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Abstract. We prove a relaxation theorem in BV for a non coercive functional with linear growth. No
continuity of the integrand with respect to the spatial variable is assumed.
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1. INTRODUCTION

In this paper we study the relaxation in BV(Q2) of an integral functional of the type

Flu) = / f(, u(), Vu(z)) da,

where u is a scalar function from W11(Q).
In recent years there has been a renewed interest in the L'-lower semicontinuity of such an integral functional
and of its BV counterpart

c ut (@)
F(u) =/Qf(x7u, VU)der/Qfm (:c,ﬂ,%) dIDCuI+/] . </( ) foo(x,s,uu)ds> dHN " (z)

with the aim of weakening the regularity assumptions on the integrand f with respect to the spatial variable x (see
[7-9,18,20,21]). Roughly speaking, one can show that the L!-lower semicontinuity still holds if one replaces the
classical continuity and coerciveness assumptions with the weak differentiability of f with respect to x. Therefore
the results proved in the above papers suggest that a similar assumption should be also enough to prove that the
relaxation in BV of the functional F' is represented by F.

In this paper we prove that this representation formula actually holds (see Th. 6.1) under the assumption that
for all (s,£) € R x RY the function f(-,s,¢) is weakly differentiable and coincides HN~'-a.e. with its precise
representative, i.e., it is H¥ "'-a.e. approximately continuous in Q. Notice that though the functional F does
not change its values if we modify f in a subset of zero Lebesgue measure of €2, this modification may affect the
values of F on BV(Q). Therefore, if f is not assumed to be HN~1-q.e. approximately continuous with respect to
x, then it is not true in general that the relaxation of F' is represented by F. On the other hand the approximate
continuity alone is not enough to assure the relaxation result, as shown in a counterexample given in [1]. In that
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paper the representation formula proved here has been obtained in the particular case where the integrand admits a
separate dependence on the spatial and the gradient variables. In that case the authors prove the relaxation result
by suitably refining the techniques introduced in [5] through the use of a new Reshetnyak-type theorem which
applies only to measures which are gradients of BV-function, but does not require the continuity of the integrand.
Unfortunately, this technique does not work for a general integrand like the ones considered here.

Thus, we have to follow another approach to relaxation by using the blow-up technique introduced by Fonseca
and Miiller in [16] and [17] (see also [3]). However, in all these papers the use of this technique relies strongly on the
continuity of the integrand with respect to x, an assumption that here is replaced by the HN~!-a.e. approximate
continuity and weak differentiability in x.

This fact introduces some relevant difficulties and requires a delicate study of the approximate continuity of
(N —1)-dimensional restrictions of BV-functions. Differently from the usual continuity, the approximate continuity
is not inherited by the sections of measurable functions. However, in the first part of this paper we prove that given
a HN~!-almost everywhere approximately continuous BV-function, its sections keep the same property, as long as
we restrict them to a countably H™¥ ~!-rectifiable set whose normal is “never” orthogonal to the hyperplane with
respect to whom the sections are taken (see Th. 4.6). This theorem is the main tool needed for dealing with the
jump part of the functional via the blow-up technique. More precisely, given a jump point zy of a BV-function u,
we study the behaviour of the integrand on the tangent hyperplane II to the jump set at xg. If the restriction of the
integrand to II is not approximately continuous, we have to approximate II with a sequence of “good” hyperplanes
(where the restriction of f is approximately continuous). In fact, in Proposition 6.5 we prove that this property
holds at H™N~!-point z of the jump set of u.

The paper is organized as follows: Section 2 is devoted to notations; in Section 3 we recall some properties of
BV-functions and some results of geometric measure theory needed for the sequel. In Section 4 we carry on a
thorough analysis of the fine properties of the (/N —1)-dimensional sections of BV-functions. In Section 5 we set
the problem and state some technical lemmas; moreover, we discuss some properties of the recession function that
do not follow from the corresponding ones of integrand (see Ex. 5.3). Finally, in Section 6 we state and prove our
main result, i.e., the relaxation theorem.

2. NOTATION

Throughout the paper, N > 2 is a fixed integer and the letter ¢ denotes a strictly positive constant, whose value
may vary from line to line. Given zo € RY and p > 0, B,(x0) denotes the ball in IRV centered in z¢ with radius
p, while $¥ 1 is the unit sphere of R” .

Let Q be a bounded open set in IRY. We denote by A(Q) the family of all bounded open subsets A of Q and
by B() the o-algebra of all Borel subsets B of Q. Moreover, M(Q;IRY) is the space of the IR™-valued Radon
measures on §); in particular, M(Q) := M(;IR).

As usual, £V stands for the outer Lebesgue measure on IR™ and H* for the k-dimensional Hausdorff measure
on RY. The Lebesgue measure of the unit ball in IR” is denoted by wy, hence LN (B,(z0)) = wyp™.

Given a direction v € $¥ 71, every point z € RY can be decomposed as z = (v}, 2,), with , = (z,v)r and

L =gz -2, By 7. we denote the projection of RY onto the plane through the origin orthogonal to v and 7,

174

x
denotes the projection of RY over the line through the origin in the direction v. We shall often identify 7 (]RN )
with RY ! and 7,(R") with IR, so that, for instance, the H~~'-measure on L (R™) will be identified with
LN~1. Finally, if F is a given subset of RY, we set

B, ={z, em,(E): (zt,z,) € E} and E, ={2;en, (E): (z},2,) € E}.

Similarly, if g : RN — IR is a given function, for every Tt € RN, we denote by g1 the restriction of the function
g to R; i.e., the function =, € R +— g(x;,z,); for every z,, € IR, the restriction g,, is defined analogously.

When v = ey, we simply write mn_4, 7y, (2',Y), Eor, Ey, g, gy, instead of Tels Tey s (vt = E

en’ x
ga:eiN ) g:CeN .

Ez,

1
eN)’ en’ eN
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3. BASIC PROPERTIES OF BV-FUNCTIONS AND A COAREA FORMULA

Let u € L%OC(Q); we say that u has an approximate limit at x € € if there exists z € IR such that

li — z|dz =0,
im, Ba(z)IU(y) z|dz

where :,CBE @) stands for m f B.(2)" Let S, be the set of points where the previous property does not hold,
the so-called approximate discontinuity set. Note that it is a Borel set. If x &€ S, z is uniquely determined, it is
called the approzimate limit of u at  and it is denoted by u(z). We recall that @ : Q\ S, — IR is a Borel function.
We say that u is approzimately continuous at x if x ¢ S,, and u(z) = @(zx). Clearly, x is a point of approximate
continuity of w if and only if is a Lebesgue point of u and since £N-almost every z € § is a Lebesgue point,
LN (S,) = 0. Notice that in general the above definition of approximate continuity is stronger than the usual one
given by Federer (see [13]). However, if u € L (2) the two notions agree.
We say that x¢ € S, is an approzimate jump point of u if there exist a,b € IR and v € $V~1 such that a #b
and
lim |u(z) — aldz =0, lim |u(z) — bl dz =0,
=00 B (o) e=07) B2 (20,v)
where BE (zg,v) = 2o +eBF and B = {x € B1(0) : (z,v) = 0}. The triplet (a,b,v), uniquely determined by the
previous definition up to a permutation of a,b and a change of sign of v, is denoted by (u™(z¢),u™ (z0), vu(T0))-
We adopt the convention that u*(zg) > u™(x9). The set of approximate jump points is denoted by J, and is a
Borel set. The quantity u™ — «™ is the jump of u across the interface .J,, and v, is the direction of the jump.

The space BV(Q) is defined as the space of all functions u : Q — IR belonging to L!(2) whose distributional
gradient Du is an IR™ -valued Radon measure (i.e., Du € M(Q; RY)) with total variation | Du| bounded in . We
indicate by D%u and D®u the absolutely continuous and the singular part of the measure Du with respect to the
Lebesgue measure. We recall that D*u and D®u are mutually singular, moreover we can write

Du = D% + D%u and D% = Vu LV,
where Vu is the Radon-Nikodym derivative of D®u with respect to the Lebesgue measure. In particular,
Du = D+ (ut —u" ), HYN YT

and J, is a countably H™ ~'-rectifiable Borel set (see [2], Def. 2.57) contained in S,,, such that HY~1(S, \ J,) = 0.
The remaining part Du is called the Cantor part of Du.

Remark 3.1. Since, for every u € BV(Q), J, is a countably HN—1_rectifiable set, hence o-finite with respect to
HN-L it follows that the set

{vesh Tt HN Y {z e J, : vulz)=4v}) >0}

is at most countable.

Finally, we define the precise representative of a function u €€ Li () as

loc
u(z) if x € Q\S,
u(x) = W ifxed,
0 if v € Sy \ Ju.

Clearly, u* :  — IR is a Borel function coinciding £V-almost everywhere with % and .

Let us recall that if S ¢ R”Y is a countably HN~1-rectifiable set, then for HN"1-a.e. x € S there exists the
approzimate tangent plane 73 to S at x (see [2], Th. 2.83). A unit vector orthogonal to 7 is called an approzimate
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normal to S at x and denoted by v*(z). Notice that if S is the jump set J, of some BV function u, then ([2],
Th. 3.59) v/« (z) = £ v, () for HN"L-a.e. z € J,.

Let 1 <k < N —1 be a given integer. By mp n : RY — R* we denote the projection of RY over the first
k components. The formula (3.1) below is a consequence of the general coarea formula for rectifiable set [2],
Theorem 2.93, and will be used in the sequel. For the reader’s convenience we give an explicit proof.

Theorem 3.2. Let S be a countably HN~'-rectifiable subset of RY and g : RN — [0, +00] a Borel function. Then,
for any integer 1 <k < N —1,

[Sg(x) Z (05 (2), )2 dHN 1 /}R dt/ﬂ N(ms ) AN —E1 (). (3.1)

i=k+1

Proof. From the coarea formula for rectifiable sets [2], Theorem 2.93 we have that

/Sg(x)CkadHN L /Rk 0175/7r yAHN R (1), (3.2)

MO

where
CirLy := +/det(L, o L%),

L,: wf — IR” is the differential of g, N on S at & and L}, is the adjoint of the linear map L.

Let us denote by {71,...,7y_1} an orthonormal base for 72; thus, {71,...,7xy_1,7°(z)} is an orthonormal base
for RY. Denoting by (am) the k x k matrix representing the linear map L, o L} with respect to the standard base
in IR¥, we get that

N-1
Z Thy €i){Th, €5) forallz,5=1,...,k.
h=1
N-1
Writing, for all 4, j, e; = Z (Thye)mh + (V5 (2), ei)v° (x), we get
h=1
N-1
_ _ S s
dij = (es,e5) = (Ths €i){(Th, €5) + V7 V5,
h=1
hence
ai]-:éijfyfz/js foralli,j=1,...,k.

From this formula it follows that

CiLly =+/det(I— 7 @7),

where I is the k x k identity matrix and 7 = (v (),...,v{ (x)). The assertion then follows by observing that
det(I-D@D)=1—|p = Z Iz (3.3)
i=k+1

O

For a general survey on measures and BV-functions we refer to [2,12,13,19,22].
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4. SECTIONS OF BV-FUNCTIONS
In this section we state some fine properties of BV-functions, which will be needed in the sequel.

Lemma 4.1. Let g : Q — IR be a Borel function. Assume that g € Li () and set

loc

G* = {(:E',y) €Q\S,: lim lg(z',y) — g* (2, y)|dz’ = 0},
e—0T1 Q' (z' )

where Q' (2',€) := 2’ + Q" and Q' = (—=1/2,1/2)N~L. Then G* is a Borel set.
Proof. Notice that G* = G N G2, where
Gy := {(:c’,y) € Q\ S, : there exists z € IR such that lim lg(z',y) — 2| dz’ = 0}

e—0+ Q' (z )

and

Gy = {(x’,y) €N\ S, lim g(z',y)dz’ = g*(ac’,y)} :
e—0t Q' (z',e)

We claim that Gy is a Borel set. In fact, consider a dense sequence {¢;} C IR and, for every i,;j € IN, set

1
Gw:{(fﬂl,y)EthsupJ[ |g(2/’y)7qz|dzl<_}
Q/(I’,E) ]

e—0t

It is not difficult to check that if A : RY — IR is a locally summable Borel function, then also (,y) —
fQ,(z,’E)h(Z',y)dz' is a Borel function for any e > 0. From this fact we get immediately that each G;; is a
Borel set, and since

Gl = Gz]a

Il
N

EDL:
Tt

1

7 i
our claim follows. On the other hand, since for any € > 0 the function (z/,y) — JCQ/(Q;/ 6)g(z', y)dz’ is Borel, we
easily get that also G is a Borel set. This concludes the proof. (I

Lemma 4.2. ([2], Th. 3.108) Let g € BV(Q) be a given function. Then, for LN 1-almost every ' € my (),
the function g,, belongs to BV(Q,,). Moreover J, = (J,), and (g"),.(y) = (92:)"(y) for every y € Qur \ (J,) -
In particular, if (J,), =0, then (%), (y) = (9,)*(y) for every y € Qu and both functions (g*),, and (g,.)* are

continuous i Qg .

Lemma 4.3. Let g € BV(Q2) be a given function. Then, for L'-almost every y € 7,(82), the function g, belongs to
BV(Q,).

Proof. If N = 2, the property follows by Lemma 4.2. If N > 2, the property can be easily obtained following the

proof of [2], Theorem 3.103. O
In the next two lemmas we assume N > 2. For every z = (z/,y) € R", we set

A/ N-2
&= (z1,..., %=1, Tit1, ..., TN-1) € R

and write, for the sake of simplicity, z = (z;,4},y). Moreover, if E is a given set, with E;/, we denote E, ., with
v = e;; a similar notation will be used also for functions.
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Lemma 4.4. Let g € BV(Q) be a given function. Then there exists a set No C IR with L'(Ng) = 0 with the
following property: for every y € R\ Ny, g, € BV(Qy) and, for every i = 1,...,N — 1, there exists a set
N c RN ™2 with LN=2(N%) = 0 such that, for every &, € RN "2\ N we have that gy € BV(Qry) and

(Sgy)i; =5 Jgi’_y (4.1)
[(gy)*]ll (x;) = (g;g;y)*(aci) for every x; € Qa1 \ Jgﬂy. (4.2)

Proof. For the sake of simplicity, assume ) = RY. By Lemma 4.3 there exists Ng C IR with £(Ng) = 0 such that
for every y € IR\ No we have that g, € BV(RNY), Jy, is a countably HN ~2-rectifiable set and HN (S, \J, ) = 0.
Moreover, by Theorem 3.2, we have that, for every i =1,..., N — 1,

0= [ lwedlan = [ w0, \ ) a2
Sgy\ng RN-2 i

so that there exists a set Ni¥ ¢ RN"? with £LN"2(N}¥) = 0, such that for every & € RY "2\ N}¥ we have
(Sg, \ Jg,)ay = 0; ie.,

(Sg)zr = (Jg,)zr- (4.3)
Moreover, by Lemma 4.2 applied to g,, we have that for every y € IR\ Ny and for every ¢ = 1,..., N — 1, there
exists a set N3V ¢ RV ™2 with £NV-2(N3¥) = 0, such that for every & € RV "2\ N2¥ we have that 91y € BV(R)
and

(Jg,)a; = Jg,, - (4.4)

[(9,)" s, (i) = (g3r,)" (w:) for every z; e R\ J, a (4.5)

Finally, for every y € IR\ N and for every i = 1,..., N —1, set N = N UNi¥ ¢ RV ~2, so that LN ~2(N¥) =0
and for every & € RV "2\ N we have that (4.3), (4.4) and (4.5) hold. Hence the assertion follows. O

Lemma 4.5. Let g € BV(Q) be a function which is approzvimately continuous in HYN ~'-almost every point of €.
Then there exists a set My C R with £'(My) = 0 with the following property: for every y € R\ Mo, g, € BV(Q,)
and, for every i = 1,...,N — 1, there exists a set M™¥ C RN2 with LN=2(M™) = 0 such that, for every
i, e RN72\ M™% we have that giry € BV(Qzry) and

Jg, = (Sg)i".y = (Jg)i-’y =0, (4.6)

(gz;y)*(xz) = (g*)z/y(lﬂz) for every x; € Q4,, (4.7)
and both functions are continuous.

Proof. As before, we assume for simplicity Q = IRY. By assumption we have that HN ~1(Sy) = 0, thus from
Theorem 3.2 we get that for everyi=1,..., N — 1

0= [ ealdn® = [ (S, )a,) 2] dy.
Sg RN-1 ¢

Therefore there exists M{ ¢ RN ™!, with £LV~1(M}) = 0, such that for every (#},y) € RY "'\ M} we have
(Sg)i’/y = @ Set

M, ={y eR: LN"2((M}),) >0 for at least one index i =1,..., N — 1}.

Then, by Fubini’s theorem
0= £t = [ LN, ) dy,
R
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so that LN=2((M}),) = 0 for a.e. y € R; i.e., LY(M;) = 0. Moreover, for every y € IR\ M; and every
& € RN 72\ (Mf),, recalling that (J,),,, C (Sg)ar,» we have

~/ -

(Sg);fc'.y = (Jg);fc'.y =0. (4.8)

k3 k3

By Lemma 4.2 we have that for every i = 1,..., N — 1, there exists a set M ¢ R ™! with £V~1(M%) = 0, such
that for every (i,y) € RN 1\ Mj we have that 93, € BV(IR) and

(4.9)

(9 )ary (i) = (gl,;y)*(:cz) for every z; € R\ (Jg)i;y' (4.10)
Set
My ={ycR:LVN"2((M),) >0 for at least one index i =1,...,N — 1}.
As before, Fubini’s theorem implies that £'(Ms) = 0. Thus for any y € IR\ My and any i}, € RN "2\ (M3), we
obtain that (4.9) and (4.10) hold. Finally, set My = M; UMy C R and M% = (M{), U (M3),, so that L1 (M) =0
and, for every y € IR \ Mo, LN ~2(M%) = 0. Moreover, for every y € IR\ My, by (4.8), (4.9) and (4.10) we have

0= (Sg):i;y = (‘]g):i;y = ‘]g@;ya

(9% )ay (i) = (ga1y)" (xi) for every x; € IR
and by Lemma 4.2 both functions are continuous. (]

Next theorem states that given a H~~!-a.e. approximately continuous BV function g, its (N —1)-dimensional
sections are still HV~'-a.e. approximately continuous along a countably H~ ~!-rectifiable set whose normals are
“never” orthogonal to the direction in which the sections are taken.

Theorem 4.6. Let g € BV(Q) be a Borel function which is approzimately continuous in HN ~!-almost every point
of Q2. Set
G={@\y)e\S,: lim l9(=',y) — g(@' ) d=' =0 ¢
e—0t Q'(z' )

Let S C Q be a countably HN~1-rectifiable set such that HN"'({z € S : v5(z) = +en}) = 0. Then
HN-L(S\ G) =0.
Proof. Again, we assume for simplicity that Q = IRY.

Since g is approximately continuous H™¥~!-a.e., the thesis will be achieved if we prove that H¥~1(S\ G*) = 0,
where G* is the set defined in Lemma 4.1. To this aim, let us first assume that N > 2.

Following the notation used in Lemmas 4.4 and 4.5 let us take y € IR\ (NgU Mj) and for every i =1,..., N —1,
& € RN72\ (N% U M%). Then by (4.1) and (4.6) we obtain

(Sg);fc;y = (Sgy)i-; =0
so that, for every x; € R we have that z; & (Sg)s1y, (i-e., ¥ = (i, 2},y) & Sg) and x; & (S, )s/ (i.e., ' = (z;,3}) &

Sy, ). Hence, z is a point where g has an approximate limit and z’ is a point where g, has an approximate limit.
Moreover by (4.2) and (4.7) it follows that (gy)*(2") = (9%)a:y (i) = 9" (2), i.e.,

lim lg(",y) — g™ (2)|dz’" = lim 19(z",y) = (g4)" (2")|d2" =0,
o0t e) et Qe e)

which implies that « € G*; i.e., z; € G},,. In particular we obtain that, for every y € R\ (No U M), every
i=1,...,N —1and every # € RV 72\ (N% UMW)

G, = R. (4.11)
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Since |v%| = 1, from Theorem 3.2 and (4.11) we obtain

N—
HN72 S G* — / y ez 2 HN QS / y7ei dHN72
((S\GY)y) Z s )y )17 d z:: s )y )|
N—

- E:/;Nz (V&) il = 3 /;Nz ((S\ G*)ary) i} =0,

which implies HV=2((S\ G*),) = 0 for every y € R\ (No U Mp). Finally, using again Theorem 3.2, we obtain

Jo Ve empan =t = [ (s @y)ay =

Therefore, taking into account the assumption made on S, we have HN~1(S\ G*) = 0.
If N =2, we apply the coarea formula (3.1) again, thus getting

[ wtentant = [ 1516, dy =,
S\G* R

where the last equality holds since H!(S,) = 0 implies (J,), = 0 for £L!-almost every y € m1(Q) and, by Lemma 4.2,
(g%)y(z) = (gy)*(z) for all z € Q, and for L!-almost every y € m1(£2). Hence, the assertion follows. O

Remark 4.7. Clearly, Theorem 4.6 still holds if we replace ey by a generic direction v. More precisely, given any
direction v € $V 7L, set

G, = {x = (aci‘,xy) €N\ Sy: lim |g(zf,‘,xl,) — g(mi‘,wuﬂdzj‘ = 0} ,

=0T J QL (x.0)

where Qi (z,¢) = T, (x+eQy), Q, = R,(-1/2, 1/2)" and R, denotes a rotation such that R, ey = v. Then
HN=L(S\G,) = 0 for every countably H¥ ~!-rectifiable subset S of 2, such that H¥ ~'({z € S : v9(2) = £ v}) = 0.

5. SETTING OF THE PROBLEM

Let f: QxR x RY — IR be a Borel function satisfying the following conditions:

() f(5.6) € WH(Q), for every (s,€) € R x RY;
(ii)  f(-,s,&) is approximately continuous HV ~!-a.e. in ), for every (s,¢) € R x RY;
(iii) for every bounded set B C IR x IR there exists a constant L(B) such that (5.1)

/Q Vo fl(z,s,&) de < L(B)  V(s,§) € B.

Remark 5.1. Notice that assumption (ii) of (5.1) seems redundant, since every W1 l-function admits a HV~1-a.e.
approximately continuous representative. Moreover, the functional in (5.5) is clearly not affected by the choice
of the representative. However, functional (5.6) does depend on the particular representative chosen. Therefore,
the representation formula provided by Theorem 6.1 below does not hold if we take a representative of f not
satisfying (ii).

We will assume that

f(z,s,) is convex for every (z,s) € Q x IR; (5.2)
|f(xa57§)_f(x35056)| SA(l—’—|€|)|8_50| for every ($,5,§),(I,SQ,§) GQXIRX]RN; (53)
0< f(x,58) <AQL+]|E]) for every (z,5,6) € X x R x RY, (5.4)
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for some positive A. From (5.2) and (5.4), it follows that f is Lipschitz continuous in the last variable, uniformly
with respect to (x, s).
For every A € A(2) and every u € BV(Q), we define

/ f(z,u,Vu) dz if u e WhHi(Q)
Flu,A)={"" (5.5)

+00 if u e BV(Q)\ Whi(Q).

Our aim is to prove an integral representation theorem for the relaxation F' of F, with respect to the L'-topology.
We recall that the relaxation of F' is the greatest lower semicontinuous functional not greater than F’; i.e.,

F(u, Q) := inf{liminf F(u,, Q) : u, € WHHQ), up, — uwin L1 (Q)}.

n—-+4oo
Among the main properties of the relaxation, we recall the following ones:

(i) for every A € A(Q), F(-, A) is lower semicontinuous with respect to the L'-topology;
F(-,A) is local; i.e., for every u,v € BV(Q), with u = v on A, F(u, A) = F(v, A);

)
(ii) for every A € A(Q), F(-, A)
(iii) for every u € BV(Q), F(u,-) is a o-additive measure on B().

For other properties of the relaxation we refer to [4,6,10,11].

We set, for every A € A(Q)) and every u € BV (Q),

c ut (z)
]-"(u,A)Lf(z,u,Vu)dx+Afm<z,ﬂ,%)(HDCM+/JmA</u(z) f°°(z,s,yu)ds>dHN1(x), (5.6)

where f>*:Q x R x RY — IR is the so-called recession function of f, defined by

f(x,5,6) = lim fa 5 8) = sup f@,s,t) - fz, S’O)~ (5.7)

t—+oo t t>0 t

Notice that assumptions (5.2) and (5.4) imply that the limit in (5.7) exists for every (z,s,€) € @ x IR x IRY (since
the function ¢ +— w is increasing). Moreover, the function f* is convex and positively homogeneous
of degree one in the last variable and, as a consequence of definition (5.7), we have that

f(m’s7t§) f(x7 87 0)

; < s 8+ for all t > 0. (5.8)

Notice also that f>° is a Borel function in Q x R x R". Thus, the functional F in (5.6) is well defined. By the

assumptions made on f, it follows that
0< f>(x,8,8) < Al¢| for every (z,s,£) € 2 x R x RV, (5.9)

|foo(xa57§)_foo($5307§)| SA|§||5_50| for every (xasag)a(IaSOag)EQX]RXIRN' (510)
In the sequel, we will assume also that

(.56 € BV(Q) for every (s,€) € R x RY, (5.11)
and that, for any (s,£) € R x RY,

(-, 5,€) is approximately continuous for HN"1-q.e. x € Q. (5.12)
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Remark 5.2. Note that (5.11), (5.12) trivially follow from (5.1) when f(z,s,-) is positively 1-homogeneous (since
in this case f*° coincides with f) and when f(z,s,£) = a(z,s)b(&) or f(x,s,£) = a(x) b(s, ) (since in this case the
dependence on x is not involved in the limit (5.7)). However, in general, property (5.12) is not a consequence of
(5.1)—(5.4), as the following example shows.

Example 5.3. Let f: (—1,1) x R — [0,400) be a function defined by

5 1 1

Zlel— — if >
f(@,§) = i +§|§| i 0<a< &
2 2 Tl

el it <o,

if £ #0 and f(z,0) = 0 for every x € (—1,1). It is easy to check that f is a Lipschitz function with respect to x
satisfying (5.1)—(5.4). Nevertheless, condition (5.12) does not hold, since

g|g| it >0,
foo(xag): 3

We believe that assumptions (5.1), (5.2) and (5.4) do not imply that z — f*°(-,§) is a BV function. However,

next proposition states that under further assumptions on f, then the recession function f° necessarily satisfies
(5.11) and (5.12).

Proposition 5.4. Let f: Q x R x RY — IR be a function satisfying (5.1), (5.2) and (5.4). Assume that
o (i) fe(:,s,&) is weakly differentiable in Q2 for all (s,§) and that

/|sz§(:c,s,f)|d:£§co for all (s,6) € R x RV .
Q

Then f*° satisfies (5.11). Moreover, if
o (ii) for every (xo,s) € Q x R and for every € > 0 there exist 6 > 0 and L > 0 such that

ey L2280 (1 S0

for any x € Q, with |z — xo| < 8, any € € RN and any t > L, then > satisfies also (5.12).

Proof. Fix s € R and ¢ € CJ(Q,RY) and set 14(¢) = Jo(Vaf(x,5,6), ¢(x))dz. From assumption (i) we get
easily that |Vs(€)| < coll@lleo for all (s,€) € IR x IRY. Hence 1, is Lipschitz continuous and Lip(ts) < col|¢]]oo-
Therefore, from (5.4) and (5.1), we get that for all (s, &)

) 7h . . vl ) 7h
/Qf‘x’(x,s@)divgo(ac)dx = hli_}rrgo/gwdlvgo(x)dxzhlinéo Q(W,(p(m))dx

. 1
h—oo Jo h
and from this inequality we get at once that f°°(-,s,£) € BV(Q2) and | D, f>(-, s,&)|(Q) < ¢olé].
Fix (s,6) € R x RY. Recalling that f(-,s,&) € Wh1(Q), from (5.1) we get that there exists a set Nge,
with HY~1(Ny¢) = 0, such that for any h € IN the function f(-, s, h€) is approximately continuous in Q \ Nj..
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Let us fix g € Q\ N, ¢ and € > 0 and let § and L be the quantities provided by the assumption (ii). Then for any
p € (0,0) and h > LV1 we get, recalling also (5.4),

F oo - s lde < 5 f  |fshe) = flo, b do + 221+ AL+ [€]).
Bp(ml))

BP(mU)

Thus, letting first p — 0 and then € — 0 in the inequality above, we get that f°°(-, s, ) is approximately continuous
at xo. Hence, the assertion follows. O

Lemma 5.5. Assume that f, f* : Q x R x RY — R satisfy (5.2)-(5.4) and (5.12). Then, there exists No C Q
(independent of (s,€)), with HN~=1(Ng) = 0, such that

e B.(z)

for every (s,€) € R x RY and every z € Q \ No.

Proof. From (5.12), we get that (5.13) holds for every (s, &) € RxIRY and every z € Q\ N, ¢, with HN~1(N, ¢) = 0.
Now, let 2o = {(sk, &)} be a countable dense set in IR x R™ and set Ng = |J,, Ny, ¢,. Clearly, HN~1(Ny) = 0
and (5.13) holds for every x € Q\ Ny and every (si,&;) € 3. Therefore, observing that (5.9) implies that
& — f°(x,s,&) is Lipschitz continuous with a constant not depending on (z, s), and recalling (5.10), it follows that
(5.13) actually holds for every (s,€¢) € IR x R and every z € Q\ No. O

Lemma 5.6. Let f, f*° satisfy the same assumptions as in Lemma 5.5 and (5.11). Then, for every v € LR
there exists N, C w,, (Q) (independent of s), with HN~1(N,) = 0, such that the function z, — f>(z;,x,,s,v) is

continuous for every x;; € 7, (Q) \ N, and every s € RR.

Proof. By Lemma 4.2, it follows that for every (s,v) € R x $" ! there exists a set N, C 7, (Q), with
HN_l(NSW) = 0, such that for every z- € 7, () \ Ny, the function z, — f(z}, ., s,v) is continuous in Qe
Now, let g = {sx} be a countable dense set in IR and set N, = (J,, N, . Clearly, HN=L(N,) = 0 and, for every
z; €, () \ N, and every s; € o, the function z,, — f*°(x;,x,,sy,v) is continuous in Q1. By using (5.10)
as in the previous proof, it follows that the function z, +— f*(z;, z,, s, v) actually is continuous in 2,1, for every
s € R and every 2> € 7, (Q) \ N, O

Lemma 5.7. Let f, > be as in Lemma 5.6. Let Dy = {v;} be a countable sequence of directions in SN=L. There
exists a set G C Q such that, for every s € IR and every v; € Dy, each point x = (xf;j,xuj) € G is a point of
approximate continuity for f*°(-,s,v;) and the function f*(-,x,,,s,v;) is approzimately continuous at :Ei; € mej.
Moreover, HN=1(S\ G) = 0 for any countably H™~1-rectifiable set S C @ such that

HY{zeS : V() ==£v;}) =0 for all v; € Do.

Proof. For every v; € Dy and every s € IR, set

Gij = {l‘ = (xi;ﬂmVj) €O\ Np: lim |foo(zzj/;azuj7571/j) *foo(mi_jawisayj”dzj; = 0};

e=0TJQE (w0e)

where Qlfj (r,6) = m,1(Qy,(w,e)) and Ny is the set given by Lemma 5.5. By Remark 4.7, it follows that
HNL(S N\ G;,) = 0. We consider the set G° = (; G} ; then, for every s € R, HN=L(S\ G%) = 0. Now, let
{sr} be a countable dense subset of IR and, for every k € IN, G be the corresponding set, constructed as above.
Finally, set G = (), G**. Clearly, H¥~1(S\ G) = 0. Moreover, as a consequence (5.10) and the density of {sx},
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we have that, for every v; € Dg and every x € G,

lim (2, o, 8,v5) — [ (a5 @0, 8,v5)| Aoy =0
e=0JQL (@) ? g 7
J

for every s € IR. d

6. MAIN RESULT

As we pointed out in the introduction, it has been already proven, for instance in [5, 14, 15], under suitable
regularity assumptions on the integrand function f, that the functional defined in (5.6) provides a “natural”
extension of the functional (5.5) from W11(Q) to BV(£2). In the next theorem we state that the same result still
holds under the different assumptions on f considered here.

Theorem 6.1. Assume that f : Q x R x RY — R is a Borel function satisfying (5.1)—(5.4). Let I : BV(2) x
A(€2) — [0, +00] be the functional defined in (5.5) and F' be the relazation of F'. Assume also that (5.11) and (5.12
hold. Then, F(u,-) is the trace of a finite Radon measure on A(Y), and

[

— ut (z)
F(u, A) = /Af(fc,u, Vu)d:ch/Af‘X’ (:L',’E, —|ch|> d|Du| +/J ) </ . 1z, s, ) ds) dHN Y (z)
u u~ (x

for every A € A(Q) and every u € BV(Q).

We start by observing that under the assumptions of Theorem 6.1 above it is well known that for any u € BV($)
the function F'(u,-) is the trace of a finite Radon measure on A(Q2) and that for all A € A(Q)

0 < F(u, A) < (LN (A) + | Du|(A)) .
Hence, to prove Theorem 6.1 we have to establish the two inequalities

(i) Flu, A) < F(u, A) for all A € A(Q2) and u € BV(),

(i) F(u, A) > F(u, A) for all A € A() and u € BV(Q).

The first one is an immediate consequence of next theorem which, in turn, follows from a more general lower
semicontinuity result [7], Theorem 1.1.

Theorem 6.2. Assume that f: Q@ x Rx RY — [0, +00) is a locally bounded Borel function, satisfying (5.1)—(5.3).
Then, for every A € A(Q) the functional F(-, A) : BV(Q) — [0,400) defined in (5.6) is lower semicontinuous with
respect to the L' -topology.

Inequality (ii) is established in the next theorem.
Theorem 6.3. Assume that f : Q x R x RY - R is a Borel function satisfying (5.2)-(5.4), (5.11) and (5.12).
Then, for every A € A(Q) and every v € BV(Q), F(u, A) > F(u, A).

Following [15], Proof of Theorem 1.3, we fix u € BV(Q) and consider the Radon-Nikodym derivatives of F(u,-)
with respect to the Lebesgue measure £V, to the total variation of the Cantor measure |Du| and to the Hausdorff
measure HYN 1| S, respectively. In order to obtain Theorem 6.3, we will prove that

(L) d];gj\’[) (o) < fxo,u(zo), Vu(zg)) for £N-almost every z, € €,
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dF(u,- ¢
(C) d|l(;°t’u|) (zg) < f° <:c0,ﬂ(:c0), |D—°Z|(x0)) for | D¢ul-almost every xq € £,
dF(u, w(@o)
(J) dHN(ful’t)](IEo) < / F(xo, 8, vy (z0))ds  for HNl-almost every xg € J,.
\_ U u~ (x0)

Inequality (L) is proven in [15] (Th. 1.3, part (i)), under the only assumptions (5.2)—(5.4), hence, we have to prove
(C) and (J). To this purpose let us define the following coercive functional associated to F' by setting

Fi(u, A) := F(u, A) + | Du|(A).

Proposition 6.4. Assume that f : @ x R x RY — R is a Borel function satisfying (5.2)—(5.4) and (5.12). Then,
(C) holds; i.e., for every u € BV(Q),

dF (u,-) ~ D¢u ‘
; =h Deal Deul- Q.
(C) D] (zo) < f (xo,u(:vo), Dol (:Uo)) for | Dul|-almost every xo €

Proof. By Lemma 3.9 of [3] for |Dul-almost every xo € €, there exists a double indexed sequence {t¥, u*} such
that, for every k € IN,

th — 400, etF =0T, uf —Uxy) ase— 0", (6.1)

dF(u,-) dF(u,-

1\ - ——\J 1
ADeu] %0 = gDy @0) +

) ) inf{F1 (v, Q%(z0,€)): v € BV(QE(x0,2)), v]ogk (zg,e) = ub + (tFv,z — 20)}
lim limsup N1 Ntk ,
k——+o00 ems0t k e ta

dDe
where v = d|D—CZ|(mO)’ lv] =1, and Q%(x¢,€) := zo + eQF, with

QF = Ry ((=k/2,k/2)Y 1 x (=1/2,1/2)) (6.2)

and R, denotes a rotation such that R,ey = v. Fix zg € Q so that all the limits above exist and are finite.
Moreover, since by Lemma 5.5 there exists Ny C €, with HY~1(Ny) = 0 (hence, |Du|(Ng) = 0), so that (-, s, )
is approximately continuous at xg for every (s,£) € R x RY, we may assume with no loss of generality that
xo € @\ No. Then, taking into account (5.8), (5.4) and (6.1), we have

dF(u,- I
ﬂ(mo) +1< 1iminflimsupWF1(u’; + (tPv, x — z0), Q% (x0, €))
€

dlD(’U’| k—too o0+
][ f(x,ulg+<t§l/,x7x0>,t§l/)
QB(CEO’E)

< liminf lim sup "
13

k—+oo o+

dr+1

f(z,u§+<tlgl/,1'71'0>,0)
tk

g

k—+oo o+

< hminflimsup][ (foo(:c, uf + (thv, o —x0), v) + >d:c +1
QB(CEO’E)

< 1iminflimsup][ oz, uk 4 (thv, oz — x0),v) do + 1,
QE(wo,e)

k—too o0+

which implies
dF (u,-
#(mo) < lim inf limsup][ o (z,ul 4+ (thy, o — x0),v) da.
| Deul QE(z0.)

k—+oo oo+
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Hence, in order to conclude, it is enough to prove that for all £ € IN

hmsup][ foo(maulac+<tla€yamfx0>ay)dm < foo(x()’a(xo)’l/). (63)
QB(CEO’E)

e—0*t

By (5.10), the approximate continuity of the function f*°(-,u(zp),v) in g € Q and (6.1), it follows that for every
kelN

1imsup][ oz, uf+ (v, o — o), v) da
Qk(zo,¢)

e—0t

< limsup][ o (z,u(zo), v) d:chlimsup][ Al + tFv, 2 — 20) — U(20)| da
QE(IU,E) QE(IU,E)

e—0+ e—0t

< f*(xo0,u(x0),v) + Alimsup l|u’§ —u(xo)| —|—][

e—0+ Qk(xo0,e)

tk|z —xddx]

< £ (@0, W(xo),v) + Alimsup |uf — (wo)| + et/ (N=DR +1| = (w0, (x0). v) .

e—0t

Thus (6.3) is proved. Hence, the assertion follows. O

Proposition 6.5. Let f satisfy the assumptions of Theorem 6.3. Then,

u™ (z0)

for every u € BV(Q) and for HN~'-almost every xo € J,.

Proof. Let u € BV(Q). We will prove that for HN ~!-a.e. 2o € J,

= = ut(wo)
dF(u, F(u, B, (x0)) </ F (w0, 5, vu(0)) ds.

7)(IQ) = lim
dHN-1]J, r—0+t HN=L| Jo (B (20)) ~

u™ (wo)
By Remark 3.1 the set ®,,, defined by
d, ={vesV 1 HN{z € Jy, s vu(z) = £v}) > 0},

is at most countable. Given a countable dense subset Dy of directions in $~ ! \ ®,, we apply Lemma 5.7, with

S = J,. Thus, there exists a set G C €, such that, for every s € IR and every v € Dy, if z = (2, 2,) € G, then

(-, s,v) is approximately continuous at x, f*(-, z,, s, v) is approximately continuous at z;> and H¥~1(J,\G) = 0.
By Theorem 3.7 of [3], for H¥~!-almost every xq € J, NG we have

dFl(ua ) _ dF(ua )
-1, @) = I

inf{Fy(v,Q,(x9,¢)) : v €BV(Q,(xo,¢)), V]00, (z0,e) = Wv }
ENfl )

(o) + [u™ (o) — u™ (x0)] (6.5)

= limsup
e—0+

where v = v, (20), Qu(x0,&) = 2o +€Q,, Q. is defined as in (6.2) with & = 1, and w, is the jump function which
takes the value u™ (o) if (x—xo,v) > 0 and u™ (z¢) if (z—z0,v) < 0. Let {v;} be a sequence of directions contained
in Dy converging to v. Let us fix § > 0; then Q, (0,1 —6) C Q,, C Q,(0,1+6) for every j sufficiently large.

Let ¢ € C§°(Q,(0;1 4 6)) be a cut-off function such that ¢(z) =1 in Q,(0;1 —20), ¢(z) =0 on Q,(0;1+4) \
Q,(0;1 —9) and |[V¢| < ¢/d. For every € > 0, set ¢.(x) = $(EF=22), so that |[V¢.| < ¢/ed and, for every j € IN

€
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sufficiently large, set we ., (z) = ¢c(x)wy,; (r) + (1 — ¢-(2))w, (x), where w,, is defined as w,, with v replaced
by v;. We note that we ,,,, satisfies the boundary condition we , ., |3Qy(m07€) = w,, so that, by (6.5), we obtain

dF, (u,-) . F(“’E,V,uj , Qu(o,€)) |Dw57V,Vj [(Qv(20,€))
m($0) S hen’ij)li.p €N71 + €N71 . (66)
Clearly, for every € > 0 and j € IN sufficiently large,
Dwe . [(Qu(x0, €
D, (@ 0,2)) 61

ENfl
< EN% l/ ( )|V¢ellwy,. —wy|dz + [Dw,, |(Qu(x0,€)) + |Dw,|(Qu(z0,€) \ Qu(o, (1 — 25)5))1
[u (20) — u” (x|

[{v,v3)]

Jr _ —
< %/ |wyj —wy|dm+ |U (JJO) u (1’0)| +cb < Esin(fy\j) +
€70 JQu(wo0.0) (v, v5)] 5

+ 0.

Moreover, let us approximate the jump function we , ., by means of a sequence of WLl functions, given by
ul (1) = ¢e(w)ul, (2) + (1 = ¢e(x))ul, (z), where

ut(z0) if e/2n < (x — o, V),
+ —
ul () = (u*(xo)fuf(:co))g@f:co,l/}Jr “ (:Eo);ru (o) it —e/2n < (x—x9,v) <e/2n,

u™ (o) if (x —x0,v) < —€/2n,
and ul, is defined similarly by replacing v with v;. Clearly, ||ugyl,’,jj — We v, || L1(Qu (w0,6)) — 0 @s n — +00, hence,
using the lower semicontinuity of F, (5.4), (5.8), it follows

F We,v,v;, &v(T0, € 1
(W, Qul@0:€)) yp g L / flel,, .V, , )dz (6.8)
eN-1 n—-+oo g 1 Q. (z0,¢) i i

1
< lim inf —— / f(:c,u?,,,Vu?l,,)derc/ [|V¢)€| |u?,j—u?,,|+1} dz
notec e Qu(20,6(1-20)) IR Qu(@o.9) S

ve [ (619, | 4+ (1= 62) V| +1)da
Qu(0,6)\Qu (z0,(1—-26)¢)

< lim inf][ ef(z,ul,,, Vul, )dz + ce + g sin(vvj) + co
Qr/j (93075)

n—-+o0o

n—-+o0o

< liminf][ {foo(fcau?,,. ,eVul, ) + Ef(ﬂc,u?,,,,())} da + ce + < sin(vvj) + ¢d
Qu, (0e) Y Y Y Y

< lim inf][ (@, ug,, eVul, ) dz + ce + ¢ sin(vr;) + ¢d
Quj (xo,€) 5

n—-+o0o

n (;co),,j+6/2n
—/( f‘x’(x,f,,xyj,u" (z),v5)dx,, dx,fj

eV
n—-+00 £ To)v; —€/2n ’ w7

< (ut(wo)—u" (z0)) lim inf][
Qy; (z0,2)

c —
+ce+ 5 sin(vv;) + ¢,
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where Qf;j (wo,€) = m,1(Qu, (0,¢)). We note that the function u' v, actually depends only on z,,, so that, by the
. ;
change of variable s = ul, (x,,), we obtain

() = € o W(wo) +um(zo)y
Ty; = pn,e( ) n(u*(:co) — Uf(l'o)) ( 2 ) + ( O)I/j

and ppc(s) — (20),;, when n — +00; so that, by dominated convergence theorem and Lemma 5.6, we have

n (a:g)l,j +e/2n
(ut(20) — u™ (20)) lim sup lim inf][ - / foo(mi‘j s Ty, uly, (), 1) Ay, d:cf;j (6.9)
Qy, (z0.2) (

e—0+ Pt € zo)v; —€/2n

ut (zo)

= lim sup lim inf][ / foo(xi; s Pne(8),s,v5)ds dxi‘j
Q,f] (1015) N

e—0+ TTE® u=(zo0)

ut (zo)

Slimsup][ / lim £ (2, pne(s),s,v;)ds| do
e=0t JQL (w0,6) [ Ju=(wo) n—+0oo ’ ’

u* (z0)
< lim sup][ / (s (o), s, v5) ds| day
Q,fj u(zo,e) | Ju ’ !

e—0+ (o)

uT (20)

ut (z0)
:/ 1im][ foo(xlfj,(xo)l,j,s,uj)dx,fj ds:/ < (zo0, s,v;) ds,
u(zg) |£0F Qg (z0.2) u~ (o)

1

where the last equality is due to the approximate continuity at (xo),jj

By (6.5)—(6.9), we obtain, letting & — 07,

of f°(-, (z0)v,,s,v4), for every s € IR.

dF(u,") R “@ll< [ T g  in(7 ju* (o) = u (o))
"/ _ < . el - .
apee i, e Tl S T s e s e T

Now, taking into account the Lipschitz continuity of f°° with respect to the last variable and letting first j — +o0
and then § — 0" we get

AP0 Do)+t o) =l < [ £, o) s+ o) = (o)

v 1 (&0 0) — o)l = 0,5, 0 0) — 0)l-

dHN 11, u (20) '

Hence, the assertion follows. O

We are now in position to give the proof of Theorem 6.1.

Proof of Theorem 6.1. Taking into account Theorem 6.2, [15] (Th. 1.3, part (i)), and Propositions 6.4 and 6.5, we
obtain the assertion for any function v € BV(Q2) and any A € A(Q). O
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