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ON SOME OPTIMAL CONTROL PROBLEMS GOVERNED BY A STATE
EQUATION WITH MEMORY

GUILLAUME CARLIER! AND RABAH TAHRAOUI!
Abstract. The aim of this paper is to study problems of the form:

Jrelg J(u) with J(u) ::/0 L(s,yu(s),u(s))ds + g(yu(1))

where V is a set of admissible controls and v, is the solution of the Cauchy problem:

{ o(t) = (f(,2()),v) +u(t), t €(0,1),
2(0) = xo,

0

and each 14 is a nonnegative measure with support in [0,¢]. After studying the Cauchy problem, we
establish existence of minimizers, optimality conditions (in particular in the form of a nonlocal version
of the Pontryagin principle) and prove some regularity results. We also consider the more general case
where the control also enters the dynamics in a nonlocal way.
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1. INTRODUCTION AND EXAMPLES

The aim of this paper is to study deterministic optimal control problems of the form

1
11615 J(u) with J(u) := / L(s,yu(s),u(s))ds + g(y.(1)). (1)
u 0
Here, u is the control variable and the state equation governing the dynamics of the state variable y = y,, is an
integrodifferential equation modelling memory or delay effects. More precisely, ¥, is the solution of the Cauchy
problem

:C(t) - f(sa :L'(S))dl/t(s) + u(t) - <f(7x())a Vt> + u(t)a te (Oa 1)7

[0,t]
LL‘(O) = ZXy.
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In the state equation above, (14): denotes a given measurable family of nonnegative measures such that 14 has
its support in [0, ¢] (i.e. only the past of the trajectory is taken into account). Let us remark that in the previous
equation, the control enters the dynamics only through its current value u(t) and not through its past values.
The case of a more general state equation of the form:

B(t) = (f(x(), ve) + (ul.), pe) (2)

((ut)¢ being a measurable family of nonnegative measures) may also be relevant in applications and will also be
treated in the paper. There are of course many variants of controlled dynamics of the form (2) like:

l‘(t) = F(t,:c(t),u(t), <f(ta wx('))a Vt> ) <g(ta ) u())a ,u't>) (3)

For the sake of simplicity, we will restrict ourselves to (2) and claim that the main ideas of the paper can be
adapted to the more general case of (3).

Problems of the form above arise in different applied settings both in engineering and decision sciences. It
is typically the case when studying the optimal performances of a system in which the response to a given
input occurs not instantaneously but only after a certain elapse of time. Such problems have in general been
modelled by delayed or deviating arguments differential equations (see examples below). Let us remark that
such equations are particular cases of the equations dealt with in the present paper. Before going further, let
us consider some examples.

Example 1. Problems with lags or deviating arguments

The simplest case is the case of a delayed equation of the form
. u(t ift<r
y(t) = { "

where 7 > 0 is a given delay. This corresponds of course to

o ift<r
T e, ift> T

The study of delayed differential equations and their control may be traced back to the early 60’s (in particular
the book of Bellman and Cooke [2], see also Oguztoreli [13]) and there is nowadays a huge literature on the
subject.

A natural generalization of time delayed equations is the case of deviating argument equations of the form

(1) = f(y(0(2))) + u(?)

where 6 is a given deviation function (with 0 < 6(t) <t say). In this case v; = dy(;). More generally, one can
consider the superposition of several (or even a continuum of) deviations, this corresponds to v; of the form:

k
v = Z ;(t)dg, (+) or more generally v := / a(t,a)dp,q)du(a).
A

i=1

The study of general deviating arguments problems has started in the 60’s (see the book of El’'sgol’ts [9]).
More recently, in a calculus of variations framework, Drakhlin and Stepanov [6] obtained lower semi-continuity
results for integral functionals with deviating arguments and Samassi and Tahraoui [16,17] obtained optimality
conditions for such functionals (see also Samassi’s thesis [15]). Let us also mention that problems with deviating
arguments where the deviation is unknown a priori and determined by optimizing some functional give rise to
additional difficulties (see Jouini, Koehl and Touzi [11,12] for a problem of this type arising in economics).
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Example 2. A deterministic advertising model

Arguing that there is a time lag between advertising expenditure and the corresponding effect on the goodwill
level, Gozzi and Marinelli proposed in [10] a stochastic optimal control advertising model with delay. The state
variable y is the stock of advertising goodwill and the control variable v models the intensity of advertising
spending. The dynamics of y is assumed to be governed by a stochastic delay differential equation of the form

dy: = |aopy(t) + bou(t) + /Or(al(s)y(t —5)+ bi(s)u(t — s))ds|dt + odW;
(y,u) prescribed on [—r, 0]

where W, stands for the standard one-dimensional Brownian motion, ag < 0, by > 0 are given constants, a; and
by are given L? functions on [—7,0] with b; > 0. In the deterministic case, o = 0, and we are left with a special
case of the dynamics (2).

Example 3. Variants of Ramsey’s economic growth model

In [14], Ramsey proposed a celebrated model of economic growth. In finite horizon, it reads as:

sup/O e U (c(t))dt + g(k(T)) : k(t) = f(t,k(t)) — c(t), k(0) = ko.

The state variable k is the capital, the control c¢ is the consumption rate, and f is the production function. In
the original model i(s) := f(s, k(s)) — c(s) represents the investment at time ¢ and writing k() = f(t, k(t)) — c(t)
amounts to assuming that saving instantaneously converts into capital. This is a strong assumption and it is
more realistic to assume that the capital growth depends on past investments according to a relation of the
form

(1) = / i(5)dun(s) = / (f(5,k(5)) — e(s))dua(s).

We refer to Boucekkine et al. [3] for a variant of Ramsey’s model with delays. There are actually many related
problems in economics, management of natural resources and finance (optimal harvesting, models with age-
structured populations...). For extensions to the stochastic control framework and more applications, we refer
for instance to Elsanosi, @ksendal and Sulem [8].

In Section 2, the Cauchy problem is studied in details. Section 3 deals with the existence of optimal controls,
the material of these sections is rather standard but is included for the sake of completeness. The main novelty
consists of the derivation of optimality conditions obtained in Section 4. In the case of an unconstrained control,
we first establish the Euler-Lagrange equations of the problem, then apply the optimality conditions to obtain
some regularity results. We then consider the case of (convex) constraints on the control and prove that in this
case, the optimality conditions can be written in the form of a Pontryagin principle with a nonlocal Hamiltonian.
Finally, Section 5 extends the previous result to the more general state equation (2).

2. ON THE CAUCHY PROBLEM

Our first aim is to solve the Cauchy problem:

{30 = 1aOhm o te 0 "

Let us consider the following assumptions:
e (H1) f € C°0,1] x R*,R%), and there exists (a,b) € R such that |f(¢,z)| < alz| + b, for all (t,z) €
[0,1] x R%;
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e (H’1) for every r > 0, there exists k such that for all (t,z,7y) € [0,1] x R x R? such that |z| < r and
lyl <7, 1f () — £t 9)] < Klz— gl
e (H2) for each t € [0,1], v is a nonnegative finite measure such that v¢((¢,1]) = 0 and ¢t — vy is
measurable in the sense that ¢ +— (g,1;) is measurable for every g € C°([0, 1], R);
e (H3) defining a(t) := 1,([0,1]) = v4([0,]), we assume a € L1(0,1).
In the sequel, we shall simply write C°, LP, WP BV instead respectively of C°([0,1],R%), LP((0,1),R9),
Whr((0,1),R%), BV((0,1),R%). For z and y in R%, the usual inner product of = and y will be denoted x - y.
2.1. Existence, uniqueness

Before we go further, under assumption (H3), we have the following lemma:

Lemma 1. Let A > 0 and define for every t € [0,1],

¢
oA (t) ::/ A (s)ds
0

then @y converges uniformly to 0 on [0,1] as A — +o0.

Proof. Let € > 0, and let § > 0 be such that fA a < ¢ for every Borel set A with Lebesgue measure less than 4.
Then for every t € [0, 4], pa(t) < € and for ¢ € [J, 1], one has:

t—s t
0<pa(t) = / Ao (s)ds —|—/ M a(s)ds < e M| +e.
0 t—5

The desired conclusion follows. (I

Proposition 1. Let us assume that v € L', that (H1), (H2) and (H3) hold and let us denote by S, the set
of WH solutions of (4). We then have:

1. Sy, #0, and for all z € Sy, ||z]lc < M for some constant M = M (|xo,a,b, |||z, [v|lLr);

2. S, is compact for both C° and W1 topologies;

3. if, in addition (H’1) is satisfied then S, consists of a single point y, and the map v € L' sy, € WhH!
is locally Lipschitz.

Proof. 1. For v € L' and x € C°, define for all t € [0, 1]:

t
Ta(t) =+ [ ((Foa).n) + ofs))ds.
0
It is obvious under our assumptions that 7,(C°) ¢ Wt ¢ C°. Let x and y be in C°, we have:

1T = Toylloo < llellrllfC52()) = £y ())lloo

which proves that T, is continuous (for the uniform topology of C°).
Let A > 0 and define for every z € C°:

[z][x := sup e M|z (t)]. (5)
tefo,1]

Of course, (C?,].|lx) is a Banach space. Let = € C°, we have:

(fCa( )] vs) < {ale] +b,vs) < (alwo| + allz — zol|xe™ + b)a(s)
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defining C' := ||v||11 + (alzo| + b)||a|| L1, we then get:
t
|Tyz(t) — zo] < C +allx — :co||A/ eMa(s)ds
0

this yields:

|7z — zolla < C + allz — zol|x max px(¢). (6)
te(0,1]

Let us denote by B (zg,r) the closed ball of CO_With center zy and radius 7 for the norm |[.[[x. It then follows
from (6) and Lemma 1 that for any r > C', T,,(Bx(wo,7)) C Bxa(zo,7) when A is chosen sufficiently large. Now,
let © € Bx(xo,7) and t2 > ¢ be in [0, 1], we have for some nonnegative constant C’:

|Tyx(ta) — Tyx(t)] < / 2(C”a(s) + |v(s)])ds.

t1

This proves that T,(Bx(zo,7)) is uniformly equicontinuous, we thus deduce from Ascoli’s theorem that
Ty(Bx(wo,7)) is relatively compact in C°. From Schauder’s fixed point theorem we deduce that T, admits
at least one fixed point in By (xg,) which proves that S, is nonempty. S, is obviously closed in C° since T, is
continuous. Choosing A such that max,ec(o1) a(t) < 1/(2a), we deduce from (6) that S, C Bx(zo,2C) which
establishes the first claim of the proposition.

2. Since S, = T,,(S,) and T,(Bx(xg,20)) is relatively compact in C°, we can conclude that S, is compact
in C°. We claim that S, is also compact in W1 indeed let (z,,), be a sequence of elements of S,, up to some
subsequence we may assume that x,, converges uniformly to some z € S,. Since, one has:

& — | <allf(,2() = F( () lloo

it thus follows that x,, converges uniformly to o in W11,

3. Finally, let us assume that f satisfies the local Lipschitz condition and let z1 and x3 belong to S,. We
already know that S, C C°([0,1], Bys) for some constant M let us denote by k the Lipschitz constant of f
with respect to its second argument on [0, 1] x Bjys. For each t € [0,1], we then have:

t ¢
ITyier () — Toea(t)] < / (ja1 — o, vs) ds < Kllas — :@HA/ P a(s)ds
0 0

hence:
[Tor1 — Towz|lx = [|o1 — 22f[x < [|21 — 22 Ak max py

again choosing A large enough and using Lemma 1, we get x1 = xs.
Let p > 0 and vy, v be in the centered ball of L! of radius p and set y; := y,, for i = 1,2. Since

¢ ¢
wl®) 1) = [ (Fm0) = Fn(wdds+ [ (- ),
0 0
we deduce from 1. and (H’1), that there exists k = k(p) such that for every A > 0 and every ¢ € [0, 1], one has:

ly1(t) — y2(t)|e ™ < kllyr — yallapa(®) + [lur — w11

Hence for A large enough (A > A(p) say), one has:

lly1 — allx < 2[Jur — ualL:.
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Thus, there exists C = C(p) such that ||y1 — y2]lcc < C(p)|lur — uz||pr. We deduce the desired result by
remarking that
192.(8) = g2 ()] < |ua(t) —ua(t)] + ka(t)]lyr — yaloo- O

Remark. When d = 1 and f is sublinear and nondecreasing (but not locally Lipschitz) with respect to its
second argument, it is possible (by suitably regularizing f from above of from below) to show that the Cauchy
problem admits a unique largest and a unique smallest solution.

2.2. Continuous dependence and linearization
In this paragraph, we always assume (H1), (H’1), (H2) and (H3).

Lemma 2. If a sequence v, converges weakly in L' to some v then y,, converges uniformly to y, on [0, 1].

Proof. Let us set y, := y,, and let us prove that y, is uniformly equicontinuous (we already know that it is
bounded in L by Prop. 1). On the one hand, we know from Proposition 1 that there exists a constant C' such
that for all n and all ¢, h such that [t,t + h], one has:

t+h
it + 1) — ya(8)] f/t (Ca+ [oa]).

On the other hand, v,, satisfies Dunford-Pettis criterion hence is uniformly integrable. We therefore deduce
from Ascoli’s theorem that (y,,) is precompact in C°. Let z be some limit point of (y,,) for the C° norm, if we
establish that z = y,, the proof will be complete. To prove that z = y, it is enough to pass to the limit in:

yn(t) = 20 + / (F (D), ) + va(s))ds

and to invoke the uniqueness result of Proposition 1. O

For the following result, we further assume that for every ¢ € [0, 1], f(t,.) is of class C* on R, we denote by
D, f(t,y) the Jacobian matrix of f(¢,.) at the point y and assume that D, f is a continuous function of both
variables ¢t and x. We then have:

Proposition 2. Let (u,v) € L' x L' and ¢ > 0. Define y := y, and ye := Yuiev, then:

Ye — Y
3

—hin Wh ase — 0T

where h is the solution of the linearized state equation:

{ h(t) = (Duf(y(:)A(),ve) +o(t), t € (0,1), (7)
h(0) = 0.

Proof. For € > 0, let us set h. := (y. — y)/e. We know from Proposition 1 that h. is bounded in W' hence
in C°, hence there is a constant k such that for every e > 0 and t € (0,1):

()] < ka(t) + [o(t)].

Since the rightmost member of this inequality is L', the family (h.) is precompact in C°. Let n be some limit
point for the C° norm of (h.), n = lim; he; and let us prove that = h. For all ¢ and j, we have:

O (CCUGECIOES (ST P

€j
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letting j tend to oo we get: .
00 = | (DaI (). v) + ()i

Since h is the unique solution of the linearized equation (7), this proves that h = 7 and that the whole h.
converges to h in C° as ¢ tends to 0. To prove that there is also convergence in W' we remark that:

lhe =Rl < lled| 210

where

5 — Hf(-,y(-) +eha£-)) —fly() D”f("y('))h(')Hoo

which tends to 0 as ¢ — 0. O

3. EXISTENCE OF OPTIMAL CONTROLS

From now on, we will always assume (H1), (H’1), (H2) and (H3). In addition we assume the following:
e (H4) g is Ls.c., L is a normal integrand from [0,1] x R? x R? to R U +oo (i.e. L is Borel and for
a.e. t €10,1], L(t,.,.) is Ls.c.) and L(t,x,.) is convex for every (¢,z) € [0,1] x R%;
e (H5) there exists a convex l.s.c. function ¥: RT — R such that lim; ¥(£)/€ = +oo and G €
L'((0,1),R) such that:

L(t,z,v) > ¥(|v]) + G(t), Y(t,z,v) € [0,1] x R? x RY;

e (H6) V is a closed convex subset of L' and there exists ug € V such that J(ug) < +o0.
Under assumptions (H1), (H’1), (H2), (H3), (H4), (H5) and (H6), one easily obtains existence of a
solution to (1):

Proposition 3. There exists w € V such that J(u) < J(u) for allu € V.

Proof. Let u,, € VY be a minimizing sequence of J over V. It follows from (H5) and Dunford-Pettis theorem
that u, admits a (not relabeled) subsequence that converges weakly in L! to some , by convexity u € V. It
then follows from Lemma 2 that y,, := y,,, converges uniformly to 7 := yz. It then follows from our assumptions
and Theorem 2.1, p. 243 of Ekeland and Temam [7], that:

J(@) < lim J(up)
which proves the result. O

4. OPTIMALITY CONDITIONS

4.1. Euler-Lagrange equations

In this paragraph, we assume the following;:
e (H7) for every t € [0,1], f(t,.) is of class C! and D, f is continuous;
e (HS8) g is of class C', L is continuous and for every t € [0,1], (z,v) — L(t,x,v) is of class C! and V, L
and V, L are continuous;
e (H9) there exists p > 1 and ¢ > 0 such that L satisfies (H5) with ¥(£) = ¢£P, o € LP, there exists
Gy € LP((0,1),R) (p' being the conjugate exponent of p), Go € L*((0,1),R), and for each r > 0 there
exists 3, > 0 such that for all (t,z,v) € [0,1] x B, x R%:

[VoL(t,a,0)] < Gi(t) + B (L + [ufP ™), [VoL(t, 2, 0)] < Ga(t) + Br(1+ [ul?).
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We then consider the following problem

ueLr

inf J(u) with J(u) ::/0 L(s,yu(s),u(s))ds + g(y.(1)). (8)

Under our assumptions, let us remark that for every v € LP, y, € WP and that, if L is convex in v, then
(8) admits at least one solution in LP. Under the previous assumptions, we also have, as a direct consequence
of Proposition 2:

Lemma 3. J is Gdteaux-differentiable on LP, and for all (u,v) € LP x LP one has:

1
(J'(u), v) =/ (Vo L(t, yu(t), u(t) b (t) + Vo L(t, yu(t), u(?)) - v(t)) dt + Vg (yu(1)) - ho(1)
0
where h, € WP is the solution of the linearized state equation:

{h(t) = (Do f (s yu(Dh(),ve) +0(t), t € (0,1), )
h(0) = 0.

Let us denote by £! the Lebesgue measure on [0, 1] and let us define the nonnegative measure 7 := 14 ® £1
on [0,1]2, and define v as the second marginal of v. Using test-functions, v and v are then defined by:

/(;s s)dy(t, /</¢ s)duy (s )dt, Vo € C°([0,1)%,R),
/¢> Ydu(s /</¢ )dvy (s >dt, Yo € C°([0,1],R).

Using the disintegration theorem (see for instance the book of Dellacherie and Meyer [5] or the appendix in the
lecture notes of Ambrosio [1]) we may also write v = v ® v} where v} is a measurable family of probability
measures on [0, 1]. We recall that ¢ € L(v) if and only if:

e for Ll-a.e. t €[0,1], &(t,.) € L* (1), and
o t— (¢(t,.), ) € LY(LY)

which is also equivalent to
e for v-a.e. s €1[0,1], ¢(.,s) € L*(v?), and
o 5 (D), 00) € L0,

Moreover, if ¢ € L'(7), then:

/[0,1]2 o(t,s)dy(t,s) = /O (o(t,.),ve) dt = /O (6(..5), %) du(s).

Let us finally remark that since v; is supported by [0, ¢], v¥ is supported by [s, 1]. For every matrix A, we shall
denote by A the transpose of A. The Euler-Lagrange equation of (8) then reads as:

Theorem 1. Let w be a solution of (8) and § := yg be the corresponding trajectory. Slightly abusing notations,
let us simply denote

Do f( 9" (VoL@ m),v*) : t€[0,1] = Do f(£,5(t)" (Vo L(.,5(.),u(.), v;) -

Then the following Euler-Lagrange equation:

VL) = Vel 50, 0) — (Def (TN (VL (7. 7),07)v (10)
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and the transversality condition:
V, L(1,7(1),u(1)) = —Vg(y(1)) (11)
are satisfied in the (W1P)" sense, which means that for every x € WP such that x(0) = 0, one has:
1
0=Vyg(1)) (1) + / (Vo L(t, y(t), u(t)) - 2(t) + Vo L(t, 3(t),u(t)) - (1)) dt
0
1
—/O (D f(s5,9(s)))a(s) - (Vo L(,7(),u(.)), v5)) dw(s).
Proof. To shorten notations, let us set:

II(t) := VuL(t, (1),
O(t) := Vo L(t,7(t),

(t))a A(t) = sz(tay(t))a
(t)). (12)

sl <l

Since w € LP, our assumptions imply that II € LP', © € L! and A € C°.
Let 2 € WP be such that 2(0) = 0 and define:

v(t) = a(t) = (A()x (), ve)

so that v € L? and & = h,. By Lemma 3 and since (J'(u),v) = 0, we get:

/0 (02 +11- (& — (A()a(.), v)))dt + Vg(H(1) - 2(1) = 0. (13)

Let us define for all (i, ) € {1,...,d}?, and all (¢,s) € [0,1]2, ¢4;(t,s) := I1;(t)A;;(s)z;(s). Since both A and z
are continuous on [0, 1], ¢;;(¢,.) € L' (1y) for a.e. ¢ and

[ (i (&, ), va) | < | Asjlloo |5 | soce (£)[TLs ()]
since IT € L?" and « € LP, the right-hand side member is L', we deduce that ¢ij € L*(v). Hence ¢;(.,s) €

LY (v}) for v-a.e. s, (¢ij(.,s),v}) € L' (v), and:

/ (I(t) - {AQ)(), 1))t = / b5 (£, 5)dy (2, 5)
0 [0,1]2

1<i,j<d

= > /O<¢ij(-,3),V:>dl/(s)

1<i,j<d

- Z /O(Aij(S)Ij(S)<Hi7l/:>)dy(s)

1<i,j<d

- / £(s) - (A(s)" (I v2))du(s).

With (13), we thus get, for all x € W1 such that x(0) = 0

Vyg(y(1)) - (1) +/O (©-z+1I-z)dt — /0 (A(s)xz(s) - (IL,v2)) dr(s) = 0.
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This exactly means that II satisfies in the (W1P)’ sense:

1T =0 — (A()" (M), 7)), (14)
I(1) = =Vyg(y(1)). (15)
O

Example. We aim to illustrate the previous optimality conditions by a simple example of Ramsey type. Let
us consider the following problem:

1*‘” : = -*atsysfcs
sup{ | e ot k) k) = o, k0 =a [ k) ()}.

In this problem, ¢ is the consumption (control variable), k is the stock of capital (state variable), U is a utility
function, 6 > 0 a discount rate and for the sake of simplicity, we have taken a linear production function

F(k) = ak.

In the classical no-memory case (i.e. vy = dy), setting

v(t) := e U (c(t)), Vt € [0,1] (16)
the Euler-Lagrange equation simply reads as v = —aw hence:
U'(e(t)) = =0 (¢(0)). (17)

In the general case, defining v by (16), the Euler-Lagrange equation becomes:

i(s) = —a (/01 u(t)du;(t)) u(s).

If we specify to the case where di(s) := g(t,s)x0,4(s)ds (with xjo4 the characteristic function of [0,¢]) then

*

vi(t) = g(t, 5)x[s,11(t)dt and dv(s) = ds. Thus, we get the following linear integrodifferential equation for v:

S

1
o(s) = 704/ v(t)g(t, s)dt.
S
For instance, taking g = 1 leads to ¥ = aw and 0(1) = 0 so that:

U'(c(0)) ( s -
! _ +/a)t 2v/a+(6—+/a)t
Uelt) = 15 o (e te ) .

4.2. Regularity of optimal controls

Assuming as previously that @ is a solution of (8), ¥ := yz and defining II, © and A by (12), let us denote
by 7r1 the vector-valued measure:

dvy := Frdv where Fyi(s) := A(S)T (T1(.), v . (18)

rTs

We recall that © € LP', Fi; € L'(v) and that the optimality conditions equation of (8), (14) and (15), can be
written as:

1= 6 — g, (1) = ~Vg(F(1)).
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This implies that IT € BV((0,1), R?) and that for all ¢ € [0, 1]

(t) = ~Vg(5(1) - / O(s)ds + 7in([t, 1]). (19)

We immediately deduce from (19) and (18) that II is continuous except possibly on the set of atoms of v, in
particular II is continuous as soon as v has no atoms.

Lemma 4. Let uw be a solution of (8), ¥ := yz, and II be defined by (12). For all t € [0,1] such that v({t}) =0,
IT is continuous at t, hence II has at most countably many discontinuity points. In particular, if v({t}) =0 for
all t € [0,1] then II is continuous on [0,1].

To deduce the continuity of an optimal control, let us use standard Fenchel duality:

L*(t,z,p) := sup {p-v — L(t,z,v)}, Vp € R%.
veERE

Assuming that L* is differentiable with respect to p (which is the case if L is strictly convex and superlinear
in v), we then have:

u(t) = VpL* (t,y(1), 1L(t))-
We thus deduce the following:

Proposition 4. Let us further assume that L(t,z,.) is strictly convez for all (t,z) € [0,1] x R? and that V,L*
is continuous on [0,1] x R x R? and let U be any solution of (8). For everyt € (0,1) such that v({t}) =0 then
w is continuous at t. In particular, if v has finitely many atoms then W is piecewise continuous.

Proposition 4 states that optimal controls are continuous except possibly on the set of atoms of v. Remarking
that, for every 7 € [0, 1],

v({r}) = / w({rhadt,

we thus deduce that optimal controls are continuous at each point 7 such that £1({t € [0,1] : v ({7}) > 0}) = 0.
As a consequence, if for Lebesgue-a.e. t, 14 is atomless then any optimal control is continuous. In the case of
a deviating argument (i.e. vy = dg(y)), v is the image of the Lebesgue measure by the deviation function 6 and
optimal controls are continuous at each point 7 such that £(§=1({r})) = 0. If v has no atoms, optimal controls
are continuous so that, if, in addition, we assume that t — (g, 14) is continuous for every continuous g then the
corresponding state is of class C''. Under stronger regularity assumptions on v, f, L and L*, one can obtain
higher regularity (C' or even C°°). When v has finitely many atoms, one can also obtain higher piecewise
regularity (piecewise C! or even piecewise C).

Example. To illustrate the previous results, let us consider the linear-quadratic case, namely:
1
L(t,,0) = 5 (2 + [uf’), g =0, f(t,2) = A(t)z,
where A is a continuous d x d-matrix-valued function. In this case, J is strictly convex and (8) admits a unique
solution u. If we denote by 7 the corresponding trajectory, the pair (@,7) is then characterized by the following

linear system

u =7y—(AW)T @, v*))v, u(l) = 0.

It immediately follows that if v is atomless (i.e. v({s}) =0 for all s € [0,1]) and ¢t — (g, 1) is continuous for
every continuous g, then % is continuous and ¥ is of class C.
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4.3. A nonlocal version of Pontryagin principle

In this section, we consider the case of a convex constraint on the control and prove that the optimality
conditions take the form of a nonlocal version of the Pontryagin principle. More precisely, we consider the
problem:

Jrellf/ J(u) with J(u) := /0 L(s,yu(s),u(s))ds + g(y.(1)). (20)

For the sake of simplicity we assume that the set of admissible controls V' is defined by:
Vi={uelLP : u(t) € K for a.e. t} (21)

where K := {v € R? : ®(v) < 0} and ® is a differentiable convex function such that infge ® < 0. In the
remainder, we assume (H1), (H’1), (H2), (H3), (H7), (H8) and (H9) and, in addition, that L(¢,z,.) is
strictly convex on K for all (¢,z) € [0,1] x R, This implies in particular that (20) possesses solutions and that
the differentiability result of Lemma 3 holds. Under our assumptions, the optimality conditions of (20) may be
expressed by the following multiplier rule:

Lemma 5. Let @ be a solution of (20) then there exists a nonnegative function 3 such that
B)VO((.)) € L”, Bt)®(u(t)) =0 a.e., and (22)

1
(T (@), ) = — / BUVO@E(L)) - v(t)d, Vo € LP. (23)
0
Proof. Let F € L* be such that (J'(@),v) = fol F -v, Yo € LP. The variational inequalities of (20) read as:
1 _—
/F-UZO,VUER+(V—U) (24)
0

where Ry (V' — @) denotes the LP closure of the convex cone R, (V — @). By Lusin’s theorem, for all n € N*,
there exists a compact subset K, of [0,1] whose complement has Lebesgue measure less than n~! and u is
continuous on K,,. Let us define then for all 6 > 0 and n € N*:

Io={t : ®@1t) =0}, Iy := {t : B@@1)) < —6}, I} = s N Ky, 1D = Iy N K.

In what follows, for A C [0, 1], 14 will denote the characteristic function of A. Let v € L, there exists £ > 0
such that w+ 5113;1} and w— 5113;1} both belong to V. Hence, by (24), we deduce that fol 113;LF -v = 0. Since v,
0 > 0 and n are arbitrary we get F' =0 a.e. on [0,1]\ .

Now let v € L be such that:

Vo(u(t)) - v(t) <0 for ae. t € Ip. (25)
It can be checked easily that for all n € N* and 7 > 0 there exists ¢ > 0 such that @ + el (v —nV®(w)) € V.
Using (24) again, we get:

/1 1pF-(v—nVe(u) >0
0

since n and 7 are arbitrary, we deduce that fol 17,F-v > 0 for every v € L™ that satisfies (25). Since F € L?', we

deduce from Lebesgue’s dominated convergence theorem that fol 1;,F-v >0 for every v € LP that satisfies (25).
By a standard separation argument, we deduce that 1;,F = —1;,8V®(u) for some nonnegative function §.
Together with F' =0 a.e. on [0,1] \ Iy, this completes the proof. O
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Combining the previous lemma, with the arguments of the proof of Theorem 1, we get:
Proposition 5. Let @ be a solution of (20), B be as in Lemma 5, II, © and A be defined by (12) and set

Blt) = —TI(t) — HO)VB(E(t)), ¥t € (0,1), (26)
then p e LP NBV((0,1),R%), satisfies in the (WhP) sense:
(AT B(), "), (27)

h=-0-
with the boundary condition B(1) = Vg(gy(1)).
Proof. Let x € WP be such that 2(0) = 0 and define:

By Lemmas 3 and 5, we get:

A(®m—ﬁ%$—MOM%wD&+VMMU%ﬂU=0 (28)

Arguing exactly as in the proof of Theorem 1, we get the desired result. (]

We may actually interpret p as a co-state variable and rewrite the previous conditions as a nonlocal version
of the Pontryagin principle. To that end, let us first define:

H(t,,p) = min{L(t,z,v) +p- v}, ¥(t,z,p) € [0,1] x R x R", (29)
ve

Our assumptions guarantee that for each (¢,z,p) € [0,1] x R x R?, there exists a unique U(t,z,p) € K such
that

H(ta ﬂ?,p) = L(tv z, U(ta :E,p)) +p- U(ta ﬂ?,p)
It is well-known (see for instance Cannarsa and Sinestrari [4]), under our assumptions, that U is continuous
and the partial gradients V,H and V, H exist, are continuous and are given by:

VoH(t,z,p) = Vo L(t,z,U(t,z,p)), VpyH(t, z,p) =U(t, z,p). (30)

Let v € V, by convexity of ®, we have:

0> B(6)(2(v) — @(u(t))) = VO(u(t)) - (v —u(t)). (31)
Using the convexity of L(¢,7(t),.) and the definition (26) of the co-state, we also have:
L(t,y(t),v) = L(t,5(t),u(t)) — (BO)Ve(@(t)) +1(t)) - (v —u(t)). (32)

Using (31) and the arbitrarity of v in (32), we then get:
L(t,y(t), u(t)) +p(t) - u(t) = H(t,y(1),p(t))
or, equivalently:
u(t) = U(t,y(t),p(t)) a.e. on (0,1). (33)
Let us then define for all z € W' and p € L?" the (functional or nonlocal) Hamiltonian of problem (20) by:

H{(z,p)(t) := H(t,2(t),p(t)) +p(t) - (f (-, 2(.), 1), t € (0,1). (34)
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We then have the following result whose elementary proof is left to the reader:

Lemma 6. Let z € WY and p e L?'.
(1) For every ¢ € C°, the following limit

1

(Defi@r).0) = i~ [ (Fia+ 2000~ Al.p)(0)

exists and is equal to
/0 (Ve H(t,2(t), p(t) - o(t) + p(t) - (Daf (., 2(.)e(.), v)) dt =
/O Vo H(t, x(t),p(t)) - (t)dt +/O p(s) - [Daf(s,2())" (p(.),v2)] dv(s).

(2) For every ¢ € LY | the following limait

1

(Dyfi@n) o) = tim = [ (Awp+eo)) - Ha)0) ar

exists and is equal to
(Dpfite.p) ) = [ (Ua()m) + Utale).ple) - ole)dr

Let us remark that if z € WP and p € L?', then Dpﬁ(x,p) € LP and Dxﬁ(x,p) is a finite vector-valued
measure. Slightly abusing notations, we may rewrite Lemma 6 in the more concise form:

D, H(x,p) = Vo L(,2(), Ul 2(.),p(-)) + Do f (s 2(:)T (p,v7) v,
Dy H(z,p)(t) = (f (., 2(.), ve) + UL, x(t), p(t)).

Finally, we get the following version of the Pontryagin principle:

Theorem 2. Let @ be a solution of (8) and § := yz be the corresponding trajectory, then there exists p €
LY nBV((0,1),R%) such that:
(1) For a.e. t € (0,1),

L(t,5(t),u(?)) +p(t) -ut) = min {L(¢,5(t),v) +B(t) - v};

(2) (y,p) solves the nonlocal Hamiltonian system:

together with the boundary conditions

9(0) = xo, p(1) = Vg(y(1)).
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Proof. Let us define P as in Proposition 5, then by construction w(t) = U(t,5(t),p(t)) for a.e. t € (0,1), which
means that

L(t,5(t),u(?)) +p(t) -u(t) = min {L(¢,5(t),v) + B(t) - v}

Using Lemma 6, the optimality condition (27) can be rewritten as:

7= -D,H(7,5), p(1) = Vg(7(1)).

Finally, again using Lemma 6, the state equation (4) can be rewritten as

Y(t) = (f(F() 1)) + UL G(),B(t) = D H (7, B)(2). O

Remark. For the sake of simplicity, we have assumed here that the set of controls K is convex. It is actually
unnecessary for a Pontryagin principle to hold but is a sufficient condition for the existence of an optimal control.
For a nonconvex K, if @ is a solution of (8) and § := yz is the corresponding trajectory, then @ also solves
the relaxation of (8) which consists in minimizing J(u) subject to the relaxed constraint v € ¢o(K). In this
case, (7,u) satisfies the optimality conditions of the relaxed problem for which the set of admissible controls is
convex.

5. THE CASE OF A STATE EQUATION WITH MEMORY IN THE CONTROL

This final section is devoted to optimality conditions in the case of a state equation of the form (2) where
the control also enters the dynamics in a nonlocal way.

5.1. Assumptions and preliminaries

In addition to f and the family (v4); (that, throughout are assumed to satisfy (H1), (H’1), (H2) and (H3)),
we are now also given a measurable family of nonnegative measures (1), such that ¢ — ([0, 1]) belongs to L1.
For u € L? and xy € R%, let us consider the Cauchy problem:

{igg)) i;];(.,x(.)),ut) + (u, ey, t € (0,1), (35)

In order to be able to apply the results of Section 2 (with ¢ — (u, u¢) as new control), it is enough that the

linear map u ~— (t +— (u, ) is well-defined and continuous from LP to L. Let us define n := p; ® £! and
define p as the second marginal of ), i.e.:

/0 o(s)dp(s) = / (6 12) dt, ¥ € CO(0, 1], R).

By the disintegration theorem (see [5] or [1]), we may also write n = p ® p’ for some measurable family of
probability measures (uf)s on [0, 1]. Again, this means:

/0 o, s)dn(t, s) = / (O(t, ), pr) dt
- / (6 5), 12) dpa(s), V6 € C((0, 1%, ).

Now let p € (1,400) and let p’ be its conjugate exponent and let us assume that p € L*" then for every
u € C° one has:

1 1
/0 | () |t < / fuldp < lall ol 2o
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Thus, if u € L?, u — (t — (u, ) is a well-defined and continuous mapping from LP to L'. In the sequel
we will always assume p € L and, slightly abusing notations, we will also denote by u the density of p with
respect to £, In particular this implies that the Cauchy problem (35) admits a unique solution that will be
denoted z, € W in the sequel.

The next paragraphs then deal with the optimal control problem

ulgg I(u) with I(u) := /0 L(s,zy(8),u(s))ds + g(z.(1)). (36)

To derive optimality conditions, we further assume that f, L and g satisfy assumptions (H7), (H8) and (H9)
and that V' is a closed convex subset of LP.

Finally, for the sake of simplicity, we further assume that v is atomless (i.e. v({t}) = 0 for every t € [0, 1])
where we recall that v is the second marginal of v := v; ® £! as defined in Section 4.1. Still using the notations
of Section 4.1, we shall also write v = v ® v}.

5.2. Euler-Lagrange equations

In this paragraph, we consider the unconstrained case, i.e. problem (36) when V' = LP. Let us assume that
7 solves (36) and let us set Z := zz, and define:

H(t) = Vo L(t, 20, 7(0), A(t) = Daf(t,7(1)).
O(t) = V. L(t,2(t),u(t), B = Vg(z(1)). (37)
Using the continuity of w +— (¢ — (u, ut)) and Proposition 2, we easily obtain:
1
/(@-kU+H-v)+ﬁ-kU(1):0,VUEL” (38)
0

where k, € W1 denotes the solution of the linearized equation:

kt:A.k.,Vt+’U.,t,t€0,1,
{k;go))zé.()() IR CONTY (0,1) (39)

Now, let us consider the adjoint equation:

—AT() {p,v*)v — 0O,
=p

—N
s,
[l

p(1)

which can equivalently be rewritten as:

p(t) = B+ / o+ / AT(s) (p,v2) du(s).

Arguing as in Section 2, and using the fact that v is atomless, the adjoint equation (40) admits a unique
solution p € BV N CY. For every h € Wh! such that h(0) = 0, let us also remark that the following integration
by parts formula holds:

<h,ﬁ>=—/O h-B+ B h(1). (41)

The Euler-Lagrange equations of (36) are then given by:
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Theorem 3. Let @ be a solution of (36) and Z := z, then for a.e. t, one has:
Vo L(t,%(t), u(t)) = — (B(.), ui) p(t),
where p € BV N CY is the solution of the adjoint equation:

— _ApV — vlL(,E();E())a
{p(l) = Vg(z(1)) (42)

3.
|

and A, (t) == D, f(t,Z(t)T (p,v}).
Proof. Let v € L?, and let us use the notations of (37). Using (39) and (40), we then have:

<kmf»>:f/<AT<><p, v2)) - ku(s)du(s) — /@m

0

1

= /((Ak@,ut t)dt — /@ ke

= / / v, ) dtf/ O -k,
/kv p+/ ) (P, 15 ds—/@k

/ O - ky+ 8- ky( :/ ) (P, sy p(s)ds, Yv € LP.
0
Finally, (38) exactly yields II(t) = V, L(t,Z(t),a(t)) = — (B(.), uy) p(t) for a.e. t. O

with (41), we then get:

5.3. Pontryagin principle

In this paragraph, we consider the constrained case where V is defined by (21) as in Section 4.3. We recall
that K := {v € R? : ®(v) < 0} where ® is a differentiable convex function such that infge ® < 0. As in
Section 4.3, in addition to the general assumptions of this section, we assume that L(¢,x,.) is strictly convex
on K for every (t,z) € [0,1] x R4

Let (z,p) € C° x C° and define

H(z,p) = inf / (L (s, 2(s), u(s)) + p(s) - (u, 1a))ds

ueV

and let us remark that this Hamiltonian can also be written as:

H(z,p) = mf/ (L(t,2(t), u(t)) + u(t) - (p, pg) p(t))dt

ueV

_ / min{ L(t, (1), v) + v - (p, ) p(t) }lt

veEK
_ / H(t,x(t), (p, ) p(t))dt

where H is defined by (29). Define also:

Fi(x,p) = H(z,p) + / p(t) - (F( (), ) . (43)
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For fixed (x,p) € C° x CY, our assumptions ensure that there exists a unique u = U(x,p) that solves the
minimization problem in the definition of H i.e. U(x,p)(t) € K and:

L(t,(t), Uz, p)() + U, p)(O) - (p. 1) a(t) = H(t,2(0), (p, i) plt)) for ace. t.

Moreover, H is Gateaux-differentiable over C? x C°, and for every (z,p) € CY x C° and (y,q) € C° x C°, one
can easily establish:

1

(DA = [ VoLlal)Uen0) v+ [ 90 Doty (14)

and
(Dt pa) = [ (D)) + ) ) - a0y (45)

which, slightly abusing notations, can be rewritten in the more concise form:

{ D, H(w,p) = VoL (. 2(.),Ulz,p)(-) + Duf (- x())T (p.vi) v,
DyH(z,p)(t) = (f( 2()); ve) + (U (2, p) (), pae) -

Optimality conditions for (36) when V is defined by (21) are given by the following variant of the Pontryagin
principle.

Theorem 4. Let U be a solution of (36) and Z := 2z be the corresponding trajectory, then there exists p € C'NBV
such that:

(1) For a.e. t €(0,1),
L(t,2(),u(t)) + (9, ) p(t)) - u(t) = min {L(t,Z(¢), v) + (P, ;) (1)) - v} 5

(2) (z,p) solves the nonlocal Hamiltonian system:

(with 'H defined by (43)) together with the boundary conditions
Z(0) = w0, p(1) = Vg(z(1)).

Proof. Let us again use the notations (37). Arguing as in Lemma 5, there exists a nonnegative function § such
that, B(.)V®(@(.)) € L¥', B(.)®(@(.)) = 0 a.e. and

/1(@ Koy + 11 0) + B k(1) = — /1 BHV(E(H)) - v(t)dt, Yo € LP (46)
0 0

where k, denotes the solutions of the linearized equation (39). Now let, p be the solution of the adjoint
equation (40). Arguing as in the proof of Theorem 3, we obtain:

1I(t) = Vo L(t,2(t), u(t)) = — (P, us) u(t) — BE)VE(u(t)), a.e. (47)

which by our convexity assumptions is equivalent to u(t) being for a.e. t, a solution of

min {L(t,2(t), v) + (P, ur) (1)) - v} -



ON SOME OPTIMAL CONTROL PROBLEMS GOVERNED BY A STATE EQUATION WITH MEMORY 743

We thus have ©w = U(Z,p), so that using (44) and (45), the state equation and the adjoint equations exactly
take the form of the Hamiltonian system:

wl
w
ko]
g
=
=
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