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ON THE DYNAMIC BEHAVIOR AND STABILITY OF CONTROLLED
CONNECTED RAYLEIGH BEAMS UNDER POINTWISE OUTPUT FEEDBACK*

Bao-Zuu Guob?, JUN-MIN WANG? AND CUI-LIAN ZHOU?

Abstract. We study the dynamic behavior and stability of two connected Rayleigh beams that are
subject to, in addition to two sensors and two actuators applied at the joint point, one of the actuators
also specially distributed along the beams. We show that with the distributed control employed, there is
a set of generalized eigenfunctions of the closed-loop system, which forms a Riesz basis with parenthesis
for the state space. Then both the spectrum-determined growth condition and exponential stability
are concluded for the system. Moreover, we show that the exponential stability is independent of the
location of the joint. The range of the feedback gains that guarantee the system to be exponentially
stable is identified.
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1. INTRODUCTION

Pointwise stabilization of flexible structures has been studied extensively in the context of infinite-dimensional
systems control over the past two decades due to wide applications in space technology and
robotics [1,2,5-10,14,15,28-30]. Two fundamental issues, namely exponential stability and Riesz basis prop-
erty, are investigated in these studies. We recall that Riesz basis property holds for a system if there exists a
sequence of generalized eigenfunctions of the system, which forms a Riesz basis for the state space. The Riesz
basis property is useful to deal with one dimensional vibrating systems that not only does it lead to results on
stabilization, it also offers a deep insight into the dynamics of the system in terms of eigenfrequencies. Once
the Riesz basis property is established, the exponential stability can be concluded directly and the growth rate
can be determined in terms of the spectral abscissa. And one can often easily obtain the spectrum-determined
growth condition (the earlier works for one-dimensional damping wave equation can be found in [11]); note that
the latter does not hold for any partial differential equation systems [25] and its verification is known to be
generally difficult.
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In this paper we are concerned with the following controlled two connected Rayleigh beams proposed in
Weiss and Curtain [28]:

d .
ytt(xat) - aymtt(%t) + yxxxx(ma t) = _U/O(t)aé‘f - ul(t)[a(Sf + b(.f)], HARS (07 1))

y(O, t) = yacx(oa t) = y(l, t) = yww(lvt) =0,

where

b(z) ;{ él(_‘fzf’ S (12)

J¢, % are Dirac delta functions and the derivative at x = £ in the sense of distribution, y(x,t) represents
the transverse displacement of the beam at position z € [0,1] and time ¢ > 0, @ > 0 is a constant (which is
proportional to the moment of inertia of the cross section of the beam), and wg,u; are control inputs. Weiss
and Curtain [28] designed the following feedback controls (with k = kg):

UO(t) - 7k0yzt(£at)a ul(t) - 7k[(1 - V)yzz(fiat) + ’yyzz(ngat)]v (13)

where v and the feedback gains k, ky are positive constants.
It is known (see e.g., [2] and also [6-8,24] for connected beams) that the system (1.1) is equivalent to the
following Rayleigh beam equation:

ytt(mat) - aymgtt(mat) + yzzzz(mat) = 7&1@)()(1‘), HS (07 1); x 7é fa

y(oat) = ym(O,t) = y(]-at) = ymg(lat =0,

y(& . ) = y(Eh, ), yal(€,1) = ya(€F,10), (1.4)
yxx(§_7t) - yxx(§+7t) = UO(t)a

ymx(é_J) - yxxx(€+7t) = au (t)

~—

It is easy to see that there are two actuators involved in the system (1.4). One is imposed at the joint point and
another is also imposed at the joint point but specially distributed along the entire beam at the same time. Due
to the increasing application of smart materials, the distributed measurement and distributed control becomes
feasible [20,21].

Using the newly developed result on collocated static output feedback in [13], Weiss and Curtain [28] showed
that this distributed control @ (£)b(z) in (1.1) together with the pointwise controls at the joint does exponentially
stabilize the system (1.1), (1.3) and that the control (1.3) is robust to the position of the joint point. They
obtained this result under the condition that the static output feedback gains lie in a suitable finite range.
Precisely, the system (1.1) under (1.3) is exponentially stable if &k = kg € (0, 2/|y — €]). It is not clear what
would happen when the feedback gains are out of this range for both well-posedness and stability.

Let us look at the energy of the system (1.1) that is given by

B) = 5 [ {0lat) + fn(ent) + (O + ol )+ 1 (O ()} da (15)
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Formally, differentiate E(t) with respect to time ¢ along the trajectory of (1.4), to give
) 1
E(t) = / {yazazyazazt + [ayzztt - yzzzz] [yt + Ulb] + a[yztt + ﬂlbl][yzt + Ulbl]} dl’
0

1
= / {yazazyazazt + QYpzttYt + WYzttYot — YzazzYt
0
+ QU1 Ypreh + ayprtn + qurigb? 4 o Yrreh — U1Yoaaab ) Az
= —ainy(&,t) — koyz, (&, 1)

1
+ / {ouyaud’ + 0yaiinb’ + aurin b’ + oty Yepb — U1Yszaab} dz (16)
0 1.6

= —ainy(€,t) — koyz (€, 1)
+aury (€, t) + atny(§, 1) + ag(l — Hurtn — auryu(§,t) — af(l — §uitn
1Yo (§ ) + ko&uryawe (€, 1)

= — Koyt (&, 1) + uryea (€7, 1) + kofuryae (€, 1)

= —ko(1 + kokv€)yzi (€, 1) — kyza (€7, 1) — kko(v + €)yaa (€, 1)yae (&, 1)

< —ko (1 + Kkogy — W) Yar(&st) =k (1 - W) Yaa(€ 1)

for any § > 0. It is seen that E(t) < 0 provided that

k(& +7)
25

0ko(€+ )

<1.
B) =

< 1+ kkOf’Ya

The dissipativity of the closed-loop system (1.1) and (1.3) under the condition: kko(¢ —+)? < 4 will be proven
rigorously as Lemma 3.2 in Section 4.

The main objective of this paper is to establish the Riesz basis property for the closed-loop Rayleigh beam
described (1.1) under the feedback (1.3). We then conclude for the system (a) the spectrum-determined growth
condition, (b) the exponential stability, and (c) the robustness to the position of joint point. To answer the
question about the range of feedback gains, we show that if k = kg = 2/|y — £|, then there always exists a joint
point & € (0,1) such that the system (1.1) under (1.3) is not exponentially stable. This sets up a constraint on
the feedback gains. The earlier similar result for one dimensional nonhomogeneous wave equation can be found
in [12].

Using results on the sharp trace regularity, Ammari and Tucsnak [1] proved the exponential stability for
an Euler-Bernoulli beam under some conditions. Guo and Chan [15] established the Riesz basis property for
Euler-Bernoulli beams with various boundary conditions. Xu and Yung [30] considered a Timoshenko beam
with pointwise feedback control. It is pointed out that only one point control is implemented in these studies,
and that the exponential stability is shown to be not robust to the location of the joint [2]; in other words, the
stability results are dependent on the exact location of the joint point.

In order to achieve robust control, Ammari, Liu and Tucsnak [2] proposed to place two sensors and to use two
actuators at the joint point (x = &) in their study of stabilization of connected Rayleigh beams (Euler-Bernoulli
beam as well):

do,
ytt(xat) - ymgtt(m;t) + ymzm&(mat) + yt(gat)(sﬁ - yzt(m;t)d_; = 0; 0 < 5 < ™, T S (Oa’”)a

y(O,t) = ym(O,t) = y(w,t) = ym(w,t) =0.
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By the energy multiplier technique and frequency domain method, they showed that the exponential stability
holds for the Euler-Bernoulli beam and is robust to the position of the joint. Unfortunately, the exponential
stability for the Rayleigh beam holds only when the joint point belongs to a special subset of the beam occupation
that is either countable or dense. As a result, the stability of the closed-loop system under output feedback
control for two connected Rayleigh beams with two sensors and two actuators at one joint point is not robust
to the location of the joint. In order to solve this problem, Weiss and Curtain [28] introduced an additional
specially distributed control in (1.1).

We proceed as follows. In Section 2, the system is formulated into an evolution equation in the energy state
space. The main results are stated in Section 3. Finally, in Section 4, we give the proofs of the main results.

2. PROBLEM FORMULATION

Motivated by the energy function (1.5) of the system (1.4), we define the state Hilbert space H for the
system (1.1) as follows:

H = (H2(0,1) N HY(0,1)) x H(0,1), (2.1)

which is equipped with the inner product induced norm:

ICF I = /O [1£" (@) + [g(2)* + alg ()] dz, ¥ (f,9) € M.

Now, define the operator R : L?(0,1) — H?(0,1) N H3(0,1):

R = (I—add—;)l. (2.2)

It is well-known that R is an isomorphism from L2(0,1) to H2(0,1) N HZ(0,1) [13,27,28] and

x 1 [® x—s
Rf = csinh — — —/ sinh —— f(s)ds,
V& Val) ) s
N (R '
c= \/asinh—) / sinh —— f(s)ds, V f € L*(0,1).
( Va 0 Va =) ©.1)
A simple computation shows that
d* . x 1 1 v x—s
<R@) f(z) = dsinh Ja Ef”(:c) - m/o sinh NG 1 (s)ds, o
1\t 1 '
d= | asinh — / cosh —— f""'(s)ds.
(esinn7z) [ com 27700
Next, apply R to both sides of (1.1) to obtain (see (5.3) of [28]):
4 d )
yee(z, t) + <R@) y(z,t) = —uo()R <£5£) — a1 (t)b(x), (2.5)

y(oat) = ym(O,t) = y(]-at) = yzz(]-;t) =0,
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d
where R d—ég , by extending R as R € L((H?(0,1) N H(0,1)), L%(0,1)) (see e.g. [13], p. 294), is computed
T

to be (see e.g., (3.15) of [2]):

o1\t 1—¢ .«
q <asmhﬁ) cosh 7a smhﬁ, x € (0,8),
R (5:t) -

ozsinhL _lcoshl_gsinhi—lcoshgc_€ x € (&1)
Va Va N Va' e

Thus, (2.5) can be rewritten as

4

%[yt(:c,t) + ul(t)b(z)] + <R%> y(z,t) = —uo()R <%5§> ,
y(O,t) = ym(O,t) = y(]-at) = yzz(]-;t) = 0;

or equivalently

%{yt(x,t)yfutl)(t)b(x)}Jr (R;)d—> 01] [yt@,tf’f;?(t)b(x)]
0
.

e(ie) o |[20]-0

y(O,t) = yxx(ovt) = y(l, t) = y;cx(la t) =0.

Substitute (1.3) into (2.8), we get naturally the system operator A : D(A)(C H) — H of (1.1), (1.3) as

D(A) = {(f,9)| A(f.9) € M, f € H*(0,) UH?(,1), f"(0) = f"(1) =0},

" gzbf(gt) ) -
| (R ) kR () e + a-of) | 05 TEE
A[£}= [ \ g+bf(9)
~ <z<
|- (R ) 7+ oR () () - o) | 5T
F(&) =K1 =" (€7) +2S" (€],

The above expression can be further simplified. Actually, by A(f, g) € H, one has
9'(E)+EQA = =) f"E) +f"(€N)] = g'(€7) — ke[(L = NF"(€7) +vf"(€7)]

g(ET) =g (€)= k(=" E )+ ()],
and

L€ + R (410 ) (€(€) 4 KL= L= 1)7"(€) +2 (€]

= L€+ R (486) (€169 — Kl = )" (€) 4" (€0

(2.8)

(2.9)

(2.10)

(2.11)
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where
d d R 1-¢ . &
<d— ) Lf —with L=R <£6§> &)= (asmh \/—a) cosh o sinh ﬁ.
Thus 1
g'(€7) = kE[(L =) ") +f"(E7)] - k—o[f”(é_) — (€M), 2.12)
) = k(L= Q1 =€)+ €] - 7€) - 1) |
Therefore
f " g+0blg'le .
A[g} ( d4)f+7€(£5§)[f”]5 0=zt il
D(A) = {(f.9) € HIf € H0,6) UHP(E,1), g € H2(0,6) U (€, 1),
(2.13)

e = 1€ — (6, [o)e == g (€5) — g (€), 1(0) = F"(1) =0,
(€)= KE(L = DI (€) + 7€) - 2 U"(€7) - (€,

§(€7) = —k(L= (1= (€ + 2 (€D - 1F€) = 1€}

With the operator A at hand, the closed-loop system (1.1) under the feedback controls (1.3) can be formulated
into the following abstract evolution equation in H:

Y (t) = AY (1), (214
Y(0) = Yo, '

where Y'(t) := (y(-,t), y(-,t) + u1(£)b(-)) and Yy is the initial datum.

3. MAIN RESULTS

In this section, we state the main results as well as some main preliminary lemmas to be used for the proofs
of the main results of this paper. All these proofs are given in Section 4.

To begin with, let us recall that for an (unbounded) operator A defined in H, W = (f,g) € D(A) is said
to be a generalized eigenvector of A associated with an eigenvalue A if there is an integer £ > 1 such that
(A — A)'W = 0. The root subspace of A that is denoted by Sp(A), is the closed subspace of H spanned by
all generalized eigenfunctions of A. The root subspace is said to be complete in H if Sp(A) = H. The integer
may(A) = dim{W| (A — A)*W = 0 for some integer ¢} is called the algebraic multiplicity of X. X is said to
be algebraically simple if mq)(A) = 1. It is well-known that each eigenvalue of a discrete operator (that is,
there is a A € o(A), the spectrum set of A, such that (A — A)~! is compact on H) must have finite algebraic
multiplicity. The algebraic multiplicity can be represented through eigen-projection. Let I' be a circle and let
A € 0,(A), the point spectrum set of A, be the unique spectrum of A inside of I'. Then the eigen-projection IPy

is defined as
P, = L (s — A)~tds,
2mt Jp
and m,)(A) = dim IP\H. A nonzero W € D(A) is called an eigenvector of A corresponding to the eigenvalue
Aif (A = A)W = 0. The number m4)(A) = dim{W|(A — A)W = 0} is called the geometric multiplicity of A.

A is said to be geometrically simple if m ) (X) = 1.
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Lemma 3.1. Let A be defined by (2.13). Then A~! exists and is compact on H and hence A is a discrete
operator in H. Therefore, o(A) consists of isolated eigenvalues with finite algebraic multiplicities only.

Lemma 3.2. If k and kg satisfy the following condition

kko(€ —v)? < 4, (3.1)

then A is dissipative and hence A generates a Cy-semigroup of contractions on H. If in addition

kko(€ —7)? < 4, (3.2)

then Re(\) < 0 for any X € o(A).
Remark 3.3. When k = ko, (3.2) is reduced to be

" 2
ke (0k), k=

Y — €| (3:3)

This is just the condition in Theorem 1.1 of [28].

Now we formulate the eigenvalue problem for A. Let A € o(A) and (f, g) be its corresponding eigenfunction:
A(f.9) = AlF,g). Then ) )
g=Af = kb[(L =) f"(€7) +f" (€], (34)

and f solves the following eigenvalue problem:
N f (@) = aX f"(x) + fO (@) = RAO[(L =) f7(€7) +7f"(€D)], x € (0,1), z #¢,
f(0)=7"(0) = f(1) = f”( )
fFE7) =f(Eh), f'(€7) = f’(é
&) = 1En) = —koAf’(é),
fET) = fET) = —akA[(1 =) f"(67) + v (E7)].

Differentiate (3.5) twice, to obtain

+
—
©w
ot
~—~

FO(x) = aX fO(x) + N f"(2) =0, 2 € (0,1), @ #€,
F(0) = £7(0) = F9(0) = F(1) = f"(1) = FP (1) =0,
FE7) = £(E5), f1(€7) = f1(€),
F1E7) = f7(€F) = —koAf (), (3.6)
F7ET) = 17(EF) = —akA[(L =) f"(§7) + 1, (€],

FOET) = FAET) = —koaX* f1(€),

FOET) = FO(EF) = (kA = ko X)[(1 = )" (€7) + 1S ()]

Suppose A2 # 4/a? and A # 0. Let

aX? 4+ Va2 d —4)2 ad? — Va2 d —4)2
A = A = e

Then
{1, z, sinhma, coshmz, sinhmz, coshma} (3.8)
is a set of fundamental solutions for the equation f)(z) — aX2f®(z) + A2 f"(x) = 0.
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Theorem 3.4. There is a characteristic determinant det(A(N)) for the eigenvalue problem (3.6) (that is to say,
if A2 #4/a? X # 0, then A € a(A) if and only if det(A(N)) = 0) such that the following asymptotic expansion
holds:
1
det(A(N)) = —A*7f sinh 7a [AL(N) + O] as [A| — oo, (3.9)
where T is given in (3.7), and
A1(N\) = Ky sinh(va)) + Kz cosh(val)
+ K3 cosh(vaA(1 — 2€)) + Ky sinh(v/a(1 — 2£)),
Ki=1+ kok&~ + k(1 —7)ko(1 _‘5)7 Ky = Vak ko 7 (3.10)
2 2 2 ' 2/a
ko vak o kekéy  k(L—yko(l—¢)

Ky=— VY K
T 2ja 2 0! 2 2

Corollary 3.5. If Ky # £ K3, then the zeros of det(A(X)) are located in a vertical strip parallel to the imaginary
azxis in the complex plane. In other words, there is a positive constant Cy such that

[Re(A)| < Co for any X satisfying det(A(N)) = 0.

Theorem 3.6. Suppose condition (3.1) is fulfilled. Let A be defined by (2.13) and K1, K2 be given in (3.10).
If K1 # Ko, then the root subspace of A is complete in H: Sp(A) = H.

In what follows, we denote by J some set of integers, which may be different in different cases although they
are denoted with the same symbol.

Recall that the sequence {W;};c7 is called a basis for H if to each element W € H corresponds a unique
sequence of scalars {¢;} such that the series

W= W, (3.11)
i€J

is convergent with respect to the norm of H. {W;};c s is called a Riesz basis for H if
(a) span{W;} =H;

(b) there exist some positive constants m; and mg such that for any numbers ¢;, i € Z, where Z is any finite

subset of 7, it has
my Z les? < || ZCiWiHQ < ma Z e,
= i€z s
A basis {W,};c7 for H is called a Riesz basis with parentheses [26] if (3.11) converges in H after putting some
of its terms in parentheses the arrangement of which does not depend on W. We refer to [31] for more details
on Riesz basis.
The following Theorem 3.7 is the main result of this paper.

Theorem 3.7. Suppose condition (3.1) is fulfilled. Let K1, Ko be given in (3.10). If K1 # Ko, then the following
assertions hold.
(a) There exists a € > 0 such that
a(A) = [N,
peEJ
where N & )\5’ whenever i # j, N? are integers satisfying sup, N¥ < oo, and

if M M| >e V1<i< NP, 1<j<NC
p#q,p,q€T J
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(b) There is a set of generalized eigenfunctions of A, which forms a Riesz basis with parentheses for H. More

precisely,
NP

W = E g ]P)\fl/V, VW eH, (3.12)
peJ i=1
and there are constants My, Ms > 0 such that

2 2

NP
ZPXQ’W

i=1

NP
ZP)@EW

i=1

, VW eH. (3.13)

MY

peET

<WIP < Mz )y

peET

(c) The spectrum-determined growth condition holds true [22]: S(A) = w(A), where

S(A) ;== sup Rel
Aeo(A)

is the spectral bound of A, and

w(A) := inf {w | IM > 0 such that ||eAtH < Me¥'}

is the growth order of et
Theorem 3.8. Let K1, K2 be given in (3.10). If K1 # K», then under the condition (3.2), the imaginary axis
is not the asymptote of eigenvalues of A. Therefore, the system (2.14) is exponentially stable in the sense of

Y@l < Me™* Y (0)]

for some positive numbers M, w.

Remark 3.9. For the completeness of root subspace and Riesz basis generation, we always assume that
K, # K», where K1, Ky are given in (3.10). This is standard for wave equation with same order feedback [16]
since otherwise, o(.A) may be empty (see (3.9) and (4.17)). For instance, when Ky = K», £ = 1/2, Ay()\) given
in (3.10) becomes

Al()\) = K3 + Kle‘/a)‘.
Thus when K3 =0, (3.9) becomes

det(A(N)) = —\*7 sinh% KieVr £ 0 Y| as |A] — .
a

We could not get information about the distribution of spectrum of A although we do not know whether o(.A)
is empty or not.

Theorem 3.8 is the main result of [28]. Finally, we answer the question proposed by Curtain and Weiss [28],
which is a special case of kko(£ —7)? =4 in (3.1) with k = ko. This sets up a constraint on the feedback gains.

Theorem 3.10. Suppose kko(¢é — )% =4 and v =2 —£. Then there is a € € (0,1) such that the system (2.14)
is not exponentially stable.

4. PROOFS OF THE MAIN RESULTS

Consider the following Volterra integral equation

1 [ . x-s TR
Fo(l')+\/—a/0 sthFo(s)dst( ), z €[0,1]. (4.1)
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It is well-known that for any G € L?(0, 1), there exists a unique continuous solution Fy to the equation (4.1),
which is denoted by

Fo(z) = [(I + K)™'G](z), = €[0,1], (4.2)

where K is a compact operator on L?(0,1) defined in an obvious way from (4.1).

Lemma 4.1. Let Fy, G be defined in (4.2). Then

~lsin L L:E
U+ K) h\/a va' (4.3)

Fo € H'(0,1) whenever G € H'(0,1).

Proof. A straightforward computation gives the required result. We omit the details here. U

Proof of Lemma 3.1. For any given (¢,¢) € H, A(f,9) = (¢,1) means that

g+ kb[(1—y) (&) +f"(EN)] = ¢,

(Rt ) £ - R (48 7€) - 1€ = v, wE @1 2 A€ )
dz? dx
Since (f,g) € D(A), it follows from the first equation of (4.4) that
&) = f"(€7) = —kot' (),
by which the second equation of (4.4) becomes
(Ras) 7 = kot (OR (mdc) — 0. e 0.1), 2 A
dx? dx
By (2.4), the above can be written as
dasinh % — (z) - % /0 " inh xJaS £"(s)ds = koad' (€)R (%55) — ) (4.5)

for any x € [0,1], = # £ Since ¥(0) = 0, (4.5) together with (2.6) gives f”(0) = 0. By (4.1), (4.2) and
Lemma 4.1, it has

F(z) = —a(l + K)-! {koé’(i)R (%55) - 14 (2) + do(l + K) ™" sinh %

=—a(l+K)! [km'(g)n (%55) — 14 (x) + dy/ax, z € (0,1), z #¢.
Since f”(1) = 0, the above implies that
1= va(r+ 1) [ i) - v] ),

(4.6)
7€) = —alr+ K koo (R (10 ) — 0] () + avae



642 B.-Z. GUO, J.-M. WANG AND C.-L. ZHOU

Hence
f(a) = / (z— )" (s)ds + (z — 1) / $1"(s)ds

f'(@) = —a(l + K)™ [koqs'(g)n (d%ag) - w} () +dyas, T €O T AE (4.7)

g9(z) = —kb(z) f"(&7) — kkoyd' (§)b(z) + ¢(x),
where d, f”(£7) are given by (4.6). Now we claim that (f, g) € D(A). Indeed, due to the fact that

R(6) € O\, o€ 0.0 H0.D),

it has
f"(x) € Hy(0, D\{€}, f e H*(0,1)\{&}, g€ H*(0, )\{¢}-
Moreover,
£(0) = f(1) = g(0) = g(1) = f"(0) = f"(1) =0,
and f”(£7), f7(€1), ¢(€7) and ¢/'(£T) satisfy the conditions given in (2.13). Therefore, (f,g) € D(A) and
“1(¢,v) = (f, g) identified by (4.7). Finally, by the Sobolev embedding theorem, (4.7) implies that A~! is
compact, proving the required result. ]

Proof of Lemma 3.2. First, suppose condition (3.1) is fulfilled. Let (f,g) € D(A). Compute directly from (2.4)
and (2.6) to obtain

d4
((w5z) 29}y == L 770 () 9) =0
HE(0, 1) da H(0,1)

Hence

G-

1
/0 0T+ g\ = 1

< d4)gfib7[z<—5£) []e ] { D

+ fllg / gllf// _ fllg//

— FUETE) — fIENTE) + / 0" — g

= [T e+ ] k- 0= D) ] - 1) - 1€
0 0

- f"(é*){ksm —NFE) + U EN] A€ - f"(g*)]}
= [T - i k-0 + | IEOR - ke | e
0 0

- [k(l . kio] 7 TE - [kw - ,}J e,
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re(A| T ] [ T]) = = [ra-oa-m ] irer - [k | 1renr

[k - or s - - 2| re( 67

IN

“ra—oa-q+ ] e - [kfw H FEDP

Fl-

|k = 9+ kel =) = 2 17N €

- [t [ ).

where A is a 2 X 2 symmetric real matrix:

Ao | FR(-OO-9+1  —|3kko(§+y—-267) 1] |
[ — |$kko(& + v — 28y) — 1 kko&y +1 }
Therefore, ) o
real g ] D)) =m0 ] [ 760 )., 4

Now, we show that A is nonnegative definite. This is equivalent to saying that both the trace and determinant
of A are nonnegative. Indeed, since kko(¢ —)? < 4 and
I-g+y-12 (-9 _ 1

1= -1 < 1 = 1 = ko’

or
14 k(1 — )1~ ) = 0, (4.9)
it follows that the trace of A is positive. Furthermore, it is computed that

det(A)

(ko1 = €)1 =) +1) (ot +1) — (Shkole +7—267) ~1)
= L+ kko(1 = §)(1 =) + kko&y + K2REE(1 = €)(1 )

—1 4 kko(€ 4+ —2&7) — ikaS(é +v—269)°
= ko + ERE(L— (1 —7) — TRR3(E + — 2637
= kko+ ik% (475(1 —OL =) - (A =&r+ (- 7)6)2)
= kko— %ka?)((l —&y—(1- 7)&)2
_ ikko (1= kho(e = 7)) > 0.

Hence A is nonnegative definite. This fact together with (4.8) shows that A is dissipative:

Re<A[ g] [§]>so,v<f,g>eD<A>.
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Since by Lemma 3.1, A~! exists and is bounded, it follows from the Lumer-Phillips theorem ([23], Th. 4.3,
p. 14) that A generates a Cyp-semigroup of contractions on H.

Next, suppose (3.2) is fulfilled. We show that there is no eigenvalue of A on the imaginary axis. Actually,
since A is positive definite that is just justified, we may assume that A = i72, 7 > 0 is an eigenvalue of A such
that A(f,g) = i72(f,g). It then follows from (4.8) that

1) =g =o.
In this case, (3.5) becomes

(@) +artf(z) — 74 f(z) = 0, 2 € (0,1),
f(0) = f"(0) = f(1) = f"(1) = 0, (4.10)
f7(€) =0, f'(§) = 0.

Let

- —att +Va2r8 + 474 at + Vo278 + 474
T1 = , T2 = .

2 2
Both 7; and 72 are positive. By the condition f(0) = f”(0) = 0, the solution of (4.10) can be represented as

f(z) = ¢y sinh 712 + co sin Tox
for some constants c¢1,co. By f(1) = f(1) = 0, we obtain
sinTe =0o0or 7o =nm, n=0,%x1,+2, ...,

and hence

f(x) = cosinnmz.
Since f'(§) = f”(€) = 0, it must have ¢ = 0. That is, there is only the zero solution to the equation (4.10).
Therefore Re (A) < 0 for any A € 0(A). The proof is complete. O

Proof of Theorem 3.4. From (3.6), (3.7) and (3.8), the general solutions of

{ FO(z) = ar? fW (@) + N " (x) = 0, (411)
F(0) = f"(0) = f9(0) = (1) = f"(1) = FP(1) = 0 .

are of the form
c1x + co sinh Tz + ez sinh oz, x € (0, €],

fle) = { di(1 — )+ dgsinh (1 — x) + d3gsinh (1 — 2), x € (§,1), (4.12)

where ¢;, ¢ = 1,2, dj, j = 1,2,3 are constants. Substitute other conditions of (3.6) into (4.12), to obtain

1€ + coa1 + cgag — di(1 — &) — deas — dzas = 0,

€1+ caTia1 + c372d2 + di + damia3 + d3Taas = 0,

c1ko + ca(tRay + koAmian) + c3(Tiag + ko adn) — doTias — dzTias = 0,

ca(a1 + akA(1 — y)7a1) + c3(3 a2 + akA(1 — y)T3az) (1.13)
+ da(T3a3 + akMyTiag) + ds(t3a4 + akAymias) = 0,

c1koa® + ca(tiar + koaX3T1a1) + c3(T4az + koaX3Taas) — datias — dzTias = 0,
ca(ra1 — (kA — kM) (1 — y)ria1) 4 c3(m5d — (kX — ka®X?)(1 — y)75az)

+ do(1Pas — (kX — k&®XN)yrias) + ds(t5aq — (kX — ka?X3)y73ay) = 0,
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where
a; = sinhm &, a1 = coshm&, as = sinhmé, as = cosh ¢,

ag =sinh 7y (1 = &), a3 = coshm(1 — &), a4 =sinh7a(l — &), a4 = coshma(l —§).
Write (4.13) to be
A()\)(Cla027637d1;dQ;dS)—r = 0;

where
AN = [AY(N), A%(N) (4.14)
with
f al as
1 Tldl ngg
Al()\) _ koA ) T12a1 + koAT1a1 722a2 + koAT2a9
0 a1 + akA(1 —y)miay T3a9 + akA(1 — v)T2as '
k()Oé)\B T{lal —+ koO&)\STldl Télag —+ koOé)\Bngg
0 ar — (kXA — ka®X3) (1 — y)miar  m9az — (kX — ka®X3)(1 — y)T3as
—1 —|—§ —as —aq
1 Tldg T2d4
AQ()\) _ 0 77‘12(13 77’22(14
0 rias + akMytias T304 + kYT ay
0 —7tas —Tyay
0 az — (kA — ka®X)yrias  15as — (kX — ka?X3)y13ay

Let 71,72 be defined by (3.7). Then it is easy to show that as || — oo,

m(\) = % L4+4/1— a24)\2 = Va\ <1 - Tiv + O(A4)> : (4.15)
aN? —a)\2\/1 — A
m(A) = $ = (4.16)

_ \/MQ —aX (1-Fo — Fa + 009
- 2

_ g 1 —ay = L 1 4
— \/E + 3 T O = 7 (1+ 5oz T OO )) .
Therefore
a; = sinh 7§ = sinh(v/aX¢) (1 + O(A7?)), a1 = coshmi€ = cosh(varl) (1 +0O(A?)),
az = sinh 5§ = sinh % + O(\?), g = cosh ¢ = cosh % +0(\7?),
az = sinh 7y (1 — &) = sinh(va\(1 — €)) (1 + O(A7 %)),
as = cosh7y (1 — €) = cosh(v/aA(l — €)) (1 + O %)),

\/aﬁ +O(\?), a4 = coshry(1 — ) = cosh

Furthermore, a direct computation shows that

1-¢
Ja

+0O(\7?).

aq = sinh7o(1 — &) = sinh

det(A(N)) = det [AT(N), A2V,
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where

T12a1 —+ ko)\’ﬁ&lg — ko)\al
a1 + akA(1 —y)7mia;
Tiar — aX’7iay

a1 — almia; — kA1 — y)mia;
k?())\(lg — Tl az — ko)\’rla;g(]. — f)
as + ak)\’yTl as
aX’tias — tias

asz — aX?rdag — khyrias

AN

A2(N) :

5
1
Since

2—06)\2:
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T22a2 —+ k?())\’l'gdgf — kogAas
T3 + akA(1 — )72

75 as
724(12 — Ot)\QTQ as ’
TS0y — aN2THas — kA(1 — )73 a2

k0>\a4 — T2 aq — k’o)\Tga4(1 — f)
75&4 + ak yTay
aX’Tias — Tyay

725a4 — 04)\27'2 Qg — k)wr%a;l

5 ~ZHOO), B - =007,
it follows that
i a1 + Zané+ O —az — Has(1 - &) + O 1)
det(AN) ==X (1-7ar+OA2)  Vads + akyas + O(A~2)
—atias + O(\72)  arias +O(\7?)
“| —arday + ONY)  —ardas+ OO |
and hence
— sinh 4= sinh 1%
. — O G
At det(A(N) = O(ATY) + coshS — b cosh ¢
sinh(y/aA) + ]f;é cosh(y/aXf) —sinh(y/aA(1 —¢)) — &\/O:f) cosh(y/aA(1 —&))
Vacosh(y/are) + ak(l —~)sinh(y/are)  acosh(yaA(l — €)) + akysinh(vaA(l — &)
Finally, since
sinh <% + %) = sinh % cosh 1\/_5 + cosh % sinh \/ag
we obtain that
Atrd
—————det(A(N) = O(A7)
sinh Ta
sinh(y/aAg) + 52 cosh(y/are) — sinh(VaA(1 — §)) — 220=8 cosh(y/ar(1 - €))
cosh(yv/a\§) + \/_k:(l — ) sinh(y/aA)  cosh(va(l —€)) + Vakysinh(var(1 —¢€)) |
A further simplification gives
sinh(y/aA) + % cosh(y/aXf) —sinh(y/aA(1 = ¢)) — L\/gg) cosh(y/aA(1 —¢))
cosh(y/aXf) + /ak(1 — v)sinh(y/a )  cosh(y/aA(1 — &)) + /akysinh(y/a (1 — &)
(1 + k’oZ«fV + G 7)50(1 — 5)) sinh(v/a) + (\/;k + 2\/—) cosh(yv/a\)
k k kok k(1 —~y)ko(1 —
+ <ﬁ - fT‘)‘> cosh(VaA(l — 26)) + ( 0257 _ 7)20( 5)> sinh(vaA(1 — 2€)).

Therefore, det(A(A)) is represented as (3.9)—(3.10). The proof is complete
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Proof of Corollary 3.5. Due to (3.9), it needs only to show that all zeros of A;()) are located in some vertical
strip paralleling to the imaginary axis in the complex plane. This is obvious because when Re A — +o0,

K+ K
AL(A) = %e‘/&’\ [1+ o(1)] — oo,

while Re A\ — —o0,
Ar(N) = e VoA (# + 0(1)) : (4.17)
O
Let Ap be the operator A with k = kg = 0 in (2.10). Then Ay is skew-adjoint in H: Af = —A. Hence A

generates a unitary-group on H and so

1
IRO A0l < 37 YA€ C ReA 0. (4.18)

Lemma 4.2. For any A € p(Ap) and (p,q) € H, (¢,v) = R(\, Ao)(p, q) is given by

wz)‘d)_pa

@ — Tip1

(12 — 72)sinh 7y

1 x
Py - /0 [ro sinh 71 (2 — s) + 7y sinh T2 (s — x)] [Ap + ¢ — a(A\p” + ¢")] ds,

2
P17i — @1 .
sinh

L mhea
ST ) sinh (4.19)

o=

where 71 and T2 are given by (3.7), and

-1 1
pLi= ————+ / [rasinh 71 (1 — s) + 7y sinh ma(s — 1)] [Ap + ¢ — a(Mp” + ¢7)] ds,
(i —73) Jo
1 X (4.20)
G = / [y sinh 71 (1 — 8) + 7o sinh (s — 1)] [Ap + ¢ — a(Ap” + ¢"')] ds.
(i = 73) Jo
Proof. Let A € 0(Ap) and (p,q) € H. (A — Ap)(é,¥) = (p,q) means that
d4
x
$(0) = ¢(1) = ¢"(0) = ¢"(1) = 0.
Hence 1) = A\¢ — p and ¢ satisfies
{ ¢+ N2 —aN?¢” = Ap+q— a(Np” +¢"),
$(0) = ¢(1) = ¢"(0) = ¢"(1) = 0.
Solve the first equation above with ¢(0) = ¢”(0) = 0 to give
¢(x) = cysinhma + cosinhmr + m
(4.21)

T
X / [ra sinh 7 (2 — 8) + 7 sinh o (s — )] [Ap + ¢ — a(Ap” + ¢”)] ds,
0
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where ¢1, ¢o are constants to be determined so that ¢”(0) = ¢”(1) = 0. This gives rise to

{ c1 sinh 7 + co sinh 7o = py,

017'12 sinh 7 + 02722 sinh 75 = ¢q,
where p; and ¢; are given by (4.20). So

Q1*722p1 p1712*¢h
= 5 oo (2T T3 gy
(1 —75)sinhmy (1§ — 74) sinh 7y
Substitute above into (4.21) to give (4.19). The proof is complete. O
In order to prove the completeness of the root subspace, we need the following Theorem 4.3 [29].

Theorem 4.3. Let A be the generator of a Cy-semigroup in a Hilbert space H. Assume that A is a discrete
operator and for A € p(A), R(\, A) is of the form

RO\ A)Y = VY eH,

where for each’ Y € H, G(N)Y is an H-valued entire function with order less than or equal to p1 and Fi(X\) is a
scalar entire function of order py. Let p := max{p1, p2} < oo and an integer n so that n —1 < p < n. If there
are n+1 rays v;, j =0,1,2,...,n, on the complex plane

s 3
argyo = B} <argy <argyz < - < argynp = o5

with

argyj4+1 — argy; < % 0<j<n-1,
so that for any Y € H, R(A\, A)Y is bounded on all rays v;, 0 < j <n, as |\| — oo, then Sp(A) = H.
Proof of Theorem 3.6. For any (p,q) € H, A € p(A) N p(Ap), let

Then
So
Af =g —blgle = b[w']e =0,
4
g + <’R%) f—R <%5£) [f//]6 - R (%%) [¢//]E =0.
Since

[W']e =[¢"]e =0, [g'le = k[(1 =) f"(E7) +7f" () + 6" ()],
it follows that

g =X —k[(L =) f"(€) + 7€) + " (©)],
(Rd—4) _ (i(s ) // + )\Qf k’b)\[(l _ )f//(g—) 4 11+ /1 =0
" — e W€ + ") = 0.

X
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By (4.19)

2 2
1" (g1 — 5p1) 72 (p17'1 q1)

= —_— = h _—

() (12 — 73) sinh 1y sinh7i € + (12 — 73) sinh

1

(712 — T3

sinh 7€

This together with (4.15), (4.16) and (4.20) gives

sinh 71 &
Vasinhm J,

1 3
- inh _ _ " -1 N .
+ \/5/0 sinh 71 (€ — s)(p — ap”)ds + O(A\™") as |\| — oo

1
" (&) = — sinh 71 (1 — s)(p — ap”)ds

Furthermore, f satisfies the following equation:

O (@) + X f(w) — X [ (x) = ( AL =€)+ 7,7 + 0" ()],
F0)=fF(1) = f"(0) = f"(1) =0, f(£7)=F(ED), F(€7)=Ff'(¢T)
FE) = 7(ET) = =Mk f'(9),

F7ET) = 7€) = —akA[(L = f"(E7) + 1" (EY) + ¢" (),

which is equivalent to

FO@) + X f" () = aXfWD(2) =0, z € (0,1), & #¢,

F(0) = (1) = f(0) = £"(1) = FD(0) = FH(1) =0,

FET) =f(€5), ['(€7) =1,

FE7) = (€)= =Akof'(6),

FET) = f7(ET) = —akA[(1 =) f"(E7) + 7 f"(€F) + 6" (€],

FO(ET) = fO(ET) = —akoX* f/(6),

FOET) = FOUET) = (kA = ka®N)[(1 =) f"(€7) +7f"(€7) + ¢" ()],

The solution of (4.26) is of the form (4.12) in which the coefficients satisfy
A(}\)(Cl7 C2,C3, d17 d2) d3)T = q)()\),

where A()) is defined by (4.14) and

.
() i= (0,0, 0, ~akAg"(€), 0, (KA~ ka®N)"(¢)) -
Since A € p(A), det(A(N)) # 0 and (4.27) admits a unique solution:

det(A;(\) . det(Aips(N)

A T Tdeany) 0 T hE

C; =

13
2y / [y sinh 71 (€ — 8) + e sinh 7a(s — )] [Ap + ¢ — a(Ap” + ¢")] ds.
0

649

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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where Ai(p), i=1,2,...,6, are the matrices obtained by replacing the ith-column of A(\) with ®()). Straight-
forward computations give

k(1 =£)¢" (&) . .
€ = \/_A o [\/asm(\/a)\) + ko cosh(y/a\€) cosh(yva(1 — f))} + O\,
Ccy = ( ) sin — ko (1 ) Cos — -2
=i v - ) + 20— convana - )] + 002, .
kkq sinh 1% (;5 (f)
c3 = — A0 )smh T [gcosh(\/_)\g )sinh(va(1 - €))
fu—fnmm«EMNwm¢awr—»]+0<*x
_ k0O [ =
dy = Jam) [\/asmh(\/E)\) + ko cosh(yv/aX§) cosh(var(l — €))| + OA™1),
_ kO [anvane + 0 cosnva -2
2= = A { h(vars) + 7= h(fAé)] +O(M), )
kko cosh 5=¢" (€) .
@=M&Qmmﬁkmwﬁmwmwaa%»
—(1 — &) sinh(v/aX¢) cosh(va(1l — 5))} +O(\?).
By (4.12),
' v Ticysinhmx + Ticgsinh ma, 2 € (0,&], 13
fie) = midysinh 7y (1 — x) + 72dssinh (1 — ), = € (£,1), (4.82)
and so

i\ + T1Aco cosh T + ToAesg cosh o

, —k(L =L =7)f"(€7) +2f"(E7) + ¢" ()], = €(0,¢],
g(x) = (4.33)
—Ad; — 11 Ada cosh 71 (1 — z) — 79 Ad3 cosh o (1 — ),
+EE[(L =) f"(€7) +2f"(EF) + 0" ()], =€ (&1).
Now, from (4.24) and (4.18), we have the following facts:
(a) there is a positive constant M, such that

16"(O)] < Mel[pllz2(0,1)n 13 0,1) < Mell(p; @)l| as Re A — —o0;

(b) Ar(N) = e VoA (B22K1 4 (1)) as ReA — —oo by (4.17) due to Ky # Ko;

(C) 1im‘/\|*,oo HR()\, .Ao)(p, q)H =0 and limge x— — oo ||)\R()\,AQ)(}?, q)|| < 00.

By these facts and (4.24), (4.30), (4.31), (4.32), (4.33), we see that ||(f,9)]] = |(f",9')||L2xr2 is uniformly
bounded as Re A\ — —oo. Since from (4.22),

IR, A) P, )l < 1(f, 9l + [[R(A, Ao) (p, ),

it concludes that [|R(),.A)(p, q)| is also uniformly bounded as Re A — —oc.
Finally, by (4.19) and (4.32)~(4.33),

ROVAp.0) = (,9) + (0,0) = D2, (4.34)
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where G(A;p, q) is an H-valued entire function with order less than or equal to 1, and by (4.29), (4.32), (4.33),
Fy(A) = p(A\) det(A(N)) is a scalar entire function of order 1 with polynomial p(X). Since o(Ap) is a discrete set
and (4.34) can be expanded analytically to o(Ap) N p(A). So all assumptions of Theorem 4.3 are satisfied with
p=1,n=2 v ={)\ argX = 7}. Therefore Sp(A) = H. O

Let us recall that a set IT = {a,, @ € T} C R? is called separated if inf, ger |ao —ag| > 0. Let Q = {vg ke s
be a sequence of C satisfying |Rervy| < co. Suppose each vy appears in € at most finite times and € has no
finite accumulation points. Then  can be ordered in such a way that {Im v} form a nondecreasing sequence.
Suppose further that each vy is repeated in a number of time of its appearance in 2, and 2 is a union of
M separable sets {Q}: Q= Uej\i1 Q. Define

+
DT (Q) = lim n (T),
r—oo T
where
n(r) = sup{the number of Im(Q) N [z,z +7)}.
z€R
Then [17]

DT (Q) < . (4.35)
An entire function F(-) is said to be of exponential type if the inequality

| F(2) |< Cel*! (4.36)

holds for some positive constants C' and L and all complex values of z [31]. A point zy € C such that F'(z9) =0
is called a zero of the entire function F. The integer £ such that F(zp) = F'(z0) = --- = F®(2) = 0 but
F(Hl)(zo) 2 0 is called the vanishing order of F'. We say zg is a simple zero of F' if £ = 0, otherwise, it is called
a multiple zero. An entire function of exponential type F' is said to be of sine-type if (see Def. I11.1.27 of [3]):
(a) the zeros of F lie in a strip {z € C| |[Rez| < ¢} for some ¢ > 0;
(b) there exist constants c1,co > 0 and zp € R such that ¢y < |F(xg +iy)| < o for all y € R.
The class of sine-type functions was first introduced in [19] to deal with problems of interpolation by entire
functions and Riesz basis property of the sets of complex exponentials in L? space. The distribution of the zeros
of sine-type function is characterized by the following remarkable Proposition 4.4 (see Prop. 11.1.28 of [3]).

Proposition 4.4. Let F be a sine-type function. Then the set of its zeros (a multiple zero is repeated in a
number of times of its vanishing order) is a finite union of separable sets, that is, there exists an integer M > 0
such that

M
zeros of F' = U A, inf |1/; - 1/;| > 0.
i1 pF#GVVEEN:
Consequently, the vanishing orders of a sine-type function at its zeros must be uniformly bounded.

Proof of Theorem 3.7. Let A1 () be defined by (3.10), which is obviously an entire function of exponential type.
First, it is seen by (4.9) that K1 > 0, K3 > 0 in (3.10). Secondly, from the proof of Corollary 3.5,

Ki+ K
A(N) = %e\/@‘[l +0(1)] — o0 as Re A — +o0.

This together with Corollary 3.5 shows that Aj(\) is a sine-type function. On the other hand, it follows
from (3.9) that the zeros of det(A())) approach those of Aj()\). By the Rouché’s theorem, we can say that

Ko
zeros of det(A(N\)) = | Q, inf AP — 2\ >0, 4.37
aon=Us - (137
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where Ky > 0 is an integer and a multiple zero is repeated in a number of times of its vanishing order. This
implies particularly that all vanishing orders of zeros of det(A(\)) are uniformly bounded.

Now from (3.6), (4.12), for each eigenvalue A of A, its geometrical multiplicity is less than 6. On the other
hand, it follows from a general formula of [22], p. 148, that

ma)(A) < pa-mg)(A),

where p) is the order of pole of R(A,.A) at A. The expression (4.34) asserts that py does not exceed the vanishing
order of det(A()\)) at A\. Therefore

sup Mgy (A) < o0. (4.38)
Aeo(A)

Denote o(A) = {A\n}nes. Since each A, is of algebraic multiplicity m, (A, ), we have a set of complex exponen-
tials in terms of the eigenvalues of A:

En(t) = {eMt tert . gmaQn)=ledaty e 7,

By (4.37) and (4.38), the eigenvalues of A can decompose into a finite union of separable sets (a multiple
eigenvalue is repeated in a number of time of its algebraic multiplicity).

N
1 = = 1 C— A < < . .
eigenvalues of A = A nL,Jl A, z‘;éj,Alir,lAfjeAn [Ai —Aj| >0, VI<n<N (4.39)
Let 6 = mini<p<n infizjx, x;en, [N — Aj| > 0. Then for any » < 79 = 0/(2N), by the discussions in Section 3
of [18], there exist AP = {)\ﬁ-’};\fl, NP < N, p € J, the p-th connected component of intersection of A with
Unes Da, (1), where Dy, (r) is a disk with center A, and radius r, such that

o(A) = ] A" (4.40)

peJ

We may assume without loss of generality that {),} are arranged for Im A,, to be nondecreasing for each p € J
and Re\] > ReA) > --- > Re )\]]DV ". Construct a family of the generalized divided difference (GDD) of the
following [4,18]:

EP(A,r) = {\](), T A5)(0), - I, 8, AT ()Y, p e T

By (4.35), DT(A) < oo. According to Proposition 3.2 of [18], for any T > 27w D™ (A), the family of GDD
{EP(A,7)}pes form a Riesz basis for the closed subspace spanned by itself in L?(0,7"). Since NP < N, all
conditions of Theorem 3.1 of [18] are satisfied. This together with Sp(A) = H claimed by Theorem 3.6,
concludes the assertions. The proof is complete. O

Lemma 4.5. If 1 + kko(1 —)(1 — &) > 0, then Ay(in) # 0 for any n € R.
Proof. Let A =is with s € R be a zero of Aq()A). Then

A1 (s) = Ky cos(vas) + iKj sin(v/as) + Kz cos(vas(l — 2€)) + iKysin(vas(1 — 2£)) = 0,

which can be decomposed into

{ K cos(y/as) + Kz cos(y/as(l —2£)) =0, (4.41)

K sin(y/as) + Ky sin(y/as(1 —2£)) =0,
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or

{ cos(v/as) (K2 + Kscos(2s€y/a)) + K3 sin(y/as) sin(2séy/a) = 0, (1.42)

sin(v/as) (K1 + K4 cos(2s€y/a)) — Ky cos(y/as) sin(2s€/a) = 0.

When sin(yv/as) = 0, cos(y/as) =1 or —1. There are two cases:
Case 1. K4 = 0. In this case, cos(y/as(l —2£)) = i%, which contradicts the fact that 0 < |K3| < Ka.

Case 2. sin(2s€y/a) = 0. In this case, cos(2sy/a) =1 or —1. Hence
ko

K2+K3:ﬁ:0 or KQ_K3:\/ak:0,

which contradicts the fact that ko, k > 0. Thus, sin(y/as) # 0.
When K; + K4 cos(2s€/a) = 0, there are also two cases:
Case 1. K4 = 0. In this case, K1 = 0. But this does not happen because K4y = 0 means that

kok€y — k(1 —7)ko(1 — &)
2 2

and so K1 = 1+ kko&vy # 0.
Case 2. K, # 0. In this case, cos(2s€y/a) = —K;1/K, and so |K1| < |K4|, which contradicts the fact that
Bho(y — 1)(1—€) < 1.
Therefore, it always has K + K4 cos(2s€y/a) # 0. Furthermore, from (4.42) and the fact that cos(y/as) # 0,
we have
K3K4 sin2(235\/a)

> + K3 cos(2 E
2+ K3 cos( Sf\/a)Jr Ky +K4COS(23§\/5) ’

or
(Ko + K3 cos(256/a)) (K1 4 K4 cos(2sév/a)) + K3 Ky sin?(2s&y/a) = 0.

So we only need to find the solutions of the following equation

Ki1Ks + K3K4 + (K1 K3 + K2K4) cos(2s€y/a) = 0. (4.43)
To do this, we notice that
_ kok&y | k(1 —7)ko(1 —¢) ko ok
KiKs+ KoKy = <1+ 5 + 5 NG 5
Vvak ko kok§y k(L —7)ko(1 —¢)
+ + -
2 2o 2 2

ko Vak | kok€y ko Vak
= - — — k(1 = y)ko(1 — &)+—

K\ K>+ K3Ky = <1 + kog@ G 7)50(1 — £)> <\/§k + 2’\%)
. (QIf/Oa 3 @k) (kol;@ ok —7)50(1 —g))

> "2/a Va2 2

Vak | k| ko kokey o b= k(-8
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Since kko(y — 1)(1 =€) < 1, it follows that

KKy + K3Ky — (K1 K3 + Ko Ky) = \/Ek(l + kko(1 — ) (1 — g)) >0, (4.44)
ki
K1 Ky + K3Ky + (K1 K3 + Ko Ky) = \/—% (1 + kok&y) > 0. (4.45)

Hence
|K1K3 + K2K4| < Ki1Ko + K3Ky.

This shows that (4.43) has no solution. Therefore there is no zero for A;(\) on the imaginary axis. The proof
is complete. ]

Lemma 4.6. If 1+ kko(1 —~)(1 — &) > 0, then the imaginary axis is not the asymptote of the zeros of Aq(A).

Proof. We only need to show that inﬂfg |A1(és)| > 0. This will be accomplished by arguments of contradiction.
se
Assume that

lim |G(isy)| =0 as |sp| — 00, s, € R.
n—oo

Then it follows from (4.41) that as n — oo

en = Ky cos(y/asy,) + Kz cos(v/as, (1 — 2£)) — 0, (4.46)
fn i= Ky sin(y/as,) + Ky sin(y/as, (1 — 2¢)) — 0. '
On the other hand, simple computations give
(Kl + K4 cos(25n§\/a)) en — K3sin(2s,6/a) fr
cos(vasy) = , (4.47)
KKy + KsKy+ (K1K3 + K2K4) COS(2Sn§\/a)
Kysin(2s,8/a)e, + (Kg + K3 cos(23n£\/a)> In
sin(vasy,) = : (4.48)
K1K2 + K3K4 + (K1K3 + K2K4) cos(25n§\/a)
In terms of (4.44) and (4.45), we have
0< K5 § K1K2 + K3K4 + (K1K3 + K2K4) COS(QSnf\/a) § KG,
where
k
K5 := min {\/ak(l + kko(1 —)(1 — «f)), \/—Oa (1+ kok/{’y)} ,
k
Kg := max {\/ak:(l + kko(1 —~)(1 — «f)), \/—Oa (1+ kok{’y)} )
By virtue of (4.47) and (4.48), cos(y/as,) — 0, sin(y/as,) — 0 as n — oo, a contradiction. Therefore,
in]fR|A1(is)| > 0. O
s€

Proof of Theorem 3.8. Looking back (4.9), we see that under the condition (3.2),
1+ kko(1 — 7)(1 — €) > 0.

So, the required result is a direct consequence of Lemma 4.6 by applying the Rouché’s theorem and (3.9). O
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Proof of Theorem 3.10. Under the condition, it follows from Remark 3.9 that 1 + kko(1 —+)(1 —¢&) = 0. In this
case K1 = K4 in (3.10). Let A =is, s € R. If we assign

cos(2séy/a) = —1, cos(sy/a) = 0, (4.49)

then (4.41) has solution, that is, A;(is) = 0. Now the solutions of (4.49) are

2 2
_mrt/2 o _memtn/2 e

Y R NG

Set Sp, = Sp, to get & = mHl/2  Take ng =2,n1 = 1. Then £ = mtl/2 _ 3 ¢ (0,1). Solve the equation

na+1/2" nao+1/2 5

n1+1/2_3

ng+1/2 5’

to get

for all integers m > 0. That is, when & =

n=3m+1, no=24+5m

3

g, all 5, = w satisfy Aj(is;,) = 0. Since s, — 00 as

m — +00, we see, from (3.9), that the imaginary axis is the asymptote of eigenvalues of A. So the system (2.14)
is not exponentially stable when £ = % O
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