ESAIM: COCV ESAIM: Control, Optimisation and Calculus of Variations
Vol. 13, N° 1, 2007, pp. 1-34 www.edpsciences.org/cocv
DOI: 10.1051/cocv:2007002

A COMPLETE CHARACTERIZATION OF INVARIANT JOINTLY RANK-R
CONVEX QUADRATIC FORMS AND APPLICATIONS
TO COMPOSITE MATERIALS

VINCENZO NEsSI! AND ENRICO ROGORA!

Abstract. The theory of compensated compactness of Murat and Tartar links the algebraic condition
of rank-r convexity with the analytic condition of weak lower semicontinuity. The former is an algebraic
condition and therefore it is, in principle, very easy to use. However, in applications of this theory, the
need for an efficient classification of rank-r convex forms arises. In the present paper, we define the
concept of extremal 2-forms and characterize them in the rotationally invariant jointly rank-r convex
case.

Mathematics Subject Classification. 74Q20, 49K20, 35J50, 74E30.

Received October 27, 2004. Revised June 30, 2005.

1. INTRODUCTION

The theory of compensated compactness [42,59] links the algebraic condition of rank-r convexity with the
analytic condition of weak lower semicontinuity. To make this statement precise we need to introduce some
definitions. Throughout the paper the integer d > 2 will denote the dimension of the vector space R? over which
the relevant fields will be defined. We denote the space of real n X m matrices by

M(n,m) (1.1)
and we set
k times
MF(n,m) := M(n,m) x - x M(n,m) . (1.2)

Definition 1.1. We use a bold character, like P, to denote a list of matrices (P!, P2,..., P¥). We denote by
O(d) the group of real orthogonal matrices i.e. the matrices M € M(d, d) such that MM* = Id(d).

Definition 1.2. A function
F: M*d,d) — R (1.3)

is a 2-form if it is a homogeneous polynomial of degree two.
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2 V. NESI AND E. ROGORA

Definition 1.3. Let r be an integer with r» € {1,...,d}. A function F is an invariant 2-form if it is a 2-form
which is rotationally invariant in the following sense

VYReO(d), VYM=(M'"M? . . M"ec M"Fd,d),

F(MY M?,...,M*) = F(RAIM'R,R"M*R, ..., R'M*R). (1.4)
Definition 1.4. A function F': M(d,d) — R is rank-r convex if
F(1-t)P+1tQ) < (1 —t)F(P)+tF(Q)
for all t € [0,1] and all pair of matrices P and @ in M (d,d) such that rank (Q — P) < r or, equivalently, such
that dim(Ker(Q — P)) > d —r.
Remark 1.5. The notion of d-convexity is equivalent to the usual notion of convexity.

Remark 1.6. A 2-form F is rank-r convex if and only if
F(P)>0, VPeM(d,d) suchthat dim(Ker(P))>d—r. (1.5)
In particular, F' is convex (equivalently, rank-d convex) if and only if
F(P)>0, VPeM(d,d). (1.6)

Notation. Let © be an open bounded subset of R? and let p € L2(:;R?), p = (p1,...,pa). We define
Curl p € H=Y(Q;R¥*9) by
8pz- 8]7]' ..
= - = =1,....d
6x] 81‘17 Z’j k) )

(Curl p)i;

and Div p € H~1(Q;R) by
. Op1 Opa
D et T T
VP 81‘1 + + aIL'd
The definitions of Div and Curl carry over to matrix valued functions by defining Div and Curl row by row.
Namely, if P € L2(Q;R?*9) and p* is the k-th row of P, then Curl P € H~!(Q;R4*4*4) i5 defined by

opk oph .
Curl Py = P2 _ 285 i k—1,.. .
(Cur )]k oz, oz [2Wi
and Div P € H~1(Q;RY) is defined by
. opy Opg
Div P)y=—+ -4+ —2% k=1,...,d.
( v )k 8x1+ +al‘d ’ ’

The following two remarkable results are well known and establish the importance of the notion of r-convexity.

Theorem 1.7 (Tartar [58]). Let Q be an open bounded subset of R and let P, and Py be in L*(Q;R*4) such

that ind
P. — Py weakly in (L*()) “ (1.7)

Curl P. belongs to a compact subset of (H~1(Q))?<4*d . (1.8)
Let F be a rank-1 convex 2-form on M(d,d). Then, for any ¢ > 0 with ¢ € C.(2), we have

liminf/Qd)F(PE)d:cz/Q(,zSF(PO)d:c. (1.9)

e—0t
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Theorem 1.8 (Tartar [58]). Let 2 be an open bounded subset of R? and let Q. and Qq be in L*(Q; R**9) such
that

Q. — Qo weakly in (L*())" (1.10)
Div Q. belongs to a compact subset of (H1(Q))?. (1.11)

Let F be a rank-(d — 1) convex 2-form on M(d,d). Then, for any ¢ > 0 with ¢ € C.(2), we have
liminf/ PF(Qe)dx > / PF(Qo)dx . (1.12)

e—0t Jo Q
In his work on bounds in homogenization [57], [58] Tartar observed that the function
TW(E) := Tr(EE!) — (TrE)? (1.13)
is rank-1 convex, whereas the function

T@=Y(B) := (d — 1)Tr(BB*) — (TrB)? (1.14)

is rank-(d — 1) convex. Hence, Theorem 1.7 holds with F = T() and Theorem 1.8 holds with F = T(¢=1),
See [61] for a detailed derivation of bounds in homogenization using these ideas.

The main theme of the present paper is to describe the set of all invariant, jointly (in the sense of Def. 1.9),
rank-r convex 2-forms in a way which makes their use in homogenization most efficient. Before explaining our
contribution toward this goal, let us mention why the natural setting is with a 2-form defined on M*(d, d), for
possibly very large k. Suppose we try to bound the effective conductivity tensor (also called H-limit [45] or
G-limit [53]) of some family of conductivity matrices o, defined on some subdomain of R?. The natural variables
are an “almost irrotational” sequence of fields e.(x) (in the sense of (1.8)) and an “almost soloneoidal” sequence
of fields be(x) (in the sense of (1.11)). It turns out that it is useful to consider d different choices of pairs (b, e.)
which, in some sense, are relative to linearly independent boundary conditions (see Section 5 for more details
in the periodic context). Therefore the basic sequences can be thought of as a d x d almost irrotational matrix
valued field E, and a d x d almost solenoidal matrix valued field B, related by the linear equations o E! = B!.
This case is covered setting k = 1.

A different and interesting problem is the study of the effective properties of k distinct physical proper-
ties [4,5,10,12,13,19,22-24,33-35,52,58]. This is one instance where the need for £ > 1 arises. Another
example is the case when measurements for the effective properties are known for certain values of the conduc-
tivity of the constituent phases. One would like to have bounds for the effective properties for different values
of the conductivity of the constituent phases. Work in this direction includes [7,8,35,36,49].

More recently, yet another field of possible applications arose from the work on bounding effective laws or
overall energies for non linear (for instance power law) composites. The pertinent number & in this framework
turns out to be unbounded! See [25,40]. We will give further simpler motivations in Section 6.

For these kind of applications (and many others) we need to introduce the definition which makes compensated
compactness applicable in a straightforward way.

Definition 1.9. Let r and k be integers with 1 < r < d and 1 < k. We say that F is jointly rank-r convex
if F(1 -t)P +tQ) < (1 —t)F(P) + tF(Q) for all t € [0,1] and all pairs of choices P = (P, P2 ... P¥),
Q=(Q,Q?...,Q% € M*(d,d) such that

k
mm<ﬂKm@izﬂ>zdm

i=1

We will often omit the qualifier “jointly” in the rest of the paper.
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Remark 1.10. When F' is a 2-form, the Definition 1.9 reduces itself to the following condition: F' is jointly
rank-r convex if and only if

k
F(P)>0, VP ec M"d,d) suchthat dim (ﬂ Ker(Pi)> >d—r. (1.15)

i=1

Remark 1.11. Let us point out some very elementary facts about joint rank-r convexity of 2-forms. As already
mentioned, rank-d convexity is just the usual convexity and rank-r convexity implies rank-(r — 1) convexity for
all € {d,d—1,...,2}. The sum of a rank-r; convex form and a rank-ro convex form is rank-r convex with
r = min(ry,72). In particular the sum of a rank-r convex and a convex form, is rank-r convex.

Let us now recall that convex forms are not interesting in the framework of compensated compactness because
they carry no differential information. To be specific, assume that F' is rank-1 convex and F' = C + Q with
C convex and Q rank-1 convex. By rank-1 convexity of F' and Q one has: for all sequences { E.} satisfying (1.7)
and (1.8)

nminf(/Q seE)+ [ ¢Q<E€>)z [ocEn+ [sam)  voec, oz0, ()

e—0*t

imint [ 6Q(E) = [ 6Q(E) Y€ Cu), 62 0. (1.17)
e Q )
By the convexity of C one has: for all sequences {A.} satisfying (1.7) (but not necessarily (1.8)!)
hminf/ pC(Ae) > / »C(Ap). (1.18)
e—0t Q 0

Clearly (1.17) and (1.18) imply (1.16) but only (1.17) is a consequence of the differential constraint (1.8). In
contrast (1.18) does not carry the information (1.8).

This observation has a counterpart in the issue of bounding effective moduli. In fact, as discovered by
Milton [36] and Cherkaev and Gibiansky [20], in order to bound effective moduli of composite materials, the
“useful” rank-1 convex functions are those which cannot be decomposed as a sum of a possibly different rank-
1 convex function and a convex one. Similarly for the case in which one uses a rank-(d — 1) convex function.
The same issue appears in the context of linearized elasticity. A striking example can be found in the work of
Allaire and Kohn [2] where the authors implements the ideas of Milton [36] in the specific example of seeking
lower bounds on the elastic energy of a 2D composite. In Section 5 we will give more details explaining what is
meant by “useful” rank-r convex 2-forms. The key observation can be found in Lemma 5.5. Roughly speaking
the lemma states that the bounds obtained by using a class of 2-forms F' = C 4+ Q with C ranging on a set of
convex 2-forms and Q a given rank-1 convex 2-form, do not improve upon those using only the function Q. We
are led to the following definition which is the essential basis of our work.

Definition 1.12. Let r, s,k be integers such that 1 <r < s < d and 1 < k and let F' be a non zero rank-r
convex invariant 2-form on M*(d,d). We say that F is quadratically (r,s) extremal if the following condition
holds: assume F' = F,. + F; with F,. a rank-r convex invariant 2-form and Fy a rank-s convex invariant 2-form,
then Fj is identically zero.

We will typically omit the qualifier “quadratically”.

Our definition of extremal forms can be rephrased as follows: for r and s as in Definition 1.12, we say that the
rank-r convex form F'is (r,s) extremal if one cannot subtract from F' any rank-s convex form (s > r) without
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loosing rank-r convexity of F'. Note that if F'is (r, s) extremal and s < d then F is also (r, s + 1) extremal. For
the converse statement, see Proposition 1.20.

The nature of our results suggests an independent definition for the case r = s.

Definition 1.13. Let r and k be integers such that 1 <r < d and 1 < k and let F' be a rank-r convex invariant
2-form on MF¥(d, d). We say that F is quadratically (r,7) estremal if it cannot be expressed as the sum of two
linearly independent invariant rank-r convex 2-forms.

Our main result is to give a complete characterization of (r, s) extremal invariant 2-forms for all integers r, s
with 1 <r < dand r < s < d (see Prop. 1.19). At present, applications to composites are restricted to the
case r = 1 and 7 = d — 1 but we believe that the general theory will turn out to be equally useful. Let us now
describe a typical result of our analysis. It deals with the familiar case of rank-(d — 1) convexity and therefore
with the case of almost divergence free matrix fields.

Proposition 1.14. Letd > 3 and k > 1 be two given integers. Let F be a jointly rank-(d —1) convex invariant
2-form. Then F is quadratically (d — 1,d) extremal if and only if there exists a symmetric, nonnegative matriz
H with elements h;; such that

k
F(M) =Y hyG(M*, M) (1.19)

where g1 o
G(P,Q) = ——[Tr(PQ") + Tx(PQ)] - Ta(P)Tr(Q). (1.20)

Furthermore F is (d—1,d—1) extremal if and only if it has the form (1.19), for some symmetric matriz H > 0,
with rank (H) = 1. Finally any rank-(d — 1) convex invariant 2-form F is the sum of a convexr one and a
(d —1,d) extremal one.

Proposition 1.14 follows from Theorem 1.15 and Proposition 1.19, which treat the more general case r €
{2,...,d}. We now state our results in their general form.

Theorem 1.15. Let d > 3 and 1 < k be two integers. Let r and s be two integers with 2 <r < s < d. Let F

be a non zero, jointly rank-r convex, invariant 2-form. Then,

Part I) F is quadratically (r,s) extremal if and only if there exists a symmetric matriz H > 0 with elements h;;
such that

k
F(M) = Y hi;G.(M", M) (1.21)

where . o
G:(P,Q) = L[TR(PQ") + Tr(PQ)] ~ Tr(P)T¥(Q) . (1.22)

Part II) Furthermore, F is, in addition, quadratically (r,r) extremal if and only if it has the form (1.21) for
some symmetric matric H > 0 and with rank(H) = 1.

The case r = 1 is handled by the following result.

Theorem 1.16. Let d > 2 and k > 1 be two integers. Let s be an integer with 1 < s < d. Let F' be a non zero,
jointly rank-1 convez, invariant 2-form. Then,

Part 1) F is quadratically (1,s) extremal if and only if there exists an arbitrary symmetric matric H with
elements h;; such that

k
F(M) = Z hiiGi(M*, M7) (1.23)

ij=1
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where

G1(P,Q) :=Tr(PQ) — Tr(P)Tr(Q) . (1.24)
Part II) Furthermore, F is, in addition, quadratically (1,1) extremal if and only if it has the form (1.23) for
some H with rank (H) = 1.

Remark 1.17. When r = 1, the function £ — G;(FE, E) is well known. It is the (unique up to a multiplicative
factor) quadratic invariant null-lagrangian. When r = d — 1, the importance of the function B — G4_1(B, B)
has been already recognized by Cherkaev and Gibiansky [20] and by Milton [36].

To simplify the following statements it is convenient to have a single notation for (1.21) and (1.23).

Definition 1.18. Given an integer k > 1, an integer r € {1,2,...,d — 1} and a symmetric k X k matrix H
(nonnegative definite if r > 2), we define the following forms .7-'1(;) : MF(d,d) — R

k
FOM) = 3 hisG (M, M) (1.25)
ij=1
where the forms G, are defined in (1.22) for » > 2 and in (1.24) for r = 1.

In the language of Definitions 1.13 and 1.18, the jointly rank-r convex, (r,r 4+ 1) extremal forms are exactly
the forms .7-"1(}') defined in (1.25). We can now state two useful corollaries of our results.

Proposition 1.19. (Canonical form of jointly rank-r convex invariant 2-forms). Let k and r be two integers,
1<k, 1<r<d. Anyinvariant, jointly rank-r convex 2-form F on M¥(d,d) is the sum of at most k invariant
and (r,r)-extremal, 2-forms and of an invariant and convex one. More precisely, there exist at most k linearly
independent vectors u? € R¥ and a convex form C such that

Zk: FO M) +CM) if r>2
- (1.26)

k
S o FU (M) +C(M) if r=1

ud Q@u

Jj=1

with o; € {—1,1} for j =1,... k.

Proposition 1.20. Let F be a jointly rank-r conver, invariant 2-form on M¥(d,d). Then F is (r,d)-extremal
if and only if it is (r,r + 1)-extremal.

Remark 1.21. It is easy to verify that the form (1.26) can be equivalently rewritten as follows:

k
FM) =Y G" (Z Miug) +C(M) (1.27)

where
G")(P):=G,.(P,P). (1.28)
ko
Hence, defining P; := > M'u], one has
=1

=

k
F(M) =Y G"(P) +C(M), (1.29)
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The latter formula shows that, for given r, essentially only one form has to be remembered, namely G()!

Remark 1.22. The decomposition (1.26) is not unique as pointed out by one of the referees. However,
given F', we will give an explicit algorithm to construct one possible choice of the vectors u?, the form C and
the numbers o;. We will came back to this issue in Remark 3.4.

The plan of the paper is the following. In Section 2 we review some well known facts from group representation
theory and collect a few facts of linear algebra which will be used in Section 3. In Section 3 we use the results of
Section 2 to prove Lemma 3.1, which is the main tool used to prove Theorems 1.15 and 1.16 and Propositions 1.19
and 1.20. Lemma 3.1 gives a necessary and sufficient condition to determine when F' is jointly rank-r convex.
In Section 4, we present more detailed results concerning extremal rank-r functions aiming, in particular, at
characterizing the sets where the extremal forms are positive, null and negative respectively. When k£ = 1 and
r = d — 1, our results recover those of Milton [38], p. 546. We also present a characterization of extremal forms
(see Prop. 4.3). These results are essential to establish necessary conditions on the relevant fields for optimality
of bounds using the compensated compactness method.

In Section 5, we present an interesting application of our results to composites. We focus on the effective
properties of 3D materials made of two distinct phases each of which has two distinctive physical properties
such as electrical conductivity and magnetic permeability. Application of the theory developed in Sections 2
and 3, delivers bounds which were found in [5] (lower bounds) and in [7]; see also [6,34, 35] (upper bounds).
The novelty is two-fold. First the upper bounds were not found before using the compensated compactness
method (in contrast, for the case d = 2, Cherkaev and Gibiansky [12], have a complete characterization based on
compensated compactness). Second, and most important, our work shows that the bounds cannot be improved
by a more clever choice of the invariant rank-(d — 1) forms in the class of those which are rotationally invariant.
At present the upper bound is only known to be optimal at five specific points. Therefore one should either
consider 2-forms which are not rotationally invariant or change the bounding method to include more detailed
information about the specific problem under consideration, like in [48]. A third possibility is to look for new
microgeometries. In fact, non invariant 2-forms have already been considered by Dell’ Antonio and Nesi [16] in
the context of linear conductivity and by Gibiansky and Cherkaev in the context of linear elasticity [20,21].
We remark that although we refrain ourselves to present the details, our approach permits to treat anisotropic
composites, a task which seems beyond the capabilities of the method based on analytic dependency exploited
in [34,35]. Finally, in Section 6, we generalize our approach in such a way to be able to cover the setting
of the div-curl lemma of Tartar and Murat [42,59]. Indeed we consider forms acting simultaneously on fields
of “almost gradient” type and of “almost divergence” type. Our results are not conclusive for these cases
because we have not achieved a complete description of “extremal forms”. However we prove an algebraic
lemma, Lemma 6.7, that reduces the calculation to a set of inequalities involving k X k matrices for any given k.
Moreover, in Corollary 6.9 we characterize, for any k, those forms for which the results which are the analogous of
Theorems 1.7 and 1.8 hold both for F' and —F, effectively characterizing what should be called “null lagrangians”
in this context. Overall our results should be seen as a generalization of the work of Milton and Cherkaev and
Gibiansky attempting to make optimal use of the compensated compactness statements. Many open questions
remain.

2. TOOLS FROM REPRESENTATION THEORY

Let M(d, d) be the algebra of d x d matrices with real coefficient, endowed with the inner product
(A, B) :=Tr(AB").

Recall that the orthogonal group O(d) is the group of matrices R € M (d,d) such that RR' = Id(d) acts on
M(d, d) by
O(d) x M(d,d) — M(d,d)

(R, M) — RMR. (2.1)
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This induces the action

O(d) x M*(d,d) — ME(d, d) (2.2)
(R,M) = (R, (My,...,My)) — (RMiR!, ..., RM;R') = RMR?!, '
and the contragradient action
O(d) x R[x%j, . ,chj] — R[m}j, . ,chj] (2.3)

(R, f(X1,..., X)) +— [(R'XiR,...,R'X\R).

The ring of invariants R[Jc?j]o(d) is the ring of polynomial functions f € R[IZ] which remain invariant under

the action (2.3). Its homogeneous component of degree e is denoted by R[z/]¢ ). Classical invariant theory

J
provides us with a complete description of the multilinear orthogonal invariant of 2k vectors (see [64]). From
this it follows that every orthogonal invariant of R[z/,]°(%) is a polynomial in the elements Tr(U" U™ ... U')

where U' = M or U? = (M*)? (see [50]). In particular writing M = (M, ..., M*), we have

O(d)

Theorem 2.1. Any invariant 2-form F on M*(d,d), i.e. any element of R[x};]5" ", can be written as follows

k k k
F(M) = ayTe(M(MI)) + 3 by Te(MIMT) — 3 ¢y TeM T Mo (2.4)

7,j=1 1,j=1 1,j=1

We define the symmetric k x k real matrices A, B and C with entries (A4);; = a5, (B)i; = bi; and (C)ij = ¢4,
respectively and note that any invariant 2-form F' is in a one to one correspondence with the triple of symmetric
matrices (A4, B, C).
Therefore F' depends exactly on three symmetric £ x k matrices A, B and C. In particular R[m%]g(d) has

di . 3k(k+1)

imension —5—*.
Definition 2.2. We will say that an invariant 2-form F on M¥(d, d) is associated to (A, B, C) when F has the
representation given in (2.4).

Remark 2.3. With the language of Definition 2.2, the forms defined in (1.25) are associated with the triples
(A,B,C) = (5H,5H,H) if r > 2 and to the triple (A, B,C) = (0, H, H) if r = 1.

The next remark will be used many times in the paper.

Remark 2.4. The map F' — (Ap, Bp,CF) defined in Definition 2.2 is linear:
(AFJ’,F/’ _BFJrF/7 CF+F/) = (AF + AFH Br + Bp/,Cp + CF/) . (25)

For our computations the basis {Tr(M¢(M7)), Tr(M*M7), TrM*TrM7} of R[z%]g(d) provided by Theorem 2.4
can be conveniently replaced by a different bases which takes into account the decomposition of M (d, d) under
the action of O(d).

Let P; : M(d,d) — M(d,d) be defined by

Py = 0D

L Td(d) , PoM = %(MJth) — P\ M, PsM = %(MfMt) (2.6)

and let P, M be the image of P;. The P; are mutually orthogonal projectors and give rise to the orthogonal
splitting
M(d,d) = PyM & PoM & PsM (2.7)
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which is a splitting into irreducible subspaces under the action (2.1) of the orthogonal group. We note, for

future reference, that

Remark 2.5. The vector spaces of this splitting are irreducible O(d) modules. They are also irreducible SO(d)
modules, except for d = 2 and d = 4. For d = 2 the traceless symmetric matrices are reducible over C and
irreducible over R. For d = 4 the antisymmetric matrices are reducible over C and R (see [64], Th. 5.9 A).

We will not pursue here the goal of studying 2-forms which are invariant with respect to the action of SO(d)
rather than O(d). This topic is discussed in [51].

Elements of Py M are matrices which are multiple of the identity and therefore sometimes called scalar
matrices. Similarly Po M is called the space of traceless symmetric matrices and P3 M the space of antisymmetric
matrices, and we have

P\M' =P M, PoM'=PyM, P3M'=-P3M. (2.9)
We have the following obvious but extremely useful identities:
(M,N) := Tr(MN") = (PyM,P;N) + (PoM,PoN) + (PsM,P3N) , (2.10)
Tr(MN) = (P1M,P1N) + (Po M, PyN) — (PsM,PsN), (2.11)
Tr(M)Tr(N) = d{P1M,P1N). (2.12)

The next corollary is now immediate and gives another basis of R[x?j]g(d).

Corollary 2.6. Any invariant 2-form F, can be written as follows

k
F(M) = Z {[aij + bij — dCinPlMi,Ple) —|— [aij + bij]<P2Mi,P2Mj> + [aij — bUKPgMZ,PgM])} . (213)

ij=1

Proof. Use Theorem 2.1 and the identities (2.6), (2.10) and (2.11). O

It is useful and interesting to point out that the forms

k
FPM) = Y hiG (M, M), red{l,....dy (2.14)

4,j=1

already defined in (1.25), take an especially simple form if described in the language of the projectors P;.
Indeed one has

g.,-(M,N)Z—(d—T')<IP1M,P1N>+’I"<IP2M,P2N> if QST, (215)
GiI(M,N) = —(d — 1)(P,M,P,N) + (P, M,PyN) — (Ps M, P3N). (2.16)

Remark 2.7. The expression (2.15) shows that if 7 > 2 the extremal form does not depend on the antisymmetric
part of the matrices. Using Theorem 1.15, it is easy to conclude that any invariant rank-r convex 2 form is
actually convex in the subspace

k—times

P3MX---XP3M.

We will return on this issue in Section 4.

We will use the invariance of the 2-forms to give rank-r convexity a particularly simple form. To this end
the following definitions are crucial.
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Definition 2.8. We define Mf;m to be the set of elements M = (M, ..., My) of M¥(d,d) such that each M;
has the last d — r rows equal to zero. The space M’;,T is obviously isomorphic to M*(d,r). When k = 1, we
write M(d,r) for M'(d,r) and M, . for Mg .

Definition 2.9. For M = (M*, M2 ..., M*) € M*(d,d), we define S*(d,r) by

k
M € S*¥(d,r) <= dim (ﬂ Ker(Mi)> >d—r. (2.17)

i=1
Remark 2.10. The crucial fact is that
M € 8¥(d,r) <= IR € O(d): (RM'R',...,RM"R") € M}, (2.18)
i.e. the map

O(d) x Mk . — S*(d,r) (2.19)
which sends (R, M) to RMR' is onto. In short: the orbit of M% = under the action of O(d) is S*(d,r).

Definition 2.11. Given an invariant 2-form F over M*(d, d) we denote by F| its restriction to S¥(d,r) and
by F| its restriction to M’;’T. We call F|| the restricted form associated to F.

Since F' is O(d)-invariant, F(R'MR) = F(M) for any R € O(d) hence, by (2.19), the values of F'| are
completely determined by the values of F||.
We introduce the following notations:

Definition 2.12. Given a jointly rank-r convex, invariant 2-form F' we set

Nr = Eigenspace relative to negative eigenvalues of F’

Kr = Eigenspace relative to null eigenvalues of F'

Pr = Eigenspace relative to positive eigenvalues of F'

Kp = {MeS*d,r): FM) = 0} (2.20)

Py = {MeS&*d,r): F(M) >0}

Kpg = {MeM}, : F(M)=0}

Pg = {MeM}, : F(M) >0}

Remark 2.13. Note that

Pr = (Nr®Kp)*
Py = Skd,r)\Kg (2.21)
Py = Mj, \Kg.

Remark 2.14. The sets Ky and Pp are completely determined by K and P respectively. In fact the sets
Kp and Pp are the orbits of the sets K and Ppg under the action of O(d), i.e. the map (2.19) restricted to
O(d) x Kp (resp. O(d) x Pg) surjects onto O(d) x Kp (resp. O(d) x Pg).

Finally we introduce some notations to be used in the next section. For any matrix M € M, ., we define
(see (2.22)) N € M(r,r) to be its principal minor, obtained by taking only the first 7 rows and columns of M,
and E € M(r,d — r) the matrix formed with the first » rows and the last (d — ) columns of M.

M= (zg L ) (2.22)

with N € M(r,r) and E € M(r,d —r).
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The following relations link the invariants of M to those of N and F:

Tr(MM?) = Tr(NNY) + Tr(EE?)

Te(MM) = Tr(NN) (223
(TtM)? = (TtN)? '
(TrN)?2 = r|P;N|J?.

With a slight abuse of notation, we have denoted by P; N the first canonical projection acting on the space
M(r,r) (rather than on the space M(d,d)).

3. AN ALGEBRAIC CHARACTERIZATION OF RANK-7r CONVEXITY

The present section is devoted to prove Theorems 1.15 and 1.20. The most important ingredients are
Lemma 3.1, Corollary 3.2 and Lemma 3.3. We use the notation of Section 2.

Lemma 3.1. Let d > 2. Let F be an invariant 2-form associated to the triple (A, B,C) in the sense of
Definition 2.2. For any integer v € [2,d], the following characterization holds:

A+B—-rC>0

Ifr > 2, F is jointly rank-r conver <= ¢ A+ B >0 (3.1)
A-B>0
and
L A>0
F is jointly rank-1 convex <= { ALB_C>o. (3.2)

Proof of (3.1).

Part 1: r = d. We want to check the joint convexity of F'. This is an immediate consequence of Corollary 2.6.
Indeed, in the new coordinates inherited by the irreducible decomposition of Section 2, (see 2.6), the Hessian
of F' is the direct sum of the matrices A + B — dC, A+ B and A — B each one with its multiplicity. They are
the dimensions of Py M, Pa M and P3 M as given by (2.8).

Part 2: 2 <r < d. We may assume d > 3, otherwise there is nothing to prove. We need to check the joint
rank-r convexity of F, with r € [2,d — 1]. We divide the proof in several steps.

Step 1. We use (2.7), (2.9) and (2.11). By Remark 2.10, F is jointly rank-r convex on M¥(d, d) if and only if
F| is jointly convex on Mflﬂ,.

Step 2. Using (2.23), we compute the restriction F'|| of F' to Msm. One has

k

FI (N',N?,... N* EYE* ... E*) = " a; {Te(N'(N?)") + Te(E*(E/)")}
i,j=1
+ 3 by Te(N'NY) = Y ¢ TiN'TeNY . (3.3)
4,j=1 i,j=1

Step 3. Rewrite the above expression using the projectors P; defined in (2.6). Recall that they now act on
r X r matrices. In particular, one has

(TrN)? = r|Py 2. (3.4)



12 V. NESI AND E. ROGORA

We get
k
FI (N',N?,...,N*E" E? ... E*) = ) [aij + bij — reij ] (PyN', PLNY)
i,j=1
+ Z aijTI'(Ez(Ej)t) + Z [aij +bij]<P2NZ,P2NJ>
3,j=1 i,j=1

k
+ > fai; — byl (PsN*, PsNY).  (3.5)

ij=1

Using Part 1 of the present Theorem applied for d = r and the independence of the E’s from the N's, we get
that (when r > 2)

A>0
A+B—-rC>0
A+B>0
A—B>0.

F|| is jointly convex on MS’T — (3.6)

Step 4. Finally we remark that the third and the fourth inequalities in (3.6), imply the first one. On use of
Step 1, this concludes Part 2 for the case d > 3.

Proof of (3.2). The proof is very similar to that of (3.1) except for the fact that when r = 1 the orthogonal
splitting (2.7) trivializes. Only P; survives. One is then led to the system of inequalities in (3.6) but without
the third and fourth inequalities (which were originated by the projections Py and P3). We get that

A>0
.. k =
F| is jointly convex on My, <= { ALB_C>0. (3.7)

This time, however, the first inequality is not automatically satisfied and it must be retained. The proof is now
complete. 0

The following corollary is particularly useful. It performs the first step of our program. It shows that the forms
defined in (1.25), are indeed rank-r convex.

Corollary 3.2. For each r=1,2,...(d — 1), the form .7-'1(;) defined in (1.25) is rank-r conver.

Proof. Let us begin with the case r > 2. We need to verify (3.1). Recalling Definition 2.2 and Remark 2.3, the
forms .7-'1(;) are associated to the triple (A, B,C) = (§H, $H, H). Hence, by Lemma 3.1, fg) is rank r-convex
if and only if

rH > 0. (3.8)

By assumption 7 > 2, and H > 0. Hence (3.8) is satisfied. The case r = 1 is similar. This time .7-'1({1) is associated
to the triple (A, B,C) = (0, H, H). Hence, by Lemma 3.1, f};) is rank 1-convex. O

We now perform the second part of our program addressing the extremality issue.
Lemma 3.3. The forms (1.25) are (r,s) extremal for r =1,2,...,(d—1), s=r+1,...,d.

Proof. We start by considering the case r > 2. For fixed r, we need to show that, if .7-"1(;) is the sum of a jointly
rank-r convex form Q and a jointly rank-s convex form &, then S is zero. Recall that, by assumption, § is
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rank-s convex and s > r > 1. Hence, according to Definition 2.2, it is associated to a triple (Ag, Bg, C's) which,
by Lemma 3.1, satisfies the following system of inequalities:

As+ Bg —sCg >0
As+Bs >0 (3.9)
Ag — Bg > 0.

The form fg) is associated, by construction, to the triple (A, B,C) = (5H,5H, H) (see Rem. 2.3). Since

.7:1(;) = Q+ S, the form Q is associated with the triple (Ag, Bg,Cg) given by

Ag=5H — Ag
Bg = %H — Bg (3.10)
Co=H—-Cs.

By Lemma 3.1, the form Q is rank-r convex if and only if

Ag+Bg—rCqg:=rH—-rH—-Ag—Bs+rCs >0 & As+ Bs<rCs
AQ+BQ :=rH - (As+ Bs) >0 (3.11)
AQ*BQ::BszAgZO.

The third inequality of (3.9), together with the third inequality of (3.11), implies Bs = Ag. The remaining
inequalities read as follows:
245 —sCs >0
9245 >0
2As <rCg
rH — 2AS Z 0

(3.12)

which imply
rCs>2Ag
As >0 (3.13)
(r—s)Cs > 0.

Since r < s, the third inequality implies Cs < 0. The first and the second imply C's > 0, and therefore Cs = 0.

Then the first and second inequality in (3.13) implies Ag = 0. Therefore the rank-s convex form S is associated
to the triple (0,0, 0), and therefore it is identically zero as asserted. This completes the proof for the case r > 2.

The case r = 1 is similar. Suppose F I({l) = Q + S where Q is jointly rank-1 convex and § is jointly rank-s

convex. Let (Ag, Bg,Cg) and (Ags, Bg,Cyg) be associated to Q and S respectively. Recall that by (2.3), .7-'2)
is associated to (0, H, H). We have

As —Bs >0, (3.14)
As+ Bs >0, (3.15)
Ag+ Bgs—sCg >0, (3.16)
and, by construction,
Ag =—-As, (3.17)
Bg =H — Bg, (3.18)

Co=H-Cs. (3.19)
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By Lemma 3.1

Ag >0, (3.20)
Ag+Bg—Cq >0. (3.21)
Note that (3.14) and (3.15) imply Ag > 0. Using the latter and (3.17) we get Ag < 0. The latter and (3.20)

imply Ag = 0. Then by (3.17) we get Ag = 0. Now use (3.14) and (3.15) to obtain Bg = 0. Since Ag = Bg =0
and s > 0, (3.16) implies Cs < 0; since Bg = 0, by (3.18) we get Bg = H. We are left with the inequalities

Cy < 0
{ H-Co=Cs > 0 (3.22)
from which we conclude Cg = 0. Thus As = Bs = Cg =0, hence S = 0. [l

We are now ready to prove Theorem 1.15.

Proof of Theorem 1.15.

Part I. Fix » > 2. By Corollary 3.2 we know that F' = .7-'1(;) is rank-r convex. By Lemma 3.3, we also know
that the form fg) is (r,s) extremal for s > r. Therefore to prove Part I, it is enough to show that for any
jointly invariant rank-r convex 2-form F', there exists a symmetric matrix H such that, F' can be written as the

sum of .7-'1(;) and a jointly convex invariant 2-form Cyy.
Let F be associated to the triple (Ar, B, Cr). Set

Ar+B
H:= $ (3.23)

and define fg) accordingly. Thus .7-"1(}') is associated to

Ar+ Br Ar+ Br Ar+ Br
2 ’ 2 ’ r '

Since F' is rank-r convex, the second inequality in (3.1) shows that H, as defined in (3.23) is non negative and
therefore .7-"1(}') is (r, s) extremal by Lemma 3.3. It remains to show that C := F — f((Z)FJrBF)/T is convex. By
construction, C is associated to the triple

A Br A Br A B Ap —Br Bp— A A B
(Ap, Bp,Cp) — (22 Lr Art Or 2r*Pr) _ (Ar—Pr Pr—AF o AFTOR) (39
2 2 r 2 2 r
By Lemma 3.1, C is convex if and only if the following inequalities hold
Arp — B Br— A A B
F r, br L o F+ DF >0, (3.25)
2 2 r
Arp — B Brp—A
F2 L. F2 >0, (3.26)
AF — BF BF — AF
— >0. 3.27
2 2 - ( )
The latter holds if and only if
Ap+ Bp —rCg >0, (328)

Ap — Bp >0, (3.29)
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which are verified because of the first and third inequalities in (3.1).
Part II. We assume k > 2 since for £k = 1 there is nothing to prove. Given r > 2, let F' = .7-"1(;) for some
symmetric H such that H > 0. We first prove that if H has rank one, then F' is (r, s) extremal for s =r, ..., d.
Assume by contradiction that FF = Q + P with @ and P non zero, linearly independent and (r, s) extremal for
s =7,...,d. Here in particular Q and P must be (r,s) extremal for s > r. Hence there exist Hg and Hp
symmetric and non negative definite such that Q and P are associated to (5Hq, $Hq, Hg), (5Hp, 5Hp, Hp),
respectively. Since Q # 0, P # 0, rank(Hg) > 1 and rank(Hp) > 1. Since Q and P are linearly independent,
rank(Hp + Hg) > 2. By construction, H = Hp + Hg and we obtain a contradiction because rank(H) = 1 by
assumption.

Now we prove that if rg = rank(H) > 2, .7-"1(}') is not (r,r) extremal. Indeed, if .7-"1(}') is associated to

(5H, 5 H, H) we write H = Y- H; with H; = h;y @ hy, h # 0. Then F0) = Y~ F) £ is (. ) extremal by
. 2 Fu P,

i=1 i=
the first part and, if ¢ £ j, they are linearly independent by construction. Hence .7-'1(}') is not (r,r) extremal if
r> 2. O

Remark 3.4. Inspection of the proof of Theorem 1.15 shows an algorithm which, for any invariant rank-r
convex 2-form F' associated to (A, B, (), delivers a specific extremal invariant rank-r convex 2-form namely

.7:(AT+)B and, by setting

C:=F-Fql,
it also delivers an explicit convex part in the decomposition (1.26).
The latter decomposition, as already remarked in Remark 1.22, is not unique but it has the following char-

+eG
Exactly the same observation and the same formula applies to the case r = 1.

Proof of Theorem 1.16.

Part I. By Corollary 3.2 and Lemma 3.3, the form (1.23) is jointly rank-1 and quadratically (1, s) extremal for
s > 1. Therefore, in order to prove Part I, it is enough to show that for any jointly invariant rank-1 convex
2-form F', there exists a symmetric matrix H such that F' can be written as the sum of fg) and a jointly convex
invariant 2-form C. Let F be associated to the triple (Ap, Bp,Cr) and set H = Ap + Bp. By Remark 2.3,

.7-'1({1) is associated to (0, H, H), hence C is associated to the triple

acteristic property. For all € > 0 and for all G = Gt > 0, the 2-form F — f& . is not convex!

(As, Bs,Cs) = (Ar,—Ap,Cr — Ar — BF). (3.30)

By assumption, F' is jointly rank 1-convex, hence, by Lemma 3.1

Ar >0
{ Ap +Brp —Crp > 0. (3'31)

We need to prove that for all integers s € {2, d} one has

Ag+ Bg—sCs >0
As+Bg >0 (3.32)
Ag—Bg>0.

By (3.30), we have that (3.32) is equivalent to
7S(CF — AF — BF) Z 0

0>0 (3.33)
245 >0
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which is verified by (3.31), for any integer s € {2,d}.
k k
Part II. Let H = Y H;, rank(H) = k, rank(H;) = 1. Since (0, H, H) = Y (0, H;, H;) then, by Remark 2.4,
i=1 i=1
k
.7-"1({1) => }-1%)' By Part I, each f&) is rank-1 convex and extremal. Hence F' is extremal if and only if F' = f};)

i=1

with rank(H) = 1. O

Proof of Proposition 1.19. We treat the case r > 2 first. Let F' be associated to (A, Bp,CF). In the proof of
Theorem 1.15, Part I, we already proved that F' = fg; + C where Hp = (Ar + Bp)/r and C is associated to

AprF BpfAF AF+BF
> 2 T
k
and it is convex. Now write Hp = uf ® uf using the spectral theorem and note that, by Remark 2.4,
j=1

. k
Fi) = Y Fi7

F F-
=1 uj ®uj

The case r = 1 is similar. In the proof of Theorem 1.16 we have proved that F' = .7-'1({1; +C where C is convex and
Hp = Ap + Bp. The difference now is that Hp is only symmetric but not necessarily non negative. Therefore

rank(Hp)

Hp= > H,
j=1

with H; symmetric and rank one. Hence H; = oju’ ® u/ where o7 is either 1 or —1. The rest of the proof is
identical to the previous case. O

Proof of Proposition 1.20. (=) We use the canonical form given by Proposition 1.19. It suffices to prove that

F I(; ) is (r,s) extremal for every s > r. This was already proved in Lemma 3.3.
(<) An immediate consequence of the definitions. O

4. SOME CHARACTERIZATIONS OF EXTREMAL FORMS

In this section we present some characterizations of the extremal forms fg) as defined in (1.25). We treat
in detail the case £k = 1 and the cases £ > 1 when rank H = 1 and when rank H = k.

We are interested in describing explicitly the spaces in (2.12) only for functions which are (r, d) extremal. As
usual the case r = 1 is special and will be treated separately. We treat the case k = 1 first since, as we shall
see, the case when F is (r,r) extremal is essentially reduced to the case k = 1.

We shall say that the (r,d — r) block form of a matrix M is a block decomposition of the form

Mg | Mo
4.1
( Msy | M2z ) (4.1)

where M1 € M(r,r), M1s € M(r,d—r1), Moy € M(d —r,r), Moy € M(d—r,d—r). When there is no risk of
ambiguity, we omit the horizontal and vertical segments in (4.1).

Lemma 4.1. Let k=1,d >3, 7 € {2,...,d} and recall (1.22) and (2.7). Let F = G") be the (r,r) extremal
rank-r convex form defined by

G (M) = G,.(M, M) = g(Tr(MMt) + Tr(M?)) — Tr(M)32. (4.2)
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Then
NG(T) = Pl./\/l (43)
Kow = PsM (4.4)
AMd(r)+Q | 0
AER, QEP3M

For the matrix in (4.5), we have used the (r,d —r) block form defined in (4.1).

Proof. Recall Part 1 of the proof of Lemma 3.1. The Hessian of an invariant rank-r convex two form associated
to (4, B, C) in the sense of Definition 2.2, is the direct sum A+ B—dC, A+ B and A— B with their multiplicities,
the matrices above being associated to the spaces Py M, PoM and P3 M respectively. In our case k = 1 and
(A, B, C) reduces to the real numbers (%, 5 1). Therefore in suitable coordinates the Hessian of G, is given by

dd1) imes H% ) times
. /—/H
diag(r —d, 7,...,7 , 0,...,0 ). (4.6)

This proves (4.3) and (4.4). We now prove (4.5). In this case one has A =a, B =0, C = c and

G| (N,E) = (a+b—rc)PiN>+a|E]?+ (a+b)|PyN|? (4.7)
+(a — b)[P3N|?
— ;EF+H%NF.

Therefore G || = 0 if and only if £ =0 and PoN =0, i.e.

N'+ N30
_ nt
M_R( 3 O)R

for some Ny = Ald(r) and N3 = —(N?3)! € P3 M. O

Note that, as R ranges over O(d) the set of matrices
N3] 0O
t
R ( L ) R
coincides with P3 M when d = 3, r = 2. In this case our result reduces to that proved in [38], p. 546. However,
when d > 3, this is not generally the case since 3 X 3 antisymmetric non zero matrices have rank 2, while 4 x 4

antisymmetric non zero matrices may have rank 2 or 4.

The next result refers to invariant (r,r) extremal jointly rank-r convex functions, for r > 2.

Lemma 4.2. Given the integers k > 1, d > 3, r € {2,...,d} and a symmetric matric H > 0, let F(M) =
fl(;')(M) be (r,r) extremal so that there exists a non zero vector u such that H = u ® u, see (2.14). Use the
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notations of Definition 2.12. One has

k
M e NFH < z:uﬁ\fZ e Pt M N (48)
=1
k
M e KFH < Z u; M* € P3M N (49)
=1
k .
McKp <+ ZuiMl € Kgoy - (4.10)
=1

Sketch of the proof. By construction

k
FOMY, M2, M*) =G" <Z uM> . (4.11)
1=1

Then use Lemma 4.1. O

Proposition 4.3. Given three integers 1 < k, 3 < d and 2 < r < d, the set of (r,r)-extremal, jointly rank-r
convez, invariant two forms is characterized by the following property: F is (r,r)-extremal if and only if the
restriction F'| of F to Mf;m mazimizes the dimension of its kernel among all possible jointly rank-r convez,
invariant two forms which are not convez.

Proof. Let F be a jointly rank-r convex invariant 2-form associated to (A, B, C). By (3.5), the Hessian of F||

in suitable coordinates, is given by

(A+B-rC)o{Ae---0Alo{(A+B)o---©(A+B)}o{(A-B)e---®(A-DB)}. (4.12)

r(d-r) times

2 . 2_ .
TTﬂfl times T times

For a k x k symmetric matrix M we set z(M) to be the number of zero eigenvalues of M. With this notation
we have

2

7°2+7° re—r

dim(Ker(F|)) = 2(A+ B —rC) +r(d —r)z(A) + ( - 1) 2(A+ B) + ( ) 2(A-B). (4.13)

Let us compute the dimension of KerF|| when F'is (r,r) extremal. In this case C = H = u®u, A = B = fu®u.

Hence

z(A+ B) = z(4) = k—1
Therefore, when F' = F g, one has

{Z(AJrBrC) = k = zA-DB)

A(r,d, k) := dim(Ker(]ﬂggulL)) L14
= k== (S -1) G- )+ (52) k. (4.14)
Therefore if F is (r,r) extremal (r > 2) then
dim(Ker(F|)) = A(r,d, k) .

‘We now show that if F'is not convex then

dim(Ker(F|)) < A(r,d, k) .
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Assume, for contradiction, that F' is not convex and dim(Ker(F'||)) > A(r,d, k). We claim that necessarily
either

2(A) =k or z2(A+B)=k. (4.15)
Indeed at least one of the addends of the sum in (4.14) must increase; the first and the fourth cannot increase.
The second and the third can only increase if z2(A) > k—1 or z2(A+ B) >k — 1 i.e. if and only if (4.15) holds
as claimed. We now check that neither case can occur in (4.15).

1. z(A)=k cannot occur. Indeed, z(A) = k implies A = 0, because A is symmetric. Then, since by rank-r
convexity A— B > 0 and A+ B > 0, one has that also B = 0. Next, since by rank-r convexity A+ B —rC > 0,
one obtains C' < 0. In this case, by Lemma 3.1, F' is convex, which contradicts the assumption.

2. z(A+B)=d cannot occur. If z(A + B) = d, then A+ B = 0. The condition A + B — rC' > 0 implies
C <0 and, by Lemma 3.1, F' is convex.

This shows that, if F' is not convex, then dim(KerF||) < A(r,d, k) and therefore, dim(KerF']|) is maximal if
F|| is extremal.

Now we want to show that, conversely, if dim(KerF'|) = A(r,d, k), then F is (r,r) extremal. Indeed, if F'
is not convex we have already seen that dim(KerF'||) < A(r,d, k), z(A) < k and z(A + B) < k. Therefore,
by (4.14), one necessarily has z(A — B) = k = z2(A+ B — rC). Since A, B and C are symmetric, this implies
A= Band C =4tE_ Setting H := C one has that F is associated to (5 H, 2H, H) and therefore it is (r,r 4 1)

extremal and is denoted by fg). Recall that H = 0 implies .7-'1(;) = 0 which implies fg) convex, hence H # 0.
Moreover for any non negative H # 0,

2 2 _
dimKer(Fy)) = k +r(d —r)z(H) + (T ;T —1) 2(H) + ——

The latter is always less than or equal to A(r,d, k) with equality (for H # 0) if and only if rank(H) = 1. d

In Lemma 4.1 we have described the spaces (4.3), (4.4), (4.5) for (r,r) extremal invariant 2-forms i.e. forms
7. with rank(H) = 1. Now we want to describe these spaces when rank(H ) is maximal.
We need to recall the following result, due to Von Neumann, see [63].

Theorem 4.4. Let A,B € M(k,k) be two symmetric non negative matrices. Let 0 < a3 < az < --- < ay and
0<by <bg <--- < by be the eigenvalues of A and B respectively. Then

arby + - +apby STI“(AB) < aiby + -+ agby . (4.16)

Since the matrix R*BR has the same eigenvalues as B if R is orthogonal, we have the following corollaries.

Corollary 4.5. Let A and B be as in Theorem 4.4. For each R € O(k),
arby + - +apby < Tr(AR'BR) < aiby + - - + agby . (4.17)

Corollary 4.6. Let A,B € M(k,k) be two symmetric non negative matrices such that Tr(AB) = 0. Then
rank(A) +rank(B) <k .

Proof. Suppose that rank(A) = s. Let a3 = -+ = ag—s = 0 and ag41 # 0. Since
0 =Tr(AB) > ag—sy1bs +--- +arby >0,
(the first inequality by Th. 4.4, the second by non negativity of A and B) we have

ak,5+1b5 +---4+apby =0.
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Hence, since ag—s41,.-.,ar are strictly positive, we have by = --- = by = 0 and rank(B) < k — s, from which
the result follows. (|

Lemma 4.7. Let F = fg) with rank(H) = k. Then

Np, = PIM@---aPM, (4.18)
k times

Kp, = PsM& - @PsM, (4.19)
k times

KerF|| = Kgoy - (4.20)

Proof. First we prove (4.18) and (4.19). As in the proof of Lemma 4.1 we observe that the Hessian of an
invariant 2-form associated to (A, B, () is the direct sum of (A + B — dC, A + B, A — B) with multiplicities k,

k (@ - 1) and k (@) respectively. For extremal forms with r > 2, one has that there exists H such
that H = HY, H > 0 and

A+B—-dC = (r—dH
A+ B = rH
A—-B = 0.

Hence we get (4.18) and (4.19).
We now prove (4.20). We need to prove that

F| (N',... NKE' .. E¥)=0 << E'=0and N'c PLM@PsM, i=1,..., k. (4.21)

By Remark 2.3, the form F' = FF; is associated to (5H, 5 H, H) and by (3.5),

k k
r i . i .
FI (N',... . NK B B = Z hij(E', E7) + Z hij(PaN' Py NYY. (4.22)
7,7=1 7,7=1
Therefore (4.22) vanishes if and only if
k . .
> hij(E*, E7) = 0
L 4 4 (4.23)
> hij(PoNYPoNY) = 0
i,j=1
If we define the matrices £ and Po N by
E;; = (E',E), (PyN);; = (PoN*, PoN7) (4.24)
then (4.23) can be rewritten as
Tr(HE) = 0
{ Te(HP,N) = 0 (4.25)
with E and Po N symmetric and non negative. Since rank(H) = k, by Corollary 4.6, (4.25) implies E = 0 and
P,N = 0. This implies E* =0 and P,N; =0 for alli =1,...,k. (I

In Section 5 we will show, in one specific example, how to apply our results to bound effective moduli. The
goal is to minimize the amount of linear algebra and optimization to be made and perform it once and for all.
The results of the present section will turn out to be very useful in that respect. The basic fact is that in the
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kind of applications we shall discuss in Section 5 it is particulary useful to know, for a given jointly rank-r
convex, invariant 2-form F', the vector space N defined in Definition 2.12, because, as we shall see in Section 5,
only in those subspaces one can obtain information which is not already recoverable by convex forms.

We have shown in the present Section that for extremal forms, if » > 2 such subspaces have dimension at
most k, reducing the complexity of the general problem. For instance, for k properties in dimension d one has to
deal in principle with matrices of dimension kd? x kd?. We reduce the problem to a problem involving matrices
of dimension k2. For dimension d = 3, with k = 2 the algorithm reduces from 324 to 4 parameters. The price
we payed is that we disregard non invariant forms.

5. BOUNDS IN HOMOGENIZATION

In this section we shall apply our results to a significant example in the theory of composites. Let us start
with a very short review. Let T = (0,1)%. A symmetric 3 x 3 matrix valued measurable function ¥ defined on
R3 and T periodic is called a conductivity matriz if there exists K > 1 such that

K 'Id3) < £ < KId(3)  a.. in R (5.1)

The effective conductivity ¥* associated to X is defined as the unique symmetric 3 x 3 matrix satisfying the
following properties: VF € M (3,3)

Tr(FY*FY) = inf / Tr((DU + F)Y(x)(DU + F)")dz. (5.2)
UGWﬁl’z(’Jl‘,]Ri") T

The space Wﬁl’2 denotes as usual the space of zero mean vector fields which are in W/llo’f(R3,R3) and are
T-periodic, see [14].

Remark 5.1. The periodicity assumption is made to keep things as simple as possible. For the general
definition through the theory of G-convergence and of H-convergence (or even I'-convergence) the reader is
referred to [14,15,27,44,45,53,58].

For a general introduction to the field of bounds see also [38,61,65]. To state the general bounds in the
present setting we will use the following definition, in which we identify a pair of d x d matrices with a vector
of 2d? components, obtained by juxtaposition of the rows of the first with those of the second matrix.

Definition 5.2. Given a 2-form F on M?2(d,d) x M?(d,d), we write M for the symmetric 2d% x 2d? real
matrix which satisfies
mr (A A = F(A, B)
B J'\ B ' ’
for all A, B in M(d,d).

Note that M¥ is the Hessian of F' divided by 2. In what follows ¥ and A are conductivity matrices in the
sense of (5.1).

Theorem 5.3. Let I be a 2-form and let M be associated to F via Definition 5.2.
Part 1. If F is jointly rank-1 convex, then the inequality

Y(z) @ 1d(3) 0 F ;
( 0 Az) ® 1d(3) ) -M" >0 a.e. in R3 (5.3)

implies the inequality

< 5+ ®01d(3) N ®Old(3) ) . MF 4 </T << E(x)egld@) A(x)égld(g) > Mp>ldx>_1 (54
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Part I1. If F is jointly rank-(d — 1) convez, then the inequality

Y z) ® Id(3 0 F ;
( ( )0 (3) A) - ® 1d(3) ) - M >0 a.e. in R3 (5.5)

implies the inequality

( (z*)—l()@ 1d(3) (A*)A?g[d(g) ) S MF4 (/T (( 2*1(:c)0® 1d(3) Aﬂ(gj)o@) s ) _MF)_ldx>1 .

The proof is a well known consequence of compensated compactness. We refer to [12], [36] and [58].
From now on we will make the following assumptions.

Y(z) = (o1x(x) + o2(1 — x(2))1d(3),

Az) = Mix(e) + Ao (1 = x(2))1d(3)
S =0*1d(3), A* = \Id(3)

Hz/Tx(:c)d:c.

In physical terms we are assuming that both the first and the second physical properties are locally isotropic
and that they have isotropic effective moduli. The function y is the characteristic function of some measurable
subset of T. The number @ is called the volume fraction and it obviously satisfies 6 € [0, 1]. The next assumption
is that we will restrict the forms to be rotationally invariant. In this case, the splitting (2.7) induces a splitting
of the matrix M¥ = M¥ + MI + MY so that each of the inequalities (5.3), (5.4), (5.5), (5.6) can be written
as a system of three inequalities involving lower dimensional matrices. Actually, each of the matrices M/ can
be written as a direct sum of two dimensional blocks depending only on i, which we continue to call M and
which, for ¢ = 1,2, 3, have multiplicities 1, @ — 1 and @ respectively.

We now focus on the upper bound. For the lower bound the analysis is very similar, hence it will be omitted.
Part II of Theorem 5.3 becomes

and we will set

o (x) 0 P . s
( 0 )\*l(z) >M: i=1,2,3 ae inR

implies (5.7)

(5 oo (7)) s) e

Moreover, by construction, the matrices M/ are given by

ME = A4+B-3C
M = A+B
ME = A-B (5.8)

where (4, B, C) is the triple associated to F' via Definition 2.3.
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Remark 5.4. The same happens if £ > 2. The invariant forms always give rise to three algebraic problems
on symmetric elements of M (k, k). The next step is to show that among invariant two forms attention can be
restricted to (r,d) extremal ones. This crucial observation is due to Milton [36] and it has also been exploited

by Cherkaev and Gibiansky [20].
I
o vol(Q) Jo

Lemma 5.5 (Milton). Let Q be a bounded measurable domain of RY. Let o > 0, let ¥ be a symmetric real
matriz valued function U : Q — M(d,d) such that ¥(z) > ol a.e. in Q. (Mg(d,d) denotes the vector space
of symmetric real valued d x d matrices). Set V to be the set of symmetric non negative definite matrices H
which satisfy H < ¥(zx) a.e. in Q. and set

We will use the notation

T:V — Mg(dd)

to be .
][(\Il(x) —H)™* dx) + H. (5.9)
Then

T(H) <7T(0) (5.10)
for all H € V. Moreover, if ¥ is not constant, T (H) < T(0) for all H € V \ {0}.
Proof. A version of this result is proved in [38]. We give here a self contained alternative proof which maybe of

independent interest.
Step 1. For H € V set

gm :0,1] = Mg(d,d)
to be
gu(t) =T (tH)
and note that gy is well defined. Indeed if H € V, then tH € V for all t € [0, 1], as it is easily verified. We
want to prove that gy (1) < gu(0) for all H € V and gg (1) < gg(0) if H # 0 and ¥ is not constant.
We have

1
9(V) = 91(0) = [ gu(s)ds. (5.11)
0
where g (s) denotes differentiation of gg(s) with respect to s.

Claim 1. Let He V, H#0,t € (0,1). Then

gu(t) = H — (]{Z(W(x)—tH)_ldx>_l : ]é(‘ll(x) — tH) 'H(¥(z) — tH) 'dx - ]é(‘ll(x) — tH) 'dax.
(5.12)

Claim 2. For all H € V and for all t € (0,1) we have gi(t) < 0. Moreover, if H € V' \ {0} and ¥ is not
constant, then gg(t) < 0.

Assuming Claims 1 and 2, and using (5.11) the proof of Lemma 5.5 is concluded. It remains to prove Claims
1 and 2.

Proof of Claim 1. For any A : (0,1) — Mg(d,d) of class C! we have the well known formula (see [9])

— AT t) = —ATY ) A AT (5.13)
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Using (5.13) one has

gu(t) = H — (]{z(‘ll(x) —tH)ldx)_l : (% ]{l(\lf(:c) —tH)ld:c)_l : (]{z(\lf(x) —tH)ldx)_l . (5.14)

By using (5.13) again we get Claim 1.
Proof of Claim 2. By (5.12) the statement is equivalent to

(ﬁ(‘ll(x) tH)! dx) H (]é(‘ll(x) tH)! dx) < ]é((\lf(ac) ) H () — tH) ) de. (5.15)
Set

B(z) := H'/? (W(z) —tH) ™" . (5.16)
Then (5.15) can be written as

]{th(z)B(:c) dz > ( jéBt(:c)d:c> < ]{ZB(z)dz> . (5.17)

Note that the inequality M* M > 0 for all matrices M € M (d, d) implies

(Bt(x) - ]éBt(:c)dx> (B(:U) - ]éB(x) d:v) >0 aein®

L(B@ - [t ) (5@ - b)) a=o
]éBt(x)B(x) da > (]{ZBt(x) dx) (]{ZB(@ dx) .

This proves that (5.15) holds. Moreover equality in (5.15) holds if and only if it holds in (5.17) 4.e. if and only if

and the latter implies

which is equivalent to

B(z) = ][B(x) dz.
Q
By (5.16) the latter is equivalent to the fact that ¥ is constant. O

In order to simplify notations we introduce the two by two matrices

V() = ( "_(1)(5”) x?(x) ) (5.18)

and

" oyt 0
\Il = < O )\*_1 ) . (5.19)

By Lemma 3.1, M4 and M{" as defined in (5.8) are nonnegative. Therefore, by Lemma 5.5, (5.7)2 and (5.7)3

can, at the very best, deliver the bound
-1
T* > (/ \Iz(x)—ldx) (5.20)
T

i.e. the well known “arithmetic mean” bound.
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Moreover (5.7)1 can deliver a better bound than (5.20) only if A+ B — 3C' is not positive definite.
When F is extremal, F' is associated to (5H,5H,H). Since d = 3 and r = 2, we have that F' is associated
to (H, H, H) and therefore

ME = —-H
ME = 2H
ME = 0

where H is a nonnegative definite symmetric matrix:

hi1 hiz
H= >0.
( hia  haa ) -

After some easy manipulations (5.7) becomes:

U(z)—2H > 0
a.e. in R? (5.21)
H > 0
implies
(5.20)
U > —H+ (/ (\Il(x)—i—H)_ldx)_ (5.22)
T
A > 2H+(/ (\I/(:v)—2H)_1dx) :
T

Using (5.9) with the choice (5.18), conditions (5.22) can be rewritten in the following fashion:

7(0)
vt > T(—H) (5.23)
T(2H).

Remark 5.6. Lemma 5.5 implies that, given two symmetric nonnegative matrices H; and Hs
if H1 Z 1{27 then T(Hl) S T(Hg) (524)

Using Remark 5.6 we obtain that (5.23) is equivalent to ¥* > 7 (—H).

Now, for simplicity, we make some further assumptions leading to the so-called interchange inequality prob-
lem. We assume that

1
o1 =1 =X
{O’QK)q (5.25)
and we set )
= 0 K 0
_ K _
Dl_(o K) Dg_(o %) (5.26)

There are still three parameters to optimize over, the entries of the matrix H. We obtain:
(5.21) = (5.22)

if and only if

Di—2H > 0
Dy—2H > 0 =U*>T(—H) (5.27)
H > 0.
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One can check, using a monotonicity argument of the same type of Lemma 5.5 that we omit, that the best
bound in (5.27) is obtained when H satisfies

det(Dy — 2H) = det(Dy — 2H) = 0.

The corresponding matrices H depend only on one parameter, called o and one easily checks that

+
H(a) = ( ﬂféa) b OEa) ) (5.28)
with 8% (a) := i\/(K —a) (% — a) and o € [ := [%, KQLH} Finally, it is easy to check that
Hy :H<K2+1>ZH(Q), Va e 1. (5.29)

Hence, by Remark 5.6, the best bound in (5.27) is obtained for

K 11
The above choice H = Hj delivers the following upper bound:
TK?+5 1
60N 4+ ——— (0" + N)+ K2 +4+ — <0. 5.31
o +K(1+K2)(U+ )+ K+ +K2_ (5.31)

We recall that the already known lower bound has the following explicit expression:

1
(K + E) (6" A*=2)+ 0"+ X" >0. (5.32)

We set Lg = ;;gff; and U = %}K;) They represent the lower and upper Hashin-Shtrikman bounds for
a mixture of two isotropic phases with conductivities K and % and volume fractions % and %

In Figure 1 we display simultaneously (5.31) and (5.32) for K = 9. It is well known that the upper bound
is attained at five points, which are spotted in Figure 2 for the case K = 9. For the derivation of the latter
result the reader is referred to [34,35,52]. The pertinent microgeometries use an idea of Schulgasser and
were found by Milton. They are described in Section 11 of [5]. We will not digress further on this. Let us
just point out that quite a number of authors have given contributions to the subject including Beran [6],
Bergman [7], Milton [34,35] and, Allaire and Maillot [4]. In two dimension we mention the work of Keller [28]
and Dykhne [17]. For a more general situation when (5.25) does not hold and the effective conductivities are not
necessarily isotropic see Gibiansky and Cherkaev [12], which fully characterize the range of the pair of matrices
Y. and A, completing previous work of Milton [34,35], considering only isotropic composites. See also Clark
and Milton [13]. For phase interchange inequalities, see [5] and, for more than two phases the reader is referred
to [47,65]. In the latter works, the authors, in particular, gave a new proof of the lower bound used in the
present section. The previous derivation, in [5], was slightly incorrect.

Remark 5.7. The way we optimized the family of bounds (5.27) over the admissible matrices H is essentially
to use Lemma 5.5. The result is that one can choose H so that rank(D; — 2H) = rank(Ds — 2H) = 1.

We learned the idea of trying to maximize the number dim(Ker(D; — 2H)) + dim(Ker(Ds — 2H)) from [12]
(see also [11,38]).

The suggestion of Cherkaev-Gibiansky is very intuitive because the largest the kernels of Dy —2H, Dy —2H
is, the weaker the conditions that a putative optimal field should satisfy are. As it turns out, one needs some
extra considerations to find the optimal H.
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FIGURE 1. Region bounded by best FIGURE 2. The “Milton-Schulgasser”
available bounds for K = 9. points, K = 9.

Remark 5.8. Optimality conditions are a very important issue. Let us point out that the results of Section 4
provide a basis for a systematic study. For instance, an optimal field must have constant antisymmetric part
(zero if such is the average field).

Remark 5.9. The result of the present section can be extended to deliver bounds for anisotropic composites
in contrast to the results using complex variable techniques. Extension to more than two physical properties is
also possible.

6. THE “MIXED” CASE

The theory developed so far is not yet general enough to treat many interesting cases falling, in a natural way,
in the framework of compensated compactness. In particular, we would like to consider a framework general
enough to include the well known div-curl lemma of Murat and Tartar. In the latter case one considers scalar
products of sequences satisfying (1.7) and (1.8) with sequences satisfying (1.10) and (1.11).

To make the exposition clear we begin with the case £ = 2 and restrict attention, as usual to invariant
2-forms. Throughout this section we consider only the case d > 3. We look for jointly rank-(1, (d — 1)) convex
forms in the following sense.

Definition 6.1. A 2-form F on M?(d, d) is rank-(r,d — r) convex if for any pair of d x d matrices (P, Q) such
that

dim (KerP) = d—r, (6.1)
dim (KerQ) = r,
Ker P and Ker @ are orthogonal (6.3)

one has
F(P,Q)>0. (6.4)
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Remark 6.2. For a rank-(r,d — r) convex 2-form F', the positivity of F(P, Q) is automatically guaranteed for
a slightly more general class of matrices, using the following result.

Lemma 6.3. Let F be a rank-(r,d — r) convex 2-form. Let K and L be two orthogonal subspaces of M?(d,d)
such that dim(K) = d — r and dim(L) = r and let P,Q € M?3(d,d) be two matrices such that KerP 2 K and
KerQ D L. Then F(P,Q) > 0.

Proof. A simple continuity argument that we omit. O

Definition 6.1 is the right one to apply the compensated compactness theory. The div-curl lemma of Murat
and Tartar considers the case r = 1:

Theorem 6.4 (Tartar and Murat). Let Q be an open bounded subset of R? and let (P.,Q.), (Py,Qo) be in
L2(;RY*) and satisfying (1.7), (1.8), (1.10) and (1.11).
Let F be a jointly rank-(1,d — 1) convex 2-form then, for any ¢ > 0 with ¢ € C.(f2), we have

timint [ GF(P.QIds > [ 0 (P, Qo)d, (6.5)
€—> Q Q
The div-curl lemma corresponds to the choice F(P, Q) = Tr(PQ"). As it is well known Tr(PQ") = 0 for all P
and @ satisfying (6.1), (6.2) and (6.3). Therefore, for F(P, Q) = Tr(PQ") equality holds in (6.5).
In this section we prove two results about invariant jointly rank-(1, (d — 1)) convex 2-forms. The first gives
the analogue of Lemma 3.1. First we need a further definition.

Definition 6.5. Given positive integers, 7, ki and ks, set k = k;+ko. A 2-form F on M¥(d, d) is (k1, k2)-jointly

rank-(r,d — r) convex (1 < r < d) if for any (P!,..., P") € M*(d,d) and any (Q*,...,Q%) € M*2(d,d) such
that

U=KerP'=... =KerP",  dim(Ker(U)) =d—r, (6.6)
W =KerQ' =--- =KerQ*,  dim(Ker(W)) =r, (6.7)
u, wW orthogonal (6.8)
one has
F(P',..., P Q',....Q") >0. (6.9)

As in Lemma 6.3 the positivity of F(P!,..., P¥ Q1! ..., Q") is automatically guaranteed for a slightly more
general class of matrices.

Lemma 6.6. Let r, k1, ko be positive integers, and let k = k1 + ka. Let F be a 2-form which is (k1, k2)-jointly
rank-(r,d —r) convex (1 <r <d). Let (P,..., P*) e M*(d,d) and (Q*,...,Q%) € M*2(d,d). Let K and L
be two orthogonal subspaces of M?(d,d) for which dim(K) = d —r, dim(£) = r and such that

kl k2
K C m KerP!, L C m KerQ’. (6.10)
i=1 j=1
Then
F(PY,..., P QY ...,Q") >o0. (6.11)
Proof. As for Lemma 6.3, a simple continuity argument that we omit. (Il

Lemma 6.7. Let d > 3, ki, ka be two positive integers and let F : M*¥17%2(d d) — R be an invariant 2-form
associated to (A, B,C) written in [k, k2] block form as follows (see (2.22))

A Ap
a=(a %)
A A
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where A € M(ky, k1), Ap € M(k1,ks), A € M(ky, k2), and similarly for B and C. Then F is (ki,ks) jointly
rank-(1,d — 1) convez if and only if

A+B>0 (6.12)
A-B>0 (6.13)
A Bg
= > .
(B% ki )_0 (6.14)
A+B 0
( 3 AH;)czo. (6.15)
d—1

Proof. Using the arguments of Section 2, the O(d)-invariance of F' implies that it is enough to check positivity
of the restricted form F||. In this case, this means to consider F(P!,... , PR, Q’”) for matrices of the

form
i n' | upi i 0 0
Pe(5 ) o= (et

where n’ € M(1,1), vpi € M(1,(d—1)), vgi € M((d—1),1) and N9 € M((d—1),(d —1)). The restriction of
F' to matrices of the above form is denoted as usual by

1 k
Fll=F| (n1,...,nk,0p1,. .., Upk,VQ1, ..., Vgka, N*y..., N™2).

We use the following elementary identities

Te(PY(P))") = ninj+ (vpi,vps) (6.16)

T(Q'(Q)) = Te(N'(N7)") + (vgi, vgi) (6.17)

Tr(PY(Q7)) = 0 (6.18)

Te(P'P)) = nn; (6.19)

T(Q'Q)) = T(N'NY) (6.20)

Te(P'Q7) = (vpi,vqi) (6.21)

Tr(PHTr(P)) = nin; (6.22)

Tr(Q)Tr(Q) = Tr(N')Tr(N7) (6.23)

Tr(PH)Tr(Q?) n; Tr(N7). (6.24)

Moreover, since d > 3, we have

3

Tr(NY(NT)) = > (BRN',PpNY) (6.25)
k=1

Tr(N'N7) = Y (PeN',PpN7) — (P3N, PsN7) (6.26)
k=1

Tr(N)Tr(NY) = (d—1)(PyN*,P;N7). (6.27)

We claim that writing F'|| with the help of (6.16)—(6.27) and using the projections P; one obtains the assertion.
We now check our claim. We write a5, a;; and afg for the entries of A, A, A respectively. We do the same for
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B and C. We have
F| = jZl [dijTr(Pi(Pj)t) + by Te(PPPT) — éijTr(Pi)Tr(Pj)}

+Z= [ TH(Q Q1)) + by Tr(Q'QY) — &, Tr(Q) Tr(Q) |

+2 kg]i [af Te(PY(Q7)?) + bE Te(PIQ7) — & Te(P)Tr(QY)] .

%

By using equations (6.16)—(6.27) it is easy to verify that the above expression can be rewritten as

k1 ko k1 ko
FlL = Z &ij<vpi,Upj>+ Z dij<’UQi,’UQj>+2z Zbﬁ(’l)pi,UQj>
i,j=1 i,j=1 i=1j=1
ko ~ . . ko - ) )
30 (@ + big) (Pa(N'), PoNY)) 32 (g = biy) (Pa(NY), P (N7)
1,]= 1,]=
k‘l ~
+ 22 (ij + bij — éij)nin;
i,j=1
ko Giitbi; - . .
+ 30 (e — ) T(NTR(NY)
2
z]kl k2 5 .
-2 21 '21 ciiniTr(N7).
1=1j=

The variables vpi, vgi, ni, IV J are all independent from each others. Therefore the latter expression is positive
if and only if the following four conditions hold:

k1 k2 k1 ko
Z dij(’UPi,'UPj> + Z dij<’UQi,UQj> + 22 Z bg(vpi,’lJQj> >0, (6.28)
i,j=1 i,j=1 i=1 j=1
ko _ _ .
> (@i + bij)(PaN', PaNY) >0, (6.29)
i,j=1
k2 B
> (@i — big) (PsN;, PsN;) > 0, (6.30)
i,j=1
k1 R ko &"+l~)-- _ ' k1 ko .
> (ai + by — Gj)nang + Y <ﬁ - a-j) Tr(N)Te(N7) =23 > " cfniTe(NY) > 0. (6.31)
7,7=1 7,7=1 =1 j=1

Clearly (6.28), (6.29) and (6.30) are equivalent to (6.14), (6.12) and (6.13) respectively and (6.31) is equivalent to
/i + B — C —Cg

—ct, AtB &
which is equivalent to (6.15). O

The next result characterizes the analogue of quasi-affine functions. We need a definition.
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Definition 6.8. Given positive integers k1, k2 set k = k1 + ka. We say that an invariant 2-form F is (k1, k2)-
jointly rank-(1,d — 1) affine if both F' and —F are (k1, k2)-jointly rank-(1,d — 1) convex.

Corollary 6.9. An invariant 2-form F is (ki, ko)-jointly rank-(1,d — 1) affine (d > 3) if and only if F is

associated to
0 | Ag H|O0 H|O0
(&) (5) () @2
for some symmetric H € M(k1,k1) and some arbitrary Ag € M(k1,k2).

Sketch of the proof. We need to choose A, B,C' so that the inequalities (6.12)-(6.15) are satisfied as equalities.
The first two implies A = B = 0. The third one implies A=Bg=0. Finally the fourth one implies C=A+B
~ _ A+B
and C' = 242 O
Corollary 6.9 may be already known although we were unable to locate the right reference in the literature.
As usual we would like to classify “extremal forms” but we do not have a complete picture yet. This will be
left for future work.

7. CONCLUDING REMARKS AND OPEN PROBLEMS

Our work is tightly linked to the issue of semicontinuity of integral functionals of the kind I(B) = [, f(B) dz
with B € M(d,d). When B = DU and the integrand is not a 2-form, the notion of rank-one convexity has to
be compared with that of quasiconvexity introduced by Morrey [41] as opposed to the classical convexity theory
valid for scalar functions and initiated by Tonelli [62]. In this general context the notions of quasiconvexity and
rank-one convexity turn out to be different (at least when d = 3) as proved by Sverak in [55]. Similarly, if B
satisfies a linear differential constraint of the form AB = 0, when r > 2, rank r-convexity must be compared with
the appropriate notion of A quasiconvexity introduced by Fonseca and Muller [18]. Our results have an impact
in this more general context. For instance, when considering integral functionals of the form I(U) = fQ f(DU)
with f not quasiconvex, one may attempt to compute a lower bound for the quasiconvexification Q) f of f by
using the same kind of ideas used in composites. If f is continuous and it grows at least quadratically at infinity,
the method works. An explicit example can be found in the pioneering work of Kohn and Strang (see [29-31])
and more recently in many papers including [1, 3], just to cite a few. In this context one faces exactly the
same difficulties explained in the context of homogenization in Section 5. Our results may be valuable in those
circumstances.

The issue of finding “extremal”, say quasiconvex functions arise explicitly in the work of several authors
including Milton [36], Allaire and Kohn [2] and Sverak [54]. The present paper represents a contribution
toward that goal: for smooth functions, our work selects the extremal quadratic part, thanks to the theory of
compensated compactness of Tartar.

Many questions, even in the quadratic case, remain open. Let us quote a few of them. First, we do not
characterize extremal forms for what we called the mixed case. This seems an interesting subject left for some
future work. Second, no general results are available for non invariant forms, but it is most likely (see [16,20]) that
some of them are “extremal”. Their algebraic structure however seems rather intricate. Their characterization
would be very useful in applications. Third, finding extremal SO(n) invariant forms requires new techniques.
In particular one needs to include forms which are SO(n) invariant but not necessarily O(n) invariant. Such
forms exist if n is even and they can be quadratic for n = 2 and n = 4. In general SO(n) invariant of matrices
are built by adding a further typical invariant (in the sense of Weyl) to the trace, i.e. the complete polarization
of the pfaffian (see [51]).

In “practical” terms our results were tested on a difficult problem as explained in Section 5. Our results
establish the upper bound for isotropic composites. It is better than those obtained by various authors including
the bounds obtained in [4] by using H-measures techniques. It coincides with the best known bound which was
obtained by different techniques (see [6,34,35]). Our method has the advantage of showing very clearly how to
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get similar bounds for more than two properties and/or for anisotropic composites. In contrast, the previous
derivations in 3D seem limited to the case of two physical properties and to isotropic composites.
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