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SECOND-ORDER SUFFICIENT OPTIMALITY CONDITIONS
FOR A SEMILINEAR OPTIMAL CONTROL PROBLEM WITH NONLOCAL
RADIATION INTERFACE CONDITIONS*

CHRISTIAN MEYER!

Abstract. We consider a control constrained optimal control problem governed by a semilinear elliptic
equation with nonlocal interface conditions. These conditions occur during the modeling of diffuse-
gray conductive-radiative heat transfer. After stating first-order necessary conditions, second-order
sufficient conditions are derived that account for strongly active sets. These conditions ensure local
optimality in an L°-neighborhood of a reference function whereby the underlying analysis allows to use
weaker norms than L.
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1. INTRODUCTION

In this paper, we investigate an optimal control problem that arises from the sublimation growth of semi-
conductor single crystals by the physical vapor transport (PVT) method. Possible semiconductor materials,
produced with this method, are silicon carbide (SiC) or aluminum nitrite (AIN). They are used in numerous
industrial applications, e.g. the production of optoelectronic devices such as blue and green LEDs and lasers.
For the PVT method, polycrystalline powder is placed under a low-pressure inert gas atmosphere at the bottom
of a cavity inside a crucible. The crucible is heated up to 2000 till 3000 K by induction. Due to the high
temperatures and the low pressure, the powder sublimates and crystallizes at a single-crystalline seed located
at the cooled top of the cavity, such that the desired single crystal grows into the reaction chamber. See [6] for
more details.

Here, we focus on the conductive-radiative heat transfer in the growth apparatus. Therefore, we consider a
simplified setup of the growth apparatus, shown in Figure 1, where {5 denotes the domain of the solid graphite
crucible, whereas {2, is the domain of gas phase inside. A very important determining factor for the crystal’s
quality and growth rate is the temperature gradient inside the gas phase [9]. Since we do not consider the
electromagnetic induction, we will optimize the temperature gradient in the gas phase {); by directly controlling
the heat source v in €.
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FI1GURE 1. Exemplary domain for nonlocal radiative heat transfer.

The temperature y inside the growth apparatus arises as the solution of the conductive-radiative heat trans-
fer problem in the growth apparatus. Accounting for radiative contributions is essential owing to the high
temperatures. Thus, the problem is described by the stationary heat equation with radiation interface and
boundary conditions on I'y and I'g, respectively. We take €)s to be entirely opaque, whereas {2, represents a
transparent medium which does not interact with radiation. Furthermore, the radiative surfaces I'y := 0f2 and
I, :=Qn ﬁg are presumed to be diffuse-gray, i.e. the emissivity € is independent of both the direction and
the wavelength of the radiation. In particular, the local radiative heat exchange on I'g can be modeled by the
Boltzmann radiation condition with an external temperature yo. Due to the heat exchange between points
on I';, we obtain an additional radiative heat flux on I';, denoted by g¢;.

In addition to the stationary semilinear heat equation with radiation interface and boundary conditions, we
consider box constraints for the control function . Thus, the optimal control problem, considered here, reads
as follows:

minimize  J(y,u) := %/ |Vy — z[*dx + g/ u? dx
subject to —div(ks Vy) = u in Qg
—div(kg Vy) =0 in Qg

(P) Ay oy \
Kg (am)g—fes (am,)s—qr on I';
/@Sﬁ teolylPy=coys onTy

Ong
and  ug <wu(z) <up a.e in Q,

where ng is the outward unit normal on I'g, and n, is the unit normal on I', facing outward with respect to
(¢f. Fig. 1). Furthermore, z denotes the desired temperature gradient and v > 0 is a Tikhonov regularization
parameter. In the state equation, o represents the Boltzmann radiation constant, and xs, kg denote the thermal
conductivities in (), (g, respectively.

In contrast to the boundary condition on I'y, the radiative heat transfer on I'; is nonlocal. The corresponding
mathematical model used here is described in detail in [10]. It provides the additional radiative heat flux g,
on I'} given by

= -K)(I—-(1-e)K) 'eolyl’y := Goly|’y, (1.1)

where K is an integral operator representing the irradiation on I';. The nonlocal operators K and G will be
specified in Section 3. The nonlocal radiation on I'; represents the main characteristic of the problem, since the
nonlinearity in the state equation in (P) is in general not monotone due to nonpositivity of G (see [10]).
Problem (P) has already been investigated by Meyer, Philip and Troltzsch in [8], where first-order necessary
conditions are proved. Based on these results, we establish second-order sufficient optimality conditions for (P).
Due to the nonlinear interface and boundary conditions on I'; and T'g, (P) belongs to the class of semilinear
elliptic optimal control problems. There are numerous publications which address second-order conditions
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for problems of such type. We only mention Casas, Troltzsch and Unger [4], Bonnans [1], and Casas and
Mateos [3]. Here, we consider conditions that are sufficient for local optimality of a reference function in an
L#-neighborhood, where s is not necessarily equal to co. To that end, we use a technique, introduced for the
Navier-Stokes equations by Tréltzsch and Wachsmuth [12]. In case of the Navier-Stokes equations, the situation
is, in some sense, easier, since the nonlinearity in the state equation is only of quadratic type. Hence, under
certain assumptions on the objective functional, it is possible to avoid the well-known two-norm discrepancy
(see [12] for details). This is even valid, if one allows for strongly active sets as introduced by Dontchev et al. [5].
However, in our case, one has to deal with a two-norm discrepancy when using strongly active control constraints.
Therefore, we modify the proof of Troltzsch and Wachsmuth and follow an approach by Casas, Troltzsch and
Unger [4], who consider a more general setting. This covers a class of optimal control problems with a semilinear
elliptic state equation whose nonlinearity is monotone. However, although this is not the case here, main parts
of the corresponding theory for second-order conditions can also be applied to (P).

The paper is organized as follows: After stating the mathematical setting in Section 2, we recall some results
of [7,8,10], concerning the semilinear state equation and first-order conditions for (P), see Sections 3 and 4.
Then, in Section 5, our main result, i.e. the second-order sufficient conditions, are stated. Section 6 is devoted
to some auxiliary results that are needed for the proof of the second order-conditions, that is presented in
Section 7.

2. THE MATHEMATICAL SETTING

Throughout this paper, we assume the following conditions on the domain 2 and on the quantities and
functions occurring in (P):

Assumption 1. We assume that  C R? is a bounded simply connected domain with Lipschitz boundary T.
The boundary of the simply connected subdomain ﬁg C €, denoted by T'}, is assumed to be a closed Lipschitz
surface that is piecewise C'»%. Notice that the distance of I, to Ty is positive. Then, € is defined by Q, = Q\ﬁg.
The Boltzmann radiation constant is assumed to be positive, i.e. ¢ € RT. For the thermal conductivity, we

assume k € L>(Q) with
K(z) = { ks(z) in Qg

kg(z) in Qg
and k(z) > Kmin > 0 a.e. on Q. Furthermore, the emissivity ¢ € L>(T'g UT,) is bounded by 1 > & > £, > 0
a.e.on 'gUT,.

Assumption 2. The desired temperature gradient z is given in L?({);) and v is a positive constant. For the
box constraints, we assume u,,up € L'(€)), where ¢ is a positive real number with ¢ > ¢’ and some ¢’ € [2,4]
that will be precised later in Section 5. Moreover, the bounds fulfill 0 < u,(x) < up(z) a.e. in 5. The external
temperature g is a function in LlG(I‘O) and fulfills yg > 9 a.e. on I'g with a positive constant .

Notice that, in this context, the assumption u,(z) > 0 a.e. in s does not represent an additional restriction,
since the heat sources in the application are always non-negative, as the crucible cannot be cooled. Throughout
this article, we use the following notations:

NOTATION. We introduce the set of admissible controls by
Usa = {u € L' () | ua(z) < u(x) <up(z) a.e. in Qs}.

The identity operator in the respective function spaces is denoted by I. Moreover, 7, is the trace operator
on I';, whereas 1y denotes the trace on I'y. Throughout this paper, ¢ is a generic constant and 1) denotes a
generic function. Let W be a Banach space with its dual space W*. Then, for f € W and g € W*, (f, g)
denotes the associated pairing. Furthermore, for a given functional 7 : W — R that is twice continuously
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Fréchet differentiable, we denote the second derivative at «w € W in the directions hy, ho € W by j”(u)[h1, ha].
If hy = hy = h, then we write j” (u)h?.
3. THE SEMILINEAR STATE EQUATIONS

In this section, we recall some results of Laitinen and Tiihonen [7], Tiihonen [10,11], and Meyer, Philip
and Troltzsch [8]. First, we present some properties of the nonlocal radiation operator G and the integral
operator K.

Definition 3.1. The integral operator K, representing the irradiation on I'}, is given by
(K@) = [ w(.2)(:)ds. (3.1)
Iy

where the kernel w is defined by

[ne(2) - (& = 2]l (2) - (2 — @)]

o) E(z, 2) 2 —aff , forn=2
E(x, 2) e(2) - (@ ;;)][n;ff) (2 - x)], for n = 3.

In this definition, z, z denote two points on I'y, and n,(z) is the unit normal at x facing outward with respect
to 5. Here, = represents the visibility factor which is given by

- 0 ifTEnQy #0,
H(xaz)_{ 1 lfﬁﬂggz ,

with Tz denotes the line segment between x and z.

In [11], it is proven that w(z,z) has a singularity at = of type |z — z|~('=% in the two-dimensional and
|x — z|_2(1_5) in the three-dimensional case, which is, in both cases, integrable. This is the key point to the
following lemma derived in [11].

Lemma 3.2.
(i) K maps LP(T;) to LP(T;) for all 1 < p < co.
(ii) The operator I — (1 —e)K: LP(Ty) — LP(T;) is continuously invertible.

With the help of Lemma 3.2, Tiihonen and Laitinen proved the following property of G = (I — K)(I — (1 —
e)K)™1e (¢f. [10], Lem. 6 and [7], Lem. 8).

Lemma 3.3. G is a bounded linear operator from LP(T}) to itself for all 1 < p < co.

Notice that the kernel w is symmetric and hence, K is formally self-adjoint. Therefore, we obtain that
G*=¢(I — (1 —-¢)K) (I — K) is also linear and bounded from L?(T,) to LP(T;) for all 1 < p < cc.

With these results at hand, Laitinen and Tiihonen derived the existence of solutions to the state equation
in (P) that is given by

—div(ks Vy) = u in Q
—div(kg Vy) =0 in Qg
Kg ( 9y ) — K ( Iy > =Goly’y onT, (3.2)
on, « on, )
0
/@S—y +eolylPy =ecoy; on Ty.

877,0
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Notice that, G is in general non-positive, i.e. v(z) > 0 a.e. on I'; does not imply (Gv)(z) > 0 a.e. on Iy,
and hence, the nonlinearity in (3.2) is not monotone. Therefore, Laitinen and Tiihonen used Brezis’ existence
theorem on the solution of equations with pseudomonotone operators to show the existence of solutions (see [7]
for details). In the following, we consider y in the state space V that is defined by

Vi={ve H(Q) | nveL*T,), v e L3 (Ty)}

where 7. denotes the trace operator on I';, whereas 7y is the trace on I'y. The space V is equipped with the
norm

[vllv = [lvllz@) + [[vlizse,) + [[vllzs,)-

Theorem 3.4 ([7], Th. 2). Under Assumption 1, the semilinear equation (3.2) admits a unique solution in V
for every u € H(Qs)* and yo € L?(Ty).

In [8], it is shown that, if the right-hand side is sufficiently regular, solutions to (3.2) belong to the following
function space
V= H'(Q) N L®(Q), (3-3)
equipped with the norm
[ollvee = [loll @) + vl @)-
Notice that y € V°° implies 7,y € L°°(T;) and 7oy € L>(Tg) (see [8], Rem. 3.5).

Theorem 3.5 ([8], Th. 4.2). Suppose that Assumption 1 is fulfilled and v € L?(%) and yo € L'%(Tg). Then,
there exists a constant ¢ only depending on Q such that the solution of (3.2) fulfills

9l o< () + [l Lo (r,urey < (1 + [ull L2 + Yol s (ry) )- (3.4)

For a fixed yo € L'%(Ty), we introduce the control-to-state operator S : L?(£)) — V> that assigns y to u.
The positivity of S is covered by the following maximum principle.

Theorem 3.6 ([8], Th. 4.3). Suppose that Assumption 1 is fulfilled and uw(z) > 0 a.e. in Qg and yo(z) > >0
a.e. on To. If y is the solution of (3.2), then y(x) > ¥ holds a.e. on Q and a.e. on Ty UTy.

The next theorem states the existence of an optimal solution for (P). It is also proven in [8] by rather standard
arguments.

Theorem 3.7 ([8], Th. 5.2). Under the Assumptions 1 and 2, there exists an optimal control u € L>°(£s) with
associated state j € V°.

4. FIRST-ORDER NECESSARY OPTIMALITY CONDITIONS

The key point in the proof of first-order necessary optimality conditions is to show the differentiability of
the control-to-state operator S : u +— y. In preparation of a corresponding theorem, we consider the following
linear equation We start with the following linear equation

/ kVy - Vode +4/ eo [yPyvds = (o, V)m () m@ VYveH (Q) (4.1)
Q To

with a given p € HY(Q)* and a fixed § € V°° with § > 0 a.e. in Q. Notice that, in this section, the notation ¢
does not necessarily refer to the optimal state, but to fixed, non negative, but otherwise arbitrary function
in V°°. It is easy to verify that the bilinear form in (4.1) is bounded and coercive in H*(£2). Therefore, the
Lax-Milgram lemma implies that (4.1) admits solutions in H'(Q) for every right-hand side in ¢ € H(Q)*.
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Thus, there exists a linear continuous operator By() : HY(Q)* — H'(Q), mapping ¢ to y, such that the
solution of (4.1) can be expressed as

y=Ba®) . (4.2)

Next, we consider a slightly different equation:

aly, v] ::/nVy~Vvdz+4/(Go|y|3y)vds+4/ o |gPyvds
Q Iy Lo
= <(p, ’U>H1(Q)*,H1(Q) Yove Hl(Q) (43)

Since G is not positive, the bilinear form @ is in general not coercive. Thus, the Lax-Milgram lemma cannot be
applied. However, under a certain regularity assumption, one can employ the Fredholm alternative to show the
unique existence of solutions to (4.3). To this aim, we transform (4.3) into

/HVy~V’ud:c+4/ eo |[gPyvds = (¢, V) gy 1 (@) 74/(G0|gj|3y)vds.
Q T'o I

Moreover, analogously to Bq, we introduce the linear and continuous operator B.(y) : L?(I';,) — HY(Q) as
solution operator to (4.1) if ¢ can be expressed by

(¢, V)1 () 1Y (Q) = / Jrvds
T

r

with a function f, € L?(T';). Hence, (4.3) is equivalent to

y = Ba(§) ¢ — B:(y) 4 Goly ry. (4.4)

Notice that it would be more appropriate to write (Go|7 | 7ry) instead of (Go|y|>7y) in this context. However,
for the purpose of readability, in all what follows, we suppress the trace in connection with 7 since it represents
a fixed reference state. Applying the trace operator to (4.4) yields

Ty + 41 By (g) Ga|gj|3'rry = 1. Ba(7) ¢ (4.5)

To show the existence of solutions of this equation, we rely on the following assumption.

Assumption 3. A\ = —1 is not an eigenvalue of

B()(+) =47 B.(y) Golg(-), (4.6)
with B(g) : L*(T,) — L*(T,).

Since By () : L*(T,) — H'(S), we have that 7. By(y) : L*(T;) — H'Y?(T,). Therefore, due to the compact
embedding of L?(T',) in HY/%(T,), B(y) : L*(I";) — L?(T;) is a compact operator. Thus, thanks to Assumption 3,
the theory of Fredholm operators ensures that (I + B(y)) has a continuous inverse operator. Therefore, (4.5)
admits a solution in L%(T,), giving in turn the existence of solutions to (4.3) and thus the following result

(cf- [8]).
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Lemma 4.1. Suppose that Assumption 3 is fulfilled and ij € V>°, i§j > 9 > 0. Then, to every ¢ € H(Q)*,
there exists a unique solution y of (4.3) in HY(Q) that satisfies

1Yl @) < cllelm @ (4.7)

with a positive constant c. Moreover, if the inhomogeneity ¢ is sufficiently smooth such that it can be expressed
by

<()0,U>H1(Q)*7H1(Q):/fQUdl‘+/frvd5+/fovd5
Q I o

with some functions fo € L*(Q), fr € L*(T}y), and fo € L*(Ty), then (4.3) admits a unique solution in V>° and
the the following estimate

1Yl () + Yl m,ury) < € (Ifallzz@) + I fillzsw,) + 1 follLary)) (4.8)

holds true with a constant ¢ only depending on €.

Notice that we used the boundedness of g in V™ for (4.7), i.e. |g]lv~ < ¢ with a constant only depending
on 2, which is guaranteed by Theorem 3.5 and [8], Lemma 5.1. In all what follows, we denote the solution
operator associated to (4.3), mapping ¢ to y, by S(7) : H'(Q)* — H'(Q). An immediate consequence of Lemma,
4.1 is the following theorem.

Theorem 4.2. Under Assumptions 1-3, S : L?(Qs) — V™ is twice continuously Fréchet-differenntiable at
(g,u). Its first derivative, denoted by y = S’(u)h, h € L*(8), is given by

—div(ks Vy) = h in Qg

—div(kg Vy) =0 in Qg

9y _, (9 i3 — 49

0 .
Iis—y +4eolyPy =0 on I'y.
6%0

Moreover, the second derivative w = S”(@)[h1, ha] solves the equation

—div(ks Vw) =0 in Qg
—div(kg Vw) =0 in Q
ow ow
s (871 ) ~ e (an ) + 4G(‘7|@|3w) = —-12G(0|ylyy1y2) on T} (4.10)
/s r/)g
0 )
“S—w +4deolylPw = —12¢e0ly y1y2 on Ty
6%0

Proof. We follow the lines of [8], Theorem 7.1, where the Fréchet-differentiability of S is shown in detail.
However, here we also need the second derivative of .S, hence we shortly sketch the proof for convenience of the
reader.
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We reformulate (3.2) as

—div(ks V§) =14 in Q4
—div(kg V7) =0 in Qg
9y Yy 3
g s
ag _ 4 13- _
fisg — + Ay =co(yo —[y]"y) + Ay on T,
no

with some A > 0 such that the bilinear form associated to the left-hand side in (4.11) is bounded an coercive
in H*(Q). Thus, the Lax-Milgram lemma yields that (4.11) admits a solution in H'(2) for every right-hand side
in H(Q)*. Moreover, in [8] it is shown that, if the right-hand side is sufficiently regular, i.e. in L?(Qs)x L4(T;) x
L*(T'y), the solution is bounded in € and on Ty UTy. Thus, linear continuous operators Bg : L?(Q) — V>,
B, : L*(I';) — V>, and By : L*(Ty) — V> exist such that (4.11) is equivalent to

0=y — Bo, u+ B: (G(o|y|*y)) — Bo (\§ +eays — eo |g°y) =: T(y, 1), (4.12)

with T : V°° x L?(Qs) — V°°. Notice that, within this proof, we suppress the traces in arguments of operators
with domain in L?(I';) and L?(T), respectively, to improve the readability. Since ®(y) = |y|?y is twice Fréchet-
differentiable in L>(T, UTy) and Bq, B:, and By are linear continuous operators, the chain rule gives that T
is twice continously differentiable from V> x L%(€)) to V°°. Moreover, in [8] it is shown that, the equation
‘gz (g, u)y = f with some f € V°° corresponds to a linear PDE with the same bilinear form as in (4.3). Hence,
under Assumption 3, (y, @) is continuously invertible in V'°°. Therefore, the implicit function theorem gives
that S is as smooth as T and hence, y = S(u) is twice continuously differentiable at .

It remains to derive the particular form of S’(@) and S”(@). Substituting § = S(@) in (4.12) and differentiating
in direction h yield

S'(a)h = B, h — B, (G(40|S(a)|?S'(@)h)) + By (A 8" (a)h — 4ea |S(@)[>S’ (@)h). (4.13)

Now we replace y = S’(@)h and § = S(@). Then, with the definitions of Bg, By, and By, (4.13) is equivalent
to the linearized equation (4.9). For the second derivative, we rename h; = h in (4.13) and differentiate both
sides in direction ho

S"(@)lh1, ho] = — By (G(120|S(@)|S(a) [S'(@)h1, S'(@)ha]))
r(G(4U|5( )P S"(@)[ha, ha)))
+ Bo (A S (u)[h1, ho] — 12e0 |S(w)]S(u) [S"(a)h1, S'(uw)h2])
By (4e0 |S(@)|* S"(@)[h1, ha)).
By setting § = S(@), yi = S’ (@hi, i = 1,2, and w = S"(@)[h1, ho], the definitions of Bq, B, and By
imply (4.10). d

Remark 4.3. Clearly, the implicit function theorem also gives that S : L%()s) — V> is twice continuously
Fréchet differentiable in a neighborhood of .

Next we derive first-order necessary optimaliy conditions to (P). To that end, we introduce the reduced
objective functional by

3(u) == J(S(u),u) = % IV S(u) = 2l 22q, )3 ||U||L2<Q> (4.14)
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Furthermore, we define the set of admissible controls by
Uad = {u € L*(Q) |ua(z) < u(z) < up(z) a.e. in Q}.

Due to Theorem 4.2 and the chain rule, we know that j is twice continuously Fréchet-differentiable from L?()
to R. Thus, by standard arguments, an optimal solution @ of (P) must satisfy the following variational inequality

J(@(u—1u)>0 Vué€ Ug. (4.15)
For the derivative of j, one obtains
j/(ﬂ)h = (Vﬂ -z, vy)L2(Qg) + V(’ﬁ, h)Lz(Qd), (4.16)

with § = S(@) and y = S’(@)h. Now, let us transform (4.15) by introducing the adjoint state. Clearly, for every
fixed y € H'(), the bilinear form @ in (4.3) can be seen as a linear and bounded functional on H'(2). Thus,
there is an operator A € L(H'(Q), H'(2)*) with

aly,v] = (Ay, v) = (p,v) YveH(Q) & Ay=¢ inH(Q)"

The associated adjoint equation is given by A* p = g with some g € H*(Q)*. Lemma 4.1 implies the existence of
A=l e L(HY(Q)*, H(Q)), giving in turn that A* is continously invertible. Hence, it follows that the equation

(v, A*p) = (Av, p) = alv,p]

= / kVp-Vudz + 4/ oyl (G*p)vds+4/ ea |g2 pvds
Q I, To
= <gav>H1(Q)*,H1(Q) Yo S HI(Q) (417)
admits a unique solution p € H(Q) for every g € H*(Q)*.

Lemma 4.4. Suppose that Assumption 3 is fulfilled and let § € V°° with y > 9 > 0 be given. Then, to every
g € HY(Q2)*, there exists a unique solution p of (4.17) in H*(Q).

Now, let us choose a special inhomogeneity in (4.17) given by (g, v) = (Vy§ — 2z, Vv)p2(q,) such that we
obtain the adjoint equation associated to the state equation:

/HVp-V’ud:c + 4/0|gj|3 (G*p)vds+4/50|gj|3pvds:/(vy72)~Vvd:c Yoe HY Q).  (4.18)
Q I, T'o Qg

Note that, thanks to § € V> and z € L?(£),) by Assumption 2, the right-hand side indeed defines an element
of H'(2)*. Formal integration by parts yields the PDE corresponding to (4.18):

div(kg Vp) = Ag — divz in Qg

div(rs Vp) =0 in O
Ip op s oy
“(5), (o), +4e 0@ = 5L +2ne on (1.19)
0
ks P | deo l7)°p =0 on I'y.

8n0
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Consider now the variational formulation associated to y = S’(u)(u — @) with some u € L?({s), that is given by
aly,v] = (u—1u, v)2,) YveH(Q).

If we insert p, i.e. the solution of (4.18), as test function, then we obtain

(u—u, p)r2c,) = aly,p] = (Ay, p) =y, A" p) = (Vi — 2, Vy)r2(0,)
Inserting this into (4.16) and (4.15) gives
(p+va, u—ﬂ)[}(gd) >0 VuéeUyg. (4.20)

By standard arguments, a pointwise discussion of this inequality implies

u(z) = Pad {% p(x)} , (4.21)

where P,4(x) denotes the pointwise projection operator on [ug(z), up(x)]. In this way, we have derived first-order
necessary conditions to (P):

Theorem 4.5. Suppose that Assumptions 1-3 are fulfilled and @ is a locally optimal solution of (P) with
associated state . Then, there exists an adjoint state p € H(Q) such that the adjoint equation (4.19) and the
projection formula (4.21) are satisfied.

5. SECOND-ORDER SUFFICIENT CONDITIONS

This section is devoted to our main result, second-order sufficient optimality conditions for (P). First, we
establish second-order conditions that require a rather large subspace where the second derivative of j must be
positive definite. These conditions are very easy to prove. Then, we shrink this subspace and formulate another
sufficient condition that is less restrictive than the first one. The associated proof is performed in Section 7.

In the following, the subspace, where j” (%) is assumed to be positive definite, is called critical cone. The
“large” critical cone is defined by

C(a) := {u € L ()

u(z) >0, where G(z) = uy(x)
u(z) <0, where 4(z) = up(x ’

~

and hence does not account for strongly active sets.

Theorem 5.1. Suppose that Assumptions 1-3 are fulfilled and that (g, @) satisfy the first-order necessary opti-
mality conditions. Assume further that a constant § > 0 exists such that

" (@yu? > 8 |lullfaq,) (5.1)

is satisfied for all u € C‘(a) Then positive constants € > 0 and & > 0 exist, such that the quadratic growth
condition

j(u) > §(@) + 6 llu—alzq,) (5.2)

holds true for all u € Uqq with ||u — a2,y < €.
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Proof. The proof follows standard arguments. A Taylor expansion of j at @ yields for an arbitrary u € Uyg

) = (@) + 3" — ) 5 @) — )2 (5.3)

oy, 0 _ 2
> (@) + 5 [l —all3z,) — Iy (5.4)

J

where we used the variational inequality (4.15). Moreover, u € U,q implies (u — @) € C(i), hence (5.1) applies
to j(u)(u — w)?. Since j is twice continuously Fréchet-differentiable from L2({)) to R, we have that

(2)
|7;J 2| — 0, if Hu - ’U’HLQ(QD) — 0. (55)
flu— u”p(gs)
Thus a constant € exists with |r§2)| <4/4 ||“*ﬂ||i2(ﬂs) for all ||u — [/ 12(q,) < &. Therefore, with & = 5/4, (5.4)
implies (5.2). O
Next, we formulate less restrictive second-order sufficient conditions that consider strongly active sets. As
mentioned in Section 1, in this case, we have to deal with a two-norm discrepancy. We establish a condition that
gives local optimality in an L®-neighborhood of a reference function, where s is not necessarily equal to oo, but
can be chosen smaller. This gives some flexibility in the choice of the neighborhood where local optimality of a
reference function is obtained. However, a “larger” neighborhood corresponds to a “weaker” growth condition
(see Th. 5.5).
We introduce the strongly active set as follows:

Definition 5.2. Let 7 > 0 be given. Then the strongly active set A, is defined by
A i={z € Q| |p(z) +vu(z)| = 7},

where p is the adjoint state associated to 4, i.e. the solution of (4.19) with § = S(a).

Definition 5.3. Let a real number s be given with 2 < s < co. Then, ¢ is defined by

[ 2s/(s+1), for2<s<oo
7= { 2, for s = oo, (5.6)
i.e. ¢ € [4/3,2], and ¢’ is the corresponding conjugate exponent, i.e.
rq | 2s/(s—1), for2<s<oo
q'_ql_{Q, for s = 0. (5.7)

Notice that the definition of ¢’ implies ¢’ € [2, 4] according to the condition on U,4 in Assumption 2. Moreover,
(5.6) yields g € [4/3,2]. The corresponding “small” 7-critical cone is defined in a standard way (¢f. Dontchev
et al. [5]).

Definition 5.4. The critical cone belonging to (P) is given by

u(z) =0, a.e in A,
C.(u) :={ue L ()| ulx) >0, where i(x) =u,(z)andz ¢ A, . (5.8)
u(z) <0, where 4(z) = up(x) and z ¢ A,
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Recall that ¢ is the exponent in the regularity assumption on U,q and satisfies ¢t > ¢’ (¢f. Assumption 2). Now,
we are in the position to state second order sufficient conditions for (P) with respect to the reduced critical cone

Cr(u).
Let § > 0 exist such that
SSC
(85C) j' (@) u? > 6 ||u||iq(ﬂs) for all u € C-(a).
Notice that, by the definition of ¢, j”(u)u? > § ||u||%2(95) for all w € C,(u) immediately implies (SSC). In
Section 7, we show that (SSC) is indeed sufficient for local optimality of @.

Theorem 5.5. Suppose that Assumptions 1-3 are fulfilled and that s € [2,00] is given. Moreover, let (g, u)
satisfy the first-order necessary optimality conditions for problem (P) and assume that condition (SSC) is fulfilled
with some 6 > 0, 7 > 0. Then, there exist £ > 0 and & > 0 such that

J(u) = j(@) + 5 llu = all7qq,), (5.9)

with q as defined in (5.6), holds for all w € Uyq with |ju — 4|

Lo(a) S &

Remark 5.6. Setting s = co, we obtain ¢ = 2, and hence Theorem 5.5 gives an L?-quadratic growth condition
in an L>-neighborhood of @. Choosing s = 2 and thus ¢ = 4/3, we obtain L*/3-quadratic growth of j in
an L2-neighborhood of @. Therefore, in this case, an L*-neighborhood is not required for local optimality.
As second-order sufficient conditions are important for the convergence theory of higher order optimization
methods, as e.g. sequential quadratic programming methods, this can be used to guarantee convergence if
numerical schemes do not provide a sufficient accuracy with respect to the L°°-norm, which may happen for
instance if the optimal control is discontinuous.

6. AUXILIARY RESULTS

Before we are in the position to prove Theorem 5.5, we have to investigate the neighborhood of a stationary
point, i.e. a fixed reference solution of (P). Based on these findings, we derive some results concerning the second
derivative of j in Section 6.2 also needed for the proof of Theorem 5.5. Throughout this section, we assume that
(g,u) is a fixed stationary point of problem (P). Therefore, we have that @ € U,q and (g, u) satisfy the state
equation (3.2). As before, this implies that ||g||ye is bounded by a constant because of Theorem 3.5 and [8]
Lemma 5.1. This property is used several times in the proofs presented above. Notice that Lemma 3.3 implies
the boundedness of G and G* from LP(T;) to LP(T;) for all 1 < p < oo, what is also used in the subsequent
proofs.

6.1. The neighborhood of a stationary point

In all what follows, we denote by @& an admissible control in a neighborhood of @, i.e.. & € B,(@) NUqq, where
B,(u) denotes an open ball in L?*(Q) of radius p around @. Furthermore, we define § = S(@). Analogously to
¥, we have the boundedness of ||§||ve and g(z) > ¥ > 0 a.e. in Q and a.e. on I', UT (¢f. Ths. 3.5 and 3.6, and
[8], Lem. 5.1). Now, given some ¢ € H'(Q)*, we consider the following linear equation

//@Vy-VUdac—l—éL/(Ga|gj|3y)vds+4/ eo|iPyvds = (o, V) m@ YveH(Q), (6.1)
A o

which is equivalent to (4.3) with g instead of . Naturally, Assumption 3 does in general not imply that a similar
conditions holds with ¢ such that the existence of solutions to (6.1) is not immediately guaranteed. Notice further
that the Fréchet differentiability of S from L2({)s) to V°° only gives the existence of S’(@) : L?(€2) — V°° but
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does not imply that S(¢) : H'(Q)* — H'(Q), i.e. the solution operator to (6.1), is well defined. To overcome
these problems, let us consider the operator A(y) : L?(I';) — L?(T,) defined by

A(y) =1+ B(y) = I + =.B.(§) Goly

with B(g) as defined in Assumption 3 and B,(y) as introduced before (4.4). Moreover, we set § = S(&%) and
define A(j) analogously to A(g). Due to Assumption 3, it is clear that A(y) is continuously invertible. In the
following, we will show that the same holds for A(g) presumed that || — | 2(q,) is sufficiently small. Then one
can argue as in Section 4 to obtain the existence of solutions to (6.1) giving in turn the existence of an adjoint
state in the neighborhood of a stationary point.

Lemma 6.1. Let the Assumptions 1-3 be fulfilled. Assume further that @ € B,(u) N Ugq. If p is chosen
sufficiently small, then S(9)) exists as a linear and continuous operator from H*(Q)* to H' (), i.e. equation (6.1)
admits a unique solution in H*(Q) for every ¢ € HY(Q)* that can be estimated by

Yl @) < cllellr @) (6.2)

with a constant ¢ only depending on €.

Proof. We start with the definition
5A = A(g) — A(p). (6.3)
Applying both sides in (6.3) to an arbitrary g € L?(I';) yields
0Ag=Ag)g— AWy
=7:(B:(9) Goljl* g — B.(y) Galy [ g). (6.4)

Next, we set y1 := B.(9) Go|g]® g and yo := B,(j) Go|y|® g. The definition of B,(.) : L*(I';) — H'(Q) implies
that y; solves

//@Vyl-Vde—i—éL/ EU|;Q|3ylvds:/(Ga|g)|3g)vds Voe Hl(Q) (6.5)
Q To Iy

Note that the bilinear from in this equation is bounded and coercive because of § € V°, §(z) > ¥ > 0 a.e. on I'y.
Clearly, yo satisfies an analogous equation with gy instead of § such that the difference ys — y; solves

//@V(yg —y1) - Vodx +4/ eo |53 (y2 —y1) vds
Q o

= 4/ eo (|91° = |91*) yrvds —|—/ (Go(ly]* = 9°)g) vds Vv e H' ().
To Iy

Because of the coercivity of the bilinear form, we can estimate

ly2 — 1113 ) < C(/ o ([91° = 191*) v1 (y2 — y1) ds
o

+ [ (Go(al® = 1)) (2~ ) ds) = 1+ Fo (6.6)
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For I, one obtains
I < e [[[9FP = (3Pl o vy 1911l L2 (0) 92 = y1ll 22 (ro)-
Thanks to the boundedness of § and g, we can continue with

111 = 51| Lo o) = 1% + 191171 + 52 (9] = (5D Lo (o)
< cllg = gllreoro)- (6.7)

Moreover, since y; is the solution of (6.5), it is easy to see that |ly1]/z2(r,) < ¢|lgllz2(r,)- Hence, it follows

Lo<ellg = glve lgllzz vz = vill o )-

A similar discussion yields

I <cllg = glve llgllzzy vz = vill o),

such that (6.6) gives
ly2 = yillmr o) < clld = gllvee llgllzzr,)-
Now, the definitions of y; and y, imply
1A®@) g — A@) gllzzr,) = lly2 = vallzzw,) < clld = Fllve llgllra,)
for all g € L2(T';). In view of (6.4), this gives
16Allzz2r) < €llf = Gllve. (6.8)
Next, we consider the equation

Apg=1f & [I-A@ T (-64))9=A@) ",
=T

with some f € L%(T,). Here, we used that A(%) is continuously invertible by Assumption 3. With (6.8), one
obtains

ITN 22y < NA@) ey 16Al 22y
<cllg—yllve.

If ||4 — | L2(q,) is chosen sufficiently small, then the continuity of S implies || — ||y~ < 1/c and hence

1Tl zzeqr,y) < 1.
Then, the theory of Neumann series yields that I — T' is continuously invertible giving in turn that A(§)g = f
admits a unique solution in L?(T;) for all f € L?(T';). Now, together with the definition of A(3), this implies

the continuous invertibility of I + B(§) = I + 7 B,(§) Go|j|® such that a condition analogous to Assumption 3
holds with . Then, an analogous discussion as before Lemma 4.1 gives the unique existence of solutions to
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(6.1), i.e. S(9) : HY(Q)* — H'(Q) is well defined, provided that ||& — | 2(q.) is sufficiently small. Finally,
(6.2) follows from the boundedness of ||§]|y . O

Lemma 6.1 immediately implies the existence of S(¢)* : H'(Q)* — H'(Q). Then, by the same arguments
leading to Lemma 4.4, the following result is obtained.

Lemma 6.2. Under the assumptions of Lemma 6.1, the equation

/nVﬁ.Vvdm + 4/ algl? (G*ﬁ)vds+4/ ea g pvds = (g, v) gy mia) Vv € H(Q) (6.9)
Q I, 1)

admits a unique solution p € HY(Q) for every g € HY(Q)*. Moreover, the estimate
1Bl m1(0) < cllgllm (o)

holds true with a constant ¢ only depending on €.

With the previous results at hand, embedding theorems for dim(2) < 3 immediately give the follwoing
lemma.

Lemma 6.3. Suppose that Assumptions of Lemma 6.1 are fulfilled. Let p denote the solution of the adjoint
equation (6.9) with

(g,v)= [ (V§—2z)-Vodx
/

as inhomogeneity. Then, there exists a positive constant ¢ such that
19l z2(r,ury) < €

holds true.

Remark 6.4. Clearly, the same holds for the adjoint state associated to g, i.e. the solution of (4.18) such that
we have ||p||Lar,urg) < €.

Now, let h € L*(€s) be given such that @ + h € U,y and define
w:=u+6h (6.10)

with a fixed, but arbitrary 6 € (0,1). Clearly, if ||| z2(q,) is sufficiently small, then 4 as defined in (6.10)
satisfies the assumptions of Lemma 6.1. Moreover, we define

y:=S8"(u)h, and n:=S5'(d)h.
Then, the Taylor expansion for § = S(@) = S(@ + 0 h) is given by
§=5@) +0S(@h+ry =g+0y+ry, (6.11)
where the remainder term satisfies

1757 0y < DRl L2gn) 17l L2 () (6.12)
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due to the Fréchet diffrentiability of S. Here and in the following, ¥ : R™ — R denotes a generic function with
¥(x) — 0 for every = | 0. In addition to (6.11), we have

S'(w+6h) = () + 605" (w)h +rs) (6.13)

with a remainder term Tgl,). If one applies both sides of (6.13) to h, then

n=S8"(u+0h)h=5@h+0S"(@Wh?+rWh=y+0w+i> (6.14)

is obtained, where w is defined by w = S”(w)h?, i.e. the solution of (4.10) with hy = hy = h. Moreover, fg) is
=2 ._ (1)
defined by 7" 1= rg/ h.

Lemma 6.5. Assume that q is a fized real number, chosen according to Definition 5.3, i.e. q € [4/3,2]. Then,
if u+h € Udq and ||| p2q,) is sufficiently small,

(2
17 ) < w(lRllz2(02) 1Bl o)
holds true.
Proof. Since S is twice Fréchet differentiable, we have
1
1§ 200y, vy < OllRl 200 1ol 20, -

Therefore, we obtain

~(2 1
17 1 ) < ISz, v Bl 22, < RN L200) 1Al220,)
< D1l z2g) 10 Lo oy 1Pl gy < e (IRl zagn) 1Rl Loy

since [|h|| oo,y < cllhllLea.) < cllub — uallLe(q.) because of &+ h € Uaq and ¢’ <t by Assumption 2. O

If we consider y as a function in H!(Q), it can be treated as the solution of (4.3) with

(p,v) = / hvdx
Qs

on the right-hand side. Moreover, embedding theorems for dim(2) < 3 give that, h € L"({)s) can be identified
with an element of H'(Q)*, if » > 6/5. In this way, estimate (4.7) in Lemma 4.1 yields the following result.

Lemma 6.6. Let the Assumptions 1-3 be fulfilled and q be given according to Definition 5.3 such that q € [4/3,2].
Then, the solution of (4.9) is estimated by

Yllar @) < cllhllze@. (6.15)

with a constant ¢ only depending on €.

Remark 6.7. Notice that Lemma 6.6 is also valid if ¢ > 6/5. However, as we will see in Section 7, it is not
necessary to consider the case ¢ < 4/3 here (¢f. (7.8)). The same also holds for the following results in this and
the next section.

Similarly to Lemma 6.6, if we consider w = S”(#)h? as solution of (4.3) with

(p,v) = —12/(GU 17|15 y%) vds — 12/ o |g|7y? vds,
I To
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we obtain:

Lemma 6.8. Suppose that Assumptions 1-3 are fulfilled and q is given according to Definition 5.3. Then the
solution of (4.10) with hy = ha = h satisfies

lwllm(9) < ellhllZag,). (6.16)
with a constant ¢ only depending on €.
Proof. In this case, (4.7) implies
lwllz @) < cllellm@)- < c(IGalglyy? ez, +llea 1917 y° (L2 wo), (6.17)

where y is as above defined by y = S’(@)h. The first addend on the right-hand side is estimated by

1Go 1917y L2y < llGllez@o il Ee 1yl 2,y

Due to dim () < 3, the embedding theorems imply for two arbitrary functions vy, v € H*():

[vrvallzzey < (0F 2y 0312, )2 = l[oallzaqry) llo2ll ey
< cllvillae) l[vell o (o)- (6.18)
Thus, with v1 v = y2, (6.15) yields
G (717372, < cllhllZoq,)- (6.19)
Analogously, we obtain for the second addend in (6.17)
le 717 y* 2oy < cllbllZog,)- (6.20)
Inserting (6.19) and (6.20) in (6.17) finally gives the assertion. O

With the previous findings, we can derive an estimation for the difference between p and p, i.e. the solutions
of (4.17) and (6.9) with the special inhomogeneities

/(ngfz)Vvd:E and /(szfz)V’ud:c,
Qg Qg
respectively.
Lemma 6.9. Let the assumptions of Lemma 6.1 be fulfilled and p and p be the adjoint states associated to g
and gy respectively. Then
16 = pllr ) < Yl @.))

holds true.

Proof. According to the definition of p and p, the difference of both solves equation (4.17) with the following
right-hand side

(9.0 = [ V(G- 5)- Voot 4 [ alal - 3G D) vds +4 [ collgl - 1§ puds,
Qg I: o
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This inhomogeneity is estimated as follows: thanks to (6.18), one obtains for the L2-norm of the second addend

1l = 9°) (G D)l L2rny < G D) sy 131 =191 s,
<[5 =191 | La,). (6.21)

where Lemma 6.3 was used for the boundedness of G*p. Arguing as in (6.7), we arrive at

7= 9l <0y +r$ N paw,s

N71* =191 Laeyy < N5+ G131+ 52 Lo ()

since § and g are bounded in V> as mentioned before. With # < 1, inserting this into (6.21) yields

17 = 19 (G D)2y < ellyllzan + 1§l ps,)
< c (L4 ¥(lhllz2@)) 1Bl L2 = Y(IR] L2(q.) (6.22)

thanks to (6.15) and (6.12). Analogously, |leo(|7]* — |9]*)B| L2(r,) is estimated. For the remaining part of the
inhomogeneity, it follows

N _ 1
19— Gl oy < Nyl + 175 @)
< c||Bl pacay + LBl L2 IRl 2200 = DRl L2(@u)- (6.23)

Since Lemma 6.2 implies
16 = plla @) < cllghm@)y- < e (15— gllm@y +I1U7F = 19PN G D) L2y + 11817 = 151 D)l 22ro))
inserting (6.23) together with (6.22) into this estimate gives the assertion. O

6.2. The second derivative of j

Now, we turn to the second derivative of the reduced objective functional. Due to the chain rule, the second
derivative is given by

J"(@)h1, he] = (Vyi, Vy2)r200,) + (V§ — 2, Vw)p2(q,) +v(h1, ha)r2(a,),
with y; = S’(@)h;, i = 1,2, and w = S”(@)[h1, he] defined by (4.10). Now inserting p as test function in the

weak formulation of (4.10) and, on the other hand, choosing w as test function in the variational formulation
of (4.17) with (Vy — z, Vv)2(q,) and then subtracting both equations yield

(Vg — =z, vw)L2(Qg) = - 12/(G0 |17 y1 y2)pds — 12 / eo |g|lgy1 y2 pds.
T, To

Hence, one obtains

j"(@)[h1, ha] = (Vy1, Vy2)r2(a,) +v(h, h2)r2,) — 12(/(6'0 || y1y2)p ds —|—/ eo gy ygpds>. (6.24)
I, o

Lemma 6.10. Let the Assumptions 1-3 be fulfilled and y be defined by y = S’(@)h. Then

| [Golglgtiwas| +| [ colgigutpas <clhlEoe,
Ty To
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holds true with a positive constant ¢ independent of h and a fixed but arbitrary q € [4/3,2].

Proof. The T'.-integral is estimated as follows

|§|§y2||L2(Fr)

‘/(GalﬂlﬂyQ)pds <

<clylizw,y < cllbliaq, (6.25)

where we used Remark 6.4, (6.18), (6.15), and the boundedness of § in V°°. Analogously, we obtain for the
integral over I'p:

| [ eolalay pas| < el

To

Together with (6.25), this yields the assertion. O
Based on the previous results, we are now able to show the desired property of the second order remainder
term of j. We recall the Taylor expansion of j given by

1
Ja+h) = @) + 5@ h+ 5 5" (@ 0+ ), (6.26)

where the remainder term fulfills (5.5) since j is twice Fréchet differentiable from L?(€)) to R. Using the results
of Section 6.1, we show the following lemma that includes (5.5) as a special case.

Lemma 6.11. Let Assumptions 1-3 be fulfilled and q be given according to Definition 5.3, i.e. ¢ > 4/3. Then,

(2)

the remainder term r;” satisfies

ﬂ =0 (6.27)
1Rl1Zo e

Jor all h with @+ h € Uaq and [|h||12(q,) — 0.

Proof. This rather technical essentially benefits from the fact that the control appears only linearly in the
state equation and quadratically in the objective functional. Consequently, it vanishes in the expression for the

remainder term 72 as we will see below. Thus, r?

j only depends on the solutions of the state equation, its
linearization and the adjoint equation. Consequently, one can employ the smoothing properties of the respective
PDE solution operators to estimate 7’( ) , especially Lemmas 6.6 and 6.8 of the previous section. First, we prove

the assertion for 4/3 < ¢ < 2. At the end we show, that (6.27) also holds for every ¢ > 2.

(1) Taylor expansion of j:
With (6.26) at hand, one obtains for TJ(Q)

P = (e h) — (@) — 5 (@)h — " )

O\H O\H

J+ BRAS — §()h — 5" (@)

i 3"(@+ 0 h)h* — " (u)h?) d9dB = //pjdedﬁ. (6.28)
0
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with p; := j”(@+ 0 h)h? — j"(u)h?. Notice that j'(i+ 8 h) and j” (i + 6 h) are well defined thanks to the chain
rule and Remark 4.3. Inserting (6.24) in the definition of p; yields

Pj :||V77||%2(Qg) - HV?J||2L2(Qg)

12 / (Go gl nP)pds + 12 / (Golglgy)pds

r ry
—12/50|Q|gjn2ﬁds+12/ o |5l y? pds, (6.29)
Fg FO

where ¢, p, y, and 7 are defined as in Section 6.1, i.e. in particular § = S(4) = S(u+0h) and n = S"(u+ 6§ h)h.
Notice that, as indicated above, h does not directly appear in (6.29). Hence, p; only depends on “smooth” PDE
solutions. Straightforward computation shows that the first addend in (6.29) can be expressed as

IVillZz0,) = 1VYllZe@,) = I (@ @) (0, h)* = T (g, 0)(y, h)* =: p,.

(ii) Estimation of py:
With (6.14) and 6 < 1, we find for p;

sl = [ IVnll7zia,) — IVUllZz0p] < [ I0lFn @) — 9l @)
~(2
<|lly+0w+7 2 0y — 1913 @)l
~(2
< 2wl Iyl + 2 172 o 9l o (6.30)

(2 (2
+ 2wl @ 7S oy + 172 ) + N0l s
where Lemma 6.5 holds for ||Ff92) || &1 (2)- Moreover, Lemmas 6.6 and 6.8 give
1yl @) < ellbllraq) and  |Jwllai @) < cllblZaq,)-

Therefore, (6.30) results in

o] < (IRl L2@) 1] Lo, (6.31)

where ¥ : R — R again denotes a generic function with ¢ (z) — 0 for every « | 0. Notice that the as-
sumption ¢ < 2 implies ||h|zo.) < cllhllz2(q,). This is used for instance in the estimate ||w|/g1) <
e(l1Pllz2) 7l Lace.)-

(i1i) Estimation of the boundary integrals:
Next, we estimate the difference of the integrals over I'y in (6.29):

| [@olitinipds— [ (Golalzypas

I Ir

<| [ (o alan - wlgw)sas| + | [ (Golalay®o - pds| = a+ he (632)
I, Iy
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Together with (6.18), Lemma 6.6 and 6.9 yield for the second addend

J2 < Golglyy® |l L2y 1P — pll 2,

y2||L2(Fr) Ip— p||H1(Q)
lL2(0)) ||h||2Lq(QS)- (6.33)

< ol|Gllezzr,) ”g“QLO"(R)
< (bl 20) 1yl 7 ) < cv(llh

Notice that the additional assumption in Lemma 6.9, i.e. & € B,(u) with sufficiently small p, is automatically
fulfilled if ||h]|z2(q,) tends to zero. Using the Taylor expansion (6.14), the first addend is transformed into

5= | [ (Gt s 0w 502 - lp®)pas| < 1+ 1
I':

with

b= [ o ali - 99 (G5
Iy

and

I = \/Ulmy(G*ﬁ) (20yw+278 y+20wid + (7)) + 62 w?) ds|.
Iy

We continue with

[(19n19 — [9]7) G*BllL2(r,)
1919 — 191y [ x> (6.34)

L <oyl

<o [9? L2y 1G* | 2oy 1Bl ey

where we used (6.18) for the last inequality. Now, we argue similarly to the derivation of (6.22): thanks to
U, 4 € Ugq, the maximum principle in Theorem 3.6 implies g,y > ¢ > 0. Thus, together with the Taylor
expansion (6.11)

0l — 197 =0> - =G+9G -9 = G+0Oy+rS)

holds true. Hence, Lemma 6.6 and (6.12) yield

NN - ~ _ 1
11919 — 1917 | acry < 19+ 7l ooy (Wl e + 178 1)
< c(I+Y(hllL2@))R]

2. = YRl L2)-

Therefore, by applying Lemma 6.6 to HyH%z(Fr) and Lemma 6.3 to ||p||za(r,), (6.34) results in

I < ¢([1llz2,) 1Rl 7a0,)- (6.35)
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Using again (6.18) and Lemma 6.3, the integral I is estimated as follows:

A~ E A ~(2 (2
I < ||o |99 G* Pl 2y (2llywllayy + 2079yl 2oy + 201wiS | Loy
~(2
NG

G*ll ez 1Bl L2,

Lery + 1w?ll2qry))

A

< oll9lF (0

~(2
7 L)

~(2
yllparn + 2 1P a1yl aqeyy + 2wl agyy

(2]Jwllgacr,)

~(2
PP 12 a ) + lwlla,)

¢ (2wl g

IN

~(2 ~(2
e + 2 179 @yl o) + 2wl @17 a1 o)

~(2
+ 1720 0y + 1wll2))-

The expression on the right-hand side in the last inequality is the same as in (6.30). Hence, we argue as before
and obtain

Iy < (Il L2.)) 17l Fago,)-

Together with (6.35), this implies J1 < ¥ (||| £2(q.)) ||h|\%q(ﬂ) If we insert this and (6.33) in (6.32), then

| [Golglamtiids — [ (Golalgpas| < ol 1o, (6:30
I, Iy

is obtained. An analogous discussion for the difference of the integrals over I'g in (6.29) gives

| [ Cotalintinds - [ Colalgas| < vl o) 14,
To

Lo

Hence, by inserting this estimate together with (6.36) and (6.31) in (6.29), we end up with
o1 < 0(lIBll2@0) 1R Lo,y

For the remainder term TJQ)

s 1 8
1) < [ [ 10510805 < wllbllaon) bl [ [ a0ds
0 0

(1Rl 22 @) 1Rl 2o, (6.37)

, we finally obtain

IN
< o

with 4/3 < ¢ < 2. Due to ”h”%q(QS) <c HhH%T(QS) for every r > ¢, (6.37) clearly holds for every ¢ > 4/3. O

Remark 6.12. As already indicated in Remark 6.7, if we assume that ¢t > 6, i.e. uq,up € L5(€), then
Lemma 6.11 would also hold for 6/5 < g < 4/3. However, in view of the interpolation inequality (7.8), it is
meaningless to consider the case ¢ € [6/5,4/3) here.

7. PROOF OF THEOREM 5.5

With the results of Section 6 at hand, it is straightforward to apply the theory developed by Casas, Troltzsch,
and Unger in [4] to proof the main result. For convenience of the reader, we present the rather technical
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arguments. As in the proof of Theorem 5.1, we start with the Taylor expansion of the reduced objective
functional

) = @)+ (@) = 1) + 5 @)~ 0)? + P (71)

with u € Uggq.

(i) Estimation of the first derivative j'(a)(u — @)
A pointwise evaluation of the necessary conditions in (4.20) yields

i'(@)(z) (u(z) — u(x)) = (p(z) + vi(z)) (u(z) — a(z)) =0 ae in€, YVu€ Uup.

This implies (p(z) + va(z))(u(z) — a(x)) = |p(z) + vi(z)||u(x) — @(x)|. Hence, with Definition 5.2, we obtain
for the first derivative of j

J'(w)(u —1u) = /|p + vi(z)|[u(z) — u(z |dx—|—/‘p + vi(z)||u(z) — a(z)| dz
Q\A,
> /T|u(x) —a(@)|de = 7 lfu — all 4, - (7.2)
A,

(ii) Estimation of the second derivative j"(u)(u — u)?
Let @ be defined by

- u(x), forxe A,
ilw) = { ugxg, for x ; A,

and thus (@ — @) € C(@), thanks to Definition 5.4. We continue with
3" (@)(u—a)* =" (u— i + @ — )
"(@)(u— @) + 25" (@)[u—a,a — a] + 5" (@) (@ — a)*. (7.3)

In the following, we estimate the three addends on the right-hand side of (7.3) separately. To that end, define
y=5"(w)u and § = S’(a)a. Then, with (6.24) and Lemma 6.10, one obtains

3" (@) (u— @) = || V(y — P2, +vlu —alr2a,)
12 / G (o 913 (y — 5)°)pds — 12 / el (v — §)2 pds

To
42\/ 7lol (v - DP)pds + [ <o lolo (v -5 ps)
To

! IIU — il 3e(qy), (7.4)

v

v

where ¢; denotes a positive generic constant. Moreover, here and in the following, ¢ is as before given by
Definition 5.3 such that ¢ € [4/3,2]. The second addend is transformed into

jll(a)[u_ﬂ’ ﬂ’_a] = (V(y—jj) V(Q—U))Lz(g )+V(u_a a_’a)Lz(Q)

—12/G 1917 (y —9) (9 — n))pds—12/w|y|y(y ) (g —n) pds,
To
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where y and ¢ are defined as above and 7 is given by n = S’(u)a. By the definition of @, we have (@ —@)(z) = 0,
ifz € Ar, and (u —@)(z) = 0, if x € Q\ A7, and hence (v — 1@, @ —u)2(q,) = 0. Moreover, Lemma 6.6 implies

—|(Vy—17), V(G- n))Lz(Qg)| > —ly = gl @) 17 — nlla @)

> —cllu—al e,

|t —ul[La(a.)-
The boundary integrals are again estimated with Lemma 6.10, and hence it follows that

3 (W)u =, % —a] = —ea [Ju— | Lo(oy)

i — @l Lo(a,)

with a positive generic constant cg. Due to (@ — @) € Cr(u), condition (SSC) yields for the last addend in (7.3)
7"@)(a = a)* > 6| - alLeq,)- (7.5)

In view of

llu— ﬂ”%ﬂz(ﬂs) =lu—u+a— ﬂ”%q(nd)

<lu=llZogq,) + 2 llu—dll g, 18 = @l Lo, + 18— @l Lo,
this, together with (7.4) and (7.5), implies

7" (@)(u—1)* 2 8 lu—allfuq,) — (6 +e1) llu—allEo,

— (20 + c2) [|u — @l Lagan) || — @l pagan)-

By applying Young’s inequality, we obtain

T _ _ 20 +c2 _ _
F @)= )? 2 8 u—lduq, — (5 +e+ M= alfua, — @6+ u—illig, (76
with an arbitrary « > 0. Here, we used that
lu = allzoan) = llu =l zaay

and
@ =l Lo,y = lu —tllLaa,) < [lu— @ Lo
hold true thanks to the definition of .

(#1i) The quadratic growth condition
Next, we insert (7.2) and (7.6) in the Taylor expansion (7.1) and obtain

20 + co
K

) L _ 1 _
50 2 50+ = alrgay — 3 (5%t 2D fu— il

2
)]
||U*ﬂ||%q(gd)

1
+§ (5—(254-02)%—2

) lu = @l Zao,)- (7.7)

The well-known interpolation inequality (cf. Brezis [2]) implies

lu = @lldoa,y < lu = @llgscanli — @l ega,)

<l —=allran llu = all sy, (7.8)
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with s and ¢ according to Definition 5.3. Then (7.7) results in

J(w) = j(@) + ax lu—allpra,) + %az lu = all7a0,), (7.9)
with
a1—T—£<5+cl+25:CQ>|| 5
and

)]
a2=5—(25+02)/@—2_]72-
HU*UHL«:(QS)

To derive the quadratic growth condition (5.9), we show that a; and ay are non negative, if [|u — @[/ s(q,) is
sufficiently small. We start with as and define ¢, := |7"](2)|/Hu - ﬂH%q(Qd). Due to Lemma 6.11, i.e. the property

of the second-order remainder term, ¢, tends to zero if € := ||u—1u||z2(q,) is chosen sufficiently small. Therefore,
if we also set x sufficiently small, there exists a constant & such that

az =90 — (20 +co)k —2¢e, > 25 > 0. (7.10)
Furthermore, a; is non negative, if £3 := ||u — @1+ (q,) is sufficiently small, i.e.
2T

<
f2 = 04c1+ (20 +c2)/k

By assumption, we have s > 2 and therefore,

v — a2, < €9

follows. Thus, if we set £ = min{es; £1/cs}, then (7.10) is satisfied and a; is non negative. Therefore, for every
u € Uyq with Hu — ’l_l,| L5 () <§é,

. Loy 1 _ o _
) 2 j(@) + 5 (6= (20 + s = 2¢;) lu =@l aq,) = 3(@) + 7 lu— allLuo,)

holds true. O

Remark 7.1. The analysis, presented above, is mainly based on the fact that the control only appears linearly
in the state equation and quadratically in the objective functional. According to this, it is easy to see that the
presented theory also holds for a general class of semilinear elliptic control problems, namely

minimize J(y,u) = [ fa(y,Vy)dze+ [ fr(y)ds+ Y [ w2dz
[z [ |
(P) subject to  Ay(z) +d(z,y(z)) = u(x) + ga(z) in Q
§+w y(@)) = gr(z) on T
and o <u(z) <up  a.e in Q,
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with functions fqo and fr of class C?!. Furthermore, it has to be verified that the state equation admits
a solution in H'(Q) N L>(Q) and that the corresponding linearized equation admits solutions in H*(£) for
inhomogeneities in H!(€2)*. This is for instance the case if A is a second order elliptic operator with coefficients
in L>°(Q), d and b are of class C*! with respect to both arguments and monotone increasing with respect to
the second variable, and go and gr are given functions in L?(Q2) and L*(T"), respectively. Finally, for u, and uy,
one has to assume ug, up € L(2) as required in Assumption 2.

(1]

(2]
(3]
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