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HOW TO STATE NECESSARY OPTIMALITY CONDITIONS FOR CONTROL
PROBLEMS WITH DEVIATING ARGUMENTS?

LASSANA SaMASsI! AND RABAH TAHRAOUI!

Abstract. The aim of this paper is to give a general idea to state optimality conditions of control
problems in the following form:

inf /0 f (&, u(0u(2)),u' (t), v(t)) dt, (1)

(’LL, ’U) € Z/{ad
where U, q is a set of admissible controls and 6, is the solution of the following equation:

dt

W) _ o000, 0(t)), te0,1]
0(0) = 6o, 6(t) €1[0,1] V.

The results are nonlocal and new.
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1. INTRODUCTION

A large class of physical problems deals with finding extrema of functional J defined on some functional
subspace W of classical one like Sobolev space and which has the following form:

J(u) = / £, u(6(x)), o (p(x))) da, 3)

where 6(.) and ¢(.) are functions which satisfy, for instance, 6([0,1]) = [0,1], ©([0,1]) = [0,1]. We call 6(.)
and (.) deviations or deviating functions. The goal is to find a function u : [0,1] — R belonging to W and
minimizing J(.). We denote this problem by:

inf [J(u) Ju € W] (4)
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Such problems have been studied by many people: for instance we can see [5,9,11,17] and references of these
works. If a solution u of (4) exists, then we can ask the following natural question: how to establish Euler-
Lagrange equation of (4)? We use this terminology by analogy with the classical one.

From [5,9,11], it is easy to see that necessary optimality conditions for (4) cannot be obtained in an easy way
as the classical case. Let us denote by (x,7, £) the respectives arguments of f. In [5] under suitable assumptions,
the authors state the following functional differential equation:

) AT _
[ oo FE oo ad - | [ oo nFh @ atbe). de@na) <o o)

where W is a functional space of absolutely continuous functions with the derivatives in a Lebesgue space, @ a
solution of (4) and the functions o¢(.,.) and o, (.,.) are defined by:

iy - {3 £ €t

Similar notation is used for ¢(.), with ¢ satisfying the following condition: (x) for any measurable subset e of
[0,1] such that |e| = 0 we have | ¢"!(e) | = 0, where | e | stands for Lebesgue measure of e. Let us point
out that in (5) all the arguments @(0(.)), @' (¢(.)) are in the average form: (5) is not local — it is a functional
differential equation — and seems to be far away from the classical Euler equation. In our approach we propose
a general idea to state necessary conditions of optimality for a large class of problems. Our method applied to
problem (4) gives the following nonlocal ordinary differential equation:

(S0, T (01) + > [, O T ) ds — |2 (vt saee @) =0,
(6)

in the distribution space D;(0,1). The measures Y and uf stand for two counting measures defined from,
respectively, the deviations 6(.) and ¢(.) and d;, stands for Dirac measure at t;. I is a subset of N, possibly
empty and the real numbers ¢; verify:

| {s€[0,1]/0(s) =t:;} |>0 Viel

Let us point out that in (6) there are some arguments which are not in average form: @(.) and @'(.). The singular
character expressed by the Dirac measure is absent from the previous works. The method used in [5] is based
on a formal abstract framework given in [2] — ¢f. also [3]. Our method uses a completely different argument: a
desintegration result which is presented in general framework in [1]. For any &€ = (&1,...,&,) € RN, N > 1, let

us set | £ |= \/ZZNZI €2. Let us remark that a growth condition like the following:

al &P +b< fla,n), p>1

does not imply in general that a solution @ of (4) belongs to W1P(0,1). Actually u belongs to W4(0,1) for
some ¢ such that 1 < g < p.

In this work we also establish some regularity results for @ like for instance the following: @’ € L?(0,1) or @ €
L°°(0,1). There are phenomena with memory effect. They are well known in the field of sciences and math-
ematical engineering. Besides, the intervention of these phenomena in economics, finance and environmental
science is new and important. At time t the value of the control solution of such phenomena depends to its
value at time s for any s < ¢ — ¢f. for instance [1,5,8,9,11,12,16]. For such problems the goal is to optimize, for
instance some functional like

J(u,v) = / fr (& u(B,(1)), v(t)) dt,
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where the control (u,v) is submitted to some constraints such that (u,v) belongs to some admissible control
subset U, of some functional space and

=g(t,0,(t),v(t)), te]l0,1]
0,(0) = 6,0 <6y <1, 6(t) €0,1] for a.e. t € [0,1].

(7)

Applied to this example our method gives the following result: Let (@, v) be the optimal solution of our problem.
Then (u,v) satisfies an integrodifferential system having Dirac measures — ¢f. Sections 5.1 and 5.2. Finally in
Section 6 we deal with the study of a financial market problem: the model of Jouini, Koel and Touzi [9,10]. As
far as we know this problem is new by the fact that the delay function 6(.) is an unknown parameter governed
by a differential equation. It is a control problem — ¢f. also [7]. We show that the Euler-Lagrange equation is
an integrodifferential one. In a regular framework, applied to this model, our result is more explicit than the
result established in [9].

Let us point out that all the results of this work are valid in the framework where the state of the system
and the control are in RN, N > 1. For convenience and to simplify the notations, our result is established in
the case where N = 1.

2. EULER-LAGRANGE EQUATION OF PROBLEM (4)
In the sequel we need to extend a result of [6]: Theorem 1, p. 96.

Proposition 2.1. Let f and g be such that f € WHP(0,1) and g € L(0,1), with %—i—% =1,p>1. We suppose
g(x) >0 for a.e. x. Then we have the following formula:

1= [ rwia= [ (Y )
€0, Ey

where E, = {t € [0,1]/f(t) > y} and 0.E, stands for the reduced boundary of the level set of E,.
Remark 2.1. For the definition of the reduced boundary of the level set E,, we refer to [6], p. 194.

Proof of Proposition 2.1. Let g be such that g € L9(0,1), g(z) = g(x) for a.e. x and g(z) > 0 Vz. It suffices
to prove the result for g. For a.e. y in [0,1] let us set o(t) = H(d, {t/f(t) > y}), where H® stands for
0-dimensional Haussdorf measure. Since f belongs to WP(0,1), then we have for a.e. y o(y) < +oo. Let us
set £ ={y/o(y) = +oc}. We have | E |= 0. Setting F = R*" \ E, we have Vy € F, o(y) < +00. For any k € N
and for any = € [0, 1] let us set gi(z) = inf {k, g(x)}. Then gi(.) belongs to L>°(0,1) and we have

/01g<x>|f'<z>|dxsz/Olgmnf’(zndx/om( > Gnla))dy.

€0, Ey

For any k € N and for any y let us set ¢x(y) = 3_,co, g, Ir(2), the sequence k — ¢x(.) is an increasing sequence
of functions; thus by the monotonous convergence theorem, we obtain:

+oo +oo 1
aldy — [ swo)dy< [ 17| g
0 0 0
Then let us consider the following function:

Y RY —RYU{+o0}, y —o(y) = Y i),

€0 Ey
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and let us set G = {y/¢(y) = +oo}. Let us show that sup¢i(y) = ¢(y) for a.e. y. It is enough to show
k

that | G N F |= 0. For this let us set H = {y/¢(y) < co}. Thus we have H = R* \ G and H = F N H =

{y/(y) < oo}
For any y € H, we have ¥(y) > ¢ (y). Let ko € N be such that ky > 1(y). Then we have

Vk > ko, i(y) = v, (y)

i.e.
for any k > ko,  ¢(y) > ¢w(y) = ¥, (y) Vy € H. (8)
Since the cardinal #(0, E,) is finite we have
ko (2) = g(x) Vo € OB, (9)
(8) and (9) allow us to obtain
Y(y) = Sup Yi(y) = lim gr(y) = vr (y). (10)
So we have finally
Yy e H, (y)= s:pwk(y)- (11)

Let now y belonging to /"N G, then we have: 3 5 5 §(x) = 00, §(x) = 0 Vz € .Ey, #(0,Ey) < +00. So
there exists xo € 0,F, such that §(z¢) = +oco. Hence we obtain

Vk Z ko, gk(l‘o) = k. (12)

It follows that

k=gi(wo) <vr(y) = D Gel) < Y §x) = ly) = +oo,
€0, Ey €0, Ey

i.e. limg_ 400 Yi(y) = +o00. Hence for any y belonging to FF N G we have klir}_l Yr(y) = 400. So Yy €
— 100

F NG, sup i (y) = +oo. As we have
k

+oo 1
[t s [ g £ e < o,
0 k 0

it follows that sup ¥x(y) < 400 for a.e. y i.e. | FNG |=0. And it follows sup ¢« (y) = ¥ (y) for a.e. y. Finally
k k

we have
1 “+o0o
[a@ir@ia= [ www (13)
0 0
Passing to the limit in (13) as k goes to infinity, we obtain
1 +oo +oo
IRCIECIES [ vy = /O S @) | dy. 0
0

€0, Ey

Remark 2.2. The result is still true for scalar functions v : Q@ — R, Q C R™ with n > 1.
As a consequence of Proposition 2.1, it follows:

Proposition 2.2. Let q be such that 1 < g < 400 and let the following assumptions hold:
(i) 6:[0,1] — R is an absolutely continuous function such that | 0'(.) | belongs to LI(0,1);
(ii) g belongs to LY (0,1), with % + % =1
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> g(t)) dy, (14)

teo—1(y)

where h = gXjo 1], and for any measurable subset E of [0,1] Xg stands for the characteristic function of E.

1= [ o)1 0@ dr= [ 1) 0@ @ =

R

Then we have: (

Remark 2.3. The formula (14) is established in [6] under the assumptions that g € L(0,1) and 6 is a Lipschitz
function. The proof of [6] adapts to prove Proposition 2.2, using Proposition 2.1.

The Proposition 3 of [6], p. 119, is still valid under the following assumptions:
(i) 6:[0,1] — R is an absolutely continuous function such that:

| 0'(.) |€ L90,1), | €' (z) |> by a.e. z € (0,1) where 6 is a positive constant;

(ii) g belongs to L9 (0,1), with % + % =1.
Indeed, applying Proposition 2.2 we obtain:

g9(z)

+oo
sate= [ Koy = [ Xo1)(2) s
/{x/é(x)>t} oy Y ¢ xe;(s) O T () |

/+Oo
t

d el = g(z)
dt l/{z/&(z)>t} gla)d ] Z |6 (z) |

z€0—1(t)

z€0—1(s)

And clearly it follows:

which is established in [6].
Proposition 2.3. Let r and q be such that 1 < r, q¢ < 400 and let the following assumptions hold:

(i) 0:]0,1] — R s an absolutely continuous function such that:

10/() e L'(0,1), ﬁ € L9(0,1);

(i) fe L90,1), with 5 =1~ (; + ¢)-

Then we have:
/ |f(x>|dx:/R! > |'§,((Z))'|]ds (15)

€0~ 1(s)
= f(=) |
F(t :/ f(x) dmz/ | - ds (16)
) {z/0(x)>t} /(@) t xe;(s) | 0'() |
dF(t) | f(z) |
—t == a.e. t € R. (17)
w2, )]
Remark 2.4.
(1) By (15) the derivative dgit) belongs to L'(R). So it is also the distributional derivative of F.

(2) Under the same assumptions as in Proposition 2.3 the result is also valid for F'(t) = f{z/&(z)>t} fx)da.
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Proof of Proposition 2.3. We can assume that f is positive, since we could otherwise consider f*(.) = sup(0, f(.))
and f~(.) =sup(0,—f(.)) instead of f. We have:

I= 1f(x)d:c: Xy (@) f@)de = | Xy (x 1@ ) | da
[, se= | J Aoy

9 ®] belongs to L°(0,1) and f belongs to Lq(O 1), by Holder the function ‘9,(()” belongs to L*(0,1) with
.= 3+ % Since  =1— (% + q) we have s 1 = 1. Using Proposition 2.2 we obtain (15):

N _f)
I‘/R 2 @)

z€0—1(s)

Using the same arguments as in the proof of (15), we obtain (16):

_ M de = [ [ f@) 1 4
F) = /{a:/@(a:)>t} | f@)1d /t Z | ¢ () | as-

zef—1(s)

The formula (17) follows from (16). O

The following question is natural. Let us consider the function F(t) = | (2/6(2)>1} f(z)dz. Under what

conditions the following function:
dF(t) f(x)
dt Z |

z€O-1(t)

belongs to L*(0, 1) for some suitable real number A such that 1 < \ < ¢?
Proposition 2.4 will allow us to answer to this important question.
Before considering Proposition 2.4, let us recall the following classical result.

Lemma 2.1. Let (a;)¥_; be a finite sequence of real numbers and \ be a real number such that A > 1. Then
we have

k A k
(zw |) <P
=1 =1

Proposition 2.4. Let p and q be such that 1 < p, g < +00 and let the following assumptions hold:
(i) 0:10,1] — R s an absolutely continuous function such that: | 0'(.) | belongs to L*(0,1), |9/ y belongs
to L*(0,1) and there exists a positive constant Cy such that card(0=1(s)) < Cy for a.e. s;

(i1) f belongs to L1(0,1), with % + % + ;lt <1,

then we have:

dF(s) f(z) A
= = — L 1
P E(s) Z )] belongs to L*(0,1),

z€0—1(s)

where
A\ = M’ 1<A<gq

p(q+ p)

and

0= [ X ol

2€0-1(t)



NON-LOCAL CONTROL 387

Proof. Considering Proposition 2.3 it is enough to show that | k(.) |* belongs to L'(0,1). We have:

A
| k(s) |P= ‘ Z %‘ for a.e. s.
xeh—1(s)

Using Lemma 2.1 and the fact that card(~1(s)) < Cp for a.e. s we obtain:

fx) | 1
| k() P< O Z {l 0w 1|9/()|]fora.e, s,

zef—1(s)

where C' is a suitable constant depending on Cy and on \. Let us set

A
m(x) ||9/JZ$)|)|\ - for a.e. . (18)
Then we have:
k() P<C ) oy 19
FOP=C 2 Tow e (19)

Let us write:

/m dz—/ |27(()||9’()|d:c. (20)

In order to apply Proposition 2.2 to the left hand side of the equality (20), it is enough to choose A such that

the function ”ef( )l ~ belongs to L#'(0,1) with < + = 1. Hence ||g/((?)‘| belongs to L*'(0,1), where % + ﬁ = )\;,
p

’ /
Py 1L
7 T = Smcep = ~£5, we have:

_(p=Dap
A= p(p =+ q) (1)

. . 1 . =
It is easy to see that A < ¢g. Let us show that A > 1. Since \ = (5(M+)Z§‘, it is enough to show % >1

which can write % + i + i < 1. It is indeed the case by assumption. Therefore we have 1 < A\ < ¢q. Moreover

from (21) we obtain:

ponq
Under the condition (21) and using (19), we obtain:

/ | k |/\ds<C/ Z j; /Olm(:c)d:c<oo,

2€0—1(s)

i.€.

fi - f(@) A
k(s) = / xe;(t)lel(x)l dt € L*0,1). 0



388 L. SAMASSI AND R. TAHRAOUI

Remark 2.5.
(1) If%Jr%Jr%:l,thenwehave)\:l.

(2) If | ¢/ | and ﬁ belong to L>°(0, 1), then A = ¢. It is the case when 0 satifies the following assumption:
0< b <|0(x)|<kfor ae. x.
Corollary 2.1. Let q and v be such that 1 < g < +o00, 1 < v < +00 and let the following assumptions hold:

(i) 0:]0,1] — R s an absolutely continuous function such that:

00) € L0\, (7] €401 > 1

(ii) card(0~'(s)) € L*(R), v > 1;
(iil) f e L9(0,1);

11 1
(iv) —+-4+—-<1;
/1) ql 'L{ 1 1.1 1 1
(V) 4=+ ———(-+—+-)<1
wovop q Vg K p
Then the function
dF(s) f(x) A
k(s) = P Z )] belongs to L™(0,1),
zeO~1(s)
where
quv(p — 1)

= and F(s) = / f(x)da.
(p=Dap+vplp+q) — plp+q) {2/0(2)> 5}

Proof. Let A > 1 be some real number to be determined later. By Lemma 2.1, we have:

A1

| k(s) |*< [Card(ﬁ_l(s))} Z _m(x)

where m(z) = % for a.e. x. Hence we obtain

A
k() | < ()
([card(e—l(s )]Axl> B ze;(s) |6 (z) |

Using Proposition 2.4 we see that the function h(s) = % belongs to L*(0, 1), where X is given by:
card(0—1(s))] x

-1
_ (p )q,u7 (22)
plp+q)
which satisfies A > 1 by (iv). Since card(#~*(.)) belongs to L”(R), we have

A—1

card(H_l(s))} ) ELAV_jl(O,l).

Therefore the function | k(s) |

= h(s)[card(8 1 (s))] T
equality:

belongs to L*(0,1), with A satisfying the following

1
AN A (23)
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The relations (22) and (23) give

quv(p —1)
(p—Dgu+vp(p+q) — p(p+q)

By assumption (v), we show that A > 1. Indeed, to show that A > 1, it is enough to prove that:

(p—Dgu+vp(p+q) — p(p+q)

<1
quv(p—1)

i.€.

1 1 1 1 1/1 1 1

- +-—+-F+-=——|-+—-+-) <L

Bovop g Vg K P
It is indeed the case by assumption. Hence A > 1. O
Remark 2.6.

(1) If % + ;lt + % =1, then A =1 and by equation (23) we obtain A = 1.

(2) If | 6 | and \91'| belong to L*(0,1), then A = ¢ and by equation (23) we obtain A = I— =

1 1 117t
1+4-1]

(3) If v = 400, then A =\ = % from Proposition 2.4.

Let us now establish the Euler-Lagrange equation of the problem (4) where the functional space is the
following one:

W = {v € L'0,1)/v' € LP ((0, 1), %) ,v(0) =v(l) = 0} : (24)
v’ stands for the distributional derivative of v and i’:fl’ is the Radon-Nikodym derivative of the measure s,
defined by: for any measurable e C [0,1], p,(e) =| o~ '(e) |. Let us recall that the problem (4) has a solution in
W C WOI’Q(O7 1) if we assume the following [15]: There exists two positive real numbers 5 and ¢, 1 < 8 < ¢ < p,
such that e satifies: %2 € L77(0,1) and (%2)~1 ¢ L73(0,1). (See also [4] for an approach slightly
different.)

In order to establish Euler-Lagrange equation of the problem (4), we need the following assumptions. Let f
be a function such that f : (z,7,€) € [0,1] x RN x RN — f(z,7,£) € R, differentiable with respect to the two
last arguments (7, ) for a.e. x, convex with respect to .

All the results of this work are obtained for N > 1. To simplify we present our ideas in the case N = 1. Let
the following assumptions hold:

al|€|p+blSf(xana§)§a2|§|p+b25 ai>07 i:172a p>1

‘g—ﬁ@s,n,s),\Z—g(x,n,@‘s%w1+b3, 4 > 0.

(25)

For simplicity of the notations, let the deviations 6(.) and ¢(.) be such that 6([0,1]) = [0, 1] and ([0, 1]) = [0, 1]
with 6(.) and ¢(.) absolutely continuous. As the function ¢ —| {s € [0,1]/0(s) > t} | is decreasing, there exists
a family of real numbers (¢;);c; C [0,1], with I empty, finite or countable such that:

| {s€[0,1)/6(s) = t:;} | >0, Viel. (26)
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Let us also assume

| 0'(.) € LP(0, 1), foisy € LH(0,1), card(671()) € L”(0,1)

1,1 .1 1,1, 1,1 _1/1 1,1
Wlth;+z7+ﬁSl,l—t+;+;+?*;(p+l—t+;)§l, (27)
1,1 _

» + v = 1,
where
Xo() = Xge() With E = {s €[0,1]/0(s) #t; Yiel},
{ [ ¢'() € L7 (0,1), ( T € LH(0,1), card(o~1(.)) € LV (0,1) (28)
1,1 1,1 1 1 1¢1 1 1
with +F+7Sl,u—/+7+?+?*7(?+u—/+?)§1
The deviation ¢(.) satisfies the following: (29)

For any measurable e C [0, 1] such that | e |=0, we have | ¢~ !(e) |= 0.

Theorem 2.1. Under the assumptions hypeull), (27), (28) and (29) every solution u € W of the problem (4)
satisfies the following equation:

%<Vt9af(.,u(t) u' o (. > ZEZI& /{9 . £(S wof(s),u op(s))ds —%{%<uf,f(.,uo@(.),u'(t)>} =0,

in D,(0,1), (30)

with the short notation {6 = t;} = {s € [0,1]/0(s) = t;}, and v{ and u stand for two counting measures defined
respectively by:

for a.e. t <Vt€af(-au(t),u10g0(.))> _ Z Xo(z) (:U,u|(t),u o ¢(x))

and

9 t
for a.e. t <uf,f( uod(.), > Z f:cuo Z)’u())
Remark 2.7. Let us point out that existence results of the problem (4) in W have been studied in [15]
(cf. also [4,5]).
Proof. Let u be a solution in W of the problem (4) then we have:
Ve e R, Vo € D(0,1) J(u+ev)—J(u) > 0.
In order to establish our result, we start from the following equation which follows from the problem (4):

lim 2 I e po, 1), (31)

e—0 €

Next we underline in (31) the two following functions:

_ af .
of °
t {1/9(z)>t}X ol )87] (z,u 0 0(x),u’ o p(x))de,
t 8f —(z,uo0f(x),u o p(x))dr.

23

{z/p(z)>t}

And finaly we establish the result by studying the Sobolev regularity of these functions. Therefore we shall lead
the proof in three steps.
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First step. By the regularity and the growth assumptions on f, using the Lebesgue theorem, we obtain the
existence of the limit in (31), and thus we have the following equation

Loy , Lof : / _
/0 a—n(:c,u of(x),u op(x))vol(x)dr + /0 a—g(m, uob(z),u op(x))v op(x)de =0 VveD(0,1). (32)

Second step. Let us set [} = fol g—f’(x,u o0 0(z),u o p(x))vob(x)dr. Using (26), we can also rewrite I; in the
following form:

n=3 O (0,0 0@) ' pa))u(ts)da
o1 J{wel0,1]/0(0)=t:} on

+/ g(%uoe(fﬂ),ulOap(x))voe(:v)dx Yo € D(0,1).
{2€[0,1)/0(x)2t; Viel} ON

Using the following remark in the second term of I;:

0(z)
vof(x) = / V' (t)dt = / V'(t)dt Vv € D(0,1),
0 {te[0,1]/6(z)>t}

we obtain
/ ﬂ(m,uoﬂ(m),u’ o p(z))vof(x)dx
{=€l

0,1)/0(z)#t; viel} O
of / /
= ——(z,uo0f(x),u o go(ac))[ o' (t)dt |da.
{2€[0,1]/0(x)#t; Viel} on {t€l0,1]/6(x)>t}

Let us set

Fa,1) = Z—ﬁ(aa wob(z),u’ o o) (1)

and
D = {(z,t) € 0,1] x [0,1]/0(x) > t,0(x) #t; Viel}.
Let us show that F(.,.) belongs to L'([0,1] x [0,1]). By (25), we have:

/ | F(x,1) |dx§/ [a2|u'o<p(x) |P+|b2|} o/ (t)] dz dt.
[0,1]x[0,1] [0,1]x[0,1]
But

/[0,1]x[0,1] [az [/ 0 pl@) [+ b2 | | Io'(t) dwat = {/01 [as ') P %(m b | }dx} {/01 |U,(t)|dt}7

thus we obtain
/ | F(z,t) | dedt < oo, since u € W and v € D(0,1).
[0,1]x[0,1]

And since D C [0,1] x [0, 1], the claimed result follows:

/ | F(x,t) | dedt < co.
D
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Using Fubini’s theorem we obtain:

/ Y uovwyat o] [ 0] =
{2€[0,1]/0(z)#t; vier} ON (te[0,1]/0(x)>1}

b of /
/0 v (t)[/{xe[o,l] ——(x,uo0f(x),u op(x))dxr|dt.

J0(x)>t, 0(z)#£t; vieT} O

But we have

/ ﬂ(x,uoﬂ(m),u’ o p(z))dr = / Xg(m)ﬁ(m,uoﬁ(m),u’ o p(z))dz.
{2€[0,1]/6(x)>t, 6(x)#t; vier} ON {2€[0,1]/0(2)>t} n
Thus we can finally rewrite I; in the following form:
B of /
I = Z ——(z,uo0b(x),u op(x))(d;,v)dz
= Jwe1/0()=ty 0N

1
+/ z/(t)[/ Xo(2) 2L (2,0 0 0(2), ! 0 ()] dt.
0 {2€[0,1]/6(z) >t} on

Now let us consider the second part of (32):

1
L= ?(x, wof(z),u op(x))' op(r)dx
o 9€

and let us remark that -
o(x
v op(x) = / " (t)dt Vv € D(0,1).
0

Using the same arguments as for I, we obtain:

1
I, = / v (t) l/ %(Jc,uo O(z),u o @(x))dx} dt.
0 (z€[0.1]/p(z)>t} 0§

Finally (32) is equivalent to the following equation:

/ %(x, wof(x),u op(x))(d,,v)dr
{z€[0,1]/0(x)=t;} n

! / ﬂ /O
" /0 U(t){/{ze[o,n/eu)»}Xe(x)an(x’u o). u (p(x))dx}dt

1 af
! — of o dz|dt = D .
+ /o v (t)[/{ze[o,1}/¢(z)>t} o€ (x,uof(x),u op(x)) :c} t=0 YveD(0,1). (33)

i€l

Third step. Let us set

H(t) = / Xg(I)g(.ﬁ, uof(x),u op(x))dr
{2€[0,1]/0(z) >t} on

and 9
G(t) = / —f(x, wof(x),u op(x))dr.
{z€[0.1]/p(2)>t} €
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Let us remark that by (27) and (28), 6(.) and ¢(.) verify the assumptions of Corollary 2.1. Then using this
corollary, we have

0
af (@ u(t). o o 6(@))
for a. ,t Xo( 4
or a.e e;(t )] ) (34)
and dgt(t) belongs to L, where
puv(p—1)

(p—Dp'u+vplp+p) —plu+p)

We also have

fora.e,t@:f Z 8€

T (35)

and dgit belongs to LAI7 where

A= puv(p’ —1) .
(0 =Dp'p +V'p' (W +p') = p' (1 +p)

From (33), (34) and (35) we deduce the following equation

of ’ 9 0 /
> /{ o By o) o)+ S (P F Gt 0 o)

- % [é%<uf,f(.,u 0 9(.),u’(t))>] = 0in D,/(0,1),
where
<Vf,f(.,u(t),u' o (p())> = Z Xa(x)f(x’urte)/’(l;)j () for a.e. t € [0,1]
2€0-1(t)
and
<:ut7f( uod(.), > Z facu|c<>p(9(§)),|u(t)) for a.e. t € [0,1] O
z€p~1(t)

Remarks 2.1.

(1) In the multidimensionnal case, putting 7= (1,...,nn5), € = (&1,...,&N), uold = (u100,...,uy 0b),
wop = (ufop,...,u\op), we obtain the following result: Under suitable assumptions as in Theorem 2.1
the Euler-Lagrange equation of our problem is

gy (VA £ 00 (1)) + 3 /{9 y aj; (s, u<9<s>>,u'<w<s>>>ds——[%@;ﬁf<.,u<e<.>>,uf<t>>>] o,

forany j =1,2,...,N.
(2) It is clear that we can choose 8 = (01,...,0n), ¢ = (p1,...,0n), uo O = (ug 00y1,...,un o Oy),
wop=(ujopr,...,uyopnN).
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3. APPLICATION TO THE REGULARITY OF SOLUTIONS OF THE PROBLEM (4)

In general the solutions of problem (4) do not belong to WO1 P(0,1) if we consider the following growth
condition: a | £ [P +b < f(z,n,§), p > 1. They belong to Wol’q(O, 1) for some real number ¢ such that 1 < ¢ < p.
To obtain more regularity from the Euler-Lagrange equation (30) stated in Theorem 2.1, we have to delete
Dirac measures. Therefore, we assume that the deviation 6(.) has the following property:

| {s €10,1]/6(s) =1t} |=0, Vit (36)

Corollary 3.1. Let the following assumptions hold:
ap |[EP+b1 < flzn,§) <az [P +b2, a;>0, i=12 p>1

i of of -
DU @nO L Grend) | Sasl P 4 b 0 >0,
0:0,1] — [0, 1] is absolutely continuous such that:
|0 e LP(0,1), (0 1), card(@f (s )) € L”(O 1)
(i) mm%+§+ﬁ 1 R R AR R B
1, 1
1il=1
v :[0,1] — [0, 1] z's absolutely continuous such that:
(i) | ¢ |e LP(0,1), o7 ,‘ eL” (0 1), card( ( )) € LY (0,1)
1 L1,
wlthp-i-p-i-# #’+ + +, (17+?+7)§1
Ve C [0,1] such that | el =0, we hcwe | p~l(e)| = 0.

(iv) | {s €[0,1]/0(s) =t} |= 0, VL.

Then for every solution u in W C WOI’Q(O, 1) of the problem (/), we have:
If | '(t) |< Cy for a.e. t then v’ € L>=(0,1).
Uun:{zquﬂwmd € LP(0,1), then o' € LP(0,1) if 2 < q < p < o0,
and u' ELPH(O Difl<g<p<oo.
. -1 5pa. .
mm#k@:wzm¢%wwﬁm} € L9(0,1), then o' € L¥4(0,1) if <6 <2 < p < co.
To prove Corollary 3.1, the following classical proposition will be useful.

Proposition 3.1. Let p and [ be such that 1 <p < 400 and f: [0,1]] x R xR — R, (z,n,) — f(z,n,§),
conver with respect to & such that:

ar [P +b1 < fle,n,g) <az | P +b2, a; >0, i=1,2, VneR, VEER, a.e z€]l0,1].

Then there exist two positive constants o and ~y such that:

€g‘§($77€)>04|€|” v, VneR, VEER, ae z€l0,1].

Proof of Corollary 3.1. Let u be a solution of the problem (4). Under the hypotheses (i) to (iv), u satisfies the
following equation:

5} dro ,
E%G%fgwﬂm%¢@»Atﬂh%@ﬁj@uoﬂmw@»}:OmDMQU, (37)
where 6%<1/t9,f(.,u(t),u' o go())> stands for 6i<1/t,f( n,u’ o of. ))> . Thanks to Corollary 2.1 the two
n=u(t)

following functions t — 6%<’/t9’ Fl u(t),u oo ))> and t +— a%<uf,f(.,u o 9(.),u'(t))> belong respectively to
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LA(0,1) and LA (0,1), where
puvip—1)
(p=1)p'p+vp(p+p)—plp+p)

and
Vi

A= P (pt—1)
(=D +v'p (W +p')—p' (1 + )

From (37), this entails that:

<uf, g—‘é(,u o 9(.),u’(t))> = /Ot <l/§, g—i:(.,u(s),u’ o go())>ds +Cy for a.e. t,

where C' is some constant. This implies that:

<uf,u’(t)g—‘£(.,uo@(.),u’(t))> :u’(t)/o <1/§,%(.,u(s),u’ocp(.))>ds+01u’(t) for a.e. t € (0,1). (38)

Since for almost every where ¢, uf is a positive measure and since the function s — <1/? 91 u(s),u o (p())>

belongs to L7(0, 1), where
/
—1
. : p'pv(p ,) >
(p—Dp'n+vp(p+p)—plp+p)

we obtain from Proposition 3.1 and equation (38):

(a L/ () |7 —’y) 3 W%x)' <ClU(t)] for ace. te(0,1), (39)
z€pT1(t)

where C' stands for some constant. Let us prove the claimed result.

First case. If | ¢/(t) |< Cp for a.e. t, then u belongs to L>°(0,1).
Indeed we have

-1
Z /1 > cardéo (t) > Ci
2 TP oSG
since ([0, 1]) = [0,1] and card o~1(¢) > 1 Vt. From (39) we obtain
|/ (t) P < cl( |/ (1) | + 1) for a.e. t € (0,1), (40)

where C is some constant. We claim that (40) entails that «’ belongs to L*°(0,1). We argue by contradiction.
If o' ¢ L°°(0,1) then there exists t,, € [0, 1] such that:

lim | 4/(t,) |= +oc.
n—-+o0o

From (40) we have:

1 1
1<
—C4WWHWJ+mwmw)

this is a contradiction as n goes to infinity, since p > 1. This proves that v’ € L*°(0,1).
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1

Second case. If k(t) = [ Z w
x
) ¥

zEQEI(t

~1
} € LP(0,1), with 2 < ¢ < p < o0, then v’ € LP(0,1).

To prove this claimed result we start from inequality (39) that we integrate on the set I,, = {z € [0,1]/

| v/(x) | < n}. We have a non decreasing sequence of measurables subsets I,, of [0,1] such that J, I, = [0, 1].
From inequality (39) we have:

ald'(t) [P <Clu'(t) | k() +7. (41)

From the existence result of the problem (4) in [15], there exists some real number ¢, 2 < ¢ < p < 400 such

that u/ € L9(0,1). Then v’ € L (0,1). This entails that u’ € L (0,1), where % + & = 1. From inequality (41)

I
we have:

a/ | /() [P dt < C’/ | u/(t) | k(t)dt + . (42)
I, I
Holder’s inequality gives:

1

/1 | /() | k(t)dt < (/1 | (t) P dt)p (/1 k;p(t)dt)%.

n n n

Thus we obtain from (42):

1
7

a/ L (8) P dth(/I (1) P dt)? (/1 k:”(t)dt)% oy

I, n n

1 1

< cg[(/ln /(@) 7 at) " +1] SC?K/O

where Cs is some constant independent with respect to n. Then let us remark that there exists some constant C3
such that:

) 1 at)” 1],

Vn o a, :/ | /() |7 dt < Cs.
I

n

As I, is a nondecreasing sequence of subsets of [0, 1], the monotonous convergence theorem gives the following:

1
/ | /(t) [P dt < Cs.
0

So we have proved that u’ belongs LP(0,1).

1

Third case. If k(t) = Z —
L2, v

zEQEI(t

As we have 1 < g < p < 400, then thanks to the existence result of the problem (4), we obtain v’ € L%(0,1).
From (41) we have:

-1 ap?
} € LP(0,1), with 1 < ¢ < p < 0o, then ' € L»+a(0,1).

Pg qp2 Pg pPq prgq
o pTa / | u/(t) |p+q dt < 04(/ | 'u,/(t) |p+q kp+a (t)dt + fyp+q), (43)
I, I

Holder’s inequality shows that:

D q

/In | (t) |75 kP (4)dt < (/1 | (2) |9 dt)m(/ln k”(t)dt)m
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so from (43) we have:

q

aT/I | (t) | dt < @[(/I |/ (¢) | dt)pi“(/ln RP(t)at) "+ ]

SCE,[(/IW |/ (¢) |th)ﬁ+1} gcg,[(/olm'(t) |th)#+1},

where Cj is some constant independent with respect to n. From this inequality there exists some constant Cg
such that:

ap®
Vn o ap :/ | u/(t) |[»Fa dt < Cs.
In

As n — I, is a nondecreasing sequence, the monotonous convergence theorem entails:
1 2
7 ap
/ | w'(t) |7+ dt < Cs.
0

'1132
So we have proved that u’ belongs to L»+a(0,1).

1 -1 pq
Fourth case. If k(t) = [ > W} € L9(0,1), with ¢ < 6 <2 < p < o0, then o’ € L35 (0, 1).
@ (T
wEPTL(t)

Aswe have ¢ < § < 2 < p < 400, then thanks to the existence result of the problem (4), we have v’ € L%(0, 1).
From (41) we obtain:

o [ B ar< o [ w # e o). (44
1 I

n n

Holder’s inequality shows that:

/In |/ () |7 k#Ta (1)dt < </1 |/ (t) |2 dt)ﬁ</1 ka(t)dt)ﬁ.

Thus from (44) we obtain:

q

ot [ o) 1 ar< o [( [ 1w an) ([ )T )

n n n

1

SCS[(/IW |/ (¢) |th)ﬁ+1} scg[(/o | /(2) |th)ﬁ+1},

where Cg is some constant independent with respect to n. From this inequality there exists some constant Cy
such that:

Vn an:/ |/ (t) |75 dt < C.
I

n

Since n +— I, is a nondecreasing sequence, the monotonous convergence theorem gives:

1
/ |/ () |75 dt < C.
0
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Thus we have proved that u’ € L% (0,1); this means:
-1
: 1 1 : 1 Spa
if k(t) = Z @] € L°(0,1), with ¢ <6 <2 < p < oo, then u' € L3+ (0,1). O
o' (x
zEP—1(t)

4. EQUIVALENT PROBLEM WITHOUT DEVIATIONS

Theorem 4.1. Let us assume hypotheses (i) to (iv) of Corollary 3.1 and

1 -1 .
zeP—1(1)

(vi) for a.e. xz, Y&, n— f(x,n,§) is strictly convex, and for a.e. x, Vn, & — f(x,n,&) is strictly conver.

Then every solution u of the problem (4) belonging in I/VOI’Q(O7 1) is solution of the following problem without
deviations:

inf 1G(t,v(t),v') (t)dt/v € Wy P(0,1) ¢, (45)
0

where G (t,,€) = (V8. f(om,w 0 @())) + (uf S, uo0(),€)) for ae. t, Vn, V&

Proof. From the assumption (v) and using Corollary 3.1, we have u € Wol’p(O, 1). The function (n,£) —
G(t,n,&) is strictly convex with the adequate growth. It follows that there exists a unique solution w for the
problem (45).

Moreover the problem (45) is equivalent to the resolution of its following Euler-Lagrange equation:

%<Vf7f(-7w(t)7u’ op()) - o [(%@ﬁf(wo o). w/'(1))] =0 D/(0,1) (46)

Let us recall that we can also rewrite the Euler-Lagrange equation of the problem (4) in the following form:
0/ 4 , dro
o FGu 0 0() - 4 5

o <uf, Flouob(), u'(t)ﬂ = 0in D/(0,1), (47)

where we use the notation:

5%<Vf’ Flu(t),u o <,0())> = 6%<va flmu'o ‘P())>

n=u(t)

with the similar notation for the second term of equation (47).
From (47) w is a solution of (46). Thus by the uniqueness of the solution of the problem (45) we obtain
U= w. (]

5. NECESSARY OPTIMALITY CONDITIONS OF CONTROL PROBLEMS WHERE THE STATE
PLAYS THE ROLE OF DEVIATION
In this section, we establish necessary optimality conditions of the following control problem:
inf {/1 Fi(t,u(t),u' (), w0 0,(t),0,(t),v(t))dt = J(u,v)/(u,v) € E x Z/Iad}. (48)
Under the state (:01r1stlrauinto7 for instance,

WOt — g(t,0,(t), v(1))
QU(O) =0y, 0<by<]1, 91,(15) S [0, 1] Vi,
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where F stands for a subset of WO1 ?(0,1), for instance, and

Uy = {C e L'0,1)/c(t) > O,/Otc(s)ds €10,1] Vte|o, 1]}

To be clear we begin to consider this problem with a simple state equation in Section 5.1 and its application
will be given in Section ?7. Section 5.2 is devoted to the study of the general case.

5.1. Problem where the constraint is simple

The application of this section will be the financial model of [9,10] given in Section ??. We consider in this
section the following problem:

1
inf {/ £t 0(8), 0 (), 0 0 00(8), 02(t), (1))t = J (v, c)} , (50)
0
where (v, ¢) is a control, 6. stands for the state of the system and satisfies the state constraint

do.
dt(t) =c(t) (51)
0.(0) =0, 6.(t)e[0,1] Vte]o,1].
The control ¢ belongs to

Uy = {C e L'0,1)/c(t) > O,/Otc(s)ds €[0,1] Vtelo, 1]},

and the control v belongs to WOI”’(O7 1) with p > 1. In the sequel to simplify, we denote fi by f. Let the
following assumptions hold: f:[0,1] x R x R x R x [0,1] x RY — R, (¢,m1,&,m2, v, \) — f(t,m,&,m2, 0, A),
continuously differentiable with respect to the five last arguments when ¢ is fixed, such that:

@) | £(tm, € A) | SO+ [ [P+ 1P+ [ma P+ | [P+ A]),Ch > 0.
(ii) There exists some positive constant Co such that

of of of
‘8771 (t77717€77727l/7 )‘)‘ + ’8?72 (tvnlyfvn%yv )‘)‘ + ‘8V(t77717€:77271/: )‘)
of

5 B B _ _
+ ‘8_2?('57?71,57772,%/\)‘ + ‘5(@771,57772,1/,)\)‘ SCo(l+ |m [P+ [P+ [ me [P+ v P,
for any t,m1,m2,v,&, A.

There exists (4,¢) € WOL”(O, 1) X Ugq solution of the problem (50)—(51) (52)
such that u’ o 0:(t) exists Vt € [0, 1].

As the function ¢ —| {s € [0,1]/6(s) = 6z > t} | is decreasing, we know that there exists a family of real numbers
(t;)icr C [0,1], with I empty, finite or countable, such that:

| {5 €[0,1]/8(s) = 0. =1;} | > 0. (53)

Let also the following assumption hold: = 6. : [0,1] — [0, 1] is absolutely continuous such that:

18'() |€ L7(0,1), GE € L(0, 1), card(§7"(.)) € L*(0,1)
1 1 1 1 1 1 1 1,01 1 1
1 4 1/ =1
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where
Xg(.) = Xe(.) with F = {s € [0, 1]/5(5) *t; Vie I} .

Theorem 5.1. Under the assumptions (i), (ii), (52) and (54), the control (i, ¢) solution of the problem (50)—(51)
satisfies the following relations:

(i) Equation

St ), <t>>+a%@t,f(.,a(.),a'<.>,a<t>,t,a<.>>>

> b /{9 . 8—7’2 s5,(s), (s))ds — %[g—g(t,a(t),a(t))} o,
in Dy'(0,1), where f(s,u(s),e(s)) = f(s,u(s),uw (s
counting measure defined by:

N
|
o
|

~
»

N
all

—~
»

N
ol

—~
»

N

Nt
<)
S
ISH
g
>
Q
3

=

&
»
&
)
S
IsW
@

T
S
~
>
2y

(e F(00), T (a0, () = D X(a)

n!
z€0 (1) 0'() |
and &, is the Dirac measure at the point t;.
(ii) Integrodifferential inequality
of Of o\ et of |
— — <
o) 25 15(0,200) ~ [ (22 (50060, ) 0 05) + 2 5,5, 00615 <

for a.e. t €10,1].

Proof. Let (u,¢) be a solution of the problem (50)—(51), then we have:
J(1,¢) < J(v,¢) Y(v,¢) € WyP(0,1) X Uyg.
For any admissible (v, ¢), for any € > 0, (2 + €v, ¢ + €(c — ¢)) is admissible and we obtain:

1111(1) J(u+ev,c+€(c—¢)) — J(u,c)
€E— €

> 0. (55)

By the regularity and the growth assumptions on f, using the Lebesgue theorem, we obtain the existence of
the limit in (55), and thus we have the following inequality:

/ Gy (680 )t + | g—g( a(t),e(0)' ()t + | C%’;( u(t),c(t))(a’oé(t)é(t)—i—voé(t))dt
+ i Z;’j( a(t), é(t))o(t)dt + i %( u(t),&(t))(c —e)(t)dt >0 Y(v,¢) € Wy P(0,1) X Ung, (56)
where

0(t) :/0 c(s)ds, d(t) :/0 (c(s) —e(s))ds.
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The inequality (56) is equivalent to (57) and (58):

/ OF (¢ a(ty, e)o(t)dt + / OF (¢ a(e), e(t))o/ (t)dt + / OF (¢ a(t), e(t))o o B(t)dt = 0 Yo € WEP(0, 1),
0 0

Im o 0¢ on2
(57)
tof I Lof _ Lof _
; 8772( L, a(t),e(t)a’ o 6(t)o(t)dt + ; 5( a(t),c(t))o(t)dt + ; 5( a(t),e(t))(c—2o)(t)dt > OVCEI/([ad.)
58

Using the same idea as in the proof of Theorem 2.1, equation (57) is equivalent to:

of

Gy () <t>>+%@t,f<.,a<.>,a'<.>,a<t>,t,e<.>>>

. /{et}a—msu s),c(s))ds —

This proves (i) of Theorem 5.1. By integrating by parts, (58) gives:

et

9¢ b0, e0)] =0 D/0,1).

S

O e -awacs [ [ (2L st 006 + 2 tu0,e0))as] e avar o

on2
Ve € Ugg.  (59)

Let h € D(0,1) and « be such that: —1 <h <0and 0 <~ < 1. Let us set ¢ = ¢ + vh¢ and let us show that ¢
is admissible:
c=c+yhc=c(l+hy)>¢(l—-v)>0

0< /O (s)ds = /O Ce(s)ds 14 /O " he(s)ds < /O Ces)ds < 1.

This proves that ¢ is admissible. Taking ¢ = &+ yhé in (59), we obtain:

and

[0 e caneonar s [ [ (2L s, 0060) + 20,00 )] eton(ar o
Vh € D(0,1), h <0, by homogeneousness,
8 tatereaneto) + | [ (2L satonetonat oo + Lienoeon|ay <o aetepa) o)
This proves (ii) of Theorem 5.1. O
5.2. Problem where the constraint is general
We consider in this section the following problem:
1nf{/ FlEu(t), v (), 1 0 0y (8), Gv(t),v(t))dt:J(u,v)} (61)

under the state constraint,
L = g(1,0(0),0(1))
QU(O) =0y, 0<by<]1, 91,(15) S [0, 1] Vi,



402 L. SAMASSI AND R. TAHRAOUI

where the control v belongs to L>((0, 1), V) for instance, where V = [0, 1] and the control u belongs to W, *(0,1)
with p > 1. Let the following assumption hold:

Fr0xRXxRXxRx[0,1] xR — R, (t,n1,&,m2, v, A) — f(t,m,&, n2,v, \), continuously differentiable
in the five last arguments when ¢ is fixed. We assume that f satisfies the hypotheses (i) and (ii) of Section 5.1
and the fonction g satisfies the following assumptions:

g :[0,1] x [0,1] x R — R, (t,a,3) — g(t,, ), continuously differentiable with respect to «, twice
continuously differentiable with respect to # and continuous with respect to ¢t. We assume that there exists a
constant K such that:

dg dg
- - < K.
Let us suppose that:
3 (,0) € WyP(0,1) x LP((0,1),V) solution of the problem (61)-(62) (64)

such that 4 o 0;5(t) exists Vt € [0, 1].

As the function ¢ —| {s €[0,1]/6(s) =05 >t} | is decreasing, it is known that there exists a family of real
members (t;);c; C [0,1] with I empty, finite or countable, such that:

| {s e [0,1]/9_(5):9@:@} | > 0. (65)
Let also the following assumption hold:

6 = 05 : [0,1] —]0, 1[ is absolutely continuous such that:

1 8() |€ L7(0,1), GE: € L(0, 1), card(§71()) € L”(0,1)
1 1 1 1 1 1 1 1 1 1 1

1 1

» + v = 1,

where
X;(.) = Xg(.) with E={s€[0,1]/0(s) #t; Viel}.

)
Theorem 5.2. Under the assumptions (64) and (66), the control (a,v) solution of the problem (61)—(62) satisfies
the following relations:

. a_f i i (). a U s,u(s),v(s))ds
0 8m<t, 080+ (e S0 T0,0000)) + T [ o030
of

- [8€< a(t),o(t))] =0,
in Dy (0, 1), with the notation f(s,u(s),c(s)) = f(s,u(s),a’(s), wod(s),0(s),
for the counting measure defined by:

Ql
—
S~—
S~—

~

3

)

I

IS

=,

g

S)

3
=

o~

v

&

S

3

IS

v

(s £ (000,70, 0(0),4,50)) = > Xy(a)
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p(1) 55t G(t),ﬁ(t))} <0 for ae. t€[0,1],
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where P(t) is the adjoint state solution of the equation:

PO = g2 000 00)p(0) ~ | 52t a(0) o) o010
5 ea0.00)] o 0.1

p(1) = 0.

Proof. Assume that there exists (@, ) solution of the problem (61)—(62) i.e.
J(1,0) < J(u,v)  Y(u,v) € WyP(0,1) x L=((0,1),V).
We have
J(@+eu, v+ €e(v—1)) — J(@,v) >0 Ve >0 small enough, V(u,v) admissible. (67)

Let us set 6 the state optimal trajectory i.e. the solution of (62) corresponding to ©. Moreover, if we set . the

solution of the state equation (62) corresponding to ve = v + €(v — v), then we have: A (t) = g(t, 0c(t), ve(t))
and %(tt) = g(t,0(t),v(t)). Following [14] let us consider z(.) the solution of the following trajectory equation:
2'(t) = @(t 6(t),v(t)xz(t) + @(t 6(t),v(t))(v—2)(t) on (0,1)
da 7 o ' (68)
x(0) =0,
and let us set, for any € > 0 small enough,
0.()—0
ye() = () —06() _2(0)
€
Thus we have:
t 1 _
lt) = [ 2 [al6.00(5).0(9) 5,00, 0(5)) s
Lrog, - _ dg, = _ _
_/O |5 (5,0(5), 0(s))a(s) + 53506, 2N ~ 5)(s)]ds.

By using the mean value theorem, the Gronwall lemma and the assumption (63), we obtain || ye [|oo— 0
when € — 0. Therefore we have:

0 (t) = 0(t) + ex(t) +ole) Vte[0,1],
and using the Taylor-Lagrange formula, we obtain:

of

oy (b B0, D(B)u(t)dt

J(a+eu, v+ €e(v —0)) = J(u,0) + € {/O

1 3f ) B , 1 3_f ~ ~ o od
+ / B (L0 PO (@)at + / (t,u(t), o) [a 0 B(t)a(t) + u o B(1))dt

o (t,a(t), v(t))z(t)dt + of

) o X
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From (67), we obtain

of B Yor , of i Vod
8L . ooy + / 2 .o+ [ 2L 0,0, 000 000000 + wo st

/ 81/ x(t)dt +/O %(t,a(t),ﬁ(t))(v —o)(t)dt >0 Yue WyP(0,1), Yoe LP((0,1),V).

Following [14] let us introduce the adjoint state p(¢) solution of the following equation

PO = = G800, 500500 ~ | a0, o) 0 000
+ %(t,u(t),v(t))] on [0,1]

YTOf L o of ( — o\ -
/O {a—m(t t),v(t))u o 0(t) + E(t (t) v(t))} x(t)dt
Using (70), we rewrite (71) in the following form
[ TR o0 oo0) + 2t v otoae = [ 50+ 20000150 a0t
By integrating by parts the right hand side of (72), using (68) we obtain
Y1OF o e O I N _
| [t o@ya o 00) + e ate).o0)]a(oae = [ 5055000 500 ~ o))
Finally we rewrite (69) in the following form
or o LOf Lof
[ 2w, eenumar+ [ 2 aw s oars [ 200,00 mo a0
dg

+ [ [Grtao.00) + 5055

The inequality (73) is equivalent to the following inequalities (74) and (75):

dt + dt + of(t)dt =0
; 37)1( as an2 ®)
Vu e Wolp(o,n,

@ |

and

8g

Plt) 5 010), ﬁ(t))} (v—D)(t)dt >0 Yo e LP((0,1),V).

(t,0(1), ﬁ(t))} (v—0)(t)dt >0  Yue WrP(0,1), Yue LP((0,1),V).

(69)

(72)

(73)

(74)
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Using the same idea as in the proof of Theorem 2.1 we show that the inequality (74) is equivalent to:

g_iu, a(), () + 5, (e S0, (0, 0(0). 1. 2()
8f o aof _ _
Z;% /{e o ,&(s)) {ae( i C(m} -

in D,’(0,1), with the short notation f(s,u(s),é(s)) = f(s,u(s),u'(s),u o 0(s),0(s),v(s)). Let h and v be such
that h € D(0,1), -1 < h < 0and 0 < v < 1 and let us set v = ¥ + vhv. By taking v = 0 + yho in (75) we
obtain:

/ [af (ta(t), 5(8) + p(6) 22 (1, 8(t), ﬁ(t))}z‘)(t)h(t)dt >0 VheD(0,1), h<0, by homogeneousness. (76)
0

o o5
This gives:
: of . 009 a
B(0) 55 (50, 8(0)) + P(1) 55 (1,0(0),2(1)] <0 ae. € [0,1], O

6. APPLICATION TO A FINANCIAL MARKET PROBLEM: THE MODEL
OoF JouiNi, KoenL AND Touzr [9,10]

We shall consider the regular case as in [9]. Following [9] let us present this model. The financial market
consists in one riskless asset, whose price function is given by S(t). We assume that sales are subject to taxes
on benefits following the usual first-in-first-out rule according to which any bond sold at some time ¢ should
be the oldest one in the time ¢ portofolio. We introduce the set A = {(t,u) € R*/0 <u <t <1}. For each
monetary unit invested at time u and sold out at time ¢, we denote by ¢(t,u) the after tax amount received at
time t; ¢(t,u) is assumed to be ¢! decreasing in ¢ and increasing in u. Let x(t) be the investment rate in units
of the risky asset at time ¢; the disinvestment rate of this asset at time ¢ is y(¢t) = z 0 0(¢)¢’(t) for a.e. t (¢f. [9])
where 6(.) is the delay function given by:

e(t)_sup se o, 1// du</0ty(u)du]

We have: 0(0) =0, 0 < 6(t) <t. The trading strategy is such that fo s)ds < fo . The following two
functions are useful for the formulation of the problem: z(t) = x(t).S(t) and u(t) > 0 such that 0'(t) = v(t).
With these functions, the agent control problem consists in maximizing the utility functional:

J(z,v):/o Ul(t, % (t))dt

under the state constraint:

dd—? =wv, 0,(0) =0 with v(t) >0,

and the control (z,v) belongs to Uyq = {(z, v)/0 < z(t) <w(t),v(t) >0, fo s)ds < t} The agent consumption
rate ¢*% is defined by

0 (t) = w — 2(t) + 0/ (1)2(0(1))-(t, 6(1)).
In [10], the authors show that this problem has an optimal solution (7,) such that 7 is piecewise ¢t on [0,1]
and v is piecewise continuous on [0,1]. Let 6 be the optimal state, corresponding to (z,v). In this paper,
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we assume a regularity assumption on the optimal solution. As the function ¢ —| {s € [0,1]/0(s) = 65 >t} | is
decreasing, there exists a family of reals (¢;);c; C [0, 1], with I empty, finite or countable such that:

| {s€[0,1]/8(s) = 0y =t:} | > 0. (77)

Let the following assumption hold: § = 65 : [0,1] — [0, 1] is absolutely continuous such that:

170)1€ 20, Gl ¢ [0(0,1), candP1() € L <R>
: 1 1 1 1 1 1 1 1
l+%:1

where
X;(.) = Xp(.) with E={s€[0,1]/0(s) #t; Viel}.

Under regularity assumption on (Z,v) and under the following assumptions:

U:[0,1] x RT — R, (t,&) — U(t,€) is continuously differentiable in & when ¢ is fixed such that:

(i) | %—?(ue) | < Cu(14 | € 71),C5 > 0.

Our previous results allow us to obtain the following:

Corollary 6.1.
i) x fa—U c 0 8_U c v z c(s 5,0(s))ds
0) 2()[ - G te®) + 4, ag (-2l O] + EaL? /{ oy O (25 e 2 0
in D;'(0,1), where we denote 6 = 05, ¢(t) = c(z,0)(t) = w(t) — (t) + v(t ) T o05(t).o(t,05(t)). The
measure v is the counting measure defined by:

9y x,c(x)o(x,t)o(x
(v, Ge et ) = % oA )

() o) [ G (1) 800,000 + v<t>{ / 1v<s>.a—§.[x'oe<s>.w<s,e<s>>+xoe<s>%<s,e<s>>}ds}

>0 forae. tel0,1].

Remark 6.1. In [9] @ is supposed to be implicitly invertible. This is not the case here by (77). Let us point
out that the conditions above are some what local, contrary to which exists in the literature, if we except the
case of translations [13] and the case of strictly monotonous deviations [9,12].

Proof of Corollary ??. Let (Z,7) be an optimal solution of the agent problem which belongs to the set of
admissibles controls:

Mmz{@mﬂogﬂﬂgw@,MﬂEQAZ@MSg%,

and let us assume that 7 is piecewise ¢! and ¥ is piecewise continuous on [0, 1]. Then we have:

J(z,0) > J(x,v) Y(x,v) € Ung.
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For all (y,r) admissible, for any e > 0, the control (Z + e(y — ), + e(r — ?)) is admissible and we obtain:

g L@t ey = 7). 0+ e(r — ) — J(z,0)

e—0 €

<0. (79)

By the regularity and the growth assumptions on U, we obtain the existence of the limit in (79) and thus we
have the following inequality:

0 ?‘)_Ig](tv ()] = () = 2(0) + (y = 2) 0 0(1)0(8) (8, B(1)) |t

tou
+/0 0_§(t,c(t))xoo(t)w(t,o(t))(r(t)—v(t))dt

+ : g_[é(t, E(t)) {’lj(t).f’ o 9(75)(,0(757 H(t)) + ’lj(t).f ° é(t)

(t.0t) [ A(t)dt <0, (80)

gl

for any admissible (y, ), where ) is the increase in § corresponding to the increase 7 in the control i.e. X' = r—7,
A(0) = 0. By integrating by parts we obtain:

Lau

[ S tucte) [s0)0" 0 B(0)p(2, () + o(0)7 o 6) 5 1, (0D Ae) e
= [ [ G o 0 Dot B(s) + (00 (5) 5 (5,0 ()Is M0

1 1y i o - ) _
+/o {/ 7e (5 NP 0 8(s)p(s,0(s)) +0(5)z 0 9<s>@<s,9<smds} (r — B)(t)dt.
We rewrite the inequality (80) in the following form:

|| 5 ctonstorete. 501w - 20600

+ [ Stucto) 0 00hole. 00 — o))t + [ [—%—?(m(t))@(t)—x(t»] ai

Q

1 Lo o - o o )
- { / 8_5@,0(3))[@(3)30oe@@(s,e(s))+U<s)xoe<s>%<s7e<s>nds}<r_v><t>dtgo, (81)

for any admissible (y,r). We can also easily derive from (81) the following inequality

tou, o o = _
; a—g(t, e(t)T o () p(t,0(t))(r — v)(t)dt

1 YoUu o, = “_%S_Ssri,[_)
+/0 {/t 8—5(5,0(5))[1)(5)93 00(s)p(s,0(s)) + 0(s)T 0 O(s)==(s,0(s))]d }( )(#)dt <0, (82)

for any admissible r, and

Yroou, ) Yrou, .
/O [—a—g(t,c(t))(y(t)—x(t))} dt + /O {a—g(t,c(t))u(t)ap(t,@(t))(y—33)09(75)} dt <0, (83)
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for any admissible y. And as in the proof of Theorem 2.1, we can rewrite the inequality (83) in the following
form:

[ T2 e+ (48 G201 000)] 00 - a0

+ <;5ti /{9 o) %—g(s &(s))p(s,0(s))ds,y — :Tc> <0, for any admissible y. (84)

Let h and ~ be such that h € D(0,1), =1 < h <0and 0 <~y < 1. Let us set y = T + vhZ and let us show that
y is admissible. We have:

y(t) = z(t)(1 +vh(t) =2 2@t)(1—7) =0
and

w(t) = (t

i.e. y is admissible. If we take in (84)

~—

( — Z(t) = vha(t) = w(t) — Z(t) = 0,

+ ~vhZ, then we obtain:

@

/ 1 (5 ey + (ot S c<->>¢<.,t>v<.>>} FOh(E)dt
(503 Aet} ()l 0(s))ds, h) <0 (85)

i€l

for any h € D(0,1),h < 0, by homogeneousness. We can therefore rewrite the inequality (85) in the following
form:

#(0) |~ g b e0) + (o G (oot 00 | 20 0 [ G oot ol 20, in D0,

icl
(86)
This proves (i) of Corollary ??. We can also rewrite the inequality (82) in the form:

—~

/ 1 Ttz 08001, 60)] (- - D)0+ [ 1 I 1 T 1 c(e)0(e)a” o 8(9)p(o.B(5))s] ()0

for any admissible . Let us consider the following control r(t) = ©(t) 4+ 9(t)yh(t). This control is admissible
since we have:

r(t) = o(t)(1 +~h(t))o(t)(1 =) =0,

/Otr(s)ds - /Ot“(s)ds + V/OtU(S)h(S)ds < /Otv(s)ds <t.

If we take in the inequality (87), r(t) = () + v(¢)yh(t), then we obtain:

and
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for any h € D(0,1),h < 0, by homogeneousness, i.e.

o(t)

o, . = _ - You, . _
T etz 080000, 00| + 000 | [ G e o o)t 0)ts
(555 (0S| 20 i D0.1), (59)

+
<
—
~
S~—
| pu—|
—
2.
=T
—

V2]
S~—
I
o

S

this proves (ii) of Corollary ?7?. O
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