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STABILITY AND SENSITIVITY ANALYSIS FOR OPTIMAL CONTROL
PROBLEMS WITH A FIRST-ORDER STATE CONSTRAINT
AND APPLICATION TO CONTINUATION METHODS

JOSEPH FREDERIC BONNANS! AND AUDREY HERMANT!

Abstract. The paper deals with an optimal control problem with a scalar first-order state constraint
and a scalar control. In presence of (nonessential) touch points, the arc structure of the trajectory is
not stable. Under some reasonable assumptions, we show that boundary arcs are structurally stable,
and that touch point can either remain so, vanish or be transformed into a single boundary arc.
Assuming a weak second-order optimality condition (equivalent to uniform quadratic growth), stability
and sensitivity results are given. The main tools are the study of a quadratic tangent problem and the
notion of strong regularity. Those results enable us to design a new continuation algorithm, presented
at the end of the paper, that handles automatically changes in the structure of the trajectory.
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INTRODUCTION

This paper deals with an optimal control problem (of an ordinary differential equation) with a scalar first-
order state constraint and a scalar control, with a free final state and no control constraints. It is well-known
that for first-order state constraints, when the strengthened Legendre-Clebsch condition holds and the state
constraint is regular, touch points (locally unique times where the constraint is active) are nonessential (the
associated jump of the multiplier is null) (see e.g. [17,19]). Situations where touch points are present may be
encountered, for instance, when solving the optimal control problem by indirect approaches using an homotopy
method in order to guess the arc structure of the trajectory, see e.g. the example in [3]. Therefore it is of
interest to study sensitivity of solutions around touch points, when the constraint becomes active. Under a
small perturbation, several events may occur. Among them, the constraint may locally become inactive, the
touch point may remain a touch point, or it may give rise to a boundary arc. Our main result is that, under
natural hypotheses, these are the only three possibilities, and that the boundary arcs have a length of the order
of the perturbation, and satisfy a “strict complementarity” hypothesis. In addition, we show how to compute
a first-order expansion of the solution. The analysis uses in a critical way a certain tangent quadratic problem,
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and at the same time is in the spirit of the shooting approach, in the sense that touch points are converted into
boundary arcs of zero length, and we compute the first-order expansion of all entry and exit points. Fréchet
directional derivatives are obtained as the solution of an inequality-constrained linear quadratic problem. The
proof applies the notion of “strong regularity” in the sense of Robinson [31] to a system that happens to be
equivalent to the optimality conditions of the tangent quadratic problem. Our formulation of the corresponding
shooting formulation (of which all entry and exit times are variables, in addition to the initial costate and jumps
of the alternative multiplier at entry times) allows exit times to be lower than entry times; however, we check
that the solution of the shooting formulation is such that entry times are lower than or equal to corresponding
exit times.

Optimal control problems with first-order state constraints were first studied in the book by
Pontryagin et al. [28]. Numerous results have been obtained since for stability and sensitivity analysis of
those problems. Two different approaches have been used. The first one is the use of implicit function the-
orems in infinite dimensional spaces (see [16,20,27,32]), and the second one is to reduce the problem to a
finite-dimensional one (a two- or multi points boundary value problem) using the so-called shooting formulation
(see [26,33]). With first-order state constraints, L2-stability of solutions was first obtained by Malanowski [21],
under strong second-order sufficient conditions, using an infinite-dimensional implicit function theorem based
on two-norms approach, and later by Dontchev and Hager [12], using an implicit function theorem in metric
spaces. In Malanowski [21], directional differentiability of solutions in L? was established, using the results
on differentiability of projection onto a closed convex cone in Hilbert spaces [16]. The second-order sufficient
condition used in the analysis was weakened by Malanowski [22]. All those results require no assumptions on
the structure of the trajectory. In order to obtain L*-stability of solutions, Dontchev and Hager [12] needed
an additional assumption on the structure of the contact set (“contact separation”). Using a finite dimensional
approach, Malanowski and Maurer obtained in [23] differentiability of solutions in L° by application of the
implicit function theorem to the shooting mapping, under stronger assumptions (finitely many nontangential
junction points, and strict complementarity) needed to ensure the stability of the structure of solutions.

The approach presented in this paper is different from the ones in [12,21,22] where the stability and sensitivity
analysis was done in infinite dimensional spaces without any assumptions on the structure of the trajectory.
On the contrary, our aim is to describe changes in the structure of the trajectory, both qualitatively and
quantitatively. Thus the first step is to consider nonessential touch points. Indeed, as mentioned before, changes
in the structure are likely to occur when performing continuation methods, therefore the more information we
have on the continuity and/or differentiability of the homotopy path, the easier will be the latter to follow.
Our stability and sensitivity results generalize those of [23] to the case when (nonessential) touch points are
present. However, in that case strict complementarity does not hold anymore, so we cannot apply the classical
implicit function theorem as done in [23]. This paper is related to our previous work: the study of no-gap
second-order optimality conditions in [7], and the shooting formulation, allowing nonessential touch points for
state constraints of order greater than one, and for which we also use the notion of strong regularity [6]. In
both papers we assume also the state constraint and the control to be scalar-valued. Some of these results are
extended to the case of vector-valued state constraints and control in [5]. We follow here the analysis in [6] where
sensitivity results with nonessential touch points for state constraints of order greater than one were obtained.
The contributions of this paper are the following:

e A stability result of the structure of stationary points (and not only the stability of the structure of locally
optimal solutions) is proved. That is, if the nominal trajectory satisfies several assumptions, among
which uniform strict complementarity on boundary arcs, then any stationary point in the neighborhood
has a “neighboring structure”, in a sense made precise in Section 2.

e In the stability and sensitivity analysis we cover the case of the possible transformation of touch points
into boundary arcs. This possibility was excluded from the analysis in [6] and in [23], and leads
to technical complications. In particular we show that for first-order state constraints, the shooting
algorithm remain well-posed when touch points are converted in boundary arcs, which is false for
control constraints (see Rem. 6.3).
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e At the end of the paper, we present an application of those results to a preliminary homotopy algorithm
whose novelty is to handle changes in the structure (appearance/disappearance of a boundary arc)
automatically. Numerical application on a simple academic problem is presented.

The paper is organized at follows. The framework is presented in Section 1. In Section 2, the stability results
of the structure of stationary points are given. In Section 3, the main result is stated. In Section 4, the problem
is reduced to a generalized finite-dimensional equation, with a complementarity constraint. Robinson’s strong
regularity theory is applied to the latter in Section 5, where the main result is proved. Section 6 deals with
directional differentiability of solutions. In Section 7, a basic illustrative example is presented. The homotopy
method is described in Section 8. Section 9 contains the proofs of the results of Section 2.

1. PRELIMINARIES

Let U := L*>°(0,T) (resp. YV := W>(0,T;R")) denote the control (resp. state) space. Let M be a Banach
space (the space of perturbations parameter) and, for p € M, the cost function ¢# : R x R" — R, final cost
function ¢* : R® — R, dynamics f# : R x R® — R", state constraint g* : R" — R, initial condition y} € R",
and (fixed) final time 7" > 0. We counsider the following optimal control problem:

(P")  min / 00 (u(t), y(t)dt + o (y(T)) (1.1)

(u,y)EUXY
subject to y(t) = f*(u(t),y(t)) for a.a. t € [0,T], y(0) =yl (1.2)
g (y(t)) < 0, for all t € [0, 7. (1.3)

This notation allow us to deal with non autonomous problems (i.e. when the data ¢*, f*, g depend on time t)
as well, by assuming w.l.o.g. that the last component of the state variable y,, satisfies in (1.2)

Un(t) =1 on[0,T], yn(0)=0 (i.e. yn(t) =1). (1.4)

We shall assume in all the paper that (P*) is written such that (1.4) holds. In this way our analysis will include
non autonomous perturbations, even when the starting problem is autonomous. This assumption is only used
in Theorem 3.3 to obtain the implication (i) = (ii).

We study perturbations of problem (P*) around a given value of parameter o € M, and we often omit the
superscript ¢ when we refer to the problem and data associated with pg, i.e. (P):= (P#°) and (¢, ¢, f,g,%0) :=
(g;t()’ pHo fro gho ng).

We assume throughout the paper that the assumptions below hold:

(A0) the mappings £, ¢, f and g are of class C2, with locally Lipschitz continuous second-order derivatives,
and the dynamics f is Lipschitz continuous;
(A1) the initial condition satisfies g(yo) < 0.
These assumptions will not be repeated in the various results of the paper.

A parameterization (¢#, ¢*, f*, g, yt), identified with problem (P*), is a stable extension of (P), if there
exists an open neighborhood My of jg, such that (i) there exist C? mappings /R xR"x My — R; d)
R™ x My — R; f:RxR" x My — R™ §:R" x My — R and §o : My — R", such that 0 (u,y) —E(u,y,u) for
all (u,y) € Rx R™ and all 4 € M (and similarly for ¢*, f#, g*, and y}); (ii) the mappings ¢, f*, ¢*, g" have
Lipschitz continuous second-order derivatives and f* is Lipschitz continuous, uniformly over p € M.

In this paper, we always consider stable extensions (P*), that satisfy (1.4) as said before.

Definitions and notations

The space of row vectors is denoted by R™* and the adjoint and transposition operator in R™ are denoted
by a star *. Fréchet derivatives of f, ¢, etc. w.r.t. arguments u € R, y € R", are denoted by a subscript, for
instance fy,(u,y) = D, f(u,y). The space L"(0,T), r € [1,00], is the Lebesgue space of measurable functions
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such that [ju|, := (fOT |u(t)]")/" < oo for 1 < 7 < oo and [Jul|s = supess,c[o 1 [u(t)| < oo, and W'T(0,T) is
the Sobolev space of functions in L"(0,T) with a weak derivative in L"(0,T). The space of continuous functions
and its dual space, the space of bounded Borel measures, are denoted respectively by C°[0, 7] and M|0, T]. The
cone of nonnegative measures is denoted by M[0,T], and BV ([0,T]; R™) denotes the space of vector-valued
functions of bounded variation over [0, T']. The elements of M[0, T'] are identified with the derivative of functions
of bounded variation vanishing at T. We denote by ¢(¢~) and ¢(t") the respectively left- and right limits of a
function of bounded variation ¢ at a time ¢ € [0,7]. Jumps are denoted by [¢(¢)] := @(tT) — p(t7).

Given u € My, a trajectory of (P*) is an element (u,y) € U x ) satisfying the state equation (1.2). A feasible
trajectory is one satisfying the state constraint (1.3). The first-order time derivative of the state constraint
is the function defined by (¢") : R x R" — R, (u,y) — g (y) f*(u,y). In this paper, we consider state
constraints of first order, that is, the function (g“)(l)(u, y) depends explicitly on the control variable u in the
neighborhood of the contact set of the constraint, see assumption (A3). It will be convenient to introduce the
second-order time derivative of the state constraint by:

(@)@ RxRxR" - R, (v,u,y) — (g (w,9)v+ (") (u,y) f*(u,y). (1.5)
Wherever u is differentiable, we have that

d? .

39" (0(t)) = (9) (a(0), (0), (1) (1.6
The classical (resp. augmented) Hamiltonian functions H” : RxR™®xR™ — R (resp. H" : RxR"xR™ xR —

R) are defined by:

Hu(uayvp) = E“(u,y)—i—pf“(u,y) (17)
H*(u,y,p',n") = H"(u,y,p") + 0" (") (u, ). (1.8)

For (u,y) a feasible trajectory of (P*), define the contact set by:

I(g"(y)) = {t€[0,T]; g"(y(t)) = 0}. (1.9)

We say that the constraint is active at time ¢, if ¢ € I(g"(y)); otherwise it is said inactive at time ¢. A boundary
arc (resp. interior arc) is a maximal interval of positive measure Z such that g*(y(t)) = 0 (resp. g*(y(t)) < 0),
for all t € Z. Left and right endpoints of a boundary arc [7en, Tex| are called entry and exit point, respectively.
A touch point 1, is an isolated contact point, satisfying g*(y(7.)) = 0 and g*(y(t)) < 0, for ¢ # 7, in the
neighborhood of 7i,. The endpoints of interior arcs belonging to (0,T) are called junction points (or times).

If the set of junction points of a trajectory is finite, then it is of the form

T::,Tenulfexulfto;

with Zon, Zex and Ty, the disjoint (and possibly empty) subsets of respectively regular entry, exit and touch
points. We denote by Z, the union of boundary arcs, i.e. Zp, := UN" [7¢, 78] for Top = {7{" < ... < TN, b and
similar definition of 7o, and we have I(g"(y)) = Tto UZy. The arc structure (or simply structure) of a trajectory
is the (finite) number of boundary arcs and touch points, and the order in which they occur.

Civen a finite subset S of (0,T'), we denote by PC%[0, T] the set of functions over [0, 7] that are of class C*
outside S, and have, as well as their first k derivatives, a left and right limit over S and a left (resp. right)
limit at 7 (resp. 0). The subset of functions in PC%[0, T] having continuous derivatives on [0, 7] until order 7,
0 <r <k, is denoted by PC’Z’T[O, T] := PC%[0, T]NC"[0, T]. We also use the notation vs := (v;),;cs € RC4S,

Given (p,u) € My x U, we denote by y# the (unique) state solution in ) of:

gu(t) = f(u(t),yi @) ae on[0,T],  yi(0) = yp. (1.10)
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By definition of a stable extension, the mapping U x My — Y, (u,u) — y* is C?. A useful equivalent abstract
formulation of (P*) is

meialJ“(u), G'(u) € K, (1.11)

with the cost function J* : U — R, u +— fOT R (u(t), y(t))dt + ¢* (y2(T)), K := C°[0,T] the cone of continuous
functions taking nonpositive values, and G* the mapping U — C°[0,T7], u — g"(y"). We write J and G for JHo
and G*°, respectively.

Optimality conditions
Let us first recall the definition of Pontryagin extremals.

Definition 1.1. A trajectory (u,y) is a Pontryagin extremal of (P*), if there exist o € Ry, dn € MJ0,T] and
p € BV([0,T]; R™), (dn, p, @) # 0, such that:

J(t) = FA(u(),y®) e on [0,T],  y(0) =yl (1.12)
dp(t) = {al(u(t), y(t)) + p(t) £ (u(t), y (D)}t + g (y(®)dn(t) on [0,T] (1.13)
p(TF) = adl(y(T)) (1.14)
u(t) € argmingeg {af(a,y(1)) + p(t) /(@ y(1)}  a.c. on [0,T] (1.15)
0> g"((t). dy >0, / g (y(t))dn(t) = 0. (1.16)

When « > 0, dividing p and n by «, we can take @ = 1 in the above equations, and in that case we say that
(u,y) is a regular Pontryagin extremal.

It is well known that optimal solutions of (P#) are Pontryagin extremals. A sufficient condition to ensure
that @ = 1, d.e. that an optimal solution (u,y) of (P*) is a regular Pontryagin extremal, is that Robinson’s
constraint qualification [29,30] below is satisfied (recall (1.11)):

E"'}’ > 0, f}/BCO[O,T] - GM(U) + DGM(U)M — K, (117)

with Beogo ] the unit (open) ball of the space of continuous functions.
A trajectory (u,y) is a stationary point of (P*), if there exist dyn € MJ0,T] and p € BV ([0, T]; R™*) such
that (1.12)—(1.14) and (1.16) hold (with o = 1), as well as

0 = C(u(t),y(t) +pt) fL(u(t),y(t)) for a.a. t € [0,T]. (1.18)

The above condition is in general weaker than (1.15). However, when the Hamiltonian H* is convex w.r.t.
the control variable along the trajectory (and in particular when assumption (1.22) below holds), then the
definitions of regular Pontryagin extremals and stationary points are equivalent.

We say that (u,y) is a local solution (weak minimum) of (P*), if it minimizes (1.1) over the set of feasible
trajectories (@, §) satisfying ||t —u||oo < ¢ for some ¢ > 0. Local solutions of (P*) satisfying (1.17) are stationary
points.

Note that the complementarity conditions (1.16) can be equivalently rewritten as:

g'(y) e K,  dnpe My[0,T],  supp(dn) C I(g"(y)), (1.19)

where supp(dn) denotes the support of the measure dn. Another condition equivalent to (1.16) is dn €
Nk (G*(u)), where N (GH(u)) denotes the normal cone (in the sense of convex analysis) to K at point G*(u).
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Assumptions

We assume that problem (P) has a local solution, denoted in the sequel by (@, 3), and that the latter satisfies,
with p and 7 its associated multipliers, the following assumptions:

(A2) The control @ is continuous over [0, 7], and there exists o > 0 such that
Hy(a(t), 5(t), p(tr)) > o, for all t € [0,T]. (1.20)
(A3) Uniform regularity of the state constraint near the contact set, i.e., there exists 3, > 0 such that

L9 (@(t),5(t)] > B, for a.a. t, dist{t; I(g(y))} <e. (1.21)

A condition stronger than (A2) implying the continuity of the control is the uniform strong convexity of the
Hamiltonian w.r.t. the control variable, i.e. there exists a > 0, such that

Hyo (0, 5(t), p(tF)) > a, for all w e R and all t € [0, 7. (1.22)

It is well-know (see e.g. [15,17]) that when (A2)—(A3) hold, then @ and the multiplier 7 are Lipschitz contin-
uous. In particular this implies that all touch points 7, are nonessential, i.e. [7j(T0)] = 0. Furthermore, (A3)
implies that (1.17) holds, and that the multipliers (p, ) associated with (@, §) are unique. This is a consequence
of the lemma below. For 6§ > 0, let Q7 := {t € [0, T, dist{t; I(g(y))} < 6}.

Lemma 1.2. Assumption (A3) implies that for all 0 < 6 < e, with the € of (1.21), assumed to be so small that
Qf C [a,T] for some a > 0, the linear mapping

U—Whe(Q0), v (DG(a))|gs, (1.23)

where |gs denotes the restriction to the set Q°, is onto.

Proof. Let us recall the proof of [7], Lemma 9. For v € U, we have that DG(a)v = ¢,(y)z», where z, is the
(unique) solution in Y of the linearized state equation:

Zy = fu(T,9)v + [y (T, §)zw, a.e. on [0, 7], 2,(0) = 0. (1.24)

It is easy to see that

d
M)z = g8 (@ g + g5 (@, 52,

and since by (1.21) and (A1), g&l)(ﬂ, y) is uniformly invertible on a neighborhood of Q2 for small § > 0, the
result follows as a consequence of Gronwall’s lemma. O

We will also make in addition to (A2)—(A3) the following assumptions:

(A4) The trajectory (u, %) has a finite set of junction times T, and we assume that g(7(7)) < 0.
(A5) Uniform strict complementarity on boundary arcs:

ar
38 >0 d_;?(t) >p for all ¢ in the interior of boundary arcs. (1.25)

(A6) Non tangentiality at second-order at (nonessential) touch points: for all touch point 7o,

9Ol ir, <0 (1.26)
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Note that (1.26) makes sense, since %g(gj(t)) is by (1.6) a continuous function of (y,u,u), and u and « are
continuous at a touch point 7, (indeed, 7, being a nonessential touch point, (Tio — €, Tto + €) N supp(dij) = 0
for some small € > 0, so the continuity of % follows from the implicit function theorem applied to the relation
H,(u,y,p) = 0). This condition is similar to the reducibility hypothesis when the state constraint is of order
q > 2 (see [6]). The lemma below will be proved later (see Lem. 4.9), the proof being based on the alternative
formulation (Def. 4.1).

Lemma 1.3. Let (4,y) be a stationary point of (P) satisfying (A2)—(A4). Then assumption (A5) implies that
the following non-tangentiality condition at second-order holds at entry and exit points:

dz _ - a2 _ -
@g(y(t)”t:i—;n < 0; Ten € Ln? Eg(y(t)”t:i—;; < 0, Tex € 7—ex- (1-27)

2. STRUCTURAL STABILITY OF STATIONARY POINTS

Let (u,y) be a stationary point of (P) satisfying (A2)—(A6). Assume that (@, %) has Ny, boundary arcs and
Nio touch points, and let N := Ny, + No. Number the boundary arcs and touch points of (@,5) by i =1,..., N,
and denote by I, and I, the (disjoint) sets of index in {1, ..., N} corresponding respectively to boundary arcs
and touch points. Denote the junction times of (@, §) by Ten = {78, e, s Zox = {Tiktien,, and Tyo = {7 bier,. -
For ¢ > 0, define

Q0= (7L, — 0,7 +6), i€ Ipa, Q= (7l — 6,7 +6), i€ L. (2.1)

) lex

In view of (A4), (A6) and (1.27), we may fix x,5 > 0 satisfying the conditions below:

§ < e with the £ of (1.21), (2.2)
d2 - . . .

Eg(g](t)) <—k<0 onQ\[7 7], foralli€ I, andon Q2 foralli¢€ I, (2.3)
the sets (29);<;<n are pairwise disjoint and contained in [a, T for some a > 0. (2.4)

The next theorem gives a direct result (i.e. without using a shooting formulation) of the stability of structure
of stationary points, when assumptions (A2)—(A6) are satisfied.

Theorem 2.1. Let (4,%) be a stationary point of (P0) satisfying (A2)-(A6), and let § satisfy (2.2)-(2.4).
Then for all 0 < § < & and all stable extensions (P") of (P"°), there exists a neighborhood Vi, x V), of (i, o)
in U x M, such that all stationary points (u,y) of (P") with (u,pn) € Vi, x V,, satisfy the following properties,
with the contact set I(g"(y)) defined by (1.9):

(81) I(g"(y)) € UL,

(S2) for all i € Iva, I(g"(y)) N Q2 is an interval of positive measure;

(S3) for alli € L, I(g"(y)) N QY is either empty, or a singleton, or an interval of positive measure.

When (S1)—(S3) are satisfied, we say that a stationary point (u,y) of (P*) has a neighboring structure to
that of (@, 7).

Remark 2.2. We can actually state a “local” version of Theorem 2.1. More precisely, if a stationary point (@, g)
of (PH0) satisfying (A3) has a boundary arc [Ten, Tex| (resp. a touch point 7i,) and if assumptions (A2) and
(A4)-(A6) hold locally over (Ten — 0, Tex + 0) (resp. over (7o — 8, Teo + 0)) for some & > 0, then all stationary
points (u, y) of (P*) with (u, 1) in the neighborhood of (@, i) have exactly one boundary arc on (Tey, — 6, Tex+90)
(resp. have at most either one touch point or one boundary arc on (7i, — 0, Tto + 9)).

The proof of Theorem 2.1 is given in Section 9 and will use two lemmas below. Note that by continuity of
the mapping (u, ) — g"(yt), it is immediate that all stationary points of a stable extension (P*) with (u, p1)
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in the neighborhood of (@, uo) satisfy (S1). Let us first define alternative multipliers needed in Lemma 2.3 (see
also [12,15,17,21,23] where these multipliers are used)

D' () = / dn(s) = —n(t") (2.5)

p'(t) = p(t) — ' (t)gy (y (1)) (2.6)

With this definition, and without any assumptions on the arc structure of the trajectory (i.e. without
assuming a finite number of junction points), we have that

—dp" = (H}!(u,y,p") + (9")5" (u, y)n")dt,

and hence, the new alternative costate p! is absolutely continuous. Consequently, an equivalent form of (1.13)—
(1.14) (when o = 1) and (1.18) is, a.e. on [0, T7:

—pH(t) = H (u(t), y(8),p" (1)) + (") (w(t), y(0)n* (1), pM(T) = & (y(T)) (2.7)
0 = HY (u(t), y(t),p'(£)) + (9" (u(t), y ()" (t) (2.8)

In addition, (1.16) implies the following (weaker) relations, since n' is constant on interior arcs:
0 = (¢")V(u(t),y(t)) on boundary arcs, 0 = 7'(t) on interior arcs. (2.9)

Note that given a trajectory (u,y) of a stable extension (PH), if (u, i) is close enough to (@, ), Robinson’s
constraint qualification (1.17) still holds. This implies the uniqueness of the multipliers associated with a
stationary point (u,y) of (P*) with (u, ) in the neighborhood of (@, ig). The two lemmas below, used in the
proof of Theorem 2.1, are proved in Section 9.

Lemma 2.3. Let (u,q) be a stationary point of (P*°) satisfying (A2)—(A3) with multipliers (p,7), and let the
associated alternative multipliers (p*,7') be given by (2.5)—(2.6). Consider a stable extension (P*), and let
(Un,yn = yhir) be a stationary point of (P*), such that u, — 4 in L and p, — po. Denote by p,,n, the
(unique) multipliers associated with (un,yn), and let pt nkt be given by (2.5)~(2.6). Then:

(1) the sequence (dny,) is bounded in M[0,T];
(2) ||dnn — dij|]1,00« — 0, where || - ||1,00« denote the norm of the dual of W for the strong topology;
(3) pt — p' uniformly over [0,T);
(4) nt — 7t uniformly over [0,T].

Remark 2.4. Note that under the assumptions of Lemma 2.3, by (2.6) and (2.5), we deduce the uniform
convergence of (p,,n,) towards (p, 7).

The key tool for deriving the structural stability result of Theorem 2.1 is the following lemma.

Lemma 2.5. Let (@,7) be a stationary point of (P"0) satisfying (A2)-(A6), and let § be defined as in Theo-
rem 2.1. Then for all 0 < § < & and all stable extensions (P*) of (PH°), there exists a neighborhood V,, x V,
of (@, po) in U x M, such that if (u,y) is a stationary point of (P*) with (u,u) € V,, x V,, then (u,y) has no
interior arc contained in Qf, foralli=1,... N.
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3. STATEMENT OF THE MAIN RESULT

Let us first recall the second-order conditions of [4,7]. Let the linearized control and state spaces be respec-
tively V := L?(0,T) and Z := H'(0,T;R"), where H*(0,T) = W12(0,T). The quadratic function over V x Z
involved in the second-order conditions is:

z) = / Huy), uy) (8,5 P) (v, 2), (v, 2))dt + 2(T) ¢y (5(T))2(T) +/ 2(8)79yy (9(1))2(1)di(t) (3.1)
0 0

and the set of constraints (defining the critical cone):

(?(t))Z( ) = te,
9y(y(7))z(7) < 7 € Tio, (3.4)

where 7, and 7y, denote respectively the union of boundary arcs and the set of touch points of (i, /).

Theorem 3.1 ([4,7]). (i) Let (u,y) be a local solution of (P) satisfying (A2)—(Ab5). Then
J(v,2z) >0, forall(v,z) €V x Z satisfying (3.2)-(3.4). (3.5)
(ii) Let (u,y) be a stationary point of (P) satisfying (A2)—(Ab). Then
J(v,2) >0, forall (v,z) €V x Z, (v,2) # 0, satisfying (3.2)—(3.4), (3.6)
iff (@, ) is a local solution of (P) satisfying the quadratic growth condition:
e, p >0, J(u) > J(@) +cllu—al3, Yueld; Gu) €K, |u—ilw < p. (3.7)

Let us recall that a quadratic form @ on an Hilbert space H is a Legendre form, if Q is weakly lower
semicontinuous and if for all weakly convergent subsequence (v,) € HY, say v, — v, we have that v, — v
strongly if Q(v,) — Q(v). Using (A2) we can show that the quadratic form J is a Legendre form (see [8,18]).
This plays a role to obtain the no-gap second-order conditions of Theorem 3.1.

In the stability and sensitivity analysis, we will use the condition below, stronger than (3.6):

J(v,2z) >0, forall (v,2) €V xZ, (v,2)# 0, satisfying (3.2)—(3.3). (3.8)

Definition 3.2. Let (u,y) = (u*°, y*°) be a stationary point of (P#°). We say that (u,y) satisfies the uniform
quadratic growth condition, if for all stable extensions (P*) of (PH0) satisfying (1.4), there exist ¢,p > 0 and
an open neighborhood Vj of pg, such that for all u € Vj, there exists a unique stationary point (ut,y*) of (P*)
with [|[u* — @||s < p, and this point satisfies

JH(u) > T ) +cllu — w3, Yu eU; GM(u) € K, |lu—1]le < p, Y € Vo. (3.9)

Of course (3.9) implies that (u*,y") is a local solution of (P*). Note that the constants ¢ and p in the
uniform growth condition (3.9) does not depend on .

The arc structure of the trajectory (in the sense of number and order of boundary arcs and touch points)
is not necessarily stable under a small perturbation. However, by (A5), boundary arcs are locally preserved,
and by (A6), the only three possibilities for a touch point is to become a boundary arc, remain a touch point
or become inactive at a local solution of the perturbed problem, i.e. the solutions of the perturbed problems
have a neighboring arc structure of active constraints to that of (@,y) (see Th. 2.1). Below is our main result
(together with Ths. 2.1 and 6.1), that will be proved later in Section 5.
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Theorem 3.3. Let (4, y) be a stationary point of (P) satisfying (A2)—(A6). Then assertions (i) and (ii) below
are equivalent:

(i) The uniform quadratic growth (Def. 3.2) holds.
(ii) The strong second-order sufficient condition (3.8) holds.

If either point (i) or (i) is satisfied, for u € Vo denote by (u*,y*) the unique local solution of (PH) with
lut — @l < p, and by (p*,n*) the (unique) associated multipliers. Then (u*,y") has a neighboring structure to
that of (4,y), and the mapping u — (u*,y*, p*, n*) € C°0,T] x C*([0,T];R™) x C°([0, T]; R™) x C°[0,T] is
Lipschitz continuous on V.

The above result implies that the solutions of the perturbed problems satisfy the quadratic growth condi-
tion (3.9), and hence the no-gap sufficient condition (3.6) by Theorem 3.1(ii). The lemma below (proved at the
end of Sect. 5) shows that the strong second-order sufficient condition (3.8) remains satisfied as well for the
perturbed problems (this will be useful for the analysis of the homotopy algorithm in Sect. 8).

Lemma 3.4. Under assumptions (A2)—(A6), if either point (1) or (ii) of Theorem 3.3 is satisfied, then the
locally unique stationary point (u*,y*) of (P") satisfies the strong second-order sufficient condition (3.8), for
u close enough to .

Remark 3.5. We show more precisely (see Lem. 5.1) that under assumptions (A2)—(A6) and point (i) or (ii) of
Theorem 3.3, then the shooting parameters associated with (u*,y*) (initial costate, jump parameters at entry
times and all junction times, see the next section) are Lipschitz continuous functions of .

Related results to Theorem 3.3, based on a shooting approach (see the next section) too, are [23], Theorem 8.3,
where the existence of a locally unique local solution of (P*) having the same structure as (u,y) was shown
(but the uniqueness of the stationary point or the converse implication “(i) = (ii)” are not discussed), and [6],
Theorem 4.3, where only the uniqueness of stationary points satisfying some restrictions on the arc structure is
argued. In addition, both results assume the absence of touch points for state constraints of first-order. Here
we are able to show that (u*,y") is locally the unique stationary point of (P#) (see Lem. 5.4) thanks to the
analysis done in Section 2. As mentioned in the Introduction, this is difficult to compare to [12,21,22] where
an infinite dimensional approach was used, which required weaker assumptions, e.g. (A4)—(AG6) are not needed,
so their results are more general than Theorem 3.3, but the conclusions obtained are also weaker than those of
Theorem 3.3.

In Section 6, we will provide the first-order expansion of the local optimal solution and associated multipliers
of the perturbed problem (see Th. 6.1).

4. ALTERNATIVE AND SHOOTING FORMULATIONS

4.1. Alternative formulation of optimality conditions

In presence of pure state constraints, a reformulation of the optimality conditions is needed to apply shoot-
ing methods. Our results are based on the following alternative formulation of optimality conditions, see
e.g. [6,9,17,19,25]. We use in this alternative formulation another set of alternative multipliers, that we denote
by (p1,m), different from the alternative multipliers (p!,n') used in Section 2. Whereas the latter are contin-
uous, (p1,n1) have jumps at entry points. The jumps of p; at entry times 7e,, denoted by z/ien, are part of the
shooting parameters used in the shooting algorithm.

Definition 4.1. A trajectory (u,y) is solution of the alternative formulation, if it has finitely many junction
times 7 and g*(y(T)) < 0, if (u,y) € PCY[0,T] x PCY°([0, T];R™) and if there exist p; € PCH([0, T];R"™),
m € PC’lT[O, T1], and alternative jump parameters V%ren and vz, , such that the following relations are satisfied,
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with the augmented Hamiltonian (1.8) (time dependence is omitted):

g=f"(u,y)  on[0,T],  y0)=uyy (4.1)
—p1=HY (u,y,p1,m) on [0, T]\ T (4.2)
0=Hj(u,y,prom)  on[0,T]\T (4.3)
()P (w,y) =0  onT, (4.4)
m(t) =0 on [0, T\ I (4.5)
n(T) = @5 (y(1)) (4.6)
9"(yY(Ten)) =0, Ten € Ten (4.7)
9" (Y(10)) =0, 7o € Too (4.8)
[p1(Ten)] = Tengéj(y(fen)) Ten € Ton (4.9)
[p1(7ex)] = Tex € Tox (4.10)
P1(700)] = —Vro9y (U(T0)), Teo € Tro- (4.11)

A solution of the alternative formulation satisfies the additional conditions, if the conditions below hold:
g"(y(t) <0 on[0,T]\ (Zp UTs) (4.12)
m(t) <0 on IntZ, (4.13)
v =md),  Ten €T m(Te) = 0, Tex € Tex (4.14)
Ve, =0, T € Tio (4.15)

Proposition 4.2 (see e.g. [17,19,28]). Let (@, ) be a local solution of (P), satisfying (A2)—(A4). Then (u,y)
is solution of alternative formulation (4.1)~(4.11), and satisfies additional conditions (4.12)—-(4.15).

The following remarks comment on those optimality conditions and on the relations existing between the
different sets of multipliers.

Remark 4.3. It can be shown (see [6], Prop. 2.10) that under assumptions (1.22) (resp. (A2)) and (A3)—(A4),
relations (4.1)—(4.15) characterize regular (o« = 1) Pontryagin extremals (resp. stationary points), and the
(unique) classical multipliers dn € M4[0,T] and p € BV ([0, T]; R™) of Definition 1.1 are given by (recall that
we adopted the convention n(T+) = 0):

= > v t) —m(th), p(t) = pi(t) +m (gl (y(t), (4.16)

T€Ten

with 1jg - (t) = 1 if 0 < ¢ < 7 and zero otherwise. Equivalently, 1 is given by dn(t) = —n:(t)dt.

The classical multipliers (p,n) and alternative ones (p1,71) can be recovered from each other by (4.16)
and (4.14). By (4.9)(4.11) and additional conditions (4.14)-(4.15), we have (p,n) € PCY’([0, T];R™) x
PC;O[O,T]. It is also easy to see that, when (4.16) holds, H*(-,y,p1,m) = H"(-,y,p), and hence, (1.20) is
equivalent (with p; and 7; the alternative multipliers associated with @) to:

Hy (a(t), g(t), pr(t5), 71 (t5)) > o, for all t € [0,T]. (4.17)

Remark 4.4. On [0,7]\ 7, the multipliers n' and p' in Section 2 are related to p; and 1; by the following
relations:

= Y v () +m(), Pl =) = Y vrlon(t)gl (y(D). (4.18)

T€Ten 7€Ton
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Remark 4.5. By (4.13)—(4.14), the following necessary condition holds:

vl >0, Ten € Ton. (4.19)

Ten —

Lemma 4.6. Let (u,y) be a trajectory of (P*) satisfying the alternative formulation. Assume that there exist
a, B3,e > 0 such that (we denote here [u(t™),u(t")] :={(1 — o)u(t™) + ou(t); o €[0,1]})

a < HE (d,y(t), pr(tF), m (tF)) for all & € [u(t™),u(t™)] and all t € [0,T) (4.20)
B < (g (a,y(t))] for all 4 € [u(t™),u(t™)] and all t: dist{t; [(g"(y))} < e. (4.21)

Then (4.14) is equivalent to the condition below

(") V(1) ¥(Ten) =0, Ten € Tens  (¢") P (w(rh), y(7ex)) =0, Tex € Tex (4.22)

Also (4.14) or (4.22) is equivalent to the continuity of the control at entry/exit points.

Proof. We recall here the proof (see [23] and [6], Prop. 2.15) since the arguments will be used later in Lemma 5.2.
Since (g") ™M (u(th), y(Ten)) = 0 = (¢") D (u(752), Y(Tex)), by (4.21)-(4.22) is equivalent to the continuity of the
control at entry and exit times. Now let 7 € 7g,. By (4.3) and (4.9),

gﬁ(u(T_)7 y(T)7p1(T_)a 771(7—_)) = ~5
1!
If (4.14) holds, then we obtain (since 11 (77 ) = 0)

HE(U(T7)7 y(T)apl (Ti)a m (Ti)) = HE(U(TJr)a y(T)apl (7—7)7 m (7—7))7

which implies by (4.20) that u(77) = u(r"). Conversely, if (4.22) holds, i.e. if u is continuous at 7, then we

obtain

(m () = v)(g") " (ulr), y(r)) = 0.
Since by (4.21), (g“)q(})(u, y) # 0, we obtain the result. Similar arguments hold at exit points. O
Remark 4.7. By (4.11) and (4.15), (4.3) and hypothesis (4.20), we can show similarly that a solution (u,y) of

the alternative formulation and additional conditions satisfying (4.20)—(4.21) is such that w is also continuous
at touch points, and hence (u,y) € PCY°[0,T] x PCZ ([0, T); R™).

Remark 4.8. At a touch point 7., the function ¢ — g#(y(t)) has a local isolated maximum, and a continuous
derivative at T, (due to the continuity of u), hence the condition below is satisfied (compare to (4.22)):

(") (u(7r0), Y(T10)) = 0, 7 € Tro. (4.23)

The next lemma provides in particular a proof for Lemma 1.3.

Lemma 4.9. Let (u,y) be a trajectory of (P*) solution of the alternative formulation and additional conditions.
Assume that there exist o, 3, > 0 such that (4.20) and (4.21) holds. Then, for all Ten € Ton and Tex € Tox,

a2 s daz e

79 WOiery, <O A M(n) <0 250" W)]imry, <O il n(7e) <O, (4.24)
Proof. Let Ten € Ton. We omit in the proof the superscript # on H, g and f. Derivation w.r.t. time of the
relation (4.3) on the left and right neighborhood of 7., yields (omitting the dependence in ¢ and arguments

(u7yap17771) Of I~{) _ ~ ~
Hott + Hoy f (u,y) — Hy fu(u,y) + 95 (w, )i = 0. (4.25)
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Recall that ¢(*)(u,y) = g,(y)f(u,y). By Lemma 4.6 and (4.14), u is continuous, so it follows that, taking the
jumps at time 7, (omitting again arguments and setting v! := ! ):

Ten

[H ] [pl]fuu [771]97(2 = 7V1gyfuu+ylg1(l,2 = 0;
[Huy)f = [Hy) fu = (1) fuy + [n]gG) f = (1] fy + [mg)) fu

= (_V GyJuy + Vlg;?)f (v gyfy + Vlgqsl))fu = 0.
Taking then the jump in (4.25) at time 7o, the above relations imply that
Hyli) + gPim] = o. (4.26)

Since u, y, p1 and 71 are all continuous at exit times by Lemma 4.6, (4.26) holds as well at exit times. Since
the function %g(y(t)) = g@ (i, u,y), with g given by (1.5), vanishes on (Ten, Tex ), and (u, %) is continuous,
we have by (4.21) that ¢(® (1, u,y) is discontinuous at 7 iff @ is, and hence by (4.26) and (4.20)(4.21) iff 7, is.
Since 71 = 0 locally outside (Ten, Tex), and 71 < 0 on (Ten, Tex) by (4.13), the result follows. O

Remark 4.10. We know by [6], Lemma 3.6, that we can express the quadratic cost J, using (p1,7) defined
by (4.16) instead of (p, ), over the space of linearized trajectories (v, z) satisfying (3.2), by J (v, z) = J1 (v, 2),
with

T
Z) = /O H(u,y),(u,y)(ﬂagaﬁlaﬁl)((vvZ)v(Uvz))dt

. B ) . - (4.27)
ALY Sy GIT)AT) + Y 222(r) gy (5(7))2(7),
7€Ten
where H is the augmented Hamiltonian (1.8), and the constraint (3.3) is equivalent to
9y(y(7))z(1) = 0, 7€ Ton (4.28)
Gy (00, 5O w(D), (1)) =0, 1 €T, (4.29)

Remark 4.11. The second-order sufficient condition (3.8) used in the stability and sensitivity analysis, is
equivalent by Remark 4.10 to

Ji(v,2) >0, forall (v,2) €V x Z, (v,2) # 0, satisfying (3.2) and (4.28)—(4.29). (4.30)

This condition is weaker than the one in [23], where the entry-point constraint (4.28) is omitted. The authors
present a numerical method, based on Riccati equations, allowing to check the coercivity of the quadratic
form J; over the subspace defined by (3.2) and (4.29), which is of interest in applications, while the verification
of (3.8) or (4.30) in practice remains open.

4.2. Shooting formulation with nonessential touch points

By (A2)-(A4), applying the implicit function theorem to (4.3)—(4.5), we may express the algebraic vari-
ables (u,n1) on each arc as C' functions of the differential variables (y,p;). Denote by F/' and F! the flows
on (y,p1) obtained respectively on boundary and interior arcs, by eliminating the algebraic variables, and write
(y,p1)(t) = (y(t),p1(t)). On each arc (¢1,t2), we have that

(y.p1)(t3) = FE((y.pr) (8] ), ta — t1) (4.31)

where FY equals F}' for a boundary arc, and F!' for an interior arc. So we can (and this is precisely the
idea of shooting methods) describe the alternative optimality system (4.1)—(4.11) as a sequence of applications
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of mappings F}' and F!", combined with junction conditions. Note that the mappings (z,t1,t2) — Fk(x, ta—t1),
a=1,b, are (locally) C’1 w.r.t. all arguments, and allow in particular ¢35 — ¢; to be nonpositive.

Now let us view a touch point as a boundary arc of zero length. This makes sense since, as we will see later,
under a small perturbation, a touch point may switch into a boundary arc. So we have an entry point and an
exit point, Ten and Tex, whose common value is the one of the touch point. The jump I/}_en at entry point 7ep
equals v, (i.e., zero). There is a zero jump of p; at the entry (and exit) time 7ey,.

Assume that we have Ny, boundary arcs and Ny, touch points. Let N := Ny, + Nio. We have now N entry
and N exit points. Denote by t°" (resp. t) the N dimensional vector of entry (resp. exit) points, taken in
the chronological order, and v} = then We use the notation ¢g* := 0 and %, , := T. We may rewrite the
alternative formulation as follows, takmg into account the continuity of state and of costate at exit points:

(y,p1)(0 (’f
(y pl)( "

) = (Y5, po)

)
(y, p1) (™)

]

)

)

Fi(y,p)(52), 65" —85%y), i=1,...,N+1,

F((y, pr)(tT), 655 — ™), i=1,...,N,
—vigh(y(E™), i=1,...,N,

o (y(T))

0, +=1,...,N,

1 (£5")
pu(T

9" (y (")

where py € R™ denotes the initial value of the costate.
We come now to the definition of the shooting mapping. Let © := R" X RY x RN x RV be the space of
shooting parameters, of dimension N :=n + 3N. A vector of shooting parameters is denoted by

0 = (pg, v, 1", 1) € ©. (4.38)

The shooting mapping F is defined over a neighborhood Vy x V, of (6, o) in RY x M, into lRN, by
F(6, 1) = ; , (4.39)
)

where the values of (y,p1,u) at times tf“i,tf"i,T are given by (4.32)-(4.35), and where we used e.g. the
notation

(") ult™7), (1) = (@) O ) ule)) e RN

Being a composition of C' mappings, the shooting mapping is itself locally of class C*.

Let (@, 7) be a stationary point of (P), satisfying (A2)-(A4), with finite set of junction times 7. Let Iy,
and Iy, denote the (disjoint) sets of index in {1,..., N} corresponding respectively to boundary arcs and touch
points of the trajectory (@, ). Split F' into two components:

FO,p) = (200,p)", 9 (0, n)")",
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where W corresponds to the components g#(y(t$")) for i € I;,, denoted by the vector g (y(t<")) € RV, Denote
similarly by v} the vector of components v/}, for i € I,. Consider the following nonlinear complementarity

K2
problem, for u close to pg:

Find 6 € © such that ®(0, ) = 0 and ¥(0, 1) € N(6), (4.40)

where N N
RYe N (vh)*if vl € R
N() := to to + 0 4.41
) {(Z) otherwise. (4.41)

Note that by (4.36)-(4.37) and (4.22)(4.23), 6 := (p1(0)*, 7", ", 1) is solution of (4.40) for y = o, with
% and #°* the vectors of times in 7o, U 7¢, and 7g, U T;, respectively, in increasing order, ’il = Dfle if i € Iya,
and v} = 0if i € L.

It should be underlined that we allow, in formulation of problem (4.40), entry times to be greater than exit
times. However, we will check in the next section, after having shown that (4.40) has a locally unique solution,
that the constraint v}, > 0 in (4.40) (compare with (4.19)) is sufficient, with assumption (A6), to ensure locally
for y1 in the neighborhood of yg that the solution of (4.40) is such that 5™ < ¢¢* for all ¢ € I;,. In addition, we
will show that by (1.26), strict complementarity 71 < 0 holds on the boundary arc (£, t$*) whenever t§" < ¢5*.

As we will see, the formulation (4.40) is strongly related with the associated linear-quadratic tangent prob-
lem ming, .yeyxz J1(v, 2) subject to the equality constraints (3.2) and (4.28)-(4.29), and the inequality con-
straint (3.4).

Remark 4.12. When the state constraint is of higher order, under small perturbations, a nonessential touch
point satisfying (1.26) cannot switch into a boundary arc, i.e. it either becomes inactive, remains nonessential,
or becomes an essential touch point (with a nonzero jump of the costate), see [6].

5. STABILITY ANALYSIS

In problem (4.40), there are inequality constraints that cannot be reduced to equality ones since strict
complementarity does not hold at touch points, and those inequality constraints introduce nonsmoothness.
Therefore we cannot apply the classical implicit function theorem as it is done in [23]. Our stability analysis uses
the notion of strong regularity, introduced by Robinson in [31], applied to the complementarity problem (4.40).

The point 6y solution of (4.40) for = pg is strongly reqular, if there exist neighborhoods (Vy, Vi) in RY x RV
of (0p,0), such that, for all § € Vs, § = (61,02) € RV ~Nee x RNt there exists in Vj a unique solution  of:

{ Dg® (0o, 110)(0 — o) — 61 =0 (5.1)

DQ\I/(H(), ‘Ll,o)(o — 90) — 09 € N(@)
and the mapping = : 6 — 6(9) is Lipschitz continuous over Vj.
If Oy is strongly regular, then by [31], there exist neighborhoods (Vy, V,,) of (6o, ito), such that for each p € V,,
(4.40) has in Vp a unique solution 6#,
O = (", v g g, (5.2)
and there exists £ > 0 such that for all u, ' € V,,
6% — 0| < il — 1. (5.3)

In addition, the following expansion of §* holds (see e.g. [8], p. 413, Eq. (5.41)):

0" = E(=DyuF (0o, o) (1 — o)) + o[l — paol])- (5.4)
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Lemma 5.1. Under assumptions (A2)~(A6), (3.8) implies that 0y is a strongly regular solution of (4.40) for
i = po. More precisely, given § = (61,02) € RN=Neo x RNto  §) = (ar, bpa, ¢, c®*) € R" x RMa x RN x RV,
82 = byo, there exists a unique w € O, w = (75, L, o, 0°%), solution of the following relation, equivalent to (5.1)
with w =0 — 0y

Do (0, po)w — 02 € N(w), (5.5)

and w is given as follows. Let (vs, 25, s, (5, A}) be the unique solution and associated multipliers of the following
linear-quadratic problem (recall that Jy is given by (4.27))

{ De@(@o, ,Ll,o)w - (51 =0

(P?) . Zr)neigxz L1 (v,2) 4+ apz(T) (5.6)
subject to (3.2), (4.29),

gy(H(E")2 (&™) = biy, i € Ina (5.7)

gy (&™) 2(E") < biy i € Lo, (5.8)

where the multipliers s, (s and N} are associated, respectively, with constraint (3.2), (4.29) and (5.7)—(5.8).
Then w is given by: o = m5(0), v* = A}, and

en 1 57 (fen
o — gl (™)

o = i . i=1,...,N, (5.9)
%g(l)(u,y)h_tem
e — gl (@I, () (vs (£5°F), 25 (1))
o = L o , i=1,...,N. (5.10)
9@, )|t

Proof. The proof uses the block-decoupling property of the Jacobian of the shooting mapping w.r.t. junction
times for first-order state constraints established in [23], Lemma 4.2. See also [6], Lemma 4.5. Let us first
explicit the relation (5.5). Let (v, z, 7, ¢) be the linearized control, state, costate and state constraint multiplier
solution of the linearized shooting equations (4.32)—(4.35):

(2,m1)(0) = (0,m0) (5.11)
(z,m)(&"7) = DFO((9,p1) (5%1), 67" — 750) (2, m)(65), i=1,....N+1, (5.12)
(2, m) (&) = DF (5, 50) (™), 6 = ") (2, m)(E), i=1,..., N, (5.13)
[m (™) = —71 gy GE)2(E) = vig9yGE™), i=1,....N. (5.14)

T1(T) = &4y (H(T))=(T) + ar (5.15)

G @E)EY = b, i€ I (5.16)

gy@EM)E) < by v 200 (g FEM)E) —bi)vi =0, i€l (5.17)
zeny ~—/yen ren— ren en d R — .

Dg ™M (@(#™), y(Es") (v(E"), 2(8™) + o &g‘”(u,y)lt:ﬁn— =0, i=1...,N (5.18)
7€ 7€ Jex Jex ex d a7 ;

Dg ™M (@(#), 5(I5)) (0(E7), 2(5)) + o Eg‘”(u,y)lt:g;w =0, i=1...,N (5.19)

We recognize that (5.11)—(5.17) is the first-order optimality condition of problem (Ps), with 4} the multipli-
ers associated with the constraints (5.7) and (5.8) for ¢ in respectively Iy, and Ii,. By (A2), we can show
that the quadratic form Ji is a Legendre form over the space of linearized trajectories (v, z) satisfying (3.2).
Therefore, (3.8), equivalent to (4.30) by Remark 4.11, implies that J; is uniformly positive over the linear space
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of (v,2) € V x Z satisfying (3.2) and (4.28)-(4.29) (i.e. there exists a > 0 such that J1 (v, z) > a(||v[|3 +[]2]|%)
for all (v,z) € V x Z satisfying (3.2) and (4.28)-(4.29)). It follows then that problem (P°) has, for all § € RV,
a unique solution and multipliers (vs, 25, 7s, (5, A}) that are Lipschitz continuous w.r.t. §. Thus (5.5) has a
unique solution, and by (5.18)—(5.19) and (A6) and (1.27), the variations of junction times o§" and of* are
given by (5.9)—(5.10). O

Lemma 5.2. Under assumptions (A2)-(A6) and (3.8), there exists a neighborhood V,, of o, such that the
locally unique solution 6% of (4.40) given by (5.2) satisfies:

S > hen for alli € I, (5.20)
and
tét,ex _ tﬁ-b’en PN Vﬁ"l =0, i € L. (5.21)

In particular, the solution (u*,y",py,n\") of (4.32)~(4.35) with 8 = 0" is well-defined over [0,T], and there
exists a constant v > 0, such that for all i € Iy, and all € V),:

n(t) < —v on [t "] whenever " > ¢i"". (5.22)
Proof. Let i € I,. By strong regularity (Lem. 5.1), we have that

o = O = poll), v = Ok — o). (5.23)
Denote by (u,y,p1,m1) the solution of (4.32)—(4.35) for § = §*. Note that this is well-defined on each arc, but
not a priori as function of time, since it may take several values for t € ((¢£"°", /")) if ¢/"°" > £ (where
(@, b)) stands for (a,b) if a < b and (b, a) otherwise). We will see that this last case cannot occur, i.e. (5.20)
holds (and clearly also holds by continuity with a strict inequality for ¢ € I,,), and is satisfied with equality
iff v/ = 0.

Note first that by (A2)-(A3) and the strong regularity property, for ||z — uol| small enough, (4.20)—(4.21)
are satisfied on each arc. Suppose first that " = ¢/"°". Then (u,y,n1,p1) is defined as function of time
without ambiguity in the neighborhood of ¢£"“" (the algebraic variables are given by the dynamics on interior
arcs). By (4.32)-(4.35), there is a jump of p; at entry time and no jump at exit time, and thus (y, p,)(t5*"") =
(y, p1) (7)) = (y, p1) (1), By definition of the problem (4.40), we have

(g") ™ (u("7), y (8 ") = (g") D (u(tF), y(#)) = 0,
and hence, since /"% = /" (4.21) implies that u is continuous at time ¢{*“". We deduce that:

0 = [ (u(t "), y(¢ "), pr (6°)] = = (") (™), y(#")).
Since (g")" (u(t™), y (™)) # 0 by (4.21), it follows that /! = 0. This proves the “=>” implication in (5.21).

Suppose now that ¢ # ¢£"“". In order to avoid any confusion, denote the solution of (4.32)-(4.35) for
0 = 0" by (u=,y~,p;,n; ) on the boundary arc (", ")), and by (u™,y*, p7,n") on the succeeding interior
arc (7, ¢1:%"). Note that the limits of these functions and of their time derivative at endpoints of the interval
where they are defined do exist, and are continuous w.r.t. u (this follows from the implicit function theorem
applied by (4.20)—(4.21) on each arc of the trajectory). This holds in particular for @*. Here the jump has the
following signification, for instance [u(¢!"“)] := u™ (¢£"F) — u™ (£1"%).

Since (4.20)—(4.21) are satisfied, we can show using the same local arguments as in Lemma 4.6 that

(whyt, ol () = (u™,y ™, py ) ) (), (5.24)
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and we denote this common value by (w(t"“), y(££"*), p1 (¢£), m1 (££°°F)). By (A6), there exists by continuity
a constant ¢ > 0 such that, for u close enough to o,

d
tim (g0t (), 4 () < (5.25)
et dt

On the other hand, we have on the boundary arc (/" t£"“*)):

lim, 50D (0.57(0) =0 (5.26)

Since < (g") M (ut (1), y= (1)) = (¢") P (a*, ut, y*) with (") given by (1.5), the jump of @ at t/*** satisfies

d

(9")87 (w(t ™), y(e =) a(ty ™)) = E(g“)“)(U(t),y(ﬂ)lt:t;ve* <-¢ (5.27)

and hence, o~ (t£"%) # 4t (). By time-derivation of (4.3) on the boundary arc ((t£"°", /")) of nonzero
length and on the interior arc (£{°,#/;%"), we obtain (omitting arguments (u*(t), y*(t), pi(t), 07 ())):
Hi i + Hy, f* = HY i+ (9") i = 0. (5.28)

Hence, taking the jump at time ¢ gives, since (u,y,p1,n1) is continuous at ¢ by (5.24):

i (uyy, pron) (8] + (9)5) (u, y) (6 i (61°)] = 0.

Since 7} (t5) = 0, by (5.27) and (4.20)-(4.21) there exists by continuity a constant C' > 0 such that, for
|t — poll small enough,

s — (gH,€XN SVEYURC> SN N H{;u(uvyaplanl)(tg,ex) 1\ (1) HL€X N[ e (116X
L () = =t = T (9" (u, ) (&) [ (")) < =C. (5.29)
! ! (oD yyae=yz Y

By (5.28) and time derivation of (4.4), we see that 7, (¢) is given by a Lipschitz continuous function of time
on (¢, t£7%%)), uniformly w.r.t. p, so there exists m > 0 independent of y, such that

i (t) < =CHmft™™ =", te (6767, (5.30)

In view of (5.23), this implies that 77 is negative on ((#£"°", t£)) for sufficiently small ||i—f10 ||, and consequently,
ny (E) = np (¢°°") —ny (££7°F) is nonzero and has the sign of ¢/ —¢£"“". By similar arguments to Lemma 4.6,
we can show that 7, (") = v/, and since /' > 0 by definition of the problem (4.40), it follows that
% > " necessarily holds whenever ¢£"“" 2£ £ which proves (5.20). In addition, (5.30) implies that
vt = (#°"F) > 0 for u close enough to i, which show by contraposition the “<” implication in (5.21).
Finally, relation (5.22) follows from (5.29) and (5.23), which completes the proof. O
Lemma 5.3. Under assumptions (A2)—(A6) and (3.8), the solution (u*,y",pi',ny') of (4.32)~(4.35) for 6 = O+,
where 0" is solution of (4.40), is, for ||u—pol| small enough, such that (ut,y") is a stationary point of (PH"), with
classical multipliers (p*,n*) given by (4.16), and the mapping p — (u*,y*, p*,n*) € C°[0,T] x C°([0, T]; R™) x
CO([0, T); R™) x C°[0,T) is Lipschitz continuous on a neighborhood of .

Proof. By Lemma 5.2, we see that (u*,y”,p/,n}') is well-defined over [0,T], and by definition of the prob-
lem (4.40), satisfies the alternative formulation (4.1)—(4.11). By (A2)—(A3), (4.20)—(4.21) hold for ||x — uol|
small enough, so Lemma 4.6 implies that the additional condition (4.14) is satisfied, and that u* is continuous
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on [0,T], as well as n* and p* given by (4.16). In view of Remark 4.3, in order to show that (u*,y*) is a
stationary point of (P#) it remains to show that the additional conditions (4.12), (4.13) and (4.15) are satisfied.
By (4.20)-(4.21), the implicit function theorem applied on each arc shows that @#(t**" ) and u*(t!"**") are
continuous w.r.t. p, for all i = 1,..., N, as well as 75 (t*°") and 7} (t/**7) for i € Ia. So let || — uol| be so
small that, by (1.25)—(1.27) and (1.6),

. d? . o
(i) @gu(yu(t)”t:t?,en—7t?,ex+ <0,i=1,...,N, (i) i (t) >

|

on (H4 Y G € L. (5.31)

Let i € Nio. If /' = 0, then by Lemma 5.2, t*°" = #/*°* 4 and its time derivative are continuous at #/*°*

and (g") M (wh (), y* (#17°")) = 0. By (A6) and standard continuity arguments, there exists ¢ > 0 such that
g"(y"(-)) attains its maximum over ({5 — &,#" + ) at the unique point t£"°". Therefore if g (y*(t!"")) < 0,
the state constraint is locally not active. If g#(y*(t"°")) = 0, then t/"°" is a touch point of the perturbed
problem, and (4.15) holds by (5.21). If /' > 0, then by Lemma 5.2, t***" < #/*°* and we have a boundary arc.
By (5.22), additional condition (4.13) holds on this boundary arc. If i € Iy,, then (4.13) holds on the boundary
arc (¢£°" 1) by (5.31)(ii). Finally, (4.12) holds near the junction points by (5.31)(i), and outside a small
neighborhood of contact points, we obtain g#(y*) < 0 by a standard compactness argument. Hence (u*,y") is
a stationary point, with classical multipliers (p*,n*) given by (4.16).

Lipschitz continuity of the mapping p — (u#, y*, p*, n*) follows from Lipschitz continuity of the mapping p —
0" by strong regularity (Lem. 5.1), Lipschitz continuity of (0, ) — (u,y,p,n)|x, where (u,y, p,n)|r denotes the
restriction of the solution of (4.32)—(4.35) and (4.16) to “arc” k (possibly a singleton), for all k = 1,...,2N +1,
and continuity of w*, ¢*, p* and n* on [0,T]. O

Thanks to Theorem 2.1, we can show that (u*,y*) is the locally unique stationary point of (PH).

Lemma 5.4. Under assumptions (A2)—(A6) and (3.8), there exist a L™ neighborhood V,, of @ and a neighbor-
hood V), of o, such that for all p € V,,, (u*,y*) is the locally unique stationary point of (P") with u € V,,.

Proof. Let (u,y) be a stationary point of (P*) with (u, ) in the neighborhood of (@, up). By Theorem 2.1,
(u,y) satisfies (S1)—(S3), and therefore has finitely many junction times, so it makes sense to speak of the finite-
dimensional vector of “shooting parameters” 6 (initial costate, jump parameters at entry times, and junction
times) such that (u,y) is solution of the alternative formulation (Def. 4.1). Now construct its augmented set of

shooting parameters 0 as follows. For all i € I;o, if the state constraint is not active on Q?, add to the set of

77
shooting parameters 6 the (unique by (A6)) time in Q¢ where g#(y) attains its maximum over Q¢, duplicate all
such times as well as touch points, add a zero jump parameter for each of them, and obtain then a 6 € © such
that 0 is solution of (4.40), and (u,y) is the trajectory associated with 6.
Let us show that this augmented set of shooting parameters @ is arbitrarily close to 6y when || — ol and
|lu — @]|o are small enough. Indeed, the convergence of the initial costate is a consequence of Remark 2.4. For
i € Ipa, since we know by Theorem 2.1 that Q% N I(g"(y)) is an interval [7* ., 7% .], letting § — 0, we obtain

en,i? "ex,il
that " < liminf,, ., 70 ; and £* > limsup,,_,, 7/ ;. The converse inequalities #" > limsup, ., 75, ;
e <liminf, ., 7/ ; are obtained as follows. Assume e.g. by contradiction that #" < limsup,_,, 7/, ;. Then
there exist 6 > 0, a stable extension (P*), a sequence pu,, — [, and a stationary point (uy,,y,) of (P#), with

multipliers (py, 1), such that u,, — @ in L* and T:r:i > " 4§ for all n. Let ¢ be a C°° function with support
in [£¢, 5™ + 6] and positive on (5%, " 4+ §). Then fOT o(t)dn, (t) = 0, for all n. But by (A5), fOT (t)dn(t) > 0,

1 Y7
which contradicts the second assertion in Lemma 2.3. This achieves to show the convergence of entry/exit
points for i € Iy,. Letting 6 — 0 in (S3), we obtain similarly the convergence of touch points and entry/exit
points of boundary arcs to the common value ", for all i € I;,. The convergence of nonactive local isolated
maxima of g"(y) in Qf when i € I, is obtained by classical arguments, since (1.26) holds and locally on Qf, the
second-order derivative (1.6) is continuous on interior arcs since u and @ are (indeed, for ||u — /s and ||u— 1ol
small enough, HY, (u,y,p) > «/2 > 0 by (A2) and Rem. 2.4), so that g#(y) belongs to a C? neighborhood

and
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of g"° (7). Finally, the convergence of jump parameters at entry times follows from assertion (4) in Lemma 2.3,
since ' and 7, are related by (4.18), and 7 satisfies (4.5) and (4.14).

Hence if (p, u) is close enough to (ug, @), the augmented set of shooting parameters 0 belongs to the neigh-
borhood Vj of 8y, on which (4.40) has a unique solution #* by Lemma 5.1, and (u,y) is the (unique) trajectory
associated with . Consequently, 6 = 0* and (u,y) = (u”,y") is the unique stationary point of (P*) with (u, 1)
in the neighborhood of (%, 10). O

Now we can prove the main result. Under assumptions (A2)—(A6) and point (ii) of Theorem 3.3, for y in the
neighborhood of pip and v € L?, denote by z* the unique solution in Z of the linearized state equation

2= fit g+ fEt yt)zy ae.on [0,T], 2(0) =0 (5.32)
and by Q" the quadratic form over L? defined by
Q*(v) = J"(v,2)) (5.33)
where J* is defined by (3.1) for (P*) and its stationary point and multipliers (u#, y*, p*, nt).
Proof of Theorem 3.3. By Lemmas 5.1-5.4, to achieve the proof of (ii) = (i), it remains to show that u*
satisfies the uniform quadratic growth condition. The arguments used are similar to those in the proof of [6],

Theorem 4.3. We argue by contradiction. Assume that the uniform quadratic growth does not hold. Then
there exist a sequence p, converging to po and a sequence u,, — @ in L such that for all n, G#" (u,,) € K and

T (uy) < TR (uh) + o ||un — ut||2). (5.34)

Introducing the Lagrangian of (1.11) defined by L*(u,n) := J*(u) + (n, G*(u)), with (-, -) the duality product
in M[0,T] x C°[0,T) defined by (n,z) = fOT x(t)dn(t), we obtain that

L (g, ) < LR (u ) + o([un — ut3).

Set ey, 1= ||ty — utn

o — 0 and v, := (u, — ut")/e,. A second-order expansion of the Lagrangian shows that
LI (upy ') = L (ubn ') 4 &5 QP (vn) + o(eh),

where Q#» is defined by (5.33). It follows then that Q*"(v,) < o(1). Since (v,) is bounded in V = L? we
may assume that it converges weakly to some v € L2. In view of the compact inclusion of H'(0,T) in C°[0,T],
the associated linearized state z, := z}!» defined by (5.32) converges uniformly to z := 2E°. We may write that

Q' (vn) = QM (vn) + Q* (vy) — QM (vn),

and using that ||v,||2 is bounded it is not difficult to check that Q" (v,) — Q" (v,) — 0. Therefore by weak
lower-semicontinuity of the Legendre form @ = Q*° by (1.20), we obtain that

J(0,2) =Q(v) < limJiran(’un) < limsupQ(v,) < 0. (5.35)

n—"100 n—-+o0o
Moreover, v and Z satisfy the constraint (3.3). Indeed, since G (u,) € K, we have that gf" (y"")z, + 7, <0
on I(gh~(y*~)), where r, satisfies ||rn|lcc = O(en). Since %gy" (y" (t)zn(t) = ( 5")(1)(u“",y“")vn +
(gg")(l)(u“",y“")zn, it follows from Cauchy-Schwarz inequality that the functions (of time) gl'»(y*")z, are



STABILITY AND SENSITIVITY ANALYSIS FOR OPTIMAL CONTROL PROBLEMS 845

uniformly Holder continuous. Therefore, there exists a constant C' > 0 such that, for all large enough n, using
Lemma 5.1,

sup gy (' (1) za(t) < Ofen) + C\/izril?(Nﬂté‘”’en — e, [t — x|} = o(1). (5.36)

teUL, [£57,85%]

Since g™ (y*")zn — gy(y)z uniformly, it follows that g,(y)z < 0 on UN [£52,#%%]. In addition, by (5.34),
we have that (p#, gi" (y"")zn) = —DJ#"(u#")v, > O(e,). Therefore, (1, g,(y)Z) > 0, which implies finally
by (A5) that g,(7)z = 0 on UN, [t5%,£%], i.e. (3.3) holds. Thus (3.8) and (5.35) imply that o = 0. But then
Q(v,) — Q(v), and hence, by the property of Legendre forms, v, — o strongly, contradicting that ||v,|l2 = 1
for all n.

To prove the converse implication, we construct a perturbation of the constraint g/, so that (nonessential)
touch points becomes inactive on the perturbed problem (P*), and (@, %) is a stationary point of (P#). This
is where we need nonautonomous perturbations. Let ¢ be a C* function with support in [—1, 1] and positive

n (—1,1). Set o = 0 and g*(y) == g(y) — X ez 12¢((yn — 7)/1) for pu # 0 (recall that we assume (1.4)).
Then (¢, ¢, f, g*, yo) is a stable extension of (P), (@, ) is a stationary point of (P#) for all |u| small enough, and
9"(7(7)) < 0 for all nonessential touch point 7. By the definition of the uniform growth condition, (@,7) is a
local solution of (P*) satisfying (3.9), so it follows from Theorem 3.1(ii) that the strong second-order sufficient
condition (3.8) holds. O

We end this section by the proof of Lemma 3.4.

Proof of Lemma 3.4. Denote by Q* the quadratic form (5.33) and C* the set of v € V satisfying the con-
straints (3.2)—(3.3) for (P*) and its stationary point (u*,y"), i.e. such that

gzl = 0 on [t foralli=1,...,N. (5.37)

Let us show that there exists o/ > 0 such that for all y close enough to po and all v € C*(u*), we have
Q" (v) > o/||v]|3, which will give the result.

We argue by contradiction, as in the proof of the uniform growth condition in Theorem 3.3. Assume this is
not the case. Then there exist sequences (p, )nen+ and (v, )nen+, such that g, — po, v, € C#tn for all n, and

Q" (vn) < o(1)[lvnl3. (5.38)

Since CH» is a cone (in fact, here, a linear subspace of V), and Q*~ is a quadratic form, assume w.l.0.g. that
lunll2 = 1, and taking a subsequence if necessary, that the sequence (v,) converges weakly to some v € V.
Then the associated state z, := z}/» given by (5.32) is weakly convergent to z := zH% in H', and hence z, — Z
uniformly. By the same argument as in the proof of Theorem 3.3 (see (5.36)), since v, € C**, we deduce that
SUPy e | fren 7ox] |94 (47 (1) 2n ()] < Cy/max;—1 n{[th™ " — 0], [t — X[} = o(1). It follows then that
v € C*. But (5.38) implies that Q0 (7) < 0, therefore o = 0 by (3.8), and then Q*°(v,) — Q*° (7). Since Q"0
is a Legendre form, it follows that v, — © strongly, contradicting that ||v,||2 = 1 for all n. This achieves the
proof. O

6. SENSITIVITY ANALYSIS

Under assumptions (A2)—(A6) and point (i) or (ii) of Theorem 3.3, we investigate in this section directional
differentiability of solutions. Given a stable extension (P*), by Lemma 5.1, strong regularity holds, and the
mapping = : Vs — Vj, § — 6(0) solution of (5.1) is given by Z(§) = 0y + w(d), where w(d) is the solution
of (5.5). It is easy to see that the mapping § — w(d) is positively homogeneous of degree one, and it follows
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then from (5.4) that the mapping pu — 6* is Fréchet directionally differentiable. The directional derivatives in
direction d € M are obtained by substituting into (5.5) 6 by —D,,F(6y, t0)d. Therefore,

grotd — 0o + wa + o(||d]]), (6.1)
where
wa = (750,740,058 07) €R" x RN x RN x RY (6.2)
is as follows. Denote by
(vas 2d> T1,d5 C1,ds Ag) (6.3)
the (unique) optimal solution, costate and multipliers of the linear-quadratic problem below:
T , R
. 1 _
(Pd) (y,zr)rg]r)lxzﬁ/o D(u,y,p),(u,y,u)H( y Y, P17, MO)((’U z d) (’U,Z,d))dt
+ 5D%6(5(T), 110)((2(T), d), (2(T), d))
+3 ) BD(HE™), wo)(=(E"), d). (=(8"),d
1€1pa
subject to: : = Df(a, 7, uo)(v, z,d) on [0,T], 2(0) = Dgo(uo)d (6.4)
DM (@, 7, po) (v, z,d) =0 on I, (6.5)
Dg(y(&:"), o) (2(5"),d) =0, i € Ipa (6.6)
Dy(y(E5"), po) (2(8"),d) <0, i € Lo, (6.7)
with ;4 associated with the constraint (6.4), 1,4 with (6.5), and A} with (6.6)—(6.7). Then we have
Td,0 = 7T1,d(0) (6.8)
Vi = A
D 1) (5 feny g(gen eny d
snli g (u( )g(z)__)( ( )7zd(1)’ ),i:].,...,N, (6-10)
ag( )(U y)|t en-
Dy (u (), gt 1), za(15%),d
0_2)(7(:7 g (u(l)y( )__)( ( )Zd(l)’ ),i:].,...,N. (6-11)
’ dtg(l)(u y)|t 6’”+

Since the mapping p +— 6# is Fréchet directionally differentiable, and the solution (u*,y*,p!’,n}') of (4.32)—
(4.36) is, on each arc, a C' function of (%, ), combining with the continuity of u* and of the classical
multipliers p* and n* given by (4.16) (which follows from Lem. 5.3), we obtain the following result.

Theorem 6.1. Let (a,y) be a stationary point of (P) satisfying (A2)—(A6). If either point (i) or (ii) of
Theorem 3.3 is satisfied, then there exists a neighborhood V,, of p, such that the mapping p — (ut,y*, p*, )
is Fréchet directionally differentiable in the space

L7(0,T) x WHT(0,T;R™) x L"(0,T;R™) x L"(0,T), for all 1 <r < 400,

and the derivatives of the state and control in direction d are the optimal solution (vq4,zq) of linear-quadratic
problem (Pg), while those of the costate p* and state constraint multiplier n* are obtained, respectively, a.e. by

ma(t) = m1,a(t) + Cra(t)gy (¥(1)) + M (8) DGy (5 (t), o) (za(t), d) (6.12)

N
= Vil (t) = CLalt). (6.13)
=1
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In addition, all shooting parameters (initial costate, jump parameters and junction times) are Fréchet direction-
ally differentiable w.r.t. u, and their directional derivative in direction d are given by (6.8)—(6.11).

Remark 6.2. We can show that an equivalent formulation of (Py) is (see Rem. 4.10) to minimize

/ D (u,y,p), (uyu)H(aagapv MO)((UaZad)a (’U,Z,d))dt + DQ(&(@(T)aNO)((z(T)ad)a (Z(T)vd))

T (6.14)
+ [ D2ala(e) mo) (a0, d), (0. ) (o)
0
for (v,z) € V x Z subject to the constraints (6.4), (6.7) and
Dj(y, po)(z,d) =0 on Zy. (6.15)

This last constraint is equivalent to (6.5)-(6.6) since Dg™) (w, 7, po)(v,z,d) = S Dg(y(t), po)(2(t),d). Then,
using the relation (6.12), we can show that w4, the directional derivative of p* w.r.t. p, is the multiplier
associated with (6.4) in formulation (6.14)-(6.15) of (Py), and that the directional derivative of d—(?ti w.r.t. p,
equal by (6.13) to (o= f(.lyd, is equal to the multiplier associated with the constraint (6.15).

Let us conclude this section by the following observation. For i € I, since ¢§* = %, the optimality system
of (Pg), easily obtained, yields that Hy,vg + Hyuyza + 71,4 u = 0 at ff“i, and that the jump of 7 4 is given by
[m1,a(t5™)] = —7;7igy(g(f;?n)). Hence, the jump of vy is given by

[0a(85™)] = v, Hod (1 5, D) (E") 9y (G(E) fu (@ §) (E) = i, Hot (0, 5, D) (E) 90 (@, 5) (£,
and we obtain from (6.10)—(6.11)

(1) ren sen —
t; t; H,,
U?lj(i _ U;?i — _ ( y)( 7 )['Ud( i )] _ Ci’ycll;u with Cz — ( 'Y

)(#") (95 (a, ) ()2
a9 (@, 9) =g - >0. (6.16)

g(l) (’LL, y)'t:f?“

P
d
i

Since fycll’i > 0 for i € Iy, we see that 055 — 0% > 0, with equality iff v}, = 0. It follows that, for u — uy = d,
the length of the boundary arc and the jump parameter are related, at first order, by

B — 1 = G o[l = poll). (6.17)

Remark 6.3. It was quite expected that nonessential touch points generally turn into boundary arcs for
constraints of first order (see e.g. [9]). However it was surprising to be able to describe this transition between
touch points and boundary arcs by a shooting approach when the structure is not stable, and obtain the
differentiability of the shooting mapping, and in particular of the entry and exit times of the appearing boundary
arcs.

Note that those results are false for control constraints. Consider for example the problem below:

min /Q(U(t) — (t —1)%)%dt.
0

ueU

Here we have no state, or more precisely, the state is equal to the time. Obviously the solution is u(t) = (¢t —1)2.
Add now a constraint u(t) > € for € > 0. Then the optimal solution is u(t) = € on [7%,75] with 7§ = 1 £ /¢,
and u(t) = (t—1)% on [0,72) U (75, 2]. So for € > 0 a boundary arc appear, whose end points 75 and 75 are not
differentiable at the point ¢ = 0, and whose length is of order /¢ and not €. A fortiori the shooting mapping
is not differentiable at the point ¢ = 0, and the algorithm described in Section 8 has no obvious extension to
control constraints (or more generally to mixed control-state constraints).
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7. EXAMPLE OF SENSITIVITY ANALYSIS

We illustrate the results of this paper on a very basic example. We consider the problem of an elastic line
of positive mass, fixed at its endpoints and submitted to a vertical uniform force (g). The problem is to find
the equilibrium position, i.e. minimize the energy. Assuming the elastic potential to be quadratic with unit
constant, this can be written as the optimal control problem (with ¢ replaced by x € [0, 1]):

) 1 u(x)? .
min —5 + gy(z) ) de, () = u(x), y(0) =0=y(1). (7.1)
0
We add a first-order state constraint, e.g. the level of the floor
y(x) > —h. (7.2)

Here g and h denotes positive constants.

Remark 7.1. Our results can be extended with only slight adaptations to the case when there are also finitely
many equality and inequality constraints on the final state, if we assume in addition a controllability condition.
In the case of a fixed final state, y(7') = yr given in R™, this controllability condition is assumption (A1) below.
Recall that given § > 0, we denote by Q7 := {t € [0,T], dist{t; I(g(y))} < J}.
(A1%) (i) The initial and final conditions satisfy g(yo) < 0 and g(yr) < 0.
(ii) There exists > 0 such that the linear mapping U — W1>(Q°) x R™; v = (g, (7(-)) 20 ()]s, 20 (T)),
where z, is the solution of (1.24) and |qs denotes the restriction to the set Q°, is onto (and therefore
has a bounded right inverse by the open mapping theorem).

This assumption (A1) plays the role of Lemma 1.2 in the proofs. Note that when the dynamics f is linear,
i.e. f(u,y) = Ay+ Bu, then (A1%)(ii) is satisfied if the pair (A, B) is controllable, and if (A1’)(i) and (A3) hold.

For the example considered here, (A1’) is obviously satisfied so all the previous results are valid. The
unconstrained optimal trajectory when h/g > 1/8 is given by:

y(x) = %ng — %gx, u(z) = gx — %g. (7.3)

The resolution of the constrained problem when h/g < 1/8 is as follows. The trajectory is:

9(T — Ten) on [0, Zep)
’U,(:L') = 0 on [xen; xex]
g((x = 1) = (Tex — 1)) on [zex, 1]
9(2%/2 — xen) on [0, Zen]
y($) = —h on [xen; Iex]

9((x = 1)%/2 = (Tex — 1)(z — 1)) on [zex, 1].
Entry and exit positions xe, and xey are given by:

Ten = \/2h/g, Tex = 1 —+/2h/g. (7.4)
The alternative state constraint multiplier on [Zep, Zex] is given by:
m(z) =p1(@) = —g(x — 2ex) 20, () = —g <0,

and hence, the jump parameter at entry time is:

I/;n = nl(xen) = g(xex - men) =g (]- -2 2h/g> Z 0. (75)
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We consider perturbations w.r.t. nominal values of parameters g = go = 1 and h = hg = 1/8, for which
there is a touch point at « = 1/2. The strong sufficient second-order condition (3.8) clearly holds, since the
linear-quadratic problem:

Y2 (x
min/ ; )dx, i(z) = v(x), 2(0) =0=2(1)
0

having a strongly convex cost function, has (v,z) = 0 for unique solution. Let us then study the perturbed
quadratic problem at (go, ho) in direction d := (y,n):

mm/o1 <”(;E)2 - ’yz(:c)) de,  a)=wv(z),  2(0)=0= (1),

subject to the interior point inequality constraint:
2(1/2) > —n. (7.6)

The unconstrained trajectory is:

salz) = (‘%2 - g) , va(z) = (:c - %) . (7.7)

Therefore, the constraint is active, iff n <~/8. If n > /8, (7.7) corresponds to the directional derivative of the
unconstrained trajectory (7.3). When n < /8, the constraint (7.6) is active, i.e. z4(1/2) = —n, and therefore,
the solution of the linear-quadratic problem is as follows:

va(r) = {W (2 +7/4) on [0,1/2]
’ e — 1)+ (20 +7/4) on [1/2,1].

) = [ 1772 = @0/ on 0,172
BT U@ = 1)?/24 20 +v/4)(x — 1) on [1/2,1].
The multiplier Ag associated with the constraint (7.6) is, by (6.16):

Ad = [ma(1/2)] = =[va(1/2)] = =2(2n —~v/4) = 0, (7.8)
and, by (6.10)—(6.11), the variations of entry and exit points 0gen and og.ex are given by:

v(1/2~ v(1/2F
Od,en = _7( / ) = —7/4—1—277, Odex = — ( / )

go 90

=~/4—2n. (7.9)

By (7.5) and (7.4), we check that the above formula corresponds to the first-order variations, with g = go +
and h = ho + 1, |7],|n| small, of:

1/4+42 1/4+42 1/442
o= (12 P ML e R

We consider perturbations in three directions d = (v, 7):
Case (a) (%77) = (07 _002)

Case (b)  (v,n) = (1,0)
Case (¢) (v,n) = (1,—0.02).
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FIGURE 1. Perturbation of the state (left) and directional derivatives (right) in case (a) to (c)
(from top to bottom).
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-0.128

FIGURE 2. Variation of the length of the boundary arc in case (c).
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Case (a) corresponds to an elevation of the ground level, case (b) corresponds to an increasing of the “gravi-
tational” force g, both of them leading to the emergence of a boundary arc, and case (c) combines elevation
of the ground and increasing of g. The perturbed trajectories and directional derivatives of the state in W1,
1 <r < 400, are presented for each case in Figure 1. The unconstrained trajectory for (go, ho) is a parabola.
In Figure 2, we focus on the appearance of the boundary arc in case (c), check that its length is of the order of
the perturbation and compare with the directional derivatives of variation of junction times (7.9).

8. HoMOTOPY METHOD

We present in this section an algorithm that combines shooting and continuation (or homotopy) methods for
solving optimal control problems with a scalar first-order state constraint, when the structure of the trajectory
is unknown. It keeps the advantages of shooting methods regarding to the (high) precision and the (low)
complexity, and enables to get rid of the (sometimes) hard task to guess a priori the structure of the trajectory,
and of the initialization of some of the shooting parameters (only the initialization of the initial costate is left
to the user). The idea is to handle automatically the appearance (and disappearance) of boundary arcs, so that
the algorithm finds itself the structure of the trajectory. The results of the previous sections are used.

General results on homotopy methods can be found in e.g. [1], [11], Chapter 5, and applications of homotopy
methods to optimal control problems in e.g. [10,14,24].

8.1. Description of the algorithm
The problem to be solved is the following:

(P) L min / (u(t), y(6)dt + G(y(T)) (8.1)
subject to §(t) = f(u(t)y(t)  ac.on [0,T),  y(0) = 1o, (5.2

gly(t)) <0 on [0,T].

We assume that (P) satisfies (A0)—(Al). In view of Remark 7.1, we can more generally consider a fixed final
state y(T') = yr and ¢ = 0 if we assume in addition that the controllability condition (A1’) holds.

We consider the natural homotopy on the state constraint (P*), for p € [0,1], defined by (¢#, ¢*, f*,yt) ==
(Ea ¢7 fa yO) and

9" () = g(y) — (1=K, (8.4)
where the constant K > 0 is large enough, so that the state constraint of problem (P°) is not active, except
maybe at finitely many (isolated) touch points in (0,7"). We explain later how we choose K in the algorithm.
We thus have (P!) = (P).

The shooting mapping (4.39) for (P*) is denoted by F(6, ), where 6 is the vector of shooting parameters,
of variable dimension depending on the structure of the trajectory, and p is the (scalar) homotopy parameter.
Since we only have here one state constraint of first order, note that the structure of the trajectory, and hence F,
is entirely determined by the dimension of §. More precisely, the number of boundary arcs of the trajectory Ny,
is given by (assuming the state constraint inactive at initial and final times)

Ny = dlm(e% e N. (8.5)

The structure of the trajectory follows then from the alternation between interior and boundary arcs. We

denote by y%* the state solution of the alternative formulation for the shooting parameter # and the value of
the homotopy parameter p. The algorithm is as follows (see Algorithm 8.1).

The algorithm is initialized by solving the unconstrained problem (without the state constraint) (8.1)—(8.2).

We thus obtain a vector of shooting parameters 6y (reduced to the initial costate), associated with a stationary
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point of (8.1)—(8.2), which is a local solution of (8.1)—(8.2) if the second-order sufficient condition (3.6) holds.
The constant K in (8.4) is taken equal to K := max,c[o,7)g(y?0(t)). If K <0, then  is a vector of shooting
parameters associated with a local solution of (P). If K > 0, we start the homotopy from p = po := 0 in (8.4)
topu=1.

The variable m; denotes the maximum of g#* (y%#*), attained at time 75,. If my, is positive, this means that
the state constraint is violated so the structure is not correct and we have to add a boundary arc (Step A).
The variable i, equals zero iff all entry and exit times of boundary arcs are such that entry times are lower
than or equal to the corresponding exit times, and equals ¢ > 0 if the entry time of the ith boundary arc is
greater than the corresponding exit time. If i = ¢ > 0, the structure is not correct again so we have to delete
the ¢th boundary arc (Step A). All this will be justified later in Section 8.3 under some assumptions. If both
my < 0 and i = 0, this means that the structure is correct, i.e. the current iterate 0 is a vector of shooting
parameters associated with a stationary point (u#*,y*#) of (P#*). We thus increase the value of p and do a
simple predictor-corrector iteration (Steps B-C), keeping the same structure for the shooting mapping. Then
in Step D we calculate the new values of my41 and x4 that say whether the structure is still correct or has to
be updated in the next iteration. We do so until reaching the value pu = 1.

If the Newton algorithm in Step C fails, then we decrease the value of the step Apyg, and go back to the last
value (ug—1,0k—1) satisfying F(p—1,0k—1) = 0 and max(my_1,ix—1) = 0.

Algorithm 8.1 (homotopy algorithm).
INITIALIZATION
Input py € R™ and 6 € (0,1].
— Solve by the shooting algorithm (initialized by the value po) the unconstrained problem (8.1)—(8.2), and
obtain a vector of shooting parameters 0.
— Set K := max g(y’°(t)). If K <0 set pg := 1, else set jig := 0. Set mg :=0,ig:=0, k:=0, Ay := 0.
While pui <1 or max(myg, i) > 0
If max(myg,ir) > 0 then STEP A (update the structure)
IF my > 0 THEN (addition of a boundary arc)
Initialize the new shooting parameters (V', Ton, Tex) associated with this boundary arc by:

vl =0 and Ten = Tox = Th- (8.6)

Take the remaining shooting parameters equal to the previous value 0y, and obtain a vector of
shooting parameters 0y of dimension dim(6y,) + 3.
END 1F
IF ix > 0 (suppression of a boundary arc)
Remove the shooting parameters (V1 Ten, Tex) corresponding to the ip-th boundary arc from the
vector of shooting parameters 0y, and obtain a new vector of shooting parameters 05 of dimen-
sion dim(6y) — 3.
END 1F
Set i := p (the value of p is unchanged by this step).
Else STEP B (prediction)
Setk:=k+1
e := min{ g1 + Apg; 1}
O == 01 — DoF (Or—1, p—1) " " DuF (Or—1, p—1) (i — ftie—1)-
End if
STEP C (correction) Try to solve, by a Newton method, F (6, fir) = 0. The Newton algorithm is initialized
by the value 0.
If the Newton algorithm fails then (go back to old values of u and 0 and decrease the step). Set uy, :=
Pk—1, O i= Ok_1, My := mp_1, i = ig—1, T := Th—1, D = Ap/2 and k:=k — 1.
Else (success) obtain a solution 0y such that F(0k, i) = 0. Set py := fik.
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STEP D (verify if the structure is correct)
— Set my, := max g (y? () and 1), € argmax gh* (yo%#* (1)).
— Setig :=0. Foralli=1,...,NE (N[, given by (8.5)), if 0y is such that the entry time corre-
sponding to the ith boundary arc is greater than the exit time corresponding to the ith boundary
arc, then iy := 1.
— IF max(mg,ix) = 0 THEN set Apjqq := 0.
End if
End while

Remark 8.2. Note that the Newton algorithm converges quadratically, provided that the initial point is good
enough. Therefore, we can see rapidly in Step C whether the Newton algorithm converges or not and if we need
to decrease the step Apy.

Remark 8.3. Clearly, the present algorithm does not take into account all possible events, since it principally
assumes the stability of boundary arcs (which holds when uniform strict complementarity is satisfied, see
assumption (Hz) below). If uniform strict complementarity does not hold along the homotopy path, then
it may happen for example that a boundary arc splits into two boundary arcs, or on the contrary that two
boundary arcs melt into one.

8.2. Existence of the homotopy path

Assume that the following holds:

(Ho) For ug = 0, the unconstrained problem (PY) has a local solution (i, ) that satisfies (A0)—(A3), the
contact set I(g°(y)) is composed of finitely many (nonessential) touch points in (0,7), all of them
satisfying (1.26), and the strong second-order sufficient condition (3.8) is satisfied.

By Theorem 3.3, (Hg) implies that there exists i > 0 such that for all u € [0, 1), (P*) has a locally unique local
solution (u*, y*) with multipliers (p#, n*), that satisfies assumptions (A1)—(A3) for (P*). In addition, this local
solution (u*,y*) of (PH) has a neighboring structure to that of (u,y), implying that if (a, ) has N touch points,
then (u#,y*) has at most N boundary arcs or touch points, i.e. satisfies (A4). Further, strict complementarity
holds on the boundary arcs of (u*,y"), and the touch points satisfy (1.26) by continuity, i.e. (A5)—(A6) are
satisfied. Finally, (u*, y*) satisfies the strong second-order condition (3.8) for (P*) by Lemma 3.4.

Consequently, assumption (Hp) ensures that the homotopy path is well-defined on an interval [0, &) C [0, 1],
and that assumptions (A1)—(A6) as well as the strong second-order sufficient condition (3.8) remain satisfied
on this neighborhood. Let

tmax = sup{i € [0,1] : for all p € [0, ], the locally unique local solution (u*,y*)
of (PH) satisfies (A1)—(A6) and (3.8) }.

The preceding discussion shows that assumption (Hp) implies that fimax > 0.

Lemma 8.4 (existence of the homotopy path). Assume that (Ho) holds, that there exists L > 0 such that for
all pu € [0, fimax)
[@#]]r + [[u*le < L, (8.7)

and that (A1) and (A3) are uniformly satisfied, i.e. there exist 3,£,( > 0 such that for all p € [0, fimax),

g"We) <—¢  and  [(g")P (M ()5 (D) = 8, forall ¢, dist{t; I(g"(y"))} <e. (8.8)

Then there exists a sequence (fn)nen+ such that fy T fmax, (U™, y#) — (4, 9) uniformly, (pt, dn*r) weakly-*
converges to (p,dn) in L>(0, T; R™)x M[0,T], and (@, §,p,n) is a stationary point and its multipliers of (PHmax).
Moreover, if (4,9, p,7) satisfies assumptions (A1)—(A6) and the strong second-order sufficient condition (3.8),
then (u*, y*, p*,n*) converges when 1 T tmax to a locally unique local solution of (PHmax) and its multipliers
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(17/7 7]3;
0

n € 0,
Proof. Consider a sequence (fin)nen+ C [0, fmax) such that p, — pimax when n — +oo. Since WH1(0,T)
is compactly embedded in C°[0,T], (8.7) implies that there exists a subsequence, still denoted by (), such
that the sequence (u#") converges uniformly to some @ € U. By (8.7), we may pass to the limit in the state
equation (1.2) and obtain that y*» converges in ) to the state g := y&™ solution of (1.10).

By (8.8), Robinson’s constraint qualification (1.17) is uniformly satisfied for all 4 € [0, ptmax), .e. the
positive constant 7 in (1.17) does not depend on p. It follows then from [8], Proposition 4.43, and (8.7) that

7)) =: (whmex ghmax phmax phmax) - qnd (g, = 1, le. the homotopy path is locally well-defined over
1].

ldn*= || pmpo,77 is uniformly bounded. Therefore there exists a weakly-* convergent subsequence dn/~ X di
in M[0,T]. Since dn* € Ng(g"(y*)) for all € [0, tmax), and gh» (y#») — gHm=<(g) strongly (i.e. uniformly),
we deduce easily from the definition of the normal cone that dj € Ng (g™ (7)). By the costate equation (1.13)
(with @ = 1), dp* is uniformly bounded in M([0,T];R™). Therefore, there exists a weakly-* convergent
subsequence dp#n = dp € M([0,T];R™). Due to the convergence of the final condition (1.14), we deduce
easily from the integration by parts formula [13], p. 154

T T t
/ p(t)p(t)dt = f/ dp(t)@(t) + p(T)2(T) for all (p, ) € BV xL' with ®(¢) ::/ p(s)ds
0 0 0

that p#» weakly-* converges in L>°(0,T; R™) to a limit p given by p(t) := f; dp(s) + ¢hme<(g(T')). Since (1.18)
and (1.13) are linear in p and 7, we may pass to the weak-* limit and obtain that (@, %) is a stationary point
of (PHmax) with multipliers (p, 7).

Now assume that this stationary point (@,gy) of (PHmax) satisfies assumptions (A1)—(A6) and the strong
second-order sufficient condition (3.8). These assumptions imply by Theorem 3.3 that (@,¢) is an isolated sta-
tionary point of (P#max) which shows the local uniqueness of the stationary point (@, ¢) of (P#m=x) constructed
above and of its multipliers. In addition (@, §) is a local solution of (PHmax) and by Theorem 3.3, we obtain the
existence of the homotopy path on the interval [fimax, tmax + €), for some £ > 0, and assumptions (Al)—(A6)
hold on this interval by Theorem 3.3, as well as the strong second-order condition (3.8) by Lemma 3.4. This
implies that pmax = 1, otherwise this would contradict the definition of pyax. Therefore the homotopy path is
locally well-defined over [0, 1]. O

We thus make the assumptions below:

(H1) For all u € [0, 1], (u*, y*) satisfies (A2), there exist L > 0 and 3,e,¢ > 0 such that (8.7) and (8.8) hold,
and g"(y*(T)) < 0.

(Hz) For all p € [0,1], (u*,y*) has finitely many boundary arcs, and there exists 3 > 0 such that for all
w € [0,1], 7 < —3 on the boundary arcs of (u*, y*) (with n}" the alternative state constraint multiplier
associated with (ut, y*)).

(H3) For all p € [0,1], (u*,y*) has finitely many (nonessential) touch points, all of them satisfying (1.26).

(H4) For all p € [0,1], (u*, y*) satisfies the strong second-order sufficient condition (3.8) for (PH).

Actually the Algorithm 8.1 is correct only if we replace assumption (Hs) by:
(H%) For all p € [0,1], (u*,y*) has at most one (nonessential) touch point, and the latter satisfies (1.26).

But the algorithm can be generalized to the more general case case when (H3) holds (see Rem. 8.14).

Remark 8.5. Assumptions (Ho)—(H4) needed to ensure the existence (and local uniqueness) of the homotopy
path, and the convergence of the algorithm, are rather strong, but they also give some indications on why the
algorithm fails, if it fails (for other reasons than numerical ones, see Rem. 8.13). Either (8.7) is not satisfied
(i.e. ut is not uniformly Lipschitz continuous), or the problem becomes singular (i.e. (8.8) fails), or a solution
with infinitely many boundary arcs or touch points is met during the homotopy, or strict complementarity on
boundary arcs fails, or finally the strong second-order sufficient condition (3.8) fails.
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8.3. Correctness of the algorithm

The existence of a locally unique local solution (u*,y*) of (P*), for all u € [0, 1], is guaranteed by assump-
tions (H1)—(Ha4). In addition, for all u € [0,1], the locally unique local solution (u*,y*) of (P*) has finitely
many boundary arcs and touch points. So to prove the correctness of the algorithm, it suffices to show that
the algorithm does find, in finitely many steps, these local solutions (u*,y*) for a finite increasing sequence
of values of u, until 4 = 1 (in fact, the algorithm gives the vector of shooting parameters 6, of appropriate
dimensions, associated with the trajectory (u*,y*)). For this Lemmas 8.6 to 8.10 given below will be useful.

Lemma 8.6. Assume that (Ho)-(Ha4) hold. Then the trajectories (u*,y"),cjo,1) have finitely many different
structures, and the mapping p+— 0" is globally Lipschitz continuous over [0, 1].

Here, since the dimension of 0# may vary, by “globally Lipschitz continuous” we mean that on any subinterval
of [0,1] where the trajectories (u*,y*) have “neighboring structures”, then the mapping p +— 6* is Lipschitz
continuous with a Lipschitz constant uniform on [0, 1].

Proof. By assumptions (H1)-(H4) and Theorem 3.3, for all p € [0, 1], there exists an open neighborhood V), of 11
such that for all 4/ € V,, the locally unique local solution (u“l , y“/) of (77“/) has a neighboring structure to that
of (u*,y*), and the mapping ' — 0" is Lipschitz continuous over V.. We can thus extract from (V},),cjo,1) @
finite covering (Vi, )x=o,...,ar of [0, 1]. Since for each fi, there exist finitely many possible neighboring structures
to that of (uﬁ““,;g[““)7 and p — 6* is Lipschitz continuous on each V}, , the result follows. ]

Although by Lemma 8.6 the trajectories (u*,y"),c(o,1) have finitely many different structures, assump-
tions (Ho)—(H4) do not imply that there are finitely many changes in the structure of the trajectory along
the homotopy path (see Rem. 8.7 below). More precisely, we say that the structure of the trajectory changes at
@ €10,1), if (uf,y") has a touch point that either disappears or turns into a boundary arc (of positive length)
when pu — iT. We will therefore make the following assumption in the proof of correctness of the algorithm
(Prop. 8.11), in addition to (Ho)—(Ha4) that ensure the existence of the homotopy path.

(H5) There exist finitely many values of o € (0, 1) for which the structure of the trajectory (u*, y*) changes.

Remark 8.7. Consider the problem (7.1), with g = 1, subject to the state constraint (7.2) where h depends

on p € [0,1], i.e. y > h* with h* = —1/8 + p’sin(1/p). For p = 0, there is a nonessential touch point at
7 =1/2. When p’sin(1/p) > 0, i.e. p € UneN*(m, 72—) U (£,1], then the latter turns into a boundary

is not active). Therefore, for any ¢ > 0 arbitrarily small, the structure changes for infinitely many values of u
in the interval [0,e]. By Theorem 6.1, the computation of the directional derivatives in direction d = 1 at point
i = 0 shows that problem (P;) has zero for unique solution, and therefore the directional derivatives of the
entry/exit points and jump parameters at entry times are all zero in that case.

arc, and when p5sin(1/pu) <0, i.e. 1 € Upen«( ), the boundary arc disappear (the state constraint

After this general description of the homotopy path, we will focus now on the changes in the structure,
i.e. when there are nonessential touch points. So consider a value i € [0,1] for which (u”,y”) has Ny, > 1
(nonessential) touch points 7;, ¢ = 1,..., Ny. Denote by Fj, for j = 1,. .., 2N the shooting mappings
corresponding to all possible neighboring structures to that of (u”,y”), i.e. each touch point 7 is or not
converted into a boundary arc like in Section 4.2. Denote by éj the appropriate vector of shooting parameters
of (uf,y") for F;. Thus we have

F;(0;,1) = 0, forall j =1,...,2N0,
For y in the neighborhood of fi, and all j = 1,...,2Nw_ we consider the problem:

Find 6 of appropriate dimensions solution of: F;(0,n) = 0. (8.9)
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Lemma 8.8. Assume that (Ho)~(Ha) hold. Let ji € [0,1] be such that (u*,y") has Ny, > 1 (nonessential)
touch points 7;, i = 1,..., Niyo. Then there exist an open neighborhood V,, of ji and open neighborhoods V; of 0;,
jg=1,...,2N0 such that forallj =1,..., 2N and for all p € Vm the problem (8.9) has in V; a unique solution

0, and the mappings V,, — Vj, pp— 0%, are of class Ct.

Proof. By (Hs), the touch points 7; all satisfy (1.26). By (H4) the strong second-order sufficient condition (3.8)

is satisfied, and hence the Jacobians Dy F (éj, fi) are nonsingular, for all j = 1,..., 2Nt (by the same arguments
as in the proof of Lem. 5.1). So it follows from the classical implicit function theorem that (8.9) has a locally a
unique solution 9;‘, which is C* w.r.t. p. O

Under the assumptions of Lemma 8.8, for u € Vu and j = 1,...,2"N%  denote by yf the state associated
with 6%, i.e. solution of (4.32)-(4.35) for the arc structure of Fj. Note that y4 is well-defined on each arc of the
trajectory only (not on [0,77]), since some entry times in 9;‘ may be greater than the corresponding exit times.
Let é;‘ denote the augmented vector of shooting parameters obtained from 9? by adding, for each touch point 7;
that was not converted into a boundary arc in F}, a zero jump parameter for the costate and an entry and
exit time both equal to the unique local maximum of g“(y; (t)) in the neighborhood of 7;. Thus the augmented
vectors of shooting parameters é;‘ have the same dimension for all j, which is also the dimension of the shooting
mapping F' in (4.39) for which all the N, touch points are converted into boundary arcs. For p = fi, we denote
the augmented vector of shooting parameters by = éf , for all j.

Lemma 8.9. Under the assumptions of Lemma 8.8, there exists an open neighborhood ‘:/M of i such that for
all j = 1,...,2N%  the mapping p — 0 is C' over V,, and for all p € V,,, the augmented vector of shooting

parameters é;‘ is solution of (4.40), iff the two conditions below are satisfied:

g"(yj(t)) <0, on each arc, (8.10)

M M
7—en,j § Tex,j’

for all boundary arcs, (8.11)
where for each boundary arc of F}, Téi]’j and T:x’j denote the components of 95 corresponding respectively to the
entry and exit point of the boundary arc.

Proof. In the neighborhood of a touch point 7; that was not converted into a boundary arc in F}, for all u € V#,
the function g#(y/(-)) is locally well-defined and C?. Therefore, since % 9" (y")|t=7, < 0, the function that with
g“(yé’) associates its (unique) local maximum time in the neighborhood of 7; is C*, and hence, by Lemma 8.8,

i

¢, and v} respectively the entry time and jump parameter of the boundary arc

= é;‘ is C'. Now denote by ¢

associated with the touch point 7; in éf, j=1,...,2Nw. By the arguments of the proof of Lemma 5.2, we have
that (8.11) is equivalent to v} > 0 for allé = 1,..., Ny, and for each i we have either g*(y} (ti,)) = 0 or v = 0.
Therefore (8.10)—(8.11) are equivalent to the condition \Il(éf, ) € N(éf) The conclusion follows. O

Let ji,j2 € {1,...,2N0} 1 5 jo, and p € ‘:/M. Given a solution 9?1 of (8.9) for j = j1, let us explain now
o
Ji,J2

how to initialize the Newton algorithm in order to find a solution of (8.9) for j = jo. The initial point 6 is

obtained from 9?1 as follows:

e For every touch point 7; that was converted into a boundary arc in F, but not in F},, remove from 9?1
the shooting parameters associated with this boundary arc.

e For every touch point 7; that was converted into a boundary arc in F}, but not in Fj,, add to 9;‘1 the
three shooting parameters associated with this boundary arc (v, 7¢ | 71 ) as follows: v*% =0, and 7,

and 7, are both equal to the unique point of local maximum of g"(y},) in the neighborhood of 7.

Lemma 8.10. Under the assumptions of Lemma 8.8, for all ji,j2 € {1,...,2Nw} 4 # jo, there exists

01,32 > 0, such that for all p, |p — | < 95, j,, the Newton method to solve the equation (8.9) for j = ja
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H

is convergent to 0 , whenever the initial point 0} .

explained above.

is obtained from the solution 951 of (8.9) for j = j1 as

Proof. By Lemma 8.8, there exists pég > 0 such that the Newton algorithm to solve (8.9) for j = jo converges
to 04, for all initial point 0y satisfying |6y — 6%, < pf;,, and this constant is uniformly positive, i.e. pf, > p >0

for all y in a compact neighborhood of i *. Let |u — ji| < &j, 4, := min(fﬁ;ll, mél)p/& with k; the Lipschitz

constant of the mapping p — é;‘ (Lem. 8.9). Let 0 := éfl = 952 and note that we obviously have 9?1 o = U5, It
follows then that |9~§‘17j2 - 051 < |§§L1,j2 - é?1,j2| +10;, — 04| < |t§f1 — 0+ 16 — é;‘?| < 2p, from which the result
follows. (]

We give now a theoretical proof of correctness of the algorithm.

Proposition 8.11. Assume that (Ho)-(Hz), (H%) and (Ha)~(Hs) hold. Then there exists o > 0 such that,
whenever py is close enough to p(0), for all 0 < & < &y the Algorithm 8.1 follows the homotopy path previously
described, and ends with a vector of shooting parameters 01 of adapted dimension associated with a local solution
(ul,yY) of (PY) = (P). In addition, if 0 < & < &g, the steps Apy. are not reduced by the algorithm (i.e. Newton’s
algorithm in Step C do not fail).

Proof. By (Hs), there exist finitely many values of p € (0,1), 0 < i1 < ... < fiy, < 1, for which the structure
of the trajectory (u*,y") changes. By (H4%), this implies that for all j = 1,...,m, the trajectory associated
with i; has exactly one touch point 7"50 Set fip := 0 and fi;41 := 1. For all j = 0,...,m, denote by F} the
shooting mapping corresponding to the structure of (u/,y") for p € (&j, tj+1). We have F; # Fjiq, for all
j=0,...,m.

Let j = 0,...,m. For all p € [ij, ij+1], by (3.8) and Lemma 8.8, there exists a constant p; > 0 (uniform
w.r.t. , see ') such that the shooting algorithm (i.e. Newton’s algorithm to solve F}(6, ) = 0) converges to 64
for all initial point 6y satisfying |6y — 6*| < p;. For all u, i’ € [fij, fi;+1], with 6" the solution of the prediction
step obtained from 6* by

Do Fy(0", p) (6" — 0") + Dy F (6", p) (' — ) =0,
it is easy to see that there exists a constant C; such that |¢' —6#'| < C;|u— p/|2. Therefore the convergence of
the Newton algorithm to @*" with the initial point ¢’ is guaranteed if | — /| < § := min’ ((p;/C;)"/2. Now let
8o > 0 be the minimum of § defined above, of all the finitely many constants 5]-17 j» > 0 of Lemma 8.10 involved
at the changes of structure of the trajectory, and finally of fij41 — pi; > 0, for j =0,...,m.

Let 6 € (0,00). The proof of the the algorithm is by finite induction on the property below, for k > 0:

(Ar) At each passage in the prediction step (Step B), before k is increased, we have py, = min(kd, 1), my = 0,

i = 0 and
—if ux ¢ {fj}j=0,....m, O = 0"+ is the (unique) vector of shooting parameters associated with
(u#k , Yyt );
— if pup = jij for some j =0,...,m,

* if either k£ = 0 or the touch point of fi; is either inactive or a (nonessential) touch point when
p — @, then 0 is the vector of shooting parameters associated with (u#* y#*) that does
not contain the touch point of fi; as a boundary arc of zero length;

* if the touch point of fi; is a boundary arc for p — f;, then 0 is the vector of shooting
parameters associated with (u#*,y/*) that contains the touch point of fi; as a boundary arc
of zero length.

From the proof of the Newton algorithm, it can be seen that this constant p;‘ depends continuously on the Lipschitz constant
of DgFj(-, ), on ||DgF; (9;,/0*1”’1 and on the modulus of continuity of DgF;(-, )7, and is therefore a continuous function
of p.

2This constant C; depends on ||[Dg F;(6*, 1)~ 1||, on the Lipschitz constant of DF; and on the Lipschitz constant of the mapping
p— 0% on [fij, fij+1] (Lem. 8.6).
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For pg sufficiently close to p(0), the initialization step of the algorithm succeeds in obtaining the initial vector
of shooting parameters (reduced to the initial costate) §° = 9#0 associated with the local solution (u, 7) of (PY).
So (Ap) holds. Assume now that (Ax_1) holds, and let j € {0,...,m + 1} be such that

i < pE—1 < fjgi-

We thus go through the prediction Step B and then to Step C. By (Ax_1), we try to solve, by the Newton
algorithm, the equation
F;(0,ux) =0. (8.12)

By construction of dp, the Newton algorithm succeeds and obtain a solution 6 of (8.12). So we go to Step D.
There are two cases to consider. Either (a) ur < fij+1 or (b) g > fGjy1-

In case (a), the structure of the trajectory does not change, so we obtain the vector of shooting parameters
Oy = 0), = 0" associated with (u*,y"*). Therefore my < 0 and iy = 0, which shows (Ag).

In case (b), by construction of dy, we have p, € (fGj41, fij+2). Therefore 8#% is the (locally unique) solution of

Fya (0, ) = 0. (8.13)

By Lemma 8.9, among all the “augmented vectors of shooting parameters” associated with one of the (two)
possible neighboring structures to (ufs+! yfi+1), only 6+ satisfies (8.10)—(8.11). Therefore we deduce that
necessarily, the augmented vector of shooting parameters 6}, obtained from 6, solution of (8.12) does not satisfy
either (8.10) or (8.11), i.e. either my > 0 or 45 > 0.

Assume e.g. that my > 0, i.e. g (y%#*) has positive values. Using (Hs) and Lemma 4.9, this can only
happen in the neighborhood of the touch point 7"5:'1 of fij41, i.e. T is close to 7"5:'1. Note that this is possible
only if ﬂjjl was not converted in a boundary arc in F;. So we go to Step A and add a boundary arc. Here,
fi; having a single touch point, there are only two possible neighboring structures to that of (u/7, y#7). Having
eliminated Fj, it remains only one possible structure, i.e. with ﬂjjl as a boundary arc, which corresponds
necessarily to Fj11. The shooting parameters associated with this new boundary arc are initialized by (8.6), and
hence we obtain an augmented vector of shooting parameters ék, that by Lemma 8.10 belongs, by construction
of dy, to the neighborhood of §#i+! for which the Newton algorithm solving (8.13) is convergent to 8. We
thus obtain 6 = 6##, which satisfies my = 0 and iy = 0, and therefore (Ag) holds.

The case i > 0 is dealt with similarly, i.e. if it happens that for a boundary arc, the entry time is greater
than the exit time, this can only happen in the neighborhood of the touch point ﬂjoﬂ of fij+1, and this implies
that this touch point is converted in a boundary arc in F;. So we remove in Step A this boundary arc, and
conclude with the same arguments that (Ay) holds again. The result follows by finite induction on k, since the
algorithms ends for the smaller integer k > %. O

Remark 8.12. The process of reduction of Auy is not active if § is small enough, as appears from Proposi-
tion 8.8. However, in practice we do not know what a correct value of Apy is so that this reduction process is
useful.

Of course when initialized with § > §y it may happen that Newton’s method converges to a point that
does not belong to the continuous path (u*,y*), i.e., it computes another critical point, say (a*,g"). If the
latter satisfies conditions of Theorem 3.3, then the algorithm continues despite the jump to another branch of
solutions.

Remark 8.13. We could theoretically give an explicit expression for the constant §y that ensures the conver-
gence in Proposition 8.11, but the latter depends on constants involving, among other, bounds on the Hessian
of the shooting mapping that are almost impossible to calculate. In case of ill-conditioning (do is very small),
the convergence may be difficult, if not impossible, to achieve in practice, due to numerical errors.

Remark 8.14. Algorithm 8.1 and Proposition 8.11 can be extended to the case when (H3) holds instead
of (H5). If (H%) does not hold, but (Hs) do, this means that there exists i € (0,1) such that (u”,y*) has
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N, touch points, Ny, > 2. If the structure of the shooting mapping changes at this point, there are a priori
2Nte possibilities for the new structure when p — %+, It is possible to enumerate all of them, i.e. solve (8.9), for
all j =1,...,2N% for y > fi close to ji. Lemma 8.9 ensures that if (8.10)-(8.11) are satisfied for some j, then
we have found the new structure, and Lemma 5.1 ensures that (8.10)—(8.11) will be satisfied for at least one j.

A possibility that may reduces the enumeration is to use the directional differentiability of solutions in
Theorem 6.1. One can e.g. solve the problem (Pg), and whenever the variation ogi — 0gy given by (6.8) is
positive (resp. negative), this tells us that the touch point 7, have to be converted into boundary arc (resp.
removed from the shooting mapping). For touch points such that ogi — 04y = 0, this gives no information

on 7, so it possibly remains different possibilities to enumerate.

8.4. Numerical implementation

The convergence of the algorithm presented in the previous subsections is illustrated on the academic problem

below: - in /01 (@ + g(t)y(t)) dt

st gt) =u(), y(0)=y(1)=0, yt)=h
with
g(t) := go(c — sin(at)), c,a > 0.
The time is introduced as a state variable, and let y = (h — hg)/(h1 — ho) be the homotopy parameter, with
ho = ming(t), for § the solution of the problem without the state constraint, and hy = h the desired value of
the state constraint. Numerical values of constants are taken equal to

go:=10, a=10m, ¢=0.1, hy =—0.001.

The algorithm is initialized with the value pg = 0, and § = 1/5 to initialize the steps Apy. Let us comment
Figure 3 where the results of the algorithm are presented. The algorithm reduces the step Auy once, in the
next to last iteration, since the Newton algorithm was not converging, meaning here that it was not converging
quadratically. Thus the solution was computed for the values o =0, up = kd = k/5for k =1,...,4, us = 9/10
and pg = 1. We plotted in dark blue the state yj solution of (P#*) obtained at the exit of the WHILE loop when
myp =i = 0, for £k = 0,...,6. In light blue we plotted the previous iterations, including the states obtained
when my, > 0 at the exit of the WHILE loop (so we can see the algorithm add a boundary arc at the following
iteration when this happens).

For k = 0, we just have the solution of the unconstrained problem. For k = 1, the algorithm adds a single
boundary arc around time ¢t = 0.55. At each iteration k = 2, 3, 4, the algorithm detects that the state constraint
is violated so it adds a boundary arc. So for k = 4 we have pi = 0.8 and four boundary arcs. Then the algorithm
tries to pursue the homotopy with p = 1. It detects that it has to add a boundary arc but Newton algorithm
fails. Therefore it decreases the step and obtained the solution for s (see the figure for £ = 5) that has a fifth
boundary arc. It then increases p to pug = 1 and obtain the solution of (P) which exhibits five boundary arcs.

At each passage in the Newton algorithm (Step C), the latter converges very rapidly in 2 or 3 iterations (for
the tolerance | F'(0, ik )]0 < 10710) excepted of course the time it failed because Ay, was too large, and at the
very last passage (which requires 5 iterations).

Finally, let us check that the uniform strict complementarity hypothesis (Hs) is satisfied. On a boundary
arc, (4.3) gives

up +p1—m =0 with up = 0,
i.e. p1 = . Hence, 1 < < 0 on boundary arcs iff p; is (uniformly) decreasing. This is the case, see the figure
bottom right in Figure 3 on which we plotted p; for the final solution for ug = 1 (the portions corresponding
to boundary arcs are plotted in red). We can also check similarly that this uniform strict complementarity
assumption is satisfied as well for all other values of ug, k =1,...,5.
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9. PROOF OF THEOREM 2.1

We start by the proof of Lemma 2.3, then give that of Lemma 2.5, and finally that of Theorem 2.1.

Proof of Lemma 2.3. Let § > 0. By continuity of the mapping (u, u) — g*(y"), there exists § > 0, such that
for n large enough (this is precisely assertion (S1)),

I(g" (yn)) C Q° := UN., Q9. (9.1)

The first assertion of the lemma is a classical consequence of Robinson’s constraint qualification (1.17) (see
e.g. [8], Prop. 4.43). By Lemma 1.2, reducing § if necessary, the mapping (1.23) is onto. Since supp(dn,) C
I(g" (y,)) C Q9 by (9.1), the second assertion follows from [8], Proposition 4.44 and Remark 4.45(i), meaning
that
T
[ ®(0) o — ) ()

sup — 0. (9.2)
dEWL.20(0,T), B0 19]]1,00 n—+00

Let pl and n! be the multipliers associated with the stationary point (u,,y,) of (P#») by (2.5)-(2.6).
By (2.7),
d _ _ o o _
ZPn =0 = (o =Py (@ 9) + 95" @ 9) (0, —71") +ra(t)  ace.on [0,7),

with [|r),||cc — 0 when n — +o00. By Gronwall’s lemma, there exists a constant C' > 0 such that

T
pn () =" ()] < lebéj"(yn(T))*st‘“(ﬂ(T))lJrC/t 7 (8) =" (s)|ds+ 000 (1) < Cllmg =771 +000(1),  (9.3)

where 04, (1) denotes a function that goes to zero in L> when n — +oco. Let us show that 7. — 7' in L!. The
sequence (dn,)nen+ being bounded in M0, T] by the first assertion (1), it follows that (n}),en+ is bounded
in BV, for the norm ||n|| v = ||n|l1+||dn||m. By the compactness theorem in BV [2], Theorem 3.23, there exists
a subsequence (ﬂ}b(n))neN* converging in L' to some 77 € BV (0,T'), and such that dry,) A —dfj in M[0,T). Tt
suffices then to show that necessarily, —dii = df7 and /) = 7' in order to obtain the convergence of the whole
sequence (n})nen+ to 7t in LY. So let us do that. The space W°°(0,T') being dense in C°[0, T, it follows easily

from (9.2) that dn, 2 d7, and hence —dij = d7j. Thus 7 equals 77 up to a constant. Using Fubini’s theorem and
(9.2), we obtain

T T T T
| wde = [Cstnto) o [sants) = [ atae
0 0 n—+oo Jo 0
implying finally that 77 = 7], and consequently, that n! — #* in L'. By (9.3), we deduce then that pl — p'
uniformly over [0, T7].
Finally, for ||u, — @l small enough, |(g“")1(})(un,yn)| > (/2> 0 o0n Q% so by (2.8) we have on Q°:

Hen (. pL Heo (4. 7. 5t
Ny = - oming (Z)’y :Pn) e LA (ul,)y, ) _ 7' uniformly on Q°,
(gﬂn)u (unayn) (gMO)u (aag)
and 7. is piecewise constant on [0, 7]\ 2%, which shows the last assertion. O

Proof of Lemma 2.5. Let (u,y) be a stationary point of (P#) with multipliers (pt,n') given by (2.5)—(2.6). By
time derivation of (2.8), we have, using the augmented Hamiltonian (1.8),

Y (u,y,ptont )i+ HE (u,y,pt 0 ) £ (u,y) — Hb (u,y, pt ') f2(u,y) + (0) D (w, )it = 0. (9.4)



862 J.F. BONNANS AND A. HERMANT

For ||p1— piol| and ||u— |« small enough, then ||y —§||o is arbitrarily small, as well as [|p* —p' || and [[7' =7 [|oo
by Lemma 2.3. Consequently, for (u, i) close enough to (a, ui0), we have by (1.20) that H”, (u,y,p',n') > a/2
on [0,T]. Multiplying (9.4) by (g“)&l)(u, y)/H" (u,y,p',n"), we obtain that

@Oy Ly e gl @)
(g") P (u, )i+ = it = gM(@, )i+ =————— (9.5)
“ Hitu(u,y, pt,n") “ Huu(@,,p%, 1)
uniformly over [0, T]. In view of (1.5)—(1.6), it follows that
1) (1) 2 (1)~ 2
. gt u,y) . L Gu (U, Y -
(")) + 22 W1 @ g gy 4 S B (9.6)
Hun(u7yap 777 ) Huu(u’7yap )77 )

again, uniformly over [0, 7.
Now on every Q, for small enough 6 > 0, we have by (A5)-(A6), (1.27) and (1.21) the existence of a
i

constant x; > 0 such that either ¢(® (i, a,9) < —k; and 7' = 0, or ¢ (u,a,7) = 0, |g7(})(ﬂ,gj)| > k1 and

it < —ky. It follows that, for some x2 > 0, § small enough and (u,u) close to (po, @),

(9" (u,9)?

- < —Ka on €. (9.7)
H{:U(ua yapla 7’1)

(") P, u,y) +

If g"(y(t)) < 0, then 7' (t) = 0, and hence, (¢*)® (4, u,y)(t) < —rz/2. But on an interior arc included
in Q2, g"(y) would attain its minimum at some point ¢ where (g")® (1, u,y)(t) > 0, which gives the desired
contradiction. O

Remark 9.1. It follows from (9.7) that the property of uniform strict complementarity is stable, in the sense
that if the state constraint is active, then 7' remains uniformly far from zero (uniformly over [0,77).

Now we are ready to give the proof of Theorem 2.1.

Proof of Theorem 2.1. Assertion (S1) is immediate, and (S3) follows directly from Lemma 2.5 since there is
no interior arc of (u,y) in Q2. In view of Lemma 2.5, to complete the proof of (S2), it remains to show that
Q2N 1I(g"(y)) is an interval of positive measure, i.e. a boundary arc. Assume that this is false. Then there exist
a stable extension (P*), sequences w,, — @ in L, u,, — po, and (u,,y,) a stationary point of (P#n), such that
for all n, Q2 N I(gh»(yn)) is either empty or a singleton by Lemma 2.5. Taking if necessary a subsequence, this
implies that there exists an interval of positive measure (t1,t2) C [t$", 5], such that (t1,t2) N I(g""(y,)) = 0
for all n, and hence, (t1,t2) Nsupp(dn,) = 0. Let » be a C*° function with support in [t1, 3] which is positive
on (t1,t2). Then we have fOT ©(t)dn,(t) = 0, for all n. But by (A5), 77 has a positive density over (t1,%2),

and hence, fOT (t)d7(t) > 0, which contradicts the second assertion in Lemma 2.3. This achieves the proof of
assertion (S2). O
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