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GENERIC EXISTENCE RESULT FOR AN EIGENVALUE PROBLEM
WITH RAPIDLY GROWING PRINCIPAL OPERATOR

Vy KHor LE!

Abstract. We consider the eigenvalue problem

—div(a(|Vu|)Vu) = Ag(z,u) in
u=0 on 0,

in the case where the principal operator has rapid growth. By using a variational approach, we show
that under certain conditions, almost all A > 0 are eigenvalues.

Mathematics Subject Classification. 35J65, 35J20, 35J60, 47J30, 49J40, 58 E05.

Received April 3, 2003. Revised April 7, 2004.

1. INTRODUCTION

This paper is about an existence result for nontrivial solutions (eigenfunctions) to quasilinear elliptic equations
of the form

—div(a(|Vu|)Vu) = Ag(x,u) in Q (1.1)
u=0 on 01, (1.2)

(A is a positive parameter). We are interested here in the case where the principal operator has very fast growth,
that is, the function ¢(t) = a(t)t grows faster than any polynomial (at infinity):

P = o(¢(t)) ast — oo, (1.3)

for any p > 0. Throughout the paper, we assume that ¢ is an increasing, continuous, odd function, and its
antiderivative ®, given by

O(t) = /Ot o(s)ds, t € R, (1.4)

is a Young function. Furthermore,
tr < O(t), (1.5)
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for any p > 1. Typical examples of the function ® that we consider here are
o) =€l" =1 (p>1) and ®(t) = el —|t| - 1.

Note that because of (1.5), ® does not satisfy a Ay condition (we refer to [1,15] for more details on Ay condition
and the ordering “<” among Young functions).

In this paper, we study the existence of nontrivial solutions of (1.1)—(1.2) by min-max arguments (solutions
of mountain pass type). The existence of solutions for problem (1.1)—(1.2) was established in [5] in the case
where both ® and its Holder conjugate ® satisfy Ay conditions. In [18], we studied the existence of nontrivial
solutions in the case ® has slow growth (that is when ® satisfies a Ay condition but ® does not). We refer to
[5], [18], and the references therein for related works in those cases.

We are interested here in the remaining case where @ has fast growth (¢f. (1.5)). Note that in the case ®
has fast or slow growth, the potential functional for problem (1.1)—(1.2) is not of class C'. An approach based
on variational inequalities was adopted in [18] to treat problems with slowly growing operators. However, the
arguments in [18] are not applicable in our situation here. One of the difficulties for equations with rapidly or
slowly growing operators is that although one can show a compactness result leading to the Palais-Smale (PS)
condition in the case both ® and its Holder conjugate ® satisfy Ay conditions (cf. [17]), there has not been
analogous results if either ® or @ fails to satisfy this property. In [18], we used a nonsmooth version of the
Mountain Pass Theorem to obtain the existence of a (PS) sequence. The arguments there based on the fact
that & satisfies a A, condition. The situation is very different when ® has a rapid growth. In fact, to prove
the boundedness of (PS) sequences, one usually needs a “super quadratic” condition on the lower order term,
such as

u
,u/ gz, t)dt < g(z,u)u (z € Q, u >0 large), (1.6)
0

together with a standard condition on the principal term such as
u®’ (u) < v®(u) (z € Q, u > 0 large), (1.71)

with v < u (¢f. [5,18]). This latter condition is always satisfied with principal operators having polynomial
growths, such as ®(t) = t? (p-Laplacian) and v = p in (1.7). In general, when ® is a Young function, (1.7) holds
only if @ itself satisfies a Ay condition (¢f. [15]). Therefore, one cannot use standard arguments in problems
with the mountain pass geometry in our equation here.

We prove here a generic existence result for the eigenvalue problem (1.1)—(1.2). This approach is motivated by
Struwe’s monotone arguments (cf. [24,25]) which were put in abstract form by Jeanjean and Toland [12,13] for
smooth equations. We show that under certain conditions, almost all A > 0 are eigenvalues of (1.1)—(1.2). Due
to its nature, the formulation of (1.1)—(1.2) seems more suitable in Orlicz-Sobolev spaces than in usual Sobolev
spaces. Moreover, working directly in the regular Orlicz-Sobolev space W'Lg (as in [5] or [18]) seems rather
difficult here. As shown in the sequel, considering the restriction of our problem to the “small” Orlicz-Sobolev
space W!Eg is more convenient. The mountain pass solutions of the original problem in W' Lg is next approx-
imated by the associated Palais-Smale sequences in W' Eg. We also note that because of the lack of conditions
such as (1.6)—(1.7) in our problem, we are able to obtain by our approach here only the weaker version of generic
rather than universal existence of eigenvalues as in the classical situation of the Mountain Pass Theorem such
as the eigenvalue problem

—Au = \u?,
where all A > 0 are eigenvalues (cf. [2,23]).

Eigenvalue problems for equations in Orlicz-Sobolev spaces have been studied before by variational arguments
(cf. e.g. [8,10,20,21]). However, to our knowledge we are not aware of any previous work in the literature that
studied equations with rapid growths by min-max methods (solutions of mountain pass types) as in [5] or [18].
We also consider the more general case where the principal operator is given by a Young function of any growth.
In this situation, the problem is generally nonsmooth, even in the “small” Orlicz-Sobolev space. To investigate
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the problem in this more general setting, we extend Jeanjean-Toland’s results to nonsmooth operators, which
seems interesting on its own.

The paper is organized as follows. In Section 2, after some preparatory concepts and assumptions, we state
and prove our main result about generic existence of nontrivial solutions to equations with rapidly growing
principal parts. Some notes and observations in the case of problems with general growths are presented in
Section 3.

2. GENERIC EXISTENCE FOR EQUATIONS WITH RAPIDLY GROWING PRINCIPAL OPERATORS

We first introduce some notation for the functions spaces that will be needed in the sequel. Assume (2 is a
bounded domain in RY (N > 1) with Lipschitz boundary 99 and @ (defined in (1.4)) is a Young function (or
N-function, cf. [1,15,19]). Let ® be the Holder conjugate of ®:

D(t) = sup{ts — ®(s) : s € R}

We denote by Lg the Orlicz space and W' Lg the first order Orlicz-Sobolev space associated with ® and Q. Lg
is equipped with the Luxemburg norm

u
ullr inf{)\>0:/<I> - dxﬁl},uELq,.
el 2 (5)

Its associated norm on W!Lg is defined by:
N
lullwize = lulzo + Y 10jull e, u € W'Le.
j=1

Let X = WOIL@ be the Orlicz-Sobolev space of functions in W!Lgs that vanish on 0. WOIL@ is defined as
the closure of C1(Q) in W!Lg with respect to the weak* topology (cf. [1,15,16]). We denote by Eg the
“small” Orlicz space, which is the closure of L>° () with respect to the norm topology in L. Also, the “small”
Orlicz-Sobolev space corresponding to Eg is denoted by Wl Eg:

W'Ey ={ue W'Lg N Eg : Qju€ Ep, 1 < j < N}-

The eigenvalue problem (1.1)—(1.2) can be formulated (in the weak sense) as the following variational equation:

/ a(|Vu|)Vu - Vodz — )\/ g(x,u)vdr =0, Vv € Wy Lg
Q Q (2.1)
u € Wi Lo with a(|Vu|)Vu € (Lz)V.

Let us consider some assumptions on the principal term ® and the lower order term g. Since we are interested
here in the case where ® has rapid growth, our first assumption is:

@ satisfies a Ay condition (at infinity). (2.2)

Under this assumption, it is proved (cf. [8,9,15]) that the mapping u — ¢(u) is continuous from Eg to L.
Let J be the functional defined by

() = /Q (|Vul)de. (2.3)
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Although J is not differentiable (or even finite) on W Le, the above property implies that J is of class C!
in Wi Eg and its Fréchet derivative is given by

(J'(u),v) = /Qa(|Vu|)Vu - Vudz, Yu,v € Wy Eg. (2.4)

Furthermore, suppose that there exists p > N and C; > 0 such that
®(u) > Ci|ulP, Yu € R. (2.5)

Remark 2.1. Since we consider here Young functions ® with fast growth rates, Condition (2.5) is natural. We
have (2.5) if for some p > N,

|ulP = O(®(u)) as u — 0.

For example, if ®(u) = el*l™ —1 (m > 1), then we always have (2.5) with some appropriate p > N. In fact, for
any p > N, (2.5) holds for all |u| sufficiently large. On the other hand,

O(u) =~ |u|™ for |u| small.
If m > N then we can choose p =m. If m < N, then
®(u) > [u|™ > |ulY > Jul?,

for all p > N, all u € [—1, 1]. Hence, one can choose any p > N in (2.5) (with some appropriate C1).

Assume next that g : 2 x R — R is a Carathéodory function such that g(-,0) = 0. Let G(z,u) be the
antiderivative of g(z,u) with respect to u:

G(z,u) = / g(x,t)dt, x € Q,u € R. (2.6)
0

Assume that g has the following (rather general) growth condition:
lg(z,u)| < Di(x) + V1 (|ul), (2.7)

for a.e. z € , all u € R, where Dy € L'(2), D; > 0 and ¥, : [0,00) — [0, 00) is increasing and continuous. It
follows that
|G (2, u)| < D2+ ¥(|ul), (2.8)

for a.e. 2 € Q, all u € R, where Dy € [0,00) and ¥ is also increasing and continuous from [0, 0o) into itself. (¥
is an antiderivative of ¥;.) Without loss of generality, we can assume that

Uy (u),¥(u) — 00 as u — o0. (2.9)
Also, replacing ¥ by an equivalent function (at 0o) if necessary, we can assume without loss of generality that

lim (r)

r—0 1P

=0. (2.10)

We also assume the following behavior of G(z,u) for u small:

G(z,u) = o(|ulP) asu — 0,
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uniformly with respect to almost every x, that is,

G(z,u)

u—0 |u|p

=0, (2.11)

uniformly for a.e. x € ). Moreover, suppose that G has more rapid growth than ® at infinity, i.e., there
are C3,C3 > 0 and a Young function M such that M > & and

G(z,u) > CoM(u) — Cs, for ae. xz € Q, all u € R. (2.12)

We are now ready to state and prove our main result.

Theorem 2.2. Assume ® and G satisfy the conditions in (2.2), (2.5), (2.7), (2.11), and (2.12). Then, for
almost all X > 0, equation (2.1) has a nontrivial solution. In other words, almost all X > 0 are eigenvalues

of (2.1).
Proof. The proof is divided into four steps.
Step 1. Instead of an equation in W Lg, we first study the restriction of equation (2.1) to W3 Eg:

/ a(|Vu|)Vu - Vodz — )\/ g(x,w)vdz =0, Yo € W) Eg
Q Q (2.13)

u e WolE‘I)

As noted above, the functional J defined in (2.3) is of class C* in W Eg and its derivative is given in (2.4). On
the other hand, note that (2.5) implies the following continuous embeddings:

WiLe — Wy P(Q) — C(Q). (2.14)

(2.8), together with these embeddings, imply that the functional B : Wi Lg — R defined by

B(u) = / G(x,u(z))dz, u € W Ls, (2.15)
Q
is of class C! on W¢ Lg and
(B'(u),v) = / g(x, u)vdr, Yu,v € Wy Ls. (2.16)
Q
Consequently, the functional
I=1I,:=J-)B (2.17)

is of class C! from W Eg to R and critical points of I are solutions of (2.13).
To establish the existence of nontrivial critical points of Iy, i.e., nontrivial solutions of (2.1), we need the
following abstract result in [12,13] about generic existence of bounded Palais-Smale (PS) sequences.

Theorem 2.3 [13] (Th. 2.1 and Ex. 2.1). Let 8 = [ap, 1] be a closed bounded interval in (—oo,00) and
(X, ]l -1l) be a Banach space. For A\ € 3, consider

In(u) = A(u) — AB(u), (2.18)

with A, B € C*(X,R). Suppose A and B satisfy the following condition: if {(A\n,un)} is a sequence in 3 x X
such that A, — Ao € B, {An} is strictly increasing, {Ix, (un)} is bounded above, and {Ix,(u,)} is bounded below,
then

(i) If |lupl| — oo then B(up) — oo

(2.19)
(1) If {un} is bounded then {B(uy)} is bounded below.



682 V.K. LE

Furthermore, assume that I has the moutain pass geometry condition: there exist vg,v1 € X such that for
every A € [3,

c(A) = 7irelfrtren[gi)i] I(v(t)) > max{I(vo), Ir(v1)}, (2.20)

where I' = {y € C([0,1], X) : v(0) = vo,v(1) = v1}. Then, for almost all X € 3, I has a bounded (PS) sequence
{un} C X at level c(N), that is,
In(upn) — ¢(N) in R and, (2.21)
I (up) — 0 in X* as n — 0. (2.22)
In the next two steps, we check that under the conditions of Theorem 2.2, the restricted equation (2.13) satisfies
the assumptions in this abstract theorem.

Step 2. Let [ap, @1] be any closed bounded interval in (0, 00). In this step, we prove that I has the geometric
structure of the generic Mountain Pass Theorem 2.3 in Wi Eg. In fact, we check that if ® and G satisfy
Assumptions (2.5), (2.11), and (2.12), then, the functional I defined in (2.17) satisfies the mountain pass
Condition (2.20) for certain vy and v;.

For r > 0, consider the following ball in W Eg with respect to the W (Q)-norm:

1/p
U, = {u € WyFEg : ||u||W01,p = (/ |Vu|p) < 7“} :
Q

From (2.5), one can verify by straightforward arguments that the functional

v (/Q |vu|p)1/p, (2.23)

is continuous on W Lg and thus on W} Eg. It follows that U, is open in W} Eg and moreover,
oU, = {u € Wi Ea : Jullyir = r} :

Let us show that for r > 0 sufficiently small, there exists > 0 such that

inf T > 2.24
ot Ii(u) 2 o (2.24)
for all A € J. For u € 9U,, (2.5) implies that
J(u) = / O(|Vu|)dx > C’l/ |VulPdx = CirP. (2.25)
Q Q

On the other hand, from (2.11), we see that for any € > 0 (to be specified later), there exists u; > 0 such that
for a.e. x € QQ,

|G(z,u)| < e|ul? if |u| < uy. (2.26)
It follows from (2.8) and (2.9) that there are D3 > 0 and ug > 0 such that
|G(z,u)| < D3¥(u),

for almost all z € Q, all u with |u| > us. Furthermore, by increasing Ds if necessary, we can also choose ug = uy.
Thus,
|G(z,u)| < €|lu|’ + Ds¥(u), Yu € R. (2.27)
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By Poincaré’s inequality, there exists Cy > 0 such that
/ luPdz < 04/ \VulPdz, Yu € W, P ().
Q Q
Also, because of the embedding W, ?(Q) < C(), there is C5 > 0 such that

lull () < Csllullypngy, Yu € Wy ().

For u € OU,., one has

/G(x,u)dxge/ |u|pdx+D3/ U (u)dx
Q Q Q

§eC4/ IVul”dx+D3/ Y (llull oo (o))da
O Q

< eCyr? + D3|Q|\I/(C57“)

Since ap < A < ayq, it follows from (2.25) and (2.30) that
In(u) = J(u) — )\/ G(z,u)dz
Q

> C1r? — A[eCyr? + Ds|Q|U(Cs1)]

> CyrP — 041[6047“p + D3|Q|\I/(C57“)]

. _ Cl .
Choosing € = Za. Gy e obtain

In(u) > %r” — a1 D3|Q T (Csr)

Cl \11(057“)
_ P _ P
=r 5 a1D2|Q|CS (Cg,?”)p R Yu € 6U.,
According to (2.10), there exists ro € (0,1) such that
U (Csr) 1Ch
—— 2 < (ay Dy|Q|C) ==
(C5’I")p = (al 2| | 5) 4
for all r € (0, 7). For such r, we have
Cl \11(057“) Cl
P _ P > P
1 a1 D2 |Q|CE G | 2

This estimate and (2.31) yield (2.24).
Next, we choose a function ¢y in C°(2) such that

d)O ié 0; (7250(33) Z 07 Vx € Qa

and
|Veo(z)| <1, Vo € Q.

683

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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Choose a € 2 and p > 0 such that B,(a) C © and

mo:= min_¢o(z) > 0. (2.34)
z€B,(a)

Considering u = s¢ (s > 0), one has from (2.33) that
| 2civ s < i9ra(s)
On the other hand, it follows from (2.12) and (2.34) that
)\/QG(JU, s¢p)dx > /Q[CQM(sqbo) — Cs]dx
> apCy /B “ M (s¢po)dx — a1 C3|Q|

> apC3|B,(a)| M (mos) — a1 C3(Q.

Combining these estimates, we get

IA(sd)o):/Q<I>(S|V¢)0|)d:cf)\/QG(:c,sgbo)d:c

[Q2(2(s) + 1 C3)
< - .
< (o) | FHEEES) a5, (o)
Since - ol
lim M, lim LBM:O,

s—oo M(mgs)  s—oo M(mgs)
by choosing s; sufficiently large, we have for all s > s1,

n(sdo) < —%a002|3p(a)|(< 0). (2.35)

Also, for s; large, H5¢0||W01,p > 7. As usual, we choose vg = 0 and v; = s1¢9 € WilEgp. Assume v €
C([0,1],W¢Es) is such that (0) = v and (1) = v;. The mapping u ||u||W01,p is continuous on Wy Eg
(cf. (2.23)), implying the continuity of the function ¢ — H'y(t)HWOLP (from [0,1] to R). Since

17Ol <7 < YD)l

there is ¢o € (0,1) such that ||7(t0)||W01,p = r. According to (2.24),

e L(v(t)) = Ix(v(to)) = o

Because this holds for all ¥ € T, all A € [ag, a1], we have (2.20).

Step 3. In this step, we verify that Iy satisfies Condition (2.19) in Theorem 2.3. Let {(An,un)} be a sequence
in [ag, 1] x Wi Eg such that A, /' Ao € [ap, a1],

J(un) — A B(uy) < c1, (2.36)
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and
J(Un) - )\OB(un) > ca, (237)
for all n, with some ¢y, co € R.

To check (7) of (2.19), we assume that |lu,|| — oo. From a Poincaré type inequality for Orlicz-Sobolev
functions (¢f. Cor. 5.8, [9]), one has |||Vuyl||lL, — oo and thus J(u,) — oo (¢f Th. 9.5, [15]). It follows
from (2.36) that A, B(u,) — oco. Since A, € [ag, 1] C (0,00), we have B(uy) — oo.

Let us verify (2.19)(4). Suppose that {u,} is bounded in WiFEg. From (2.14), we see that {u,} is also
bounded in C(Q) (with the sup-norm). It follows from (2.8) and (2.15) that {B(u,)} is bounded. This prove
(2.19)(ii) and completes the verification of (2.19).

Step 4. We have checked all assumptions of Theorem 2.3. According to that theorem, for almost all A € [ag, o],
there exists a sequence {u,} in W Es (depending on \) such that

[unllwy L, < C, Vn, (2.38)
/ O(|Vuy,|)dx — )\/ G(z,up)dx — c(N)(> 0), (2.39)
Q Q
and
Yo = I\ (uy) — 0 in (W Eg)*(= W 'Lz). (2.40)
We have
(Xn,v) = / a(|Vug|)Vu, - Vodz — )\/ g(x, up)vdz, Yo € Wi Eg. (2.41)
Q Q

From (2.38), by passing to a subsequence if necessary, one can assume that

up =% u in Wy Le, (2.42)
for some u € W¢ Lg. From (2.2), we also have

d(|Vuy|) € Lo, Yn. (2.43)

Let x, € W—!Lg be defined by
(Xn,v) = (Xn,v) + )\/ g(x, up)vde, Vv € Wi Egp.
Q

One has
(Xn,v) = / a(|Vu,|)Vu, - Vodz, Yo € Wy Fg. (2.44)
Q

From (2.42) and the embeddings in (2.14), we have u,, — u in C(£2). Together with the growth Condition (2.7),
this implies that

g(-,un) = g(-,u) in L*(Q), (2.45)
and thus,
/g(x,un)vdx — / g(x, u)vdr, Yo € Wy Ls. (2.46)
Q Q
(2.40) and (2.46) yield
Xn — X in WLy, (2.47)

with x € W' Lz being defined by

(x,v) = )\/ g(x,u)vdr, Yo € Wy Ls.
)
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Finally, because of (2.45) and (2.42), we have

lim [ a(|Vup|)Vuy, - Vupde = lim (xn,u,) = lim )\/ g(x, up)u,dzx
Q

n—oo Q n—o0 n—oo

:)\/Qg(:n,u)udm = (x,u). (2.48)

From (2.42), (2.43), (2.44), (2.47), (2.48), and the pseudo-monotonicity of the ®-Laplacian (c¢f. [9,11,26]), we
obtain

¢(IVul) = a(|Vul)|Vul € L, (2.49)

and
/ a(|Vu|)Vu - Vodz = (x,v) = )\/ g(x,u)vde, (2.50)
Q Q

for all v € Wy Eg. Because W Eg is dense in Wy Le with respect to the weak* topology o([] Le, [] E5) and
also the topology o([] Ls,[[ Lg) (cf. [9]), it follows from (2.49), (2.7), (2.45), and (2.46) that (2.50) also holds
for all v € W Lg. Together with this fact, routine arguments show that u is a solution of (2.1).

Finally, let us prove that u is a nontrivial solution. In fact, assume otherwise that v = 0, i.e., u, —* 0
in (2.42). We have, as above, g(-,u,) — ¢(-,0) = 0 in L*(Q) and u, — 0 uniformly on Q. Consequently,
Jo 9(z, un)updz — 0 and also

/ G(z,up)dx — 0. (2.51)
Q

It follows from (2.48) that

(IVun|) | Vun > dz = 0.

lim a
n—oo Q

Because ®(s) < ¢(s)s, Vs € R, this implies that

lim [ ®(|Vu,|)dz = 0. (2.52)

n—oo Q

As a consequence of (2.51) and (2.52), one gets Iy(u,) — 0, contradicting (2.39). Hence, u is a nontrivial
solution of (2.1). We have shown that for almost all A € [, a1], (2.1) has a nontrivial solution. Choosing
[0, 01] = [k71, K] (k € N), we see that it has nontrivial solutions for almost all A > 0. O

We conclude this section with an example illustrating the above conditions and assumptions.

Example. Consider the following eigenvalue problem:

—div(e‘vu‘2Vu) =Ag(u) in Q
u=0 on 0N.

In this case the potential function ® is given by
1
tI)(t):—(etQ—l), teR.
Although @ does not satisfies a Ay condition, its Holder conjugate ® does (cf. [15]). Since

1
D(t) ~ =12
(t) >
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for |t| small, there is Cy > 0 such that
o(t) > Ci[t|V*2, vt € R,
that is, (2.5) holds with p = N 4 2. Let G(u) = [, g(s)ds. If g(u) = o(ju|NT') as u — 0, i.e.,

. g(u)
il—»mo |u|N+1

=0,

then, lim, g \uG|(Tu+)2 = 0 and we have (2.11). Also, Condition (2.12) is satisfied, for example, if there exist ¢ > 2

and C > 0 such that G(u) > Cel"I” for |u| sufficiently large. In fact, we can choose in this case
M(u) = el —1.

Then, ® < M and (2.12) holds.

3. NOTES ON THE CASE OF GENERAL YOUNG FUNCTIONS

In this section, we make some observations about the case of equations with general Young functions @,
where no A, condition is imposed on either ® or its Holder conjugate ®. In this general case, the mapping
u — ¢(u) may not be continuous from Eg to Lz and therefore the functional .J defined in (2.3) is not of class C*
anymore. This means that one cannot apply Theorem 2.1 in [13] (see Th. 2.3 above). A nonsmooth version of
that result would therefore be more suitable for our problem.

We first have a simple property of J on the “small” Orlicz-Sobolev space Wi Eg.

Lemma 3.1. The functional J defined in (2.3) is locally Lipschitz continuous on Wi Esg.

Proof. First, we note that the effective domain of the functional
La ~RU{oo), [ [ ®(/)da,
Q

is the Orlicz class f@ and that
{f € Ly : dist(f, Eg) < 1} C Lo C {f € Lo : dist(f, Fa) < 1},
(¢f. Th. 10.1, [15]). Therefore, the effective domain D(J) of the functional J in (2.3) satisfies
{f e W}Lg : dist(|Vf|, Es) < 1} € D(J) C {f € W} Lg : dist(|Vf|, Es) < 1}
Because the set {f € W} Le : dist(|Vf], Es) < 1} is open, we have
{feWyLs :|Vf| € Es} C [D(J)]°. (3.1)

Furthermore, we observe that:
If f € W§Es then |Vf| € Es. (3.2)
In fact, if f € W] Eg then 8;f € Eg, Vi € {1,..., N} and there exist sequences {g;;} C L°(£2) such that

llgij — OifllLe — 0 as j — oo. (3.3)
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Cauchy-Schwarz’ inequality implies that

N 1/2 N 1/2 N
(Z 9%‘) — <Z(0zf)2> < Z lgi; — 0if| a.e. on Q. (3.4)

=1 i=1 i=1
It is easy to check that the Luxemburg norm || - ||z, is monotone, in the sense that, if 0 < f < g a.e. in Q then
1fllLe <llgllLe- From (3.4), we have

N
<> lgis —0iflly, -

Lo i=1

N
> gy — 0if|
i=1

N 1/2
<Zgi2j> — [V f] <
i=1

Ly

This and (3.3) give

N 1/2
(Z 9%) — |Vl — 0.
i=1 Le

Since (vazl gfj)l/2 € L>(Q) for all j, this shows that |Vf| € Eg. (3.2) is proved.
From (3.1) and (3.2), it follows that

Wy Es C [D(J)]°. (3.5)
Since convex functionals are locally Lipschitz in the interiors of their effective domains (cf. e.g. [4]), J is locally
Lipschitz on Wi Eg (and J(W{ Eg) C R). O

Lemma 3.1 allows us to use Clarke’s generalized gradient instead of the Fréchet derivative. For completeness,
some basic concepts related to Clarke’s gradient for locally Lipschitz functionals are given here, more details
can be found, for example, in [3,4,22]. Assume X is a real Banach space with dual X* and f: X — Ris a
locally Lipschitz functional. For z,v € X, the generalized directional derivative of f at x in the direction v is
defined as

1
fo(x;v) = limsup —[f(z+ h+ \v) — f(z + h)].
h—0,AN0 A
It can be proved that the functional
v fo(x30)

is subadditive, continuous, convex, and positively homogeneous on X. The generalized gradient of f at x is the
subdifferential of the convex function f°(x;-) at v = 0, that is,

Of (z) ={w e X* : (w,v) < f°(z;v),Yv € X}- (3.6)

The following properties of 9f are proved e.g. in [4] (see also [3]):

(i) For all z in X, 0f(x) is a nonempty convex subset of X* which is compact with respect to the weak*
topology.
(ii) If f is convex then df(x) coincides with the subdifferential of f at x in the sense of convex analysis,
i.e.,
Of(x) ={we X*: f(y) — f(z) 2 (w,y —x),Vy € X}.
) The set-valued mapping x — Of () is upper semicontinuous.
v) The function A(z) = min{||w||x : w € df(x)} exists and is lower semicontinuous (in z).
) If f is Fréchet differentiable at « then 0f(x) = {f'(z)}-
) If f local Lipschitz and g is of class C' on X, then 9(f + g)(z) = 0f(x) + ¢'(z).
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These concepts and properties lead to the general concept of critical points for locally Lipschitz functionals (cf.
e.g. [3,4] and the references therein): a point xg € X is called a critical point of f if 0 € 9f(x).

Note that if f is differentiable or convex then the concept of critical points in the above definition coincides
with the corresponding concepts that were defined previously for differentiable or convex functionals.

We are now ready to state the following generic Mountain Pass theorem for locally Lipschitz functionals,
which is a nonsmooth version of the results in [12,13].

Theorem 3.2. Assume (X, || - ||) is a Banach space and § is a compact interval in R. For X\ € [3, consider
the functional Iy(u) given by (2.18) with B € C*(X,R) and A : X — R is locally Lipschitz. Assume A and B
satisfy Condition (2.19) and the mountain pass geometry Condition (2.20) in Theorem 2.3.

Then, for almost all \ € 8, I\ has a bounded (PS) sequence {u,} C X at level ¢(\) in the following sense:

I(up) — c(A) in R, (3.7)

and
min{||w|| x~ : w € 0Ix(up)} — 0. (3.8)

Note that (3.8) is equivalent to the following condition:
Hw,} € X"t wy, — 0in X* and wy, € 0A(uy,) + AB' (uy). (3.9)

The proof of Theorem 3.2 is based on the same arguments in the proof of Theorem 2.1 and Lemmas 2.1, 2.2 in
[13] (Th. 1.1 and Props. 2.1, 2.2 in [12]). The only modification needed here is a deformation lemma for locally
Lipschitz functionals instead of C! functionals as used in [12,13]. This necessary deformation lemma for locally
Lipschitz functionals was already proved in [3] (¢f. Lem. 3.3 and Th. 3.1, [3], see also [14]).

Now, let us consider equation (2.13) with the principal operator containing a general Young function ®. The
functional J given in (2.3) is always Gateaux differentiable on W Eg and its (Géateaux) derivative J'(u) is still
given by (2.4). As noted above, J is both convex and locally Lipschitz on Wi Eg. Hence, the subgradient d.J (u)
in the sense of convex analysis or as Clarke’s generalized gradient in (3.6) is the same as {J'(u)} for every
u e WOIE‘I)

(2.13) is equivalent to the inclusion:

0 € dJ(u) — AB'(u), u € W} Fgp. (3.10)
In the general case, we assume that g satisfies the following growth condition (instead of (2.7)):
lg(e, )| < Dy () + W' (w), (3.11)
for a.e. x € Q, all u € R, where D; > 0, D1 € L>(Q2) and ¥ is a smooth Young function such that
U < D, (3.12)
(®* is the Sobolev conjugate of ®, cf. [1,6,7]). It follows from (2.6)—(2.7) that
(G, u)| < Diful + Do (u), (3.13)
for a.e. z € Q, all u € R.

Let us check that if g satisfies (3.11)—(3.12), then Iy = J — AB still satisfies Condition (2.19). In fact, the
proof of (2.19)(i) is the same as above. We just note that for u € Lg, ||u||L, > 1, we always have

(/@@Mzzwm@.
Q
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Hence, again by Poincaré’s inequality in Orlicz-Sobolev spaces,
Iw) = [ @(Vulde = 50 a5 fulwz, .
Q

To prove (2.19)(ii), we assume that {u,} is bounded in W} Eg and thus in W Le. From (3.12), we can choose
a Young function ¥y such that

U< Uy < D, (3.14)
Since the embedding Wy Lg — Ly, is continuous, {u,} is bounded in Ly,, that is, ¢ := sup{||un|lL,, : n €
N} < co. Thus, fQ 0, (“T”) dz < 1Vn. From (3.14), there exist constants ¢1,ce > 0 such that

U(u) < 10, (”7") + s, Vu eR.

We have
/\Ill(un)d:cg/\lll (%) de + a1 < 1 + sl Wi (3.15)
Q Q c

From (3.13), there are D1, Dy > 0 such that
|G(z,u)| < D1+ D2V (u),

for a.e. z € Q, all u € R. This, together with (3.15), shows that {B(u,)} is bounded.

Moreover, if conditions such as (2.5), (2.10), (2.11), (2.12) are imposed on ® and G then the functional I
has the mountain pass geometry structure (2.20) (note that here we do not assume the Ay Conditions (2.2)
and (2.7), (2.8), (2.9) are replaced by Conditions (3.11), (3.12) above).

As a consequence of the above arguments, we have the following generic version of the Mountain Pass theorem
for equation (2.1) in this case.

Theorem 3.3. Assume g satisfies (3.11)-(3.12) and Conditions (2.5), (2.10), (2.11), and (2.12) hold.
Then, for almost all X > 0, equation (2.1) has nontrivial solutions.

Proof. For any compact interval 3 = [ag, a1] C (0,00), by using arguments as in Step 2 in the proof of Theo-
rem 2.2, we see that the functional I defined by (2.17) satisfies the mountain pass geometry Condition (2.20).
Moreover, as noted above, I also satisfied (2.19). It follows from Theorem 3.2 that for almost all A € 3, I, has
a bounded (PS) sequence {u,}. We have {u,} satisfies (3.7)-(3.9) and also {||un|lwaL, } is bounded.

Since @J is understood in the sense of convex analysis, (3.9) is equivalent to the following variational
inequality:

J() — J(up) — )\/ 90, un)(V = up)dT > (Wny ¥ — Un) Wi By (Wi Ea)=s TV € Wy Es. (3.16)
Q

On the other hand, because J is Gateaux differentiable on Wi Eg and J' is given by (2.4), we immediately have
from (3.16) that w,, also satisfies

/ a(|Vug|)Vuy, - Vodz — )\/ g(, up)vde = {(wy,v), Yo € Wy Eg. (3.17)
Q Q

In particular, since u,, € Wi Eg, one obtain from (3.2) that |Vu,| € Eg and thus
o(|Vunl) € L. (3.18)

Because w,, — 0 in W~ Lg, we are in the same situation as the last part of the proof of Theorem 2.2, with w;,
instead of x;, (¢f. (3.17), and (2.41), (3.18), (2.40)). By using the same arguments, we get (2.42), with u being
a nontrivial solution of (2.1). O
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