sum of a “gradient” measure, which is absolutely
continuous with respect to the Lebesgue measure, of a “jump” measure, concentrated on a set that is o-finite
with respect to the H" !-measure, and of a “Cantor-type” measure. More precisely,

Du = D% + D’u+ D%,

where

D% =VuLl", D7u= (ut(z) —u (x)) @ vu(z) H" 1L Jy,
Vu := (Viu,...,V,u) being the approximate gradient of u, compare e.g. [3] or [16], Volume I. We also recall
that {uz} is said to converge to u weakly in the BV -sense, up — u, if up — u strongly in L'(B",RY) and
Duy, — Du weakly in the sense of (vector-valued) measures.

TANGENTIAL QUASI-CONVEXITY. Let M(N,n) be the space of real (N x n)-matrices. We shall denote
by T, the tangent space to ) at u € Y. Moreover, writing £ € M(N,n) as £ = (£%,...,&"), where & € RY
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is the i-th column of &, we set
[TV :={¢€M(N,n)| €T,y Vi=1,...,n}.

Dealing with manifold constrained mappings, the following definition was introduced in [5], see also [1].

Definition 1.1. Let g : Y x M(N,n) — [0,+00) be a continuous function. We define the tangential quasi-
convexification of g relative to u €Y at & € [T,V by

Qrg(u, &) := inf{/(o o g(u, & + Dy(x))da | ¢ € Wolvoo(((), nHm, Tu)})}.

Moreover, g is said to be tangentially quasi-convex if for every u €)Y and & € [T, V]|"

g(ua g) - QTg(ua 5)

Let P, : RN — T, denote the orthogonal projection, and let §: Y x M(N,n) — R be given by

E(U,E) = Q(U7Pu§), P§ = (Puglv--wpugn)- (1'1)

In [5] it was proved that for every u € Y and £ € [T, )]

QTQ('U/7 5) = Qg(’uﬂ 5)5

where (g is the standard quasi-convex envelope of g, i.e.,
Q)= intf [ ¢+ Do) an ¢ € W01 RY)
0,1)"

This yields that § is quasi-convex if g is tangentially quasi-convex. Moreover, we may and do identify a
tangentially quasi-convex function g with the restriction of a quasi-convex function g to the subset T()) of
Y x M(N,n) given by

T(Y) ={(u, ) €e Y x M(N,n) |ue), [TV} (1.2)

HYPOTHESES ON f. We shall consider integrands f : B" x RN x M(N,n) — [0, +00) satisfying the following
hypotheses:
(H1) f is continuous.
(H2) For every x € B™ the function f(z,-,:) : Y x M(N,n) — [0,+00) is tangentially quasi-convex, Defini-
tion 1.1.
(H3) There exist two absolute constants ¢; > 0 such that

C1 |£| < f(mauaf) < c2 (1 + |€|)

for every x € B™ and (u,§) € T().
(H4) For every compact set K C B™, there exists a non-negative continuous real function w, with w(0) =0,
such that

[f(@,u,8) = f (20, u0,§)| < w(|x — o + |u—uol) - (1 +[£])
for every (x,u), (zg,up) € K x Y and £ € M(N,n).
(H5) There exists two absolute constants C' > 0 and 0 < m < 1 such that
|foo(x7u’£) - f(l',’ll,,f” < C (1 + |§|17m)

for every x € B™ and (u,§) € T().
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(H6) The recession function f> satisfies the isotropy condition, i.e., for every (z,u,&) € B" xRN x M(N,n)
and v € S"1
foo(l,’u’g) Z foo(x’u’g. V®I/)'
Remark 1.2. The hypotheses (H2), (H3), and (H5) deal with the restriction of f to B"™ xT(}), compare (1.2),
and go back to [2]. The isotropy condition (H6) was studied by Fonseca and Rybka [9]. Tt is clearly satisfied if
flz,u, &) = h(z,u,|€|) for some function h.

THE RECESSION FUNCTION. We recall that the recession function f> : B" x RN x M(N,n) — [0,4+00) of f
is well-defined by

f(x,u, &) :=limsup

t——+oo

M Y (z,u,€) € B® x RY x M(N,n).
If f satisfies (H2), (H3), and (H4), it turns out that:
(H2’) For every x € B™ the function f>(x,-,-) : Y x M(N,n) — [0,400] is tangentially quasi-convex.
(H3") 1 €] < fo(z,u,&) < co €] for every z € B™ and (u,§) € T(Y).
(H4’) For every compact set K C B", there exists a non-negative continuous real function w, with w(0) =0,
such that

£ (2, u,€) = £ (w0, w0, )] < w(|@ = xo| + [u —uol) - €]
for every (x,u), (zo,u0) € K x Y and & € M(N,n).

THE SURFACE ENERGY DENSITY. Following [2,8,9], for every v € S"~! we denote
Qi ={zeR"||jz-v|<1/2, |z 1| <1/2 Vi=1,...,n—1}

where {v;}7-' € S"! are chosen so that {v1,...,v,_1,v} yields an orthonormal basis of R”. A function
¢ :Q, — RY is said to be 1-periodic in the v;-direction if

ol + kvy) = p(z) VkeZ, z€Q,.
For every a—,at €)Y we let

Pla,aT,v) = {peWhHQ,,)) | ¢x)=a ifx-v=-1/2, p(x)=a ifz-v=1/2,
¢ is l-periodic in the v;-direction, for i = 1,...,n — 1}.

Moreover, we let K : B" x Y x Y x S"~! — [0, +00) be defined by

K(zp.a™ a*,v) = inf{ 1% (@0, 9(z), Do()) da | o € P(a-,a+,u>}. (1.3)

Qu
Arguing as in [9], it readily follows that if f°° satisfies the isotropy condition (H6), then
1/2
K (zg,a™,a",v) = inf{ / F(xo, (1), 7' () @v)dt |y € WHH((=1/2,1/2), ), v(£1/2) = ai}' (1.4)
_1/2

Remark 1.3. In the case of the total variation integrand, i.e., f(x,u,§) = ||, we have f*(z,u,§) = |£| and
hence
1/2
Koo amat ) =in{ [ polae |y € wh(-1/2.1/2).9), 21/ = a* |,
—1/2
i.e., K(xo,a™,a™,v) agrees with the geodesic distance dy(a™,a’) between a=,a™ € ).
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MAIN RESULT. In this paper we will prove the following representation result of the relaxed functional.

Theorem 1.4. Let F : L*(B",Y) — [0,+00]| be the variational functional (0.1), where f : B™ x RY x
M(N,n) — [0,+0c0) satisfies the hypotheses (H1)~(H6) above, and let F : L*(B™,Y) — [0,+oc] be the lower
semicontinuous envelope of F in the L'-topology, see (0.2). Then F(u) < +oc if and only if uw € BV (B™,)).
Moreover, for every w € BV (B™,Y) we have

Fu) = ; f(z,u, Vu)dz + : f‘x’(ac,u,dDCu)—i—/J K(z,u™,ut,v,)dH" !

where the surface density term K is given by (1.3) and

_ dD¢
oz, u,dDu) = f*° (:E,u, MTCZO d|DCu|
u being a good representative of wu.

We recall that Theorem 1.4 was proved in [2] in the case J = SV~1 without assuming the isotropy condi-
tion (H6), and by [8] in the unconstrained case, JJ = RY. It remains an open problem to prove Theorem 1.4
without assuming the isotropy condition (H6).

The rest of the paper is dedicated to the proof of Theorem 1.4. By Remark 1.3, the growth condition (H3), in
conjunction with the smoothness and compactness of ), yields that F(u) is finite if and only if v € BV(B"™,)).
We now define for every Borel set B C B™ and u € BV(B",))

G(u,B) ::/Bf(:c,u,Vu)d:EJr/l;foo(x,u,chu)Jr/J K(z,u,ut,v,)dH" !, (1.5)

wNB

and we let
G(u) :== G(u, B™).
In Section 2, using the same argument as in [2], that goes back to [8], we will show that

F(u)>Gu) YueBV(B™Y). (1.6)

A DENSITY RESULT. In order to obtain the equality in (1.6), it suffices to show that for every u € BV (B™,))
there exists a sequence of Sobolev maps {uy} C WHY(B™, ) such that u, — u weakly in the BV -sense and

lim f(z,ug, Dug) de = G(u).

k—oo Bn

To this purpose, in Section 3 we will first prove:
Theorem 1.5. For every u € BV(B",)) there exists a sequence of maps {ur} C BV(B™,Y), satisfying
|DCuy|(B™) = 0 for every k, such that u;, weakly converges to u in the BV -sense and

klln;o G(ug) = G(u).

In Section 4 we will then prove

Theorem 1.6. Let u € BV (B",)) be such that |DCu|(B") = 0. There exists a sequence of Sobolev maps
{up} C WHY(B™ V) such that uy — u weakly in the BV -sense and

lim f(z,up, Dug) de = G(u).

k—oo Bn

By a diagonal argument we then clearly obtain our density result, and hence the equality in (1.6), that
concludes the proof of Theorem 1.4.
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2. ESTIMATE FROM BELOW

In this section we prove the inequality (1.6). To this purpose, for every w € BV (B",)) and every sequence
{ur}y € WHY(B™,Y) such that up — u in LY(B™,RY) and liminfy F(ux) < oo, it suffices to show that

lim inf F(ug) > G(u). (2.1)

k—oo

Following [8], possibly passing to a subsequence, we may and do assume that
f(vuk()aDuk())‘Cn LB" — H

weakly in the sense of the measures to some non-negative and finite Radon measure p on B"™, that decomposes
into the sum of four mutually singular measures

= pia L + pe|Dul + plut —u” | H VL Ty 4 po.

Therefore, (2.1) holds true if we show that

ta (o) = f (w0, u(xo), Vu(zo)) (2.2)
for L™-a.e. xg € B",
pe(zg) > f° (xo,ﬂ(aco), %(.ﬁo)) (2.3)
for |DCul-a.e. ¢ € B", and
1

p (o) = P I K (o, u™ (o), u™ (0), vu(0)) (2.4)

x0) — u~ (zo
for |D'ul-a.e. zo € B™.

Remark 2.1. For future use, we denote by
V. :={y e RY | dist(y,)) < ¢}

the e-neighborhood of ) and we observe that, since ) is smooth and compact, there exists €y > 0 such that for
0 < e < gq the nearest point projection I, of Y. onto ) is a well defined Lipschitz map with Lipschitz constant
L. — 17 as e — 0". Therefore, the distance function d(-,Y) to Y is well-defined on )., and

dy,Y) =y =Tl (y)]  Vy € Ve

Proof of (2.2) and (2.3). Let ¢ : [0,+00) — [0,1] be a Lipschitz function such that ¢ =1 on [0,e0/2] and
¢ =0 on [gg, +00), and consider the function f : B™ x RY x M(N,n) — [0, +0c0) defined for every z € B"
and £ € M(N,n) by

f(xayag) = @(d(yay)) f(CE',U,Pu(f)), U= HEO(y)
if y € V.., see Remark 2.1, and f(z,y,&) := 0 if y € RV \ )., where P, () is given by (1.1). It turns out
that f is an extension of the restriction of f to B™ x T'(}), whereas the hypotheses (H1)—(H5) yield that the

function

fela,y,8) = fx,y,€) +el¢]
satisfies the hypotheses (F1)—(F5) of Theorem 2.8 in [2], i.e., of Theorem 2.16 in [8]. The only non-trivial
hypothesis to be checked is the following one:
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(F4) For every compact set K CC B"™ x RV there exists a continuous function w, with w(0) = 0, such that

[fe (@, €) = fe(wo0, 90, )| < w(|x = ol + [y = wol) - (1 +[¢])

for all (z,y,£), (z0,%0,§) € K x RN x M(N, n).
To prove (F4), we observe that if y, ¥ € V., setting w := Il (y) and up := I, (yo), we have

|fE(x7ya£)7f€(m0ay07§)| - |§0(d(y,y))f(l‘,u,Pu(f))*(p(d(yo,y))f(l‘,U(),Puo(g)”
< Je(d(y, Y)) — e(dyo, V)| - | f (2, u, Pu(€))]
+ |f(x’uapu(§)) - (x’u07Pu0(€))|'

Moreover,
lo(ly — ul) = ¢(lyo — uol)|

< Lip ¢ |ly — ey (y)] — lyo — ey (90|
< Lip ¢ (14 Lip Izy) - [y — ol
Property (F4) then follows from (H4).
In conclusion, arguing as in Section 5.1 of [2], we infer that (2.2) and (2.3) hold true. O

Proof of (2.4). We follow the lines of the proof in Section 5.2 of [2]. More precisely, using the blow-up argument
from (8], for H" 1-a.e. x¢ € J, we find a sequence {vy} C WH(Q,,Y), where v = v, (x0), such that vy — ug
in LY(Q,,RY) and

it (z0) = o) o) 2 Jim [ £ (a0, v0(), Do)

where ug € BV(Q,,Y) is given by

 ut(xo) it z-vyu(zg) >0
up(z) = { u*(xg) if x- Vu(:ng) < 0.

Now, using the isotropy condition (H6), we prove the following:

Lemma 2.2. Under the previous hypotheses, there exists a sequence {wy} C P(u™(xq),u"(x9),v), where
v = vyu(xo), such that

i [ 7o, vn(a), Don(e)) de = limsup [ f(a0, w1 (o), Dun (o) .
Qv

k—o0 k—00 Q.

On account of (1.3), Lemma 2.2 yields (2.4).

Proof of Lemma 2.2. Arguing as in [9], Proposition 2.6, by Fubini’s theorem and (H6), for every ¢ > 0 and
every k we find a Sobolev function ;, € Wt1((=1/2,1/2),) such that

1/2

£ (@0, ve(), Du(x)) dz > / F7 (o, 1w (8), 7 () ® v) dt — e, (2.5)

Qv —1/2

where v, strongly converges in L'((—1/2,1/2),RY) to the function

| uT(z0) if 0<t<1/2
7Oﬁ)"{m@;i) if —1/2<t<0.
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By the growth condition (H3) and by (2.5), we infer that

1/2
sup/ [v:(t)] dt < C < o0 (2.6)
k Jo12

for some absolute constant C' > 0. Let m € Nt to be fixed below, and let
LY =[G —1)/2m,i/2m], I :=[-1/2m,—(i—1)/2m], i=1,...,m.

K2

By (2.6) we infer that for every k we can find two indices zf € {1,...,m} such that

/|’Yllc(5)|d5§€ if IT=I% or I=1I_. (2.7)
I m 'Lk ’Lk

Now, by a straightforward adaptation of the argument from [8], Lemma 3.1, we may and do define for every k
two cut-off functions
oF :0,1/2] = [0,1], ¢y :[-1/2,0] = [0,1]
such that cpf(t) =0if 0<+t< (zf —1)/2m, gaf(t) =1if zf/2m < £¢ < 1/2, and such that, setting
TE(t) = oF (M)(t) + (1 — i (t)) ut (z0),  0< £t <1/2

and wy : [-1/2,1/2] = RY by

~+ .
~ fwi () if 0<t<1/2
Wk (t) { @ () if —1/2<t<0
we have
1/2 1/2 G
[ reaoaends [ eeamoo@enas S 28)
—1/2 —-1/2

and, by the growth condition (H3),

C
/ W () @ v|dt < — (2.9)
{t]0<p (<1} k
for some absolute constant C > 0.
We now show that if m € N is chosen sufficiently large, for k large enough
dist(wg (), ) < eo Vte[-1/2,1/2]. (2.10)

Property (2.10) is clearly satisfied if ¢ ¢ Iiji. Now, by the L'-convergence 7 — 7, for k sufficiently large we
k

may and do find a number tf € Ifi such that
k

k() — u™(20)| < £0/2- (2.11)

Moreover, for every t € Ij; we have
k

@ (8) — wF(20)| < i (O] k() — u* (wo)| < by (8) — (8] + Iy (8) — u™ (o)l
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whereas

k
Therefore, choosing m large so that C/m < e¢/2 in (2.7), by (2.11) we obtain (2.10).
We finally define wy, : [-1/2,1/2] — Y by

I (8) — (8] < / i(s)ds,  where I=TI%.

Wi (t) = Heo @) {1719 (t),

where II., is the projection given by Remark 2.1. Since wy(t) = Wi(t) if t ¢ I%, using (2.8), (2.9), and the
"k

growth condition (H3), it turns out that {wy} € Wh((=1/2,1/2),)) satisfies wy(41/2) = u*(zo) and the

energy estimate

1/2

1/2
/ 1 (o, wi(t), w,(t) @ v)dt < / (o, v (t),7 (t) ® v) dt + Lip Il -
~1/2 —1/2

> QY

where C' > 0 is an absolute constant. On account of (2.5) we then obtain

1/2
lim / (a0, vk (x), Dok (z)) de > limsup/ (o, wi(t),w(t) @v)dt — e
Qu

k—o00 k—o00 —-1/2

and finally the assertion, by letting ¢\ 0. O

3. THE DENSITY RESULT, PART I

In this section we prove Theorem 1.5. We shall first consider the case of the total variation integrand,
f(z,u,&) = |£]. Using a continuity theorem by Reshetnyak, Theorem 3.4, we shall then prove Theorem 1.5 for
more general integrands f as in Theorem 1.4.

THE CASE f(z,u,&) = |£|. By Remark 1.3, if we consider the total variation integrand f(x,u,&) = ||, we
infer that G(u, B) agrees with the total variation energy

Erv(u, B) = /B IVl dz + | DCu|(B) + / dy(u™ (2), u* (z)) dH, (3.1)

u

compare [11], Section 6. In the proof of Theorem 1.5 we use arguments from [11], Section 4 and [13]. For
the reader’s convenience we give a complete proof, that will be divided in four steps. In the case of dimension
n = 1, the proof is a straightforward adaptation of results from [11], Section 1.

Proof of Theorem 1.5. We make use of an inductive argument on the dimension n > 2. More precisely, we will
assume that Theorems 1.5 and 1.6, and hence the strong density of W1 !-maps, hold true in dimension n — 1,
for f(z,u, &) = [¢].

For every point z9 € B™ and for a.e. radius r € (0,r9), where 2ry := dist(xg,dB"™), the restriction
U(r,z0) = U|OB,(xy) Of u to the boundary 0B, (x¢) is a function in BV (0B, (x0),)) with jump set satisfying
Ju(mm = Ju N OB, (xp) in the H" 2-a.e. sense. In this case we say that r is a good radius for u at zo, and set

Erv(ugyan). 0B, (20)) = / IV ttgyay | AH 4 [ DS | (DB, (20))
+f dy(u (). u* () dH" 2 ()

JuNOB;(x0)
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D, and V., being the distributional derivative and the approximate gradient w.r.t. an orthonormal frame 7
tangential to 0B,.(xq), respectively.

Step 1: Definition of the fine cover F,,. We define for every m € N a suitable fine cover F,, of B™\ J,
consisting of closed balls of radius smaller than 1/m. To this aim, let pg and p; be the mutually singular
Radon measures on B™ given for every Borel set B C B™ by

pa(B) ::/ |Vau| dz + |DCu|(B), wr(B) ::/ disty (u™ (z), u™t (x)) dH" ! (3.3)
B JuNB
so that by (3.1) we have the decomposition into the “diffuse” and “jump” part

Erv(u, B) = pa(B) + ps(B).

By the decomposition of the derivative Du, compare [3], Proposition 3.92, we infer that for any point
in B"\ J, we have
lim inf M = lim inf
r—0 rn—1 r—0 r
Moreover, since py = pyL J,, where J, is a countably H" !-rectifiable set, and Erv(u, Jy) < oo, for every
m € N we find a closed subset J,,, C J, such that

| Du|(Br(0))

—0. (3.4)

1
Im C Jm+1 and ETV(U, Ju \ Jm) = ;L](Ju \ Jm) < E Vm.

Setting now

Q:=B"\ J,,
Jm being closed, for every xg € Q there exists a positive radius r = r(xg,m), smaller than the distance of xg
to the boundary 9B™, such that for every 0 < R < r(xzg,m)

BR(IL'()) N Jp = 0.

Finally, by (3.2), if z¢ € Q, for every 0 < R < r(zg, m) we find a good radius r € (R/2, R) such that

2 _
Erv (U(r,z0), 0Br(x0)) < I Erv(u, Br(zo)).

We then denote by F,, the union of all the closed balls centered at points xzy € €2 and with good radii
0 < r < min{r(zg,m)/2,1/m} such that

2 _
Erv (U(r 0y, 0B (20)) < - Erv (u, Bar(20)) (3.5)

and, according to (3.4),
1 — 1
——— Erv(u, Bay(0)) < -

(2r)

The above construction yields that F,, is a fine cover of € such that

: (3.6)

UZm cB™\ Jmn.

Step 2: Covering argument. We apply the following extension of the classical Vitali-Besicovitch covering theo-
rem, see [11], Theorem 4.1, and e.g. [3], Theorem 2.19, with respect to the positive Radon measure

poi=L" 4 pa + g,
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where L™ is the Lebesgue measure and 4, py are given by (3.3). In the sequel, for any closed ball B we will
denote by B the closed ball centered as B and with radius twice the radius of B, i.e.,
E = FQ.,-(xo) if B = E7‘($O)-

Theorem 3.1 (Vitali-Besicovitch). Let  C R™ be a bounded Borel set, and let F be a fine cover of Q0 made
of closed balls. For every positive Radon measure p in R™ there is a disjoint countable family F' of F such

that u(Q \ U}") = 0. Moreover, we have
> u(B) < C-p(Q),
BeF’

where C = C(n) >0 is an absolute constant, only depending on the dimension n.

By Theorem 3.1 we obtain for every m a suitable denumerable disjoint family F, of closed balls contained
in B™\ J,, and with radii smaller than 1/m. We finally label

]:7/77, = {Bj};il, Qm = U Bj

j=1
and notice that 1

(@) € s (B \ Jn) <~ and (B \ Q) = 0. (3.7)
Step 3: Projecting the boundary data. Let m > 3. For any p > 0, we set Q) := [—p,p]" € R™ and denote
by ¥ the i-dimensional skeleton of Q7, so that |JX2~! = Q7. Also, let ||z]| := max{|z1],...,|z,[}. In the

sequel, we say that the i-dimensional restriction wx: of w to ! belongs to BV (XL,Y) if for any i-face F'
of ¥ its restriction ujp belongs to BV(F,Y) and, for any i-faces F; and F of %1, the traces of u|p, agree
on the common (i — 1)-face I of Fy N Fy. In this case, moreover, we denote by Ery (u,%%) the sum of the
Ery-energies Ery (u, F) of the restrictions ujp of w to all the i-faces F' of i, where

Erv(u, F) ::/ |Vup| dH" + |DCU‘F|(F) +/ d‘y(uﬁz(ﬂ?),u[}(ﬂ?)) dH*~t.
F i

We recall that ) ¢ RV, and for y € Y and 0 < £ < g9 we denote by
—N
By(y,e) =B (y,6)NY

the intersection of ) with the closed NN-ball of radius € centered at y, so that II. (EN (y,€)) = By(y,e), where
I; : Ve — Y is the projection map given by Remark 2.1. Moreover, we let W, . : RN — By(y,e) be the
retraction map given by W, y(2) := Il. 0 £, ), where

z if =z GEN(y,E)

o) (2) = e ; : z| if zeRN \EN(IU;E)

(3.8)

so that W, .) is a Lipschitz continuous function with Lip ¥(, .y = LipIl. — 17 as ¢ — 0.

Let B; = B, (z0) € F/,. By means of a deformation and slicing argument, we may and do define a bilipschitz
homeomorphism ; : Er(mo) — Q" such that |[Dvjlle < K, HDQ/JIIHOO < K for some absolute constant
K > 0, only depending on n, and

$j(By(z0)) =Qp  Vpe€(r/2,r). (3.9)
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Letting u; :== uo wj_l, we also may and do define ¢; in such a way that the restriction wujs: belongs to
BV(Xi1,Y) for every i > 1 and satisfies the energy estimate

STV(uj,E;)<C-;-5Tv(uj,2£+1) Vi=1,...,n—2,
where C' > 0 is an absolute constant, not depending on u;. By (3.5) and (3.6) we infer that on one hand
8Tv(u]‘,zfn) Sé’l‘i_né‘T\/(u,Egr(Io)) Vi=1,...,n—1 (3.10)

and on the other hand )

pri—1

Erv(u;, Bt < C Vi=1,...,n, (3.11)

1
m
where C' > 0 is an absolute constant.

Remark 3.2. Setting ¢, := 1/y/m, for m € N sufficiently large, the inequality (3.11), with ¢ = 1, yields that
the image u;(X}) is contained in a small geodesic ball By(y;,e,m/2) centered at some given point y; € V.

Let ¢ € N*. Following an argument by Bethuel [4], if S; is one of the (n — 1)-faces of X"~ where
h =1,...,2n, we may and do define a partition of Sy into (¢ + 1)"~! small (n — 1)-dimensional “cubes” Cj
in such a way that the following facts hold:
(i) If [C)]; denotes the i-dimensional skeleton of the boundary of Cj, the restriction of u; to [C ] is
a function in BV ([Cy]:,Y) foreveryi=1,...,n— 2.
(ii) If n = 3, we have

(g+1)*

3 Erv(u;,0C) < K (5Tv(uj, aSy) + ggTv(uj, Sh)), (3.12)
1=1
where K > 0 is an absolute constant.
(iii) If n >4, and [Sh]; denotes the i-dimensional skeleton of S}, for every i =1,...,n — 2 we have
(g+1)" n—1 t—i
q

S ervlunlol) <53 () - Erviusfsil), (313)
1=1 t=i

where K > 0 is an absolute constant.
(iv) All the Cjj’s are bilipschitz homeomorphic to the (n—1)-cube [—r/q,7/q]"~! by linear maps f;, such
that [ Dfinllee < K, |Dfllee < K.

Remark 3.3. By (3.11) and (3.12), or (3.13), we infer that

(1) e
Z Erv(ug, [Cipl) <C ;

m
=1

where C > 0 is an absolute constant. Moreover, the image u;(3}) is contained in By(y;,em/2). Therefore,
in the sequel we will take
q := integer part of ((20)7! - &, - m)Y/ (=2, (3.14)

Arguing as in Remark 3.2, we infer that for every [ and h

u;i([Cipl1) C By (yj.em)- (3.15)



RELAXATION OF ISOTROPIC FUNCTIONALS WITH LINEAR GROWTH... 307

Le

t §:=7r(1—q¢ ') and define @, : QI — QF by ®y(z) := (1—¢ ')z and 745 : Q) \ QY — 0Q) by
T(r6)(T) 1=

ra/||z|. Setting

2n (q+1)" 7!
Moa =il (U U o0

h=1 =1
it turns out that the (n — 1)-skeleton

Ny = M5y U0Q), UOQE

is the union of the boundaries of n-dimensional “cubes” @), satisfying Cj, C 0Qy for every [ and h, that
partition Q) \ QF. Moreover, each @ is bilipschitz homeomorphic to the n-cube [—r/q,7/q|" by linear

maps ﬁyh such that ||Dﬁ7h||oo <K, HD:fvfthOO < K, where K > 0 is an absolute constant. Finally, set

5= (070 o) 10

h=1 =

We now define a BV-map u; € BV(Q \ QF,Y) and a BV-map u; € BV(9Qj,Y) such that the following
properties hold:

(a) w; has small Epy-energy, see (3.18) below;

(b) u; maps 0Qf into By(y;,&m) and its Ery-energy is comparable to the Ery-energy of ujjoon;
(c) the trace of w; agrees with wu;jagn on 0Q;

(d) the trace of u; agrees with @; on 9QY.

(2)

To this purpose we first define a BV-function u;”" on the 2-skeleton of N5y by setting

uj‘iz on i%
u§-2) =9 Yy em)OUj0 P, on o (52)
Uj O T(r.5) on 6)(21)

By (3.15) and (3.16) we infer that u§2) is well-defined in the 2-skeleton of N, s).

The case n = 3. We then define u; on Q3 \ Qg by means of a radial extension on each cube @, i.e., by

setting for every [ and h N
. @7 (r finl®@)
uj(x) == u; (fl,h <— el I z € Quh, (3.17)
’ ¢ | fin(@)

so that u; actually belongs to BV(Q3\ Qf;,y). Moreover, it is readily checked that u; satisfies the energy
estimate

Erv(uj, Qun) < ct 5 v( 5th)

(2)

whereas by the definition of u;” we obtain

5TV( 3@1 n) <C <5TV(U],CI h)+ — STV(ujaaCl h)>

Therefore, by (3.12), and by summing on ! and h, we estimate

Erv (3. 02\ @ = € Ervluy. 52 + (g)Qsvaj,zi)).
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In conclusion, for m large, and n = 3, by (3.14) and (3.10) we obtain the energy estimate
Erv (U, Qr \ QF) < C (em - m)/ ™™ Epy (u, Bay(0)) (3.18)

where, we recall, (g, - m) 2" — 0 as m — +oo, since &, - m = \/m.

The case n > 4. We define a BV-function uy) on the i-skeleton of N, ), arguing by iteration on the
dimension ¢ = 3,...,n. More precisely, if F' is any i-dimensional face of [Q; )i, we distinguish two cases. If F'

is contained in 0Q} we set uy) =u; on F. Otherwise, we define u? on F by means of a “radial” extension

J
(i—1)

of the boundary datum w; similar to the one in (3.17), so that
jloF

Erv(u), F) < C g Erv(ul ™), OF).

Setting then u; = uén), by the construction, and for (3.13), we readily infer that

n—1 n—i
—~ n n r i
Erv(u;, @y \Q5) < C Z(a) Erv (uj, X0,
=1

so that by (3.14) and (3.10) we obtain again (3.18), for m large. The above properties (a)—(d) follow from the
construction, as required.

In conclusion, for any n > 3, setting
wj; = ’/Lb\j o ’ij : FT(ZEO) \Ea(xo) — y,

on account of (3.9) we infer that w; belongs to BV (B, (z¢) \ Bs(0),Y), and by (3.18) it satisfies the energy
estimate

gTv(’LUj,FT(IQ) \Ea(xo)) S C (Em . m)l/(2in) gTv(u,Egr(Io)). (319)
Finally, by the properties (c)-(d) we infer that the trace of w; on 0B, (zo) is equal to u(, 4, and the trace
of w; on 0Bs(xo) is equal to vj, where v; € BV(0Bs(x0),)) satisfies

vj(0B5(x0)) C By (yj,em) (3.20)

and the energy estimate
gTv(Uj, 8B§($0)) <C- gTv(U(Tny), 6B,(x0)).
In the case of dimension n = 2 we simply take 6 = r and v; := (. ,,). In this case, in fact, the energy
bounds (3.5) and (3.6) yield that (3.20) holds true, see Remark 3.2.

Step 4: Approximation on the balls of F,. We set Ej := Bs(xg), and we now apply the above mentioned
inductive hypothesis to the BV-map v; € BV(9B;,Y) defined in Step 3. Therefore, we find a sequence of
Sobolev maps {v,(f)} C lel(aéj,y) such that ||v;f) - ”J'”Ll(aéj) — 0 and

/A Dol | dH™ < Epy (0,88, x V) - (1+27")
8 .

J

for every h. Now, since v; satisfies the property (3.20), by the proof of Theorem 1.5 and of Theorem 1.6 below
we infer that we may and do assume that the approximating sequence satisfies

v(0B)) C By(yj,em)  Yh (3.21)
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Taking k sufficiently large, and using the argument by Gagliardo [10], we then define a map W,ij ) €

W49 RY), where 0 < pp <6 and A = AF(x) denotes the annulus

A? = ER(xo)\Bp(IQ), 0<p<R,

in such a way that wl

7) .
k|6Bs (z0) — VildBs(zo) I the sense of traces,

W,gj) Zo + pr T — Xo _’U;(c]) $0+(5 r — X
|z — o] |z — o]

and the energy [ s, |DW(j )| dx is arbitrarily small, if pg " § sufficiently rapidly. Since W,Ej ) is built up by

means of affine 1nterpolat10ns between ’U}(L D and v for h >k, by condition (3.21) we infer that

h+1
dist(W,gj) (x),)) < o for L™-a.e. x € Agk (3.22)
for m large enough, hence we may and do define w(j ) = II, o W(J ) on Aik, where II., is the Lipschitz

projection on ) given by Remark 2.1, so that wl(c )(A‘S ) € By(yj,&m)-

We now extend w,(j) to the whole ball B by the map w(J) : By, (z0) — By(yj,&m) given by

. (7) if Azifa
@](f])(l.) = { Wy O"ll)((s,a)(l') 1 LS 6—20 (323)

‘Il(yj,sm) ouo ¢(5’07T)($) if =ze B(;_QU(IQ),

where 0 := 0§ — pr, Y(5,0) 5 oy = A‘S _o is the reflection map

Vo (@) = (ol = ol +2(0 = o)) =
and ¢,y : Bs—20(x0) — By(x0) is the homothetic map
0(5.0)(%) =0 + —— (& — o)
(6,0) ) = To 5 — 99 T — Xo)-

Set now p := pr = § — 0. Since the image of B,(x¢) by @l(c 7 is contained in the geodesic ball By (y;,em), by

means of a convolution argument we can approximate w,(c] ) on B »(0) by a smooth sequence uéﬂ ). B,(z0) —

—N
B (yj,em) that converges in the L'-sense to w,(d)B (o) and with total variation converging to the total variation

|D1E,(€])|( B,(x0)). We then set wt =TI ov6 : B,(z0) — By(yj,em), so that clearly wi w,(c]) weakly in
the BV-sense, whereas

|Dwi|(By(x0)) < (LipIl.,,) - [Dol|(B,(xo)).
Therefore, the energy of w(J ) being small on Al 5_9,, we may and do assume that

2—J

lim sup/ |DwY | de < (LipIl.,,)? - | Du|(B,(z0)) + - (3.24)
By (o)

e—0
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Moreover, by suitably defining the convolution kernel, we may and do assume that the traces are equal, so that

@) =) = Bhp (o) We finally define ug’ € BV (B,(x0),¥) by

WoB, (x0) = YeloB,(z0) — Wk|OB, (zo

wi(xz) if x e Ajf
u,gj)(x) = w,gj) z) if xe Al

(
(4) :
wey (x) if x € B, (x0)

where e \, 0 along a sequence and pi 0 sufficiently rapidly so that

; ) 92—J
Erv (), A7) = /A Do < 27 (3.25)

Pk

Step 5: Approximating maps on the whole domain. For any n > 2 we now define u,&m) :B" — Y by

u™ () = w (@) if weBj, jeN
i u(x) if x€B"\Qp,

Q= By (3.26)
j=1

By Step 4 we know that ugcj) € BV(B,,)) and Ugcj)\é,. € lel(éj,y) for every j and k. Moreover, since
u](j) =u on 0B; for every j, we infer that ufgm) is for every k a function in BV (B™,)).

As to the energy estimates of u,im), if n >3, by (3.19) we infer that

S Erv(u™, Bi\ By) < C(em - m)V & 3" Sy (u, By)
i=1 ‘

j=1

where, we recall,

B; = Egr(l‘o), B; = Er(fco), B; = E(S(IL'()),

whereas by Theorem 3.1, on account of (3.3), we obtain

> Erv(u,B;) < C- <5Tv(u, B") + E"(B")) < o0, (3.27)

j=1

and (g, -m)Y/?=" — 0 as m — oo. On the other hand, by (3.24) and (3.25) we estimate

o

S &rv(uf™, B)) < (LipIL,,) - [Du|(2) +
j=1

Now, (3.7) yields

1
Dul(n) < p1a(Qm) + —-
1Dul(m) < pra( @) + -

Therefore, by a diagonal argument, setting u,, := ug:) for a suitable sequence k,,, — oo as m — oo, we have

limsup » ~ Erv (tm, B;) < pa(B"),
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that clearly holds even in the case n = 2. Since moreover u,, = u on B™\ Q,,, by (3.7) we then infer that

lim sup Erv (tm, B") < pa(B") + py(B") = Ery (u, B™). (3.28)

m— 00

To prove the L!-convergence of u,, to u as m — 0o, and hence weakly in the BV -sense, we recall that the radii
of the balls B; in F), are smaller than 1/m, whereas ugcm) =u on 0B; and outside (,,. Therefore, since by
the above energy estimates we may assume that |Du,,|(B;) < 2|Du|(B;) for every j, if m is sufficiently large,

the Poincaré inequality yields
- (m) - 1 1
[ty — u| da = / |u," —u|dz < Cy - — -|Du|(B;) < Cy - — - |Du|(B"),
/B" ; B;j Fm ]:ZI m ! m

where C,, > 0 is an absolute constant, whence wu,, — u in L*(B",RY). The lower semicontinuity of u
Erv (u, B™), see (2.1), in conjunction with (3.28), yields the convergence Epy (upm, B") — Erv(u, B™).

Finally, we observe that the Cantor part of Du,, is non-zero only possibly in the annuli B, (z¢) \ Bs(xo)-
However, due to the energy estimates (3.18)-(3.27), by summing on j, we may and do assume that for m large
enough

1
|D%um|(B") < 5 [D u|(B").

Therefore, using an iteration argument on the approximating sequences {u.,}, similar e.g. to the one giving
Theorem 1.6 from Proposition 4.1 in Section 4 below, we find the approximating sequence {ug} such that
|DCuy|(B™) = 0 for every k, as required. O

THE CASE OF GENERAL INTEGRANDS f. To prove Theorem 1.5 for general integrands f, arguing as in [14],
we shall make use of a continuity property from [16], Volume II. This property relies on the following continuity
theorem due to Reshetnyak [18], compare Theorem 1 in Section 1.3.4 of [16], Volume II.

We first notice that the sequence {u,,} obtained in the proof of Theorem 1.5, in the case f(z,u,§&) = [¢],
actually satisfies

lim |Duy,|(B") = |Du|(B"). (3.29)
m—0o0
Moreover, denoting by Du := Vu L™ + D% the “diffuse” part of Du, we also have
lim |Du,,|(B") = |Du|(B"). (3.30)

In fact, uy, =u on B™\ Q,,, where Q,, C B"\ J,,. By (3.7) and the growth condition (H3) we obtain

D ul(B"\ o) < C s (B \ ) < =, (3:31)
that clearly yields both (3.29) and (3.30). We now let
Frlu) = f(z,u, Vu)de + [z, u,dDu)

Bn Bn

so that if f(z,u,&) = ||, we have Fy(u) = |Du|(B™). Using (3.29), (3.30) and Theorem 3.4 below we will
prove that

lim ff(um) = ff(u) (3.32)

m— 00
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Now, the first two terms in G(u), corresponding to the “diffuse” part l~)u, agree with Fy(u), see (1.5). Moreover,
since €, C B™\ Jp, by property (H3), and by the compactness and smoothness of ), we obtain

IN

/ K(z,u",u, ) dH" ! / K(z,u™,ut,v,)dH" !
JuNQm Ju\Tum

Cpy(B"\ Jm) < C | DTu|(B™\ J).

IN

By (3.31) and (3.32), and since u,, = u on B™\ Q,,, we readily conclude that G(uy,) — G(u).

In order to prove (3.32), for any R™-valued Radon measure y defined on an open set U C R" ™V we will
denote by 7 its Radon Nikodym derivative with respect to the total variation |u|, and by pup — u the weak
convergence in the sense of the measures.

Theorem 3.4. (Reshetnyak). Let G(z,p) be a non-negative continuous function defined in U x R™ satisfying
the following properties:
(i) G(z,-) is positively homogeneous of degree one for every z.
(i) G(-,p) is uniformly bounded as p € S™'.
(iii) G(z,-) is essentially convex for every z, i.e.,

G(z,p+q) <G(z,p) +G(z,q)  Vp,geR™,

where the equality holds if and only if g = Ap for some A > 0.

Let F(z,p) be a non-negative continuous function that is homogeneous of degree one in p for every z and that
satisfies
0< F(z,p) <c1G(z,p) + c2 V(z,p) €U x R™

for some absolute constants c¢; > 0. Then we have

Jim [ PG Al = [ PETE)

provided that py, p are R™-valued Radon measures on U satisfying
o= [ GETE Al = [ GETE AN k-

We now take U = B" x RV, z = (x,u), m = 1+ nN, and we identify v € BV (B",)) with the vector

valued measure fi, 1= (uq(;o),,ugjl)), where

i0) = | olwv@)de Vo= olwy) € CUB" X RY)

and uq(}) = ((,uv)g), for t=1,...,n, j=1,...,N, is defined in components by

()] (8) = [ Viv) (@) d(x,v(x)) dz + [ oz, u(x)) d(D V),
Bn Bn

Following [16], Volume II, [12,14], it turns out that

IEUI(B”):/UG(Z,V(U)(Z))dIM(v)I, ]'—f(”):/UFf(Zaﬁ(v)(z))dW(””a

where G and Fy are the parametric polyconvex l.s.c. envelope of the total variation integrand and of f,
respectively. Moreover, we have:
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Lemma 3.5. The weak convergence u, — wu in the BV -sense, in conjunction with (3.30), yields the weak
CONVETGENce [y, — [y, N the sense of the measures.

Therefore, by the growth condition (H3), by (3.29), and by Lemma 3.5, we readily check the hypotheses of
Theorem 3.4, for G and F = Fy as above, that clearly yields (3.32), as required.

Proof of Lemma 3.5. Setting U := B" x RY, by (3.30) and by Hahn-Banach theorem, since

| (U) = /B VI+ Vo de+ [D%[(B"),  |uP|(U) = |Do|(B"),

possibly passing to a subsequence (p.,,,, ) weakly converges to some vector-valued measure [ with finite total
variation. Writing g = (ﬁ(o),ﬁ(l)) as above, the L!-convergence u,, — u and the Lebesgue theorem clearly
yield that the first component

100 = [ owue)ds = () V6 eCUB" xR,

As to the second component (V) := ((%)!), the weak convergence u, — u in the BV-sense yields that for
every ¢ and j we may decompose ()7 into two mutually singular measures

(@] = ()] + @7, (pa)] L (@],
the first one being the corresponding component of ,uS}), so that
(@1U) = ()] 1(U) + 1@ U).
By lower semicontinuity, using (3.30) we obtain

()1 (U) + (@ 1(U) < Timinf | (2,,)]1(0) = (1] 1(0)

which yields (ﬁ)z =0 for every i and j and hence i = pu,. The assertion readily follows, as the limit g does
not depend on the chosen subsequence. O

4. THE DENSITY RESULT, PART II

In this section we prove Theorem 1.6 in any dimension n > 2, the case n = 1 being an immediate adaptation
of results from [11]. In the sequel, for every map v € BV(B",)) we will denote by (14, and g, the Radon
measures on B™ given for every Borel set B C B™ respectively by

ta,v(B) ::/ f(z,v,Vv)dez, g (B) ::/ K(x,v_,v+,yv)dH”_1, (4.1)
B JoNB

so that if |[D%v|(B™) = 0 we have, compare (1.5),
G(v, B) = paw(B) + pyw(B).

The proof of Theorem 1.6 is based on the following:
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Proposition 4.1. Let © € BV(B™,Y) be such that |D®u|(B") = 0. Let £ € (0,1/2) and k € N. We can find
a function uw € BV(B™,)) such that

G(a, B") < G(@, B") + ¥, I8 — @l g1 () < F,

Ha(B") < (4.2)

- pga(B™) and |Dcﬂ|(B”) =0.

N

In fact, for any ¢ € (0,1/2) we apply iteratively Proposition 4.1 as follows. Letting u§ := u, at the k*" step,
in correspondence of u :=u;_; we find @ := uf such that (4.2) holds true. By induction on k € N, we define
u® :=uS, € BV(B",Y) such that

Gu®,B") < G(u,B") + Zek < G(u,B") + 2¢
k=1

and |D%uf|(B™) = 0. Moreover, since for every k

paus (B") <27% - g0 (B™),

letting k — co we obtain that f.,:(B™) = 0. Finally, since

oo e8]
HUE — ’LLHLl(Bn) S Z Hui — ’U,iilnLl(Bn) S Z{;‘k S 25,
k=1 k=1

letting uy := u®* for some sequence e \, 0, the sequence {u;} C BV (B™,Y) weakly converges to wu, with
G(ur) — G(u) as k — oo, by lower semicontinuity. Since |D%uy|(B™) =0 and i, (B") =0 for every k, by
the growth condition (H3) we infer that |D”ux|(B™) = 0, whence {u,} C W11(B",)), as required.

Proof of Proposition 4.1. We set u = wu, for simplicity, and divide the proof in five steps, where we will use
arguments from [11,13].

Step 1: Blow-up argument. We apply an argument by Federer [7], Section 4.2.19, to the rectifiable measure
g o= LoHY L Ty, Lo(z) = K(z,u ,u",v,),

the density £, (z) being a non-negative H"~* L J,,-summable function on .J,,. Therefore, by [7], Section 3.2.29,
there exists a countable family G of (n — 1)-dimensional C'-submanifolds M, of B™ such that s ,-almost
all of B™ is covered by G. Moreover, since f5,(B™) < oo, we can find a positive number 6 > 0 so that the
subset B

J:={x e J, | Lu(x) > 0}
satisfies the following properties:

~ ~ 1

H" () < and nru(B"\ J) < 1 g (B™). (4.3)
Moreover, by the smoothness and compactness of ), and by the growth condition (H3), we infer that the
function x — L, (z) is uniformly bounded on J, i.e.,

Lo(z) <C()<oo Vzel. (4.4)
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Let 0 <o <1 to be fixed. By [7], Section 2.10.19, and by the Vitali-Besicovitch theorem, Theorem 3.1, we
can find a number t, € (1/2,1), a countable disjoint family of closed balls Bj, contained in B™ and centered at

points in J, , and a bilipschitz homeomorphism 1, from B™ onto itself satisfying the properties listed below,
where ¢ > 0 is an absolute constant, possibly varying from line to line, which is independent of o and of the
radii r; of the balls B;.

(i)
(i)

(iii)

(iv)

(v)
(vi)

(vii)

(viii)

(ix)

,U'J,u(Bn \9] Bj) =0.
If B; := B(pj,rj), for every j there is a manifold M; of G such that p; € M;, and the radius
r; € (0,0).
Since H"!(J) < oo, then
[ee]
er"_l <ec-H" () < 0. (4.5)

j=1
Letting C; := B(pj;,t,r;) N M;, we have

tau(Bpj,ri) \ Cj) < o puru(Blps,ry)) V3. (4.6)

The one-sided approximate limits ui(pj) of u at p; are well-defined.
The “blow-up” map u; : R" — ) of u at p;

uj(r) == { ut(p;) if (z —pj) - vu(p;) >0
L ut(py) i (@ = py) va(py) <O

has small L'-distance from u on By, i.e.
||’U,j7uHL1(Bj) §C~O'~7’jn71. (47)

By a slicing argument, we may and will assume that for some R € (r;,2r;) the sliced map U|aB(p;,tr;)

satisfies
C
| Dwjon p;ir) (0B (1) \ C5) < = - [Dul(B(pj, R) \ Cj).

J
Moreover, by the construction we may assume that both properties (4.6) and

teau(B(pj, p) < e Lu(ps) p"

hold true for any 0 < p < 2r;. Therefore, taking o > 0 small so that /o < 1/C(J), by (4.4) and the
growth condition (H3) we obtain that

|Dujop(p, ior) [ (0B(pj, tri) \ Cj) < c-or" 2. (4.8)

The ball B(p;,tr;) is divided by M, into two open connected “half” balls, denoted by Qf, and by a
slicing argument we have

Lo ) ) S e (19)
pj,tri)N 3

By the hypothesis (H4) on f, for every « € B; we have

[f (@0, 8) = fpj,u, )| <o (L+[E])  Vued, VEe M(N,n). (4.10)
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(x) Since L,(p;) is the (n — 1)-dimensional density of s, at p;, we have
|ts0(Bj) = Lu(ps) - wn173" " S 0wy (4.11)

(xi) Lipt, <2 and Lipt, ! < 2. Moreover, ¢, maps bijectively B; onto Bj, with VYoloB, = Idjpp, and
Yo (pj) = p; for all j, and v, is equal to the identity outside the union of the balls B;.

(xii) ¥(Cj) = B(pj,p;) N (p; + Tan(M,,p;)) for every j, where Tan(M;,p;) is the (n — 1)-dimensional
tangent space to M; at p; and p; € (r;/2,7;).

As a consequence, we define uf € BV (int(B,),Y) by uf = (uo w;1)| int(B,)> and observe that
fug = Yoy (tsu L int(B))).
Step 2: Projecting the boundary data. Set
= (%,2,) ER" xR

Without loss of generality we may and will assume that p; =0, v,(p;) = Vug (0) = ey, and

B;=B,, B(pj,p;)=B} 0<R<d,
where B} := B"(0,p), so that d =r; and R = p;, and
B(pj, p;) N (pj + Tan(M;, p;)) = Dr x {0} CR"™ xR,
where D, := B" ! (0gn-1, p). We also set
By :={x € B} | £, > 0}, OB :={x € OB} | £z, > 0}.

By (4.8) and (4.9) we readily infer

|Du‘j7‘aB%|(é)B;§) <c-\oR"? /63i [uf () — z;t| <c-oR"? (4.12)

R

+

where z;" are the one-sided approximate limits of uf at the point 0 € Juz_f, i.e., of u at p;. Therefore, for

n > 3, using an argument very similar to the one in Step 3 of Section 3, see also (3.23), but this time working
separately on the half-balls Bf, and taking o instead of 1/m, due to (4.12) we are able to define two BV -maps
w]j-[ : B?;f \ B — ¥ such that the following properties hold:

(a) We have R —r = R/q, where q:= c¢/oc'/?("=2),
(b) w]j-[(mc) =W+ _youf(Rz) if [z[ =1, where ¥ _+ _(2) =1, 0§ + _, see (3.8), and e, 1= c- /0.

R
(c) We have |Dw;t|(B§ \Bf) <ec- h |Du‘j’|83§|(03§), so that by (4.12)
|Dw]i|(B§ \B;‘E) <c- ﬁ LR = oL g(nm1)/2(n=2) | pr—1
q
(d) By (4.12), since 0 < R < d < 1, we also have

iji - z]ﬂ-EHLl(B;\Bi) <c-Z.Rl<coo-dv (4.13)
" q
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Step 3:
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Using the properties |[DCuZ|(Bj) = 0 and [D7ug|(Bf \ (Dr x {0})) < co|D7ug|(BY), that follows

from (4.6), from the growth condition (H3), and from the smoothness and compactness of Y, we
+

infer that we may and do define w;" in such a way that the function w; : By \ B — Y, given by

w;(x) = w;t (x) if £z, > 0, belongs to BV (B% \ B,Y) and satisfies

(0B} UOBy),

n n R o
|D7w;|((Bi \ B) N (Dr x {0})) < c- 7 1PUlony

so that again by (4.12) and property (c) we deduce that
|Dw;|(BR\ BY) < ¢- g~ D/2(n=2) . pn—1, (4.14)

Approzimation on the balls Bj. Using property (b) in Step 2, we now define uj : By — Y by setting

v ou?(Rx/r if x,>0
@ (z) ;{ (55 20) © 45 (RE/T) (4.15)

Ve,- . youf(Rz/r) if x,<O.

(Zj 750)

Remark 4.2. In the case n = 2, by (4.12) we infer that u?(aBﬁ) C By(z;-t,ea), and hence we simply take
r =R in (4.15).

We apply for every j a “dipole construction” to approximate almost all the Jump part of the energy of ﬂ?.

Let y(z

) := (r —|Z|) denote the distance of T from the boundary of the (n — 1)-disk D,. For § > 0 small, let

bs(x) = (T, 05(y(T))zn), x € Dp x[-11], @s(y) :=min{y,d}.

Let Qs := ¢s5(D; x [—1,1]) be the “neighborhood” of D, x {0} given by

and let

Qé = {(57 l‘n) | S D'm |xn| < 905(?4(5))}7

55 = ¢s(Dr x [-1/2,1/2]) ={(Z,zn) | T € Dy, |zn] < @s5(y(Z))/2}.

Also, set

Q5 = Qs \ (Dr x {0}).

Let vf : (€5 \ Qs) — Y be given by vf (z) == uf op? (x), where 97 : (25 \ Qs) — Q(r5) is the bijective map

Since we have

[Voi (2)] < ¢[Vug(z, (2 = s (y(2)/[zal) 2n)] - (1 + @5(y(@))/|2nl]),

and ¢;(y(7))/|zn] €]1/2,1], we infer that v € BV(Qs \ Q5,Y), with

/ Vo |dz < c/ V]| dz. (4.16)
Qg\ﬁg Qs

Therefore, by absolute continuity and by the growth condition (H3) in Section 1, we infer that for ¢ small

fha o7 (Qs \55) is small. Moreover, we have

e (t(Q25\ Q5)) < pryae (06(2r.s))),
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so that by (4.6) and the definition of u we obtain
g (t(Q25\ Qs)) < €0 e (BE). (4.17)

We now define w¢ : (€5 \ Q5) — RN by
w? (z) == 2wl vl (z,x _ 2l 2E
0= (g ) @+ (2 o)

where =+ is the sign of x,.
If r—0<|zZ|<r and (r—|2])/2 <|z,| < (r —|Z|), then

c
[Vw?|(z) < p— |v‘7(x)—z;t|+c|Vv?(:v)|,

J

|z
whereas if |Z| <r —4 and 0/2 < |z,| < J, we estimate

IVw?|(2) < < 09 (2) — 25| + c|VoS (@)].

>0

Moreover, by the definitions of ﬂ‘; and of v7, we infer that for every x € (s \625
vf (r) € By(z]j.[,sg) it £z, >0,

see (3.8), where €, := ¢+ /0. As a consequence, on account of (4.16) we obtain

/ - |Vw?|dx§c\/5£”(95\§5)+c/ _ Vi |de (4.18)
Q5\ Qs Q5\Qs

which is small if § and o are small, by the absolute continuity. Also, since the oscillation of w7 is smaller
than ¢+/o on both the sets {z € Qs \625 | £2,, > 0}, by projecting wf into the manifold ), see Remark 2.1,
we may and will assume that w{ is a function in BV(Qs \ Q5,Y). We then clearly have

g (06(Q5 \ ©5)) < ooy (08(25 \ 25)), (4.19)

whereas by the construction

Wl (7, +os(y(@)/2) = 25 VFeD,.
By (4.17), (4.18), (4.19), and by the growth condition (H3), taking 0 small, we infer that wf satisfies the
energy estimate

G(wg, int(Qs \ Q) < c/ | Vwfldz + g e (int(9s 1\ Qs))
25\ 85 (4.20)
< coR" ! +copgug(BR).
In conclusion, defining uf : (By \(NZ(;) — Y by
ui(z) ifxe By\ By
N wj(z) ifxeBE\DB}
jlr) =9 - 4.21
7 @) uf(r) ifxe Br\ Qs (4.21)
wi(z) ifxre Qs Qs
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it turns out that uf belongs to BV ((Bj \ Q5),)), satisfies the boundary condition

uj = z;' on 9Q;N B, uf =z; on Qs N By, (4.22)

where z]i = u*(p;). Moreover, (4.6), (4.14), the growth condition (H3), and (4.20) yield the energy estimate
@7, BY \ ) < ttans (BY) + 0™ d" 4 copg s (B), (4.23)
where 0 < a(n) <1 is an absolute positive constant, only depending on the dimension n > 2.

Step 4: The dipole construction. In order to extend ﬂ;’ to a function in BV(Bj,Y), we use a dipole-type
argument. To this purpose, we recall that B; = FZ, Juz = Vo (Jy Nint(By)), pj =0, vu(p;) = Vug (0) = en,
and z]i =u*(p;). Let v; € Wh1((=1/2,1/2),)) be such that ~;(£1/2) = zji and

1/2
L(v;) r=/1/2 F2 5,75 (1), 75 (1) @ en) dt < K(pj, 25, 2], en) + &5, (4.24)

with €; > 0 arbitrarily small, compare (1.4). Using the homogeneity of f>°(x,u,-), we observe that the function
w; Dy x [—p/2,p/2] = Y given by ¢, (T, xn) :=vj(xn/p) satisfies

/ (052 03(2), Dipy () dx = H™N(D,) - £()
Dy x[=p/2,p/2]

for every p > 0. Therefore, setting ﬂ;’ : (~25 — Y by

W) =u(om) TEDn < esw@)/2,

since
uj (z) := (vj o o5 (2), x € ¢5(Dy x [—1/2,1/2)),
where v; : D, x [—1/2,1/2] = Y is given by v;(Z,z,) 1= 7;(xn), we readily estimate

L f(py, Ui (2), DU (x)) dz - < L(y;) - (K" (Dyr—s) +c¢H" "Dy \ Drs))

s n—1 n—1 (425)
< or +H (DT) ) ﬁ(’Yj)
< or '+ H"Y(D,)- L.(p))

if § > 0 is small, where in the last inequality we have used (4.24) and the fact that
K(pja Z;a Z;‘r; en) == Eu(pj)-

On the other hand, by (4.10) and by the growth condition (H3) we obtain

<

o f(faa‘;(f)aDa}T(f))dx - o f(pjva?(x)vDa?(I))dx

a-/~ (1+|Dag(x)|)dxga(|§6|+c-/§6 foo(pj,ﬁ‘;(x),Da‘;(x))dx>

Qs
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where ¢ > 0 is an absolute constant. As a consequence, by (4.11) and (4.25) we infer that if § > 0 is small u§
satisfies the energy estimate

" f(x,u7, Duj)dx < cod" '+ (1+co) fug (Bj)- (4.26)
Qs

In conclusion, by (4.21) and (4.22) we deduce that uf € W' (B;, ), whereas by (4.23) and (4.26)
G(ag, Bf) < G(uf, Bi) + co®™ d" ' + copuyus (BY). (4.27)
Step 5: Approximation on the whole domain. Setting again B; = FZ, we now show that for § small enough
||ﬂ? — u?HLl(Bg) <co (dn71 =+ lLl,]yu(Bg)) (428)
In fact, u agrees with uf outside B, whereas by (4.7) and the definition (4.21) of uf we readily infer that
[[uj — u?”Ll(Bg\ﬁg) <cod' .
On the other hand, by (4.21), (4.22), the Poincaré inequality, and the growth condition (H3) we have
lluj = UF [l 1 g, < cr/ |Va?|dz < cr/ f(z,uf, Vauy)dz.
s ﬁg 56
Therefore, by (4.26) and (4.4), and since 0 < r < d < ¢ < 1, we obtain

luj = a5 |y @yy < €0 (A" + paw(B7)

and hence (4.28).
Setting then UY € WhY(B;,Y) by U7 = (uf o1s)B,, since d = r;, by (4.27) we infer that for every j

G(UY, Bj) < pau(Bj) + (1 +co) pyu(Bj) +cory™ 1, (4.29)

whereas by (4.28) we get
HU]‘? — ’U,HLl(Bj) <co (’I‘jn_l + /.I/J7U(Bj)). (430)
Let now u® € Wh1(B™,)) be given by

oo

Uf(x) ifzeB;
o . J J — .
u(x)_{u(x) if x € B"\ Qp, Qm_UBJ'

j=1
By (4.29) and (4.5) we obtain
G(u”, B") < pau(B") + (1 +¢0) pu(B") +co B (),

so that if o = o(e, k, j, Hr) > 0 is small, we have

G(u,B"™) < G(u, B") +¢".
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Moreover, by (4.3) and (4.6), taking o small, the above construction yields that

powe (B™) < e (B \ Cj) + pyu(B™\ J)
j=1

1
< copsu(B") + g

1
L(B") < = B").
1 H (B") < 5 t.u(B")

Finally, by (4.30) and (4.5), the balls B; being pairwise disjoint, we have

(o] (o]
lu” = ulligpny < D NUF = ullpasy) < co Y r" "t 4 copsu(B") <&
j=1

=1
if o =o0(e,k, j, trw) >0 is small. Since Du? has no Cantor part, the proof is complete. O
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