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ON THE OPTIMAL CONTROL OF COEFFICIENTS IN ELLIPTIC PROBLEMS.
APPLICATION TO THE OPTIMIZATION OF THE HEAD SLIDER

IoNEL CIUPERCA!, MOHAMED EL ArLAoul TALIBI?> AND MOHAMMED JAI®

Abstract. We consider an optimal control problem for a class of non-linear elliptic equations. A
result of existence and uniqueness of the state equation is proven under weaker hypotheses than in
the literature. We also prove the existence of an optimal control. Applications to some lubrication
problems and numerical results are given.
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1. INTRODUCTION

In order to achieve increased surface density in a magnetic disk file, the head/disk spacing, which is one
of the most critical elements determining the performance of a hard disk drive (HDD), has been continuously
reduced. However, the reduction of the head/disk spacing increases the possibility of contact between head
slider and disk, leading to a catastrophic failure of the head/disk interface (HDI). To obtain a low and stable
flying altitude, it is important to increase the air-bearing stiffness. Finding the gap profile which maximises
the load developed by the bearing leads to a higher bearing stiffness and thus to a more stable slider [11]. The
slider/disk separation is thin enough for the lubrication hypotheses to hold. This leads to the compressible
Reynolds equation [2]:

V- [(udy + 6Ku?)Vy] = A - V(uy) € .
Y = Pq x € 0N} 1)
where the air bearing normalized pressure y = y(z) is the unknown of the problem. The normalized film
thickness between the head and the magnetic disk is given by u = wu(z) which is the control of the problem.
Q C R? is the region (with smooth boundary 9) where the upper (head) and lower (disk) bodies are in
proximity. K > 0 is the so-called Knudsen number, A = (A1, A3) is the bearing number, and p, is a given

function defined on .
If we take as a criterion of optimality that of “maximal load” the optimisation problem is

Find u* € “an appropriate control set” such that j; (u*) = min j; (u)
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with
i) == [ () - pa)iz
Q

where y(u) denotes the solution of (1.1) corresponding to an arbitrary control u.

This kind of problem also appears in the optimal design of compliant foil journal gas bearing. Using gas as
a lubricant allows to increase life durability and to limit the power loss due to shearing of the hydrodynamic
film, which makes it attractive for high-speed turbomachinery. In particular, compliant gas bearings supply
additional damping and thus increase stability. The counterpart is the lower load capacity with respect to oil
lubricated bearings. So it is important to find the optimal shape of compliant gas bearings which maximises
the load capacity.

Under the hypothesis u € W1°°(Q), Chipot and Luskin [3] have shown the existence and uniqueness of a
weak positive solution of (1.1). In [13] Tello proved the existence for the continuum compressible Reynolds
equation (Eq. (1.1) with K = 0) in the case where u is a piecewise constant function. He also obtained W
regularity of the solution in this case. In [4] Diaz and Tello obtained the same result of regularity for the
incompressible Reynolds equation. In [7] Grigor’ev et al. proved the existence and uniqueness of a positive
solution of the continuum compressible Reynolds equation under hypothesis u € C1»7.

In the first part of this paper we obtain the existence and uniqueness for (1.1) under the weaker assumption
u € L™,

Very few examples of sliding bearing optimization can be found in the literature. The first and most famous
one was investigated by Lord Rayleight [10] who found the one-dimensional step bearing which can carry the
largest load for incompressible fluid. Rohde and McAllister [12] numerically computed the best gap profile for a
two-dimensional incompressible gas bearing achieving maximum lift force. In the aforementioned examples the
gap profile obtained was discontinuous. It is well known that the minimization in Sobolev spaces of type W1 (£2)
leads to over-regularization of the control. This brings us to study the problem under weaker hypotheses on u:

e the existence and uniqueness of (1.1) where
u€ L®(Q), a<u(r)<pPae e with o, some positive constants;

e the optimisation problem under the supplementary hypothesis that u belongs to an appropriate closed
bounded subset of BV (Q).

In fact we consider in this paper a general optimal control problem of the form

Join [j(u) = F(u, y(u))] (O)
subject to
V Ala(z, u(@))y + b(z,u(z))] Vy} = V- d(z,u(z),y) z€Q
y=g x € 0N} (P)
y>0ae zin
where

e Q CR" ne{l,2,3}, an open bounded subset with smooth boundary 9€;
e U,q is the closed bounded set of the space of the functions of bounded variation in 2 defined by

Uga ={u e BV Q)NL®Q),a<u<Gand TV(u) <c} (1.2)
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with «, 3, ¢ some given positive constants, BV () is the Banach space of bounded variation functions
and TV (u) is the total variation of u (see (4.2));

F:Ugx H — R;

g:Q2—R;

a,b:QxR—>R"2;

d:QOxRxRt —R™

In Section 2 we prove the existence and uniqueness of a weak solution y of the following more general problem

V- {[d(m)y + l;(x)} Vy} =V-d(z,y) z€Q
y=g z €00 (PGEN)

y>0ae. zin

under some weak hypothesis for Fz,l~) Q- R”2, d:QxRT > R" and g.
This will imply the existence and uniqueness of a weak positive solution y(u) of (P) for any u € U,q.
In Section 3 we shall consider the linear elliptic problem

{ ~V - (A(x)Vy) + V- (B(z)y) = f
(1.3)

y € Hy(Q)
with A: Q — R”Q, B : Q — R™ We prove existence and uniqueness for A bounded and uniformly elliptic and
B € L"(Q) with > n. This hypotheses are weaker than in the literature [6]. The same kind of results will be
given for a linear elliptic problem in non-conservative form (the term V - (B(z)y) is replaced by B(z) - Vy).
In Section 4, we first prove the existence of a solution of the optimal control problem (O). We then give
optimality conditions in the two dimensional case only.

In Section 5 we give some applications to lubrication problems and finally, in the last section we give some
numerical results.

2. STUDY OF THE STATE EQUATION

2.1. Existence and uniqueness of (PGEN)
We first study the general nonlinear elliptic problem (PGEN). The hypotheses on data are

a= (dij)lgi,jgn with dij S LOO(Q)

Zdij(x)figj >)€l? ae x€Q, VEER™ for a given v > 0. (Ha)
,J
We set
a = sup [|ai;l L= ()
i,j
b= (Bij)lgi,jgn with Bij € LOO(Q)
(H,)

D bij@)ti&; = ElP ae xeQ, VEER™
2%
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We set B B
b= S;}})HbinL“(Q)
d= (dNi)lgign with JZ(, y) measurable Vy > 0
cL(ac,O) =0ae z€N (ﬁd)
|di(2,y2) — di(z,y1)| < dly2 — 1| ace. © € Q¥yy,y2 >0 for some d > 0
geH(Q), 0<g<gae z€Q forsomeg>0. (Hyg)

In the following, we consider only positive weak solutions of (PGEN) in the sense:

Y

Definition 2.1. A function y is called a positive weak solution of (PGEN) if y € g + Hg(2) N L>(Q), y(z)
0 a.e. z in 2 and

/ (d(ac)y(x) + 5(3@)) Vy - Vudzr = / d(z,y(z)) - Vodz Yo € H} (Q). (PVGEN)
) )

2.1.1. Euxistence
To show that (PVGEN) has a solution by using a fixed point procedure, we set for any positive number R

Br={yeL*(Q):0<y(z) <R, ae z€Q} (2.1)
which is a closed set of L?(2) and define the operator
T:Br — H'(Q) (2.2)

by Ty = z if z € g+ HZ () is the unique solution of the variational problem:

/Q (d(ac)y(x) + l;(x)) Vz-Vude = / d(z,y(z)) - Vodz Yo € H (Q). (2.3)

Q

We introduce also the operator S from Bg to L?(2) defined by Sy = (T'y)* = max(Ty,0).
From the hypotheses (H,)(Hp)(Hq)(Hy), it is clear that the problem (2.3) has a unique solution. In order
to prove that S has a fixed point by the Shauder fixed point theorem we shall state some preliminary lemmas.

Lemma 2.2. Let z =Ty with y arbitrary in Br. We have:

V2|l 2y < CVR (2.4)
2(x) <G+ DVR ae xinQ (2.5)

where
C and D depend only on (a,b,v,d, g, ).
Proof. Taking v = z — g in (2.3) we obtain
/ (d(:ﬂ)y + B(:c)) Vz-Vzdr = / (d(:ﬂ)y + B(x)) VzVgdx +/ d(z,y) - Vzdz — / d(z,y) - Vgdz.
Q Q Q Q

Using (H,)(Hy)(Hg) and (H,) and since y € Br we have

fy/ (y+1)|Vz|*dx Smax(@,g)/ (y+1)|Vz||Vg|dx+cZ/(y+1)|Vz|dx+cZR/ |Vg|da. (2.6)
Q 0 0 0
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Now using (1 + y) < v2v/Ry/T1 + y for R > 1 with the Cauchy-Schwarz inequality we obtain

/ (y+1)|Vz)?dz < C1VR </ (y + 1)|Vz|2dx) + C2R
Q Q

where 3 . _ )
VaRax(@OVellrae + A L AVl

gl v
which implies that there exists a constant C depending on the same parameters as C, Cy such that

C =

(/Q(y + 1)|Vz|2d:v)% < CVR 2.7)

leading to the desired estimate (2.4).

We show now the estimate (2.5). We use the classic L™ estimates of solutions of elliptic variational equations
given in Kinderlehrer and Stampacchia [9].

For any real constant k > g, we set

A(k) = {z € Q: 2(z) > k}-

Since ¢ = (z — k)T € H}(Q) we can take v = 1) in (2.3) and obtain:

/Q (&(x)y + l;(:c)) Vi - Vipdz = /A(k) d(z,y) - Vipdz

from the above equality, (Hy) (Hq), the Cauchy-Schwarz inequality and since y € B we have

Y / Vo Pdr < AWRIAR)[2 < / y|vw|2dx>
Q A(k)

1
2

<aVRAWM| ([ yi9sRa)

Using also (2.7) we obtain
cd 1
IVl < — RlAR)[. (2.8)

On the other hand, for any r with 4 < r < 6, we denote by co2(r) the constant satisfying the following inequality:

[vllLr) < c2(r)|VollL2), Vo € Hg ().

We have for any [ > k > g and r > 4 with the help of the above inequality:

(I~ kYA = / (I - k)rdz

Al)

< /A(l)(z(:n) —k)'dx

- / | de
A(l)

< ()" IVYllL2 -
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From (2.8) we obtain

es(r)?RCA]"" |AGk) 5
gl 1=k

Using Lemma B1 of Kinderlehrer-Stampacchia [9], we obtain (2.5) with

1A < l

d r
D = /2Dy )5 5ot (29)
v
O
2
Corollary 2.3. For R> R, = (% + DT2 +g)) we have S(Bgr) C Br where D is defined by (2.9).
Proof. The result is obvious from Lemma 2.2 and the fact that Sy > 0 a.e. in . O
Lemma 2.4. T and S are continuous from Br to L*(Q)
Proof. Let y € Bg be fixed and y,, € Br a sequence such that y, — y in L?(Q) for n — occ.
Recall that
0<yx)<R, 0<yy(r) <R aexzeR
We set
z2=Ty, zn="Tyn.
The sequence z,, € g + HJ(£2) satisfies the variational equality
/ (d(x)yn + 5(3@)) Vzy, - Voder = / d(z,yn) - Vodz Yo e HE (). (2.10)
Q Q

Setting v = z, — g in (2.10), we easily obtain
lznllmr @) < C
which implies the existence of z* € g + H}(Q) such that, up to a subsequence, z, converges to z* weakly in

H'(Q) and strongly in L?(Q). Passing to the limit in (2.10) with v arbitrary in D({2) we obtain

/Q (d(x)y + 5(30)) Vz* - Voudx = / J(%y) -Vudz Vo € D(Q).

Q

By a density argument the above equality is still valid for all v € H}(€). Using the uniqueness of solution
of (2.3) we have z* = z and that the entire sequence converges to z, which shows the continuity of 7. The
continuity of S is then a direct consequence of the continuity of the operator v — vt from L3(Q) to L?(Q). O

Lemma 2.5. S(Bg) is relatively compact in L*(2).
Proof. Let z € T(BRr). From (2.4) we have

V(2= g)llL2@) < C.

From the Poincaré inequality we deduce ||z| 1oy < C. Since ||z g1 () < ||2]|m1 (@) we deduce the result. [

Theorem 2.6. There exists a weak positive solution to the problem (PGEN).



108 I. CIUPERCA, M. EL ALAOUI TALIBI AND M. JAI

Proof. From Corollary 2.3, Lemmas 2.4, 2.5 and by using the Schauder fixed point theorem, there exists y € Bgr
a fixed point of S. So there exists z € g+ H} () solution of (2.3) with y = 2*. Taking v = 2~ as a test function
we have

/ (d(ac)z+ + E(I)) Vz~ -Vzdz = / d(z,z%) - Vz~dz + d(z,2%) - V2 da.
Q 2>0 2<0

From hypothesis d~(:n, 0) = 0, the right hand side of the above equality is equal to 0 which implies that 2~ = 0,
so y = z is a weak positive solution of (PGEN). O

2.1.2. Uniqueness

Theorem 2.7. We have uniqueness among all weak positive solutions to problem (PGEN). Further, suppose
that y; is a weak solution to (PGEN) corresponding to the boundary data g;, i = 1,2. If g1 > g2 a.e. in 09,
then y1 > y2 a.e. on §Q.

Proof. We set w = yo — y1 which satisfies the problem

w € (g2 — g1) + Hy (Q)
/Qd(:c)(wva + 41 Vw) - Vode +/Qb(x)VwVvd:c (2.11)

= A(J(x,yg) —d(z,y1)) - Vodz Vv € HLH Q).

We remark that wt € HJ(£2), so we can take as in [6,8], v = wﬁ—ie as a test function in (2.11) with € > 0.

Remark also that

wt Vwt
= 2.12
V(o) = (212)
wt Vw™t
I 1+— )= — 2.1
\% og< +— > T (2.13)

Using (2.12), (2.13) and the hypotheses on the data, we obtain the following four inequalities:

/&(:c) Vw - Vudz = /&(:c) VP dz >0
. f— 6 —_—
Q o Q o (wh +e)?  —

Vuw"|
< a + 7|
< G/Qa(x)w Vsl wF 1 o) dz

wt
Seﬁ/ [Vya| |V log (1+—)‘dx
0 €

+
. - N
/Qb(ac)VwVvdm_v/QVw Vw++€

+
zev/ ‘Vlog (1+ w_)
[¢) €

_ +
< ed/ |w|Mdz
o (wt+e)?

_ wt
S Gd\/ |Q|||Vlog (1 + T) ||L2(Q)

/ a(r)wVys Vode
Q

v dx

2
dx

/(J(xayQ) —d(z,y1)) - Vodz
Q
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We then deduce from (2.11)

+
¥ HVIog (1 + w_)

€

2

_ wt — wt
< Vil 1918 (125 ) sy + @V/1V 105 (145 ) 120
L2(Q)

Since log (1 + %) € H (), from the Poincaré inequality we deduce:

Jr
/ log (1 + w_)
Q €
with C; independent on e.

We then have wt = 0 a.e. x € 2 and the proof is complete. O

2
dz < Cy (2.14)

2.2. Existence and uniqueness of (P)

We suppose that

a = (a;j)1<i,j<n With a;;(-, w) measurable Vu € R,

a;j(z,-) continuous a.e. x € Q

laij(z,u)| < aae zeQ,VueR (Ha)
Zaij(x,u)figj > €)1 ae. x € QVuER VEER"

4,9

b = (bij)1<i,j<n With b;;(-, u) measurable Vu € R,

bi;(z,-) continuous a.e. = €

bij(z,u)| < bae z€QVueR (Hb)
> bij(x,u)&é > llE)° ae. € QVuER VEER”

4,J

d = (di)1<i<n  with d;(-,u,y) measurable V(u,y) € R x R,
di(z,-,-) continuous a.e. x € Qd;(z,u,0) =0 ae x € QVueR (Hy)
|di(z,u,y2) — Ji(z,u,y1)| <d|ys — 1| a.e. © € Q,Yu € RYy;,yz > 0 for some d > 0.

Corollary 2.8. Under hypotheses (H,), (Hp), (Hq) and (Hy), there exists a unique weak positive solution to
problem (P) for any u € Uygq.

Proof. We apply Theorems 2.6 and 2.7 with a(z) = a(z, u(z)), b(z) = b(z, u(x)) and d(z,y) = d(z,u(z),y). O

3. SOME NEW RESULTS ON SOME LINEAR ELLIPTIC PROBLEMS

Theorem 3.1. Let A € (LOO(Q))"2 such that there exists § > 0 satisfying

D Aiy(@)&E = 6lIE)P Vo € Q and £ € R™. (3.1)

ij=1
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Assume B € (L"(Q))™ with v > n. Then for any f € H™1(Q), there exists a unique weak solution of the
following linear elliptic problem:

(3.2)

=V - (A(x)Vy) + V- (B(z)y) = f
y € Hy(Q).

Proof. The proof of the uniqueness is the same as in Theorem 2.7. Let us show the existence.
Let 0 > 0 and consider the operator D defined by
D: H} — H!
v g=Dv=-V-(A(x)Vv) + V- (B(x) v) + ov.

Since problem (3.2) is equivalent to Dv — ov = f, we shall apply the Fredholm alternative to the operator D.
Let
a(v,w) = / A(z)Vv - Vwdz — / B(z)v - Vwdz + 0‘/ vwdz.
Q Q Q
We have

a(v,v) > 5"0”%5(9) - /Q B(x)v - Vudz + 0||v||%2(9).

From the hypothesis we have

< |IBllzr@llvllzr @ IVUllL2 (o

/QB(JU)U - Vudz

with
1 1 1

—=1.
2 r

From the Sobolev embedding and interpolation inequalities, there exists s €]0, 1] such that

[

@) < Cllvll s (o)

< Clloll3ps oy ol 530

1is and g = 138) we obtain, for any n > 0

Then from the inequality ab < %a” + %bq (with p =

| By Vuda| < ol + Conlelie

Then
a(v,v) 2 8]0l @) — 1Vl @) — CODYIIL2 ) + ollvlZz)-
Finally taking n < §, we can choose o sufficiently large such that D is invertible. Now the Fredhom alternative

gives the result. (I

Theorem 3.2. Let A € (L>(Q))"" such that there exists § > 0 satisfying

D Aiy(@)&E = 6lIE)P Vo € Q and £ € R™. (3.3)

ij=1
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Assume B € (L"(Q))™ with v > n. Then for any f € H™1(Q), there exists a unique weak solution of the
following linear elliptic problem:

~V - (A(x)Vy) + B(z) - Vy = f
{ y € Hy(Q). (3:4)

Proof. We can show exactly as in the above theorem that the Freedholm alternative applies here. So it suffices

to prove the uniqueness which is a simple application of the following lemma. (I

Lemma 3.3. With the same hypotheses as in the above theorem, let u in H(S) such that

/ A(z)Vv - Vwdz —|—/ B(z) - Vv wdz < 0 ( respectively > 0)
Q Q

Yw € H () with w > 0. (3.5)
Then supv < supv™ ( respectively infv > inf(—v™)).
Q le) Q [219]

Proof. Tt suffices to prove the part “<0”. The other part is a classic consequence of the equality infv =
—sup(—v). Following the proof of Theorem 8.1 of Gilbarg and Trudinger [6] we suppose that | = supv™ < supw

o0 Q
and choose k to satisfy [ < k < supgv. We set w = (v —k)*.
From (3.5) we deduce
SVl < —/ B(z) - Vu wdz. (3.6)
Q
As in the proof of Theorem 3.1 we can show that for any n > 0,
/QB(I)wdew < Cnllwll ) + CO)llwlzz ). (3.7)
From (3.6) and (3.7), we deduce that there exists a constant C' independent of k such that
1wl 20y < CHU’H%%Q)- (3.8)
The rest of the proof is the same as in Theorem 8.1 of Gilbarg and Trudinger [6]. O
4. STUDY OF THE OPTIMAL CONTROL PROBLEM
Let us denote by BV () the space of functions of bounded variations in € [5]:
BV(Q) ={ve L'(Q), TV(v) < +oo} (4.1)
with
1v(0) =sup{ [ 07 e/ € (CFOP. Ielime < 1] (12)
Q
where, for ¢ = (¢1,92), [[llL (@) = max(|le1]l L= (@), [|©2(lL=())-
BV () is a Banach space with the following norm:
lvllBvie) = l[vllzy @) + TV (v). (4.3)

The next properties of BV (Q2) can be found in [5].
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Proposition 4.1.
(i) If (un)nen C BV () and u, — u in L*(Q), then

TV (u) < liminf TV (uy); (4.4)

(ii) for every u € BV (Q) N L"(Q), r € [1,4+o0), there exists a sequence (un)nen C C°°(Q) such that
limp oo fq |u— up|"dz =0 and lim TV (u,) =TV (u);
n—oo

(iii) for every bounded sequence (un)neny C BV (Q) there exists a subsequence, still denoted u,,, and a function
u € BV (Q) such that u, — u in L*(Q).

4.1. Existence of an optimal control

In addition to hypotheses (H,), (Hp), (Hq) and (H,) we need the following hypotheses on F:
F is continuous from Uq x H*(Q) to R. (HF)

Proposition 4.2. If (up)nen C Usq and u, — u in LY(Q), then u € Uuq and u, — u in L7(Q), for any
r € [1,4o0[.

Proof. As u,, converges to u in L*(Q) and a < u,, < 3, we have o < u < 3, a.e. in 2, and from Proposition 4.1 (i)
we have

TV (u) < c.
Then u € Ugq. Moreover, for any r € [1, +oo|, the following estimate:
[ = ullpr(ay < (8 =) Hun —ull 1o
shows that u,, — w in L"(Q). O

Corollary 4.3. U,q is a compact subset of L"(Q) for any r € [1,+0o0].

Proof. Let u, be a sequence of U,q, then w, is bounded BV (€2). Then the corollary is a consequence of
Propositions 4.2 and 4.1 (iii). O

In the following, we denote by y(u) the positive weak solution y of (P) corresponding to a given control w.
We now give the main result of this section.

Theorem 4.4. The problem (0O) has at least one solution.

Proof. Let (un)nen C Uqq a minimizing sequence and y, = y(u,) such that

F(un,yn) — F* = inf F(u,y(u)). (4.5)

u€Ugq

From Corollary 4.3, there exists a subsequence, still denoted u,,, and a function u* € U,4 such that:
u, — u* strongly in L' (), in L*(Q) and L>°(Q) — weak-*. (4.6)

Let yn, = y(un) € g+ HJ (2) N L>°(Q) solution of

/ (a(x, un)yn + b(z,upn)) Vyp, - Vodz = / d(x,Up, yn) - Vodz Vo € HE(Q). (4.7)
Q Q
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From Lemma 2.2 we have
lynll 10y < C(@,b,v,d,g,9)
ynll L) < C@@,b,v,d,7,).
Then there exists y € g + Hg(2) N L>(9) such that
Yn — y weakly in H'(Q) and strongly in L*(Q).
Since u,, — u* in L*(Q), on a subsequence still denoted by wu,, we have
Uup(x) — u*(z) a.e. z € Q.
From (Hj) and the Lebesgue theorem we deduce
b(x,up) — blz,u*) in L"(Q) Vr e [1,+o0].
In the same manner we obtain
a(x,uy) — a(z,u*) in L"(Q) Vr € [1,+o0].
Since y € L (), we also obtain using (Hy)
d(z,un,y) — d(z,u”,y) in L"(Q) Vr e [l,+o00].

From (4.11) we easily obtain

/ b(x, un)Vyy - Vodr — / b(z,u*)Vy - Vedr Ve e D(Q).
Q Q

We have
/ a(x, Un )Yn VY - Vodz — / a(z,u*)yVy - Veode = ET' + E3 + E3
Q Q
with

Eiﬂ - /(a(maun) - a(x7U*))yHVy” ’ Vgﬁdl’
Q
By = /Qa@s,u*)(yn — Y)V - Vipda

B = [ alea)y¥ion - 9) - Vids
Q
From (4.8) and (4.9) there exists a constant C' independent of n such that

192 Vyn - Vol r2(q) < C

and from (4.12), we deduce
El — 0.

The L? strong convergence of y,, to y and the estimate ||a(z, u*)Vy, - V| 12(0) < C lead to

E3 — 0.
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(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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The weak convergence of y,, to y in H(Q) gives E} — 0, so

/ a(x, hp)Yn Vyn - Vodr — / a(xz, h")yVy - Vedz. (4.16)
Q Q
‘We now write
[ et n) = dla ) Fido = [ (@ n,0) — do, ) - Tipda
Q Q

+ [ (e un.g) = o ) - Viod.
Q
From (Hy), the strong convergence of y,, to y in L?(Q2) and (4.13) we deduce

/ d(z, Un, yn) - Vipdz — / d(z,u*,y) - Vedz. (4.17)
Q Q

Passing to the limit in (4.7) and using (4.14), (4.16) and (4.17) we obtain
/(a(ac7 h*)y + b(x, h*))Vy - Vdz = / d(z,h*,y) - Vedz Ve € D(Q). (4.18)
Q Q

From the density of D(2) in Hg () the formulation (4.18) is still valid for all ¢ € H{(£); the uniqueness result
(Th. 2.7) gives y = y(u™). From the continuity of F' we have

F(un, yn) — F(u”,y) (4.19)
which ends the proof. (I
4.2. Optimality conditions
We give a preliminary result which is a consequence of Theorem 4.2 p. 38 of [1].

Lemma 4.5. Let A € (L"O(Q))"2 such that there exists § > 0 satisfying

S Ay ()68 = 5)¢)> Vo e Q and € R,

i,5=1

Then there exists r* = r*(§, A) > 2, where A = max; ; | Aijll Lo (), satisfying the following property:
For any f € (L (2))? the unique solution u of the problem

V.(AVy) =V-f inQ
( ) (4.20)
y € Hy(Q)
belongs to WOM*(Q) and satisfy
IIyIIW(},r* @ = aillfll o= ()2 (4.21)

with ¢, > 0 depending only on § and A.

Remark 4.6. We apply the above lemma for the problem (P) with A = a(z,u)y + b(z,u), 6 = ~ and
A =aR +b. So, there exists s = s(a, b, v, d, g, Q) > 2 such that, if g € W5(Q) then y € W5(Q).
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In this section we consider the bidimensional case (n = 2), since we need the Sobolev embedding W1:*(Q) C
L>(Q) for any s > 2. We also need the following supplementary assumptions on the data:
There exist @ and 3 with 0 < & < a and 3 > 3 such that

e ¢ and b are derivable in v and

|Oua(z, u)| + |Oub(z,u)| < C Yz eQ, Yu e |a,f); (4.22)

e Jya and 9,b are uniformly continuous on u on [&, B], uniformly in x in the following sense: for any
€ > 0, there exists 6 > 0 such that, if |u; — ua| < § we have

|Oya(z,uy) — dyalz,us)| < € (resp. |Bub(z,ur) — dub(x,us)| < €) Yz € Q, ui,us € & f); (4.23)

(For example the product between a L function in z and a uniformly continuous function in u satisfy
such a condition.)
e The function d is derivable in y and u with dyd continuous in y and 9,d continuous in v and:

|0y d(x,u,y)| + |Oud(z,u,y)| <C Vo eQ, Yuelafb, Yy>0; (4.24)

F is differentiable on U,g x H*(Q); (4.25)
e g € WhH3(Q) with s given in Remark 4.6.

Proposition 4.7. The mapping u — y(u) is continuously differentiable from Uaq to W15(€2).

Proof. To obtain the result we use the implicit function theorem. We first need to plunge U,4 in an appropriate
open set. To do that, let us consider ¢ > ¢ and set

U={ueBV(Q)NL®Q),a&<u<fand TV(u) < }- (4.26)

‘We now set

D = int(U) (the interior of U in the topology of BV (Q) N L>=(Q)). (4.27)
It is easy to see that U,q C D. We now define the mapping

G: W3*(Q)x D — W1s5(Q)

(5.1) — —~dinl(a(z,u)(g + ) + b, w) V(g + 7)) + divldz,wg +5)] )
where s is given by Remark 4.6.
We first show that G is differentiable in 4. Since WO1 #(Q) — L>(Q) it is clear that the application
g€ Wy (Q) — —div[(a(x, u)(g + §) + b(z,w)) V(g + 7)] € W(Q) (4.29)
is differentiable. Let us now show that the application
g e WlH(Q) — d(x,u,g +7) € L*(Q) (4.30)

is differentiable, which will imply the differentiability of G in 5. We have

||d(:c,u, y+g+ h) - d(:L', u, Y+ g) - 8yd(:c,u, y+ g)h| L3(Q)
< |0yd(z,u,y + g +b(z)h) — Oyd(x,u,y + g)|

e X [Pl (4.31)

with ¥(x) € [0, 1],Vz € Q.
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From hypotheses (4.24) and using the Lebesgue convergence theorem we obtain the differentiability. We
have, for all (7,u) € W,*(Q) x D and z € W, *(Q):

g—g(g, u)(z) = —div[a(z,u)V(g + §)z] + V[0yd(z, u, g + §)z] — div[(a(z, w)(g + 7) + b)Vz]. (4.32)

Using hypotheses (4.22), (4.23), (4.24) and by similar arguments we show that the application

(5,u) € W2 () x D 2—2@,@ € LWL (Q).W1(9))

is continuous.
Now it remains to show the differentiability of G in v and the continuity of the differential. We show it only
for the most difficult term:
u € Dbz, u)V(g+7) € L°(Q). (4.33)
We have

I[b(z, ut-h)=b(z, u) =dub(z, )R]V (g+9) || Lo () < [[[0ub(z, uttp(2)h)=0ub(z, w)|h]| L= @) [(g+ D) wrs () (4-34)

with ¥(x) € [0,1], Vo € Q.

Using Hypotheses (4.23) we deduce the differentiability. By similar calculations we show the differentiability
of the other terms and the continuity of the differential.

So G is continuously differentiable.

Finally, we have to show that for any u € U,q %(y(u) — g, u) is an isomorphism from W, *(Q) to W~1(Q).
Since W~15(Q) ¢ H~ (), we can apply Theorem 3.1 with n = 2, r = s, A = a(z,u)y(u) + b(z,u) (remark
that y(u) > 0) and B = —a(x, u)Vy(u) + dyd(z, u, y(v)) which ends the proof. O
Theorem 4.8. Let u* be a solution of problem (O). Then there exists = € HE(Q) such that the following
optimality system is satisfied:

V- [(az, u")y(u) + bz, u”))Vy(u*)] = V- d(z,u", y(u*))  ©€Q, y(u’) € g+ Hy(Q)

= V- [(a(z,u")y(u”) + bz, u")) V] + (alz, u") Vy(u®) — Oyd(z, u”, y(u%))) - V2

=——(uy(u*) x€Q, z€ HHQ) (4.35)

— W) - (u—u*) >0, YuecUyg (4.36)

— (") v = /QU {0ua(x,u*)y(u*) + Oyb(x, u*)} Vy(u*) - Vzdz
- / VO d(z,u*, y(u*)) - Vz+ 0, F(u*, y(u*)).vde Vv e BV(Q)NL>(Q). (4.37)
Q

Proof. Let j : Ugq — R, j(u) = F(u,y(u)). We now classically define the Lagrangian L by:

(a(z,u)y + b(z,u))Vy - Vzda — / d(z,u,y) - Vzdz
Q

L(u,y,2) = F(u,y) +/

Q
Vu € U,y € WH(Q),2 € HY(Q).  (4.38)
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It is clear that j(u) = L(u,y(u),z) Yu € Uaq, 2 € HJ(2). From hypothesis (4.22)-(4.25), L is differentiable
with respect to (u,y). Since u — y(u) is differentiable from Proposition 4.7, we deduce the differentiability of j.
Since u* is a minimum of j on U,q, we classically have (4.36). We also have

dj
di( u*) v =0,Lu",y(u*),2) v+ oL, y(u*),z) ¢
with ¢ = S—Z(u*) - v, which gives

Y () 0= uF(u* y()) v

+/QU[6ua(x,u*)y(u*)+8ub(x,u*) Vy(u*) - Vzdz

_ /Q vdud(z, 0" y(u?)) - Vz + 0, F(u*, y(u?)) - ddz

+ /Q la(z, w*)y(u*) + bz, u*)|Vz - Vipdz

+ /Q la(z, u*)Vy(u*) — d,d(z, u*, y(u"))] - Vz $dz. (4.39)

We now remark that, due to Theorem 3.2 with n = 2 and r = s, the equation (4.35) has a unique solution
z € H}(Q). Since y(u*) = g + g(u*), with g(u*) € W, *(Q) (see proof of Prop. 4.7) we have ¢ € Wy*().
Taking z, the solution of the adjoint problem (4.35) with ¢ as a test function in its variational formulation, in
(4.39), we obtain (4.37). O

5. APPLICATION TO LUBRICATION PROBLEMS

In this section we consider the lubrication problem (1.1). We suppose that u € Uyq as given in (1.2). It is
clear that this problem is a particular case of problem (P) and all hypotheses on data of (P) are satisfied here.
So there exists a unique positive weak solution of (1.1) denoted also by y(u).

5.1. Optimization of the head slider for maximum load

To increase the performance of magnetic disk devices we need to find the shape of the head which gives the
maximum load in order to increase the film stiffness [11]. In this case the fluctuations on the flight induced by
the roughness of the disk are highly reduced. The aim of this section is then to search an optimal shape for the
head under criterion “Maximal load”, i.e

Find u* € U,q4 such that j;(u*) = m[l]n Ji(u)
u€Uga

where
Ji(u) = — /Q(y(u) — pa)da.

This optimisation problem is a particular case of (O) with F(u,y) = — fQ — pa)dz. From Theorems 4.4
and 4.8 there exists an optimal solution u* and an adjoint z satlsfylng

V- [(u3y(u*) + 6Ku*?)Vy(u*)] = A - V(u*y(u*)) =€ Q, yu*) €1+ Hi(Q)
—V - [(uBy(u*) + 6Ku*?)Vz] + (u¥Vy(u*) — Au*) - Vz=1 x€Q, 2 € H} Q)

dji

™ (w*) - (u—u") >0, Yu € Uyqg
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where

—(u*)-v = / v (3u*?y(u*) + 12Ku*) Vy(u*) - Vz dz — / vy(u™)A - Vz de.
Q Q

5.2. Optimization of the head slider for minimum drag forces

Another criterion of optimality is to minimize the drag forces in the direction of the fluid motion. One of the
main objectives in reducing the drag forces here is to maintain the flatness of the PFPE layer which is usually
on the disk in order to make the start-stop phases easier. So the problem is

Find u* € Uyq such that ja(u*) = min jo(u)
u€Uqq

. 1 3udy(u) ?
= - = — d
jQ(U) </Q (u A1 8:51 v
This is also a particular case of problem (O) for which we can apply the general results.
For this problem the optimal solution is given by:

where

V() + 6Ku)Vy(u')] = A- V(u'y(u") =€ Q, y(u") € 1+ HY(Q)

6 Ou 1 3udy(u)
_ . *3 * K*Q *3 *_A* :___/ - HIQ
V- [(uw™y(u*) + 6Ku™)Vz] + (u™Vy(u®) u)-Vz N Q(u A on )dx z € Hy(2)
%(u*)~(u7u*)>0 Vu € Ugq
du -
where
djo

Tu (u*) v = / v (3u*?y(u*) + 12Ku*) Vy(u*) - Vz da — / vy(u*)A - Vz do
Q

(e (220 o

Remark 5.1. In practical situations we look for a compromise of both criterion: maximizing the load and
minimizing the drag forces. We can take for example:

Find u* € U,q4 such that js(u*) = m[ijn Ja(u)
u€Uga

where
Ja(u) = pjr(u) + (1 = p)ja(u) p€[0,1].

The choice of 1x depends on the importance of criterion j; and jo (a smaller i corresponds to a smaller importance
of the load).
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0 02 04 0,6 08 1

F1cURrE 1. Optimal control and corresponding pressure profile. A =100, K =1, = 10, ¢ = 1000.

6. NUMERICAL RESULTS

In this section we find numerically an optimal head shape which maximizes the load (Sect. 5.1) in the one
dimensional case. So the state equation becomes

d (4 5 dy d
il Kl ) =a & 1
e <(u y+6Ku )dx) () (6.1)
y(0) = y(1) = 1. (6.2
We consider a regular subdivision of [0,1] (z; = ih,i =0,...,n+1:h = %-H)

An approximation of the function u € U,q is of the form:

n+1

u"(z) = Z uiXi() (6.3)

where x; is the characteristic function of I; = [z;_1,2;].
Remark that

TV (") = |uipr — wil. (6.4)
=1

We solve problem (6.1) using the P1 finite elements and fixed point iterations. We then solve the corresponding
adjoint problem (4.35) and we evaluate j; and its gradient. We then use the procedure DONLP2 from Netlib
library to minimize ji.

We observe in Figures 1 and 2 that increasing A leads to an increasing of the entrance point (u*(0)). Actually
the number A is very high due to the very thin film thickness. In order to avoid a large entrance point we take
a smaller § for which we obtain a saturated optimal shape (see Fig. 3).

The above results are obtained with a high value of the bound on the total variation (¢ = 1000). The same
result is obtained for greater value of ¢ so that the solution is not depending of the value. For smaller value of
¢ (see Fig. 4), the constraint due to the total variation is saturated and the optimal solution is different.
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FiGURE 4. Optimal control and

corresponding pressure profile. A =
100, K =1, 8=10,c= 2.

An interesting and open problem could be to prove the existence of an optimal control by considering the
new admissible control set: Uyq = {u € L=(Q), a0 < u < G}.
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