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CONTROL FOR THE SINE-GORDON EQUATION

MADALINA PETCcUY? AND ROGER TEMAM! 3

Abstract. In this article we apply the optimal and the robust control theory to the sine-Gordon
equation. In our case the control is given by the boundary conditions and we work in a finite time
horizon. We present at the beginning the optimal control problem and we derive a necessary condition of
optimality and we continue by formulating a robust control problem for which existence and uniqueness
of solutions are derived.
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1. INTRODUCTION
We consider the damped sine-Gordon equation with non-homogenous Dirichlet boundary conditions, namely

U + QU — Uy + B sinu =0, in @ xRy, Q=(0,L),

u(0,t) = go(t), u(L,t) = g1(t), (1.1)
u(z,0) = uo(x), %(I,O) = uq(x).

In physics the sine-Gordon equation is used to model for instance the dynamics of the Josephson junction
driven by a current source. This equation has been studied from the point of view of stability of the equation
(boundness of trajectories), the existence of absorbing sets and the existence of a global attractor, see e.qg.
[12,15].

In this article we would like to study the optimal and robust control problems for this equation, when the
control is given by the boundary conditions, namely go, g1, in (1.1), see [1,6-8] and [3] for related problems in
fluid mechanics.

We are interested in some issues regarding the control of (1.1) when the control is g = (go, g1). We will first
consider the optimal control problem formulated as follows:

Find a control g minimizing the cost function

1 [T Oug |2 1 7 0u
== —= dt + = -9
J(9) 2/0 ot lr2(@) + 2/0 ox
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where g = (go, 1) and u, is the solution of (1.1) associated with g; by H3(0,T) we denoted (H3(0,7))%. To
guarantee the solvability of (1.1) we require g(0) = ¢’(0) = 0 and we set

HP(0,T) = {g € H*(0,T), 9(0) = ¢'(0) = 0}- (1.3)

We obtain the existence of an optimal control in a suitable class and we determine a necessary condition for
optimality. This optimal control may not be unique because the optimization problem is nonconvex.
To ensure the uniqueness of the optimal control we find an [y depending on the set on which g is defined and
on the initial data such that, for any [ > [y the cost function will be strictly convex, thus leading to uniqueness.
We also consider a robust control problem for this equation. In this case we write the equation in the form

0%u ou  O%*u

ﬁ—i—ag—@—i-ﬁsinu:o, n QXR+,
U(O,t) = gO(t) + hO(t)a u(Lat) = gl(t) + hl(t)a (14)
u(z,0) = up(x), %(3&,0) =ui(z), z€Q,

where the boundary values have been decomposed into the disturbance h = (hg, k1) and the control g = (go, ¢1);
the solution u of (1.4) is also denoted u(g, h) to emphasize its dependence on g and h. Mathematically we arrive
at a non-differential game for the robust control setting in which a saddle point is sought. Our approach is
based on classical existence and characterization results of saddle points in infinite dimensions as given e.g. in
[5]. The considered cost function (Lagrangian) reads

J(g.h) = %/ﬂ%

2

2 T
a + 1/ ’0U(97h)
0

L 5 m
L2(Q) 2 + §|g|H3(07T) - E|h|H3(O’T), (15)

dr 1L2(q)

where [ measures the relative price of the control and m measures the relative price of the disturbance. As we
explain later on, the aim is now to find the best control g corresponding to the worse disturbance h, that is we
consider the problem

inf sup J (g, h), (1.6)
9 h

g and h belonging to suitable feasible sets.

The content of the article is as follows: in Section 1 we give a short overview of some useful classical results
concerning the existence and uniqueness of solution of the sine-Gordon equation. In Section 2.1 we prove the
existence, without uniqueness, of a solution for the optimal control problem. In Section 2.2 we derive a necessary
condition for optimality using the adjoint state equation; in Section 2.3 we show that by taking ! large enough
in the cost function (1.2) we obtain the uniqueness of solution of the optimal control problem. Finally, in
Section 3, we will see that the robust control problem has a unique solution when ! and m appearing in (1.5)
are sufficiently large. In the last section we obtain the characterization of the solution of the robust control
problem.

We conclude this introduction by recalling well-known results concerning the sine-Gordon equation. We
first consider the sine-Gordon equation in the open bounded interval @ = (0, L) with homogeneous Dirichlet
boundary conditions

0%u ou  0*u . .
ﬁ‘i’&a*@‘i‘ﬁgslnu:]ﬁ IHQXR+,

w(0,t) =0, wu(L,t)=0, (1.7)
u(e,0) = uo(a),  Se(w,0) = w(x), x € Q,

where f and « are given, a > 0.
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We set H = L?(Q2), V = H}(Q) and we endow these spaces with the usual scalar products and norms.
We write D(A) = H}(Q) N H3(Q) and, for u € D(A), we set Au = —9?u/dx2. Then the problem (1.1) is
equivalent to the following one:

u” +au' + Au + Bsinu = f, (1.8)
w(0) = ug, u'(0) = uy,

where ¢’ := 9y /0t.
The existence and uniqueness of solution of (1.8) is given by the following result (see e.g. [15]):
Theorem 1.1. Let o € R and let f, up and uy be given satisfying

feL*(0,T;H), u €V, u €H.

Then there exists a unique solution u of (1.8) such that

we L*([0,T];V), o' e L*([0,T]; H).
If furthermore, f' € L*([0,T]; H),uo € D(A) and uy € V, then u satisfies

ue L*([0,T]; D(A)), o' € L*([0,T];V).

For the nonhomogeneous problem (1.1), we have:

Theorem 1.2. Assume that g € H3(0,T), ug € D(A) and uy € V. Then there exists a unique solution u of
(1.1) with

ue L*([0,T); H*(0,L)), u' € L*([0,T]; H'(0,L)).
Proof. We construct a lifting function for the boundary conditions, ¢(z,t) = go(t) + (91(t) — go(¢))(xz/L), and
we set v(z,t) = u(z,t) — ¢(x,t). Then the system (1.1) is equivalent to the following one:

0%v v 0%

S tagy — oot Bsin(v+¢) = Fla.t),
v(0,8) =0, (L) =0, (1.9)
o(@,0) = wo(e),  o(@,0) = mz),
where
Flot) = =[G+ - 8] - - [ + ] (110)

We derive the a priori estimates on the solutions and using these a priori estimates and the Galerkin method,
the proof of the theorem follows.
We multiply (1.9); by dv/0t and integrate over ). We obtain:

ovp | 1d)dup?
r2Q) 2dtlozlirLzQ)

1djgve | o
2dtl ot IL2() ot

:/Q F(x, t)a dmfﬂ/svarsf))—dZ (1.11)

Using Holder’s inequality and Young’s inequality we find:

o|0v |2
‘/ (z,t)— dm‘ < |F(, )|L2(Q)+ ik

L2
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I,

here and in the sequel ¢ denotes a constant which may be different at different places.
This yields:

+cf%

L2 (Q)

5 T i * 152 o) * @By < €+ el 0
Otz  10xlL2@) ot L2(Q) )z2(0)-
By Gronwall’s inequality and some simple computations, we finally obtain:
v, |2 v 12
—(t —(t <cT), VO<t<T
D 815( ) L2(Q) * 8:n( L2(Q):| < o(T), stsh

where ¢(T) is a constant depending on T'. Further estimates are obtained as follows: we substract Gsin ¢ from
both sides of the first equation (1.9) and write Fy(z,t) = F(x,t) — @sin ¢.

We call w = v + ev, where € > 0 will be chosen later on and we take the scalar product of the first equation
(1.9) with Aw. After some easy computations we obtain:

%d— [lwll® + |Av[*] + e]Av]? + (@ = &) |w]|* — (e = &) (v, Aw) + B((sin(v + ¢) — sin g, w)) = (F1, Aw). (1.12)
We know that |v] < ¢1||v| for all v € V; using this relation we can write:

elAv|* + (o —e)[lw]|* — e(a — &) (v, Aw) > e Av]* + (a — ) [w]* — (o — e)es |Av] ] (1.13)
Thus we can choose 0 < & < a/2 sufficiently small such that

€
€|Av|2+(ozfs)HwHQfs(afs)(v,Aw) §|Av|2 Hw||2 (1.14)

Applying Young’s inequality we see also that:

|8((sin(v + ¢) — sin g, w))| < ||| sin(v + ¢) — sin ¢|| ||w|| (1.15)
@ v
<ol +e [+ 50+l )
_4Hw|| Jrc{aer B
d
Writing (F1, Aw) = E(Fl’ Av) + (eFy — FY, Av), returning to (1.12), and using again Young’s inequality we
obtain:
d € @ ov  0¢|2
g7 (P 4 140 = FP] & §1a02 + SllP < FIRL+ 17 - 1/erP +e || 32+ 52+ 152)) . o
Integrating (1.16) over (0,t), with 0 <t < T, and taking into account the previous estimates, we obtain:
lw(®)[* + |(Av — F1)(#)]* < w(0)[|* + [(Av — F)(0)* + ¢
= |luy + euol|® + |Aug — F(0)]* + ¢, (1.17)

for all t > 0. In (1.17) ¢ depends on the data but not on T. We obtained a priori estimates for u in
L?(0,T; H*(0,L)) and v’ in L?(0,T; H'(0, L)). O



CONTROL FOR THE SINE-GORDON EQUATION 557

2. THE OPTIMAL CONTROL PROBLEM

We consider equation (1.1) as the state equation where ¢g(t) = (go(t), g1(t)) is the control function. We
formulate the control problem as follows:

Find a function g € H3(0,7T") minimizing the cost function defined as

1 [T 0u, 2 1 (7 0uy, 2
= - — dt + = -2
P J(9) /o L2(Q) + 2/0 ox

o
2y o A+ gl o1y

L2 ()

2.1. Existence of solutions

Problem P is a nonconvex optimization problem; existence of an optimal pair (g, @,) is stated as follows:

Theorem 2.1. Let there be given ug € D(A), u1 € V. Then there exists at least one pair g € H3(0,T) and
u = ug € L*([0,T]; H*(Q)) with ' € L*([0,T]; H*(Q)), such that the functional J(g) attains its minimum at
g and u is the solution of system (1.1) corresponding to g.

Proof. Let A = inf ems o,7) J(g) and let (gn), be a minimizing sequence for problem P. We denote by u,, = ug,
and v, = vg, the corresponding solutions of systems (1) and respectively (1.9).
We observe that |9n|]%13(07T) < J(gn), which implies that (g,,), C H(0,7) is a bounded sequence in H3(0, T).

Hence there exist g € H%(O, T) and a subsequence, still denoted g, such that
gn — g weakly in H?(0,T). (2.1)

We call ¢,(,t) = gn,0(t) + (gn,1(t) = gn.o(t)) (/L) and ¢(z,t) = go(t) + (g1(t) — Go(t)) (/L) the corresponding
lifting functions and we know that v,, satisfies the following equations:

0%v, ov, O0%v

o + QW 0 + Bsin(vy, + ¢p) = Fo(x, t),
vr(0,8) =0, wu(L,t) =0, (2.2)
Oup,
va(@,0) = (@), (w,0) = wi(a),

where

& pn Opn  on *pn IPn,
Fy(x,t) = — — =— —_— -
(%) [87&2 Ty 0302] [8122 Ty
Using the fact that g, is bounded in IHI3(O7 T), we derive the same kind of estimates as in the proof of Theorem 1.2

by exactly the same method, namely we multiply (2.2); by 9dv,/0t, integrate over Q and apply Gronwall’s
inequality. We obtain:

(Un)n is bounded in L*(0,T;V), (2.3)
(%) is bounded in L*°(0,T; H). (2.4)
n

For stronger estimates we substract [sin ¢, from each side of (2.2), set Fy ,(x,t) = F,(x,t) — Bsin¢,, we
introduce w,, = v}, + ev,, where ¢ is exactly as in (1.13) and take the scalar product in H of the equation
obtained with Aw,. After computations identical to those of Theorem 1.2 and remembering that ¢, is bounded
in H3(0,T) we see that, as n — 0o,

(wp)n, remains bounded in L*°(0,T;V), (2.5)
(Av,, — F,), remains bounded in L>(0,T; L*(Q2)); (2.6)
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taking into account the form of F} , and (2.3) we deduce that, as n — oo,

(Un)n remains bounded in L*(0,T; D(A)), (2.7)

(v},)n remains is bounded in L>(0,T; V).

Passing to a subsequence, still denoted v,, we see that:

vp, — 0 in L*°(0,T; D(A)) weak-star, (2.9)
ov, 00, .
5 " g o L*>°(0,T;V) weak-star, (2.10)

where v € L*>(0,T; D(A)), v € L>=(0,T;V).

We infer from (2.9), (2.10) and a compactness theorem in [10,11] (see also [15]), that v, — © strongly in
L?(0,T; H). Also, since the sequence (g, ), is bounded in (H}(0,T))?, we can choose the subsequence n so that
gn — g strongly in (L?(0,T))?.

By the expression of ¢,, we see that ¢,, — ¢ strongly in L?(0,7T’; H) and thus u,, — @ strongly in L(0,T; H).

We also notice that

Ou, Ou . 19 e
W E Weakly inL (0, T, H (Q)), (211)
Ou, Ou . 19 e

It is easy to see that @ is a solution of system (1.1) corresponding to g or equivalently that v is solution of the
corresponding system (1.9): indeed since v, — © and ¢,, — ¢ strongly in L?(0,7T; H) we see that:

sin(vy, + ¢n) — sin(v + ¢) strongly in L2(0,T; H). (2.13)
Next we pass to the limit in (2.2); we find that ¥ is solution of (1.9) with F replaced by F where F =
—[0%¢/0t% + ad¢/dt]. To conclude the proof we use the lower semi-continuity of the norm and we obtain that
J(g) <liminf, J(gn) = A and thus, J(g) = \. O
Remark 2.2. Although this result is not relevant to our purpose, let us note (see e.g. [13]) that stronger

convergence results than those inferred from (2.9) and (2.10) hold; in particular v, converges to ¥ strongly in
L2(0,T;V) and dv,, /0t converges to dv/dt strongly in L%(0,T; H) (and more).

2.2. The adjoint state

In this section we observe that the cost function 7 is Gateaux differentiable and using the fact that J'(g) = 0
we derive the Necessary Condition for Optimality (NCO) for the control problem P. We set

H = {u € L*(0,T; H*(Q)),v € L*(0,T; H'(Q))}; (2.13")
‘H is endowed with the norm
1/2
|u|y = {|U|%2(0,T;H2(Q)) + |“I|%2(O,T;H1(Q))} . (2.14)

Lemma 2.1. Let ug € D(A) and uy € V. Then the mapping g — ugy from H(0,T) into H is Gateauz
differentiable. Furthermore its directional derivative (Dug/Dg)(p) = w(p) at g in direction ¢ = (¢, p1) is the
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solution of the linearized problem:

82_11; + aa—w 0w + Pw cosu, = 0,
ot? ot 02 7
’LU(O,t) = %0, (Lat) = ¥1,

ow
Proof. We fix ug € D(A), u; € V and let g, ¢ € F. We need to prove the following

i [atre = U = Aw(@)ln _
A0 [l '

We set R = ugyrp — g — Aw(p); R is solution of the following problem:

2 2p
%T]j a% Z:EQ + Bsinugyr, — sinug — Adw cosuy] = 0,
R(0,t) =0, R(L,t)=0,

R(z,0) =0, @(Jc,O)

ot =0

We take the scalar product in L?(Q2) of the first equation (2.16) with dR/dt; we obtain
1d floRp ok
2dt || ot

+ | 5= +al28)
L2(Q) 0x 1L2(Q) ot

= Il + IQ;
L2 (Q)

where we denoted:
OR
I = _/ [sinugyr, — sinug — cosug(Ugrrpy — Ug)] i de,

OR
= —5/ Ugrp — ug—)\w(go))cosugg dz.

We estimate I as:

2
o] < 4‘ ot lr2(a) elRle )

To estimate I;, we first prove that

ug+ae — ugle) < clAl-
We know that

Ug+rp — ug|C(Q) = [Vg4rp = Vg + Pgirp — ¢g|C((2)

< |vgae — Vgle@) + [Aagle@)
= [0]eqy + Aloele@):

where we denoted ¥ := vg1a, — vg.

559

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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The function 0 satisfies the equations:

orr ot 92?
@(Ovt) =0, 6(L7t) =0,

R v 0
0(z,0) = Xy, E(x,O) = )\%.

+ B [sinvgqay —sinvg| = AF,,

We take the scalar product in L?(2) of the first equation (2.21) with 99/9¢ and we obtain:

2 00 2

2@ 1oz

o0

147100
2dt |10t

2 e b
L2(Q) ot L2

Hence using the Poincaré inequality we find:
. . 00 o
‘5 /Q [sinvg4rp — sinvg] N dx‘ < |8 /Q [Vg+rp — Ug|‘a‘ dz
ol
0| =< |d
81 [ 161|5  az
0

b |2 992
= 4lot

IN

L2(Q) te 0z lr2)

We also estimate:

a0 |00 |2 .
‘)\ /QFQOE dl“ < Z‘a L2(Q) + A C|F<P|L2(Q)'

Returning to (2.22) we write

2

2 n @
L2(Q) ox

2 00

1d ‘813 .20
L2Q) — |0z

24t |l ot

’ )99
L2(Q) 210t

L2(Q) —+ )\2 C |F¢|%2(Q)

Using the Gronwall’s lemma we obtain

00 2

2 o0
ot (t)

vy 1oz

T
< \? Fo25 0 dt
L) = C/O |Fo 220 dt,

for all t <T'. Here fOT |F<p|i2(9) dt is a constant independent of A, so we have

o0

%(t) cA.

<
L2 ()

. . 00
)+ﬂ/Q[Slnvgw\@fsmvg]adm:)\/QFwad:c.

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

Remembering that o € H}(Q) C C(f2), we obtain |8(z,t)| < ¢ for all z € Q, and 0 < ¢ < T. Returning to

(2.20) we see that
[girg (T, 1) —ug(x,t)| < Ae, Vo e, 0<t<T.
We know that

|sinugag — sinug — (ugyap — ug) cosug| < lugyry — u9|27

(2.27)

(2.28)
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forallz € Q,and 0 <t < T

|Il|<c/ [ugiag — ugl? ‘ ‘d

OR

< C|“g+k¢ - u9|L°° Q)|“g+x\sa - U9|L 2(Q) ot

<eM+ ‘
L2(Q)
With these estimates (2.17) becomes:
1doRe o onpe
2dt Oz |L2(0)
Hence, using Gronwall’s inequality we obtain:
OR OR
- (¢ ) - ( )
ot ox L2(Q)

)\4+0“8R

L2()

< c)\4, forallt <T.

OR |2
2]

dr

For stronger estimates we multiply (2.16) by 9°R/0z20t, integrate over Q and obtain:

2

on
02

O’R |2

2 9?°R
St U LJ o
‘We notice that:

SR
/ [sinugyap — sinug — Aw cosug] m5—
Q 0%x0t

! !/ / A
- /Q [ungNp COSUgt g — Uy COSUg — AW’ COS Ug + AWy Sin Ug)

Using (2.32) in (2.31) we find:

2 110%R 2
21 022 |12

4128
2

o / / / /o
= ﬂ/ﬂ [cos Ugaplgyny — COSUGUG — AW’ COSUg + AW, Sin Ug)

We remark that:

’R
(sm Ugtrpe — SiDUg — Aw COS Ug, w)

Using the same arguments as before we find:

| (sm Ugrp — SiN UG — AW COS Ug,

2

. . 0’R
+ B | sinugyae — sinug — Aw cosug, —— + «
L2

02

R) < X2

9z

L2 + 6/0 [sin ug4r, — sinug — Adw cos ug]

d (. .
= 7 \ sintgir, —sinug — AW €os Ug,

0’R
62

82

9z

O’R |2

3

"R
0%2x0t

:)
L2

< ‘ <sm Ugtarp — S Uy — cosUg(Ugap — Ug),

o
02

o
02

’R

£

).

82

dx = 0.

dx.

dzx.

)|

+ ‘ <cos Ug(Uggrp — Ug — AW), )

561

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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‘We notice that

1] 0%R |2 110?R 2 ) ) 0’R 24 11 0?°R 2 1102R 2
3155 1o 31 |+ P tging —sinug —dwcosty, Zog) s+ N 2 gl 3|5 230
so we write
d [110°R 2 1|0°R? , _ O?R 2
G {5 9zotle T 2102 | e + 03 <smug+w —sinug — Aw cos ug, W)[} +c’1)\4}
O’R |2 _ O?R
tala—=| .= ﬂ/ﬂ [0S Ugy Aty 5, — COS UgUy — A’ €OS Uy + Awug sinu,] ) dz. (2.37)

We now need to estimate the RHS of (2.37). We notice that:

/ / ! — ! _ _ 1
Ug g \p COSUg g — Uy COSUg + AWy SN UG = ug 3, [COS UG rp — COSUG + (Ugtap — Ug) SiD U]

— (ugsap — Ug)(Ugy gy — Uy) SiNug — uy (Ugrp — g — Aw) sinu, + R cosug, (2.38)

where R’ = OR/0t. Using the same kind of estimates as before we find:

1|0?R |2
4 /12
|RHS| S C)\ + Z‘F 12 + ClR |L2.
Using Gronwall’s lemma we obtain:
0’R |2 0’R |2
— | <t 2.39
Ox0t L2 82 lp2 = © ( )
This implies that |R|3 < cA?, H as in (2.13’) with the norm given by (2.14), and thus
lim 0, O
A—0 A

We can now state and prove our main result from this section:

Theorem 2.3 (necessary condition of optimality-NCO). Let (g, u) be an optimal pair of problem (P); then the
following NCO holds in (H(0,T)) that is the dual of (H3(0,T)):

TU + TW + IAg = 0, (2.40)

where A is the canonical isomorphism of H3.(0,T) onto (H3(0,T)) 1.
In (2.40), (a, W) is the solution of the following system

0%u ou  0%u
o "o o
0% o 0*w . _0*u | 9%u
ﬁ*OAE*WJrﬂUJCOSU—WJr@,
uw(0,t) = go, wu(L,t)=g1, w(0,t)=0, w(L,t)=0,

ou ow ou

U(LL‘,O) = Uog, E(mao) = Uy, ﬁ)(m,T) =0, W(xaT) - E(va);

+ Bsinu = 0,

(2.41)

1The operator A can be “explicitly” defined by the solution of a boundary value problem which depends on the norm endowing
H2 (0, T'); which could be the norm of H3(0,T) or

9= (19" O + 19" B0 ">
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7 is the linear operator from H?(Q) into R? defined by:

Ju ou
U— TU = (* %(O)a%(l’)) (242)
Proof. Let (g,u) be an optimal pair. We know then that (DJ/Dg)(g) = 0.
DJ T rou ow T ou dw
_ du dw du dw 2.4
Dg() 7 /o (at’at>Lz<mdt+/o (c%c’a:c)mmdt 24
T 2 12 3, 43
dg de d%?g d?p d3¢g dPp
! - G A . i Al N |
+/ (904 5 it A A dt“) ’

where w(p) = (DJ/Dg)(p) is the solution of (2.15).
Integrating by parts we obtain:

T ou 8w ou Ow ou
/0 (030 630 / / oz or = / 5y (L) erdt (2.44)
/8u “ o dt — //— wdz dt
0

2
= (ru)(p) 7/0 (%’w)wm dt

We also have:

T ou ow L ou T 52y
/0 (E’W)m(mdt*/o E(T)w(T)dmi/o (W’w)m(n)dt

With (2.41), using Fubini’s theorem and integration by parts we write:

T 52 2 T a2 - N 9
0°u  0%u 0w ow 0w
a= [ (2228 at
/0 (57 + 5 )Lm) /0 (57 o0 — g7 Pos w)m(n)

—/T(w 82—w—l—oza—w—a2—w—l—ﬁwcosu>
o "ot ot 92® L

G o "o
+/QW(T)U}(T)dx7/O %(L)cpldtJr/O %(0)900(115

o T 0w T ow
; E(T)w(T) dz — /0 E(L) o1 dt + /0 g(O)S@O dt.

Returning to (2.43) we find:

T U w
gj( ) cp:/o (Tu)gadtJr/ %(T)w(T)dx/Q%—t(T)w(T)d:c (2.45)

Q
T ~ T ~
ow ow
— (L dt — —(0 dt +1
= [ G- [ S0 adt+ 1o oo
= <TU + T’IIJ + ZAg, (p) (H%(O,T))/,H% 0,7

Hence,
(DJ/Dg)(g) = (tu+ 7w + lAg), (2.46)

and since, for an optimal pair (g, @), we have (DJ/Dg)(g) = 0, (2.40) follows. O
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2.3. A uniqueness result for the optimal control problem

We know that if J is strictly convex the solution of the optimal problem is unique, see e.g. [5]. Our aim is
now to show that for [ sufficiently large, the cost function

1 T(‘f)ug? 1 T@ug
ﬂw—iﬁ Erm@“+5A B

is indeed strictly convex.

2 l
dt + 5'9'%]13(0,T)7

L2(9)

Theorem 2.4. Let ug € D(A), uy € V and let J be defined on a bounded, convex, closed, non-empty subset
C of H3(0,T). Then there exists lg = l(ug,u1,C,T), such that for any | > lo, J is a strictly convez, lower
semi-continuous function on C.

Proof. We showed that g — J(g) is lower semi-continuous when we proved the existence result for the control
problem and it remains to prove that 7 is strictly convex. To prove this it is sufficient to prove that the function

f(p) = T(g + pe) (g, ¢ arbitrarily chosen in H(0,T)),

is strictly convex with respect to p near p = 0, i.e. f”(0) > 0.
We know that (Du,/Dg)(p) := w(y) is the solution of (2.41). We then compute:

'y~ BT (e [ (22 |
fi(p) = Dy (g+pp) p= ; (at’ at)L2(Q)dt+ ; ((%ax)LQ(Q)dt+l(9+p<p,<p)Hs<o,T>-

We then consider w = (D?u/Dg?) - ¢ - ¢ and w' = (Du/Dg) - g. One can show, as in Lemma 2.1, that w is the
solution of:

0w ow %w

Tl + aa 02 + Bwcosug = Suww? sinug,

w(0,t) =0, w(L,t)=0, (2.47)
Ow

w(z,0) =0, W(x,O) =0.

We take ¢ = ¢, so that w' = w. We then write

T T T T
ow |2 ow |2 ou Ow ou Ow

ey — ow ow oy ow ou ow 2 .

17(0) _/0 ot lr2() dt+/() ‘89: L2(Q) dH—/O (81’ 8x)L2(Q) dt+/0 (815’ 8t)L2(Q) At + 1l o.1)

(2.48)
We know that

Ow
L2(0,T;L2(R2)) %
Ow
L2(0,1522()) | O

T
‘/0 (%’%)L?(m dt‘ = %

T
’/0 (%’%)H(Q) dt’ = %

L2(0,T3L2(Q))

L2(0,T5L2())

and so we obtain

Ow
L2(0,T;L2(Q)) | Ox

_|9u
L2(0,T;L2(Q)) ot

ow

Ou Ow
L2(0,T;L2(Q)) | Ot

71(0) = |5 el

L2(0,T5L2(Q))
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We need to estimate w, so we multiply equation (2.47); by dw/dt and we obtain
1d [|0w|? Ow |2
Sq UE Lo + o L2(Q)] + Bt o2 ﬁ/ w? smug dz — B/ —w cos Uy dz- (2.49)
We can easily estimate the terms from the RHS of (2.49), using Poincaré’s inequality
‘ﬂ wasmugdx <|6|/|w| ‘at‘dm<c/|w|4d:n+ /‘&‘ dz,
5 [ Grwoosuyde| <181 [ 1o olae < §[52[L o ef5E]
e “Iat - 4 Ot lr2(q) ‘oz L2(Q)
Returning to (2.49) we find
d 0w |2 Ow |2 Ow |2 4
| R 7 d ‘ 2.50
[ ot 1L2(q) + Ox L2(Q)] ta ot L2(Q) ~ / ol dz + Ox L2 ( )

We then need to estimate w. We use the lifting function and write w(z,t) = y(x,t) + ¢, (x,t) where ¢, (z,t)
wo(t) + (x/L)(p1(t) — wo(t)). Then - satisfies:

o o
2

py 5% 92 + fBycosug = F(x,t),
20,6 =0, A(L,t) =0, @251)
o D=
v(z,0) =0, ot (z,0)=0

where F(z,t) = —[02¢/0t* + a 8¢/t + B¢ cos Ug].

We make the same kind of calculations as before, multiply the first equation of (2.51) by d¢/d¢ and integrate
over §). We use as before the Gronwall lemma and we obtain

ow

ow T 9 9
T O] o+ 520y < [ Toliaplolie oy (252)
forallt <T.
‘We notice that
wF ey < ¢ (M) T 19elix(@):  [wlizg) < c(Vfiz@) + 106l 72(0)) (2.53)
and so we obtain

T
/O |U1|%2(Q)|w|%oo(g) dt < C|@|§ﬂ3(0,T)' (2.54)
We return to (2.52) and we see that:

[ 50l

Oow
+ D — (%)

4
12 Q):| dt § C|90|H3(07T). (255)
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We return to f”(0) and using (2.55) we obtain:

du
ot

ou

10 = ~| el or — ¢ 70

2
L2(0,T;L2(£2)) L2(07T;L2(Q))|¢|H3(OfT)
Oou

Ju
+lleloon = (1- 5

L2(0,T5L2(Q)) “lox

2
. (2.56
L2(07T;L2(Q))> lspligs 0,y-  (2-56)

The next step consists in bounding [0u/0t|12(0,7;2(0)) and [0u/0x|r2(0,1;12(0)). Using the same estimates as
for the proof of Theorem 1.2 we obtain

ov 2

at

2 ov

T
— < F(z,t)[2(q) dt + T
v el < [ 1P OByt e

< C|g|I2HI3(0,T) + T,

L2(

for all ¢t < T'. From the estimates above and from the fact that 7 is defined on a bounded set C we obtain that:

0 0
gu <e¢ |& <ec (2.57)
Ot 1L2(0,T;L2(Q)) Ox 1 L2(0,T;L2())

Looking to (2.56), we see that for [ big enough, f”(0) > 0, which is what we needed. O

Theorem 2.5. Assume that C and ly are as in Theorem 2.4. Then, for [ > ly, the optimal control problem P
has a unique solution.

3. ROBUST CONTROL

In this section the boundary values are decomposed into the disturbance h = (hg, h1) € H3(0,7) and the
control g = (go,¢1) € H2(0,T). The objective in the robust control problem is to find the best control g in
the presence of the worse disturbance h which maximally spoils the control objective. The flow u is related to
the disturbance h and the control g through the system:

9%u ou  O%*u

W-ﬁ-aa — @—l—ﬁsmt&:o, 111&2>(:R,_;,.7
U(O,t) = gO(t) + hO(t)a u(Lat) = gl(t) + hl(t)a (31)
u(z,0) = uo(x), %(3&,0) =ui(z), ze€

The cost functional (Lagrangian) considered here is given by:

1 T(?u(g,h)2 1 Tau(g,h)
j(g’h)fi/o‘ ot L2(Q)dt+§/0‘ oz

2 l m
de + §|9|1%13(0,T) - §|h|1%13(0,T)a

L2(Q)

where the scalar parameters [, m > 0 are given. The parameter [ may be interpreted as a measure of the “price”
of the control and m as a measure of the “price” of the disturbance.

Definition 3.1. If (g, h) is a saddle point of the cost functional J defined above, then the disturbance h €
H2(0,T), the control g € H3(0,T) and the corresponding solution (g, k) of (3.1) associated to (g, h) are said
to solve the robust control problem.

We can solve the robust control problem by using, for instance, the following general result (see e.g., [5]):
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Theorem 3.1. Let J be a functional defined on X XY, where X C X and Y C Y are nonempty, closed, bounded,
convex subsets, and X,Y are reflexive Banach spaces. If J satisfies

(a)Vge X, h— TJ(g,h) is concave and upper semi-continuous,

B)Vhe), g— T(g,h) is conver and lower semi-continuous,

then the functional J has at least one saddle point (g, h) on X x Y, such that

g,h) = mi h) = i h).
J (g, h) = minmax 7 (g, h) = maxmin 7 (g, h)

Moreover, if J s strictly convex with respect to g for each h and strictly concave with respect to h for each g,
then (g, h) is unique.

Proposition 3.1. We assume, in addition to the hypotheses (a) and (b), that

(a')Vge X, h— J(g,h) is Gateaux-differentiable,
(B YV h eV, g— T(g,h) is Gateaux-differentiable.

Then (g, h) € X x Y is a saddle point of J if and only if

Dy, _ - _
D _ _
(D—‘Z(g,h),h—h) <0,Vhe). (3.3)
If there is no constraint, i.e. X =X, Y =Y, the above inequalities become equalities. O

We now return to the robust control problem and we prove that we can apply Theorem 3.1.

Theorem 3.2. Let there be given ug € D(A), u1 € V and assume that the cost functional J is defined on X x Y,
where X,Y C H%(O,T) are non-empty, closed, conver, bounded sets. Then there exists lg and mg depending on
the initial data and on the sets X,) such that, for any l > lg and m > mg we have:

(a)Vge X, h— J(g,h) is strictly concave and upper semi-continuous,

b)VheY, g T(g,h) is strictly convex and lower semi-continuous.
Proof. Since the norm is continuous, in order to prove the continuity we only need to verify the continuity of the
first two terms in J with respect to (g,h). Let u = u(g, h), ux = u(gx, h«) be the solutions of (3.1) associated

with the corresponding boundary conditions.
Let 6g = g — gx, Oh = h — h,, du = u — u,. The lifting function is:

B(g.W)(w,t) = go(t) + ho(t) + F(92(t) + Ia(t) = go(t) ~ ho(1)).
We know that u(g,h) = v(g,h) + ¢(g,h). We denote

dv = U(g, h) - U(g*, h*) = U(g, h) - U(g*, h*) - ¢(ga h) + d)(g*a h*)
= du — ¢(dg, oh).
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We notice that dv is solution of the following system:

2 2 a
80(?)) * aagstm - aa(j:) + Bsin(v + ¢(g, b)) — Bsin(ve + ¢(ge + i) = F,
d(ov)

(6v)(0,t) =0, (6v)(L,t) =0, (év)(x,0) =0, 7(3&, 0) =0, (3.4)

where F(z,t) = — [(02¢(dg, 6h) /0t (x, 1) + (0h(3g, 6h)/0t)(x, )]

We perform the same kind of estimates as in the previous sections and we obtain:

0|

L2(Q)

2 ‘3(51})

T
712 2
e+ <o [ (1Bl +16Ga. 00 0 (35)

5 (1)

Taking into account the definition of F and (g, 0h) we easily find:

[ (%2

From (3.6) we obtain that

2 (o)
L2(Q) ‘ ox ®)

L2(Q):| dt<c [|5g|%ﬂ3(07T) + |5h|1%13(0,T)} . (3.6)

Vge X, h— J(g,h) is upper semi-continuous,

VhelY g J(g,h) is lower semi-continuous.
It now remains to prove that

Vge X, h— J(g,h) is strictly concave,
VYhe), g— J(g,h) is strictly convex.
Because the proofs are similar, we only prove that h — J(g, h) is strictly concave Vg € X.

We introduce the function f(p) = J(g,h + phy), where g, h, h, € F are arbitrarily chosen. In order to
prove the concavity, it is sufficient to show that f is concave with respect to p near p =0, i.e. f”(0) < 0. Let

D
wy (0, hy) = D—Z - hy, which is solution of the system:
P, aaw* - O, + Pwy cosugp =0
12 ot 0> * g:h — Y
w*(O,t) = h*O(t)é w*(L; t) = h*l(t)a (37)
Wy
wy(z,0) =0, W(Jc,O) =0.

We then compute:

DJ T ou ow, T ou dw,
! = —(g,h hy) - hy = —, dt —, dt — m(h Ry, B .
1'(p) Dh (9, + phs) /0 (875 ot )L2(Q) + /0 <8x ox )L2(Q) m(h +p Jus 0.7)

We also consider w(0, hx) = (D2u/Dh2) - hy - hyx, which is solution of the system:

O*w ow  0*w - )

ﬁ + QE - W + Bwcosu(g, h) = Pwywss sinu(g, h),

w(0,t) =0, w(L,t)=0, (3.8)
w0 =0, 22(0) =0,

ot
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where w., = (Du/Dh) - hyi. Taking hy = hyy, we obtain w, = w,s and we can see that w(0, hy) = (D2u/Dh2) .
hy - hy is solution of the system:
8%w ow 0*w

- —_— — ——F = 2 si
02 T T o2 5 + Bwcosu(g, h) = fw; sinu(g, h),

w(oat) =0, (Lat) =0, (39)
_ ow
w(x,0) =0, E(Jc,O) =0.

We can now compute:

T T ~ T
Jwy |2 ou Ow Owy |2
"(0) = * dt — dt x
1(0) /0 ot lrz() Jr/0 (01?’ 6t)L2(Q) +/0 Ox |L2()
ou ow 9
+ /0 (5 ) ooy &~ 7 el (3:10)

We show that for m large enough, the last term dominates the expression (3.10) and we obtain f”(0) < 0. To
estimate the first terms of f”(0) we need to estimate w, and .

We first estimate w,. We write wy(x,t) = vy(z,t) + ¢(x,t) where ¢p(x,t) = hyo(t) + (/L) (hs1(t) — hao(t)).
Then 7 is solution of the system:

Py Oy Py ~

22 7% e 2+5’YCOSU(9,h)*F;

0.0 =0, (L) =0, (3.11)
7(937 0) =0, 27 (:L' 0) 0,

where F(z,t) = — [0%¢/0t* + ad¢ /Ot + B cosu(g, h)].
By the usual methods we find:

v

oy, |2
= ( %()

at D] 2

T
£2(Q) < C/O |F(1';t)|%2(ﬂ) dt < C|h,*|]%13(07T)’ (312)

for all ¢ < T. Remembering that w, =y + ¢, we easily infer from (3.12) that

T T

Owy |2 Owy , |2 2
— (¢ dt — (¢ dt < clh . 3.13
L1 0] g [ | G0 < e (313)

Next step is to estimate
0u 8w 0u 8w

dt| and ‘ . 3.14
‘ / ot at I e / oz’ 030 L) (3:14)

By Schwarz’s inequality, it suffices to estimate du/dt, Ow/ot, Ou/dz, Ow/dx in L?(0,T; L%()).
For w, we multiply the first equation of (3.9) by 0w/dt and integrate over 2. We obtain after some elementary
computations:
d “ ow|?

ot |L2(Q) ox

ow |2 ta w2 8w
L2(Q) ot lLzQ) — 030

+c/ w* da. (3.15)
L2() Q
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Noticing that w, = v + ¢y, , where v € Hy (Q) C L>®(Q) and ¢p,, € L*°(), we find
T T
/O /wadfdt §/O | |7 o0 00y [0 |72 2y AE < €l Pl 0.7

Using the Gronwall lemma we obtain:

[ li55e

We now return to f”(0) and we find:

2 ow 2

e g

LQ(Q)] dt < clhuliss 0.1y (3.16)

ou

bl 3.17
L2(0,T;L2(R)) ¢ ot ( )

ou
2
7(0) < ooy e+ o

L2(0.TiL2(Q)) m> '

For the estimates of Ou/Jt and du/Ox we can repeat the calculations made in Section 2.3 and we obtain the
following estimates:

ou|?

ot
@
ox

2@ < C|9|1%13(0,T) + C|h|]%13(0,T) + T,

2

2 2
L) < clgligs(o,r) + clhliga(o,r) + T

We assumed that J is defined on X x ) where X and ) are both bounded. We obtain immediately:

du
ot

ou
<cT,X —
L2(0,T;L2(Q)) — o1, &, ), Ox

<c(T,X,)).

L2(0,T5L3(Q))

Returning to (3.17) we see that there exists an mg such that, for m > myg, f”(0) < 0. Hence h — J(g,h) is
strictly concave for any g € X. (I

We conclude by stating the main result of this section:

Theorem 3.3 (existence and uniqueness of the solution to the robust control problem). Assume that X and Y
are non-empty, closed, convez, bounded sets; X,y C H3.(0,T) and that 1 > lo, m > mg, where mo, lo are like in
the previous lemma. Then there exists a unique saddle point (g,h) € X x Y and the corresponding 4 = u(g, h)
such that

g, h) = mi h).
J(g,h) Igrgggr}{leafj(g, )

4. MISCELLANEOUS REMARKS

We conclude with a remark in the following subsection and an auxiliary result in the next one.

4.1. Remark concerning the weak solutions of the sine-Gordon equation

Much of what was done in the previous sections, is valid for weaker solutions of system (1.7), that is u €
L*([0,T],V) with u' € L*([0,T], H). We assume ug € V, uy € H and that the boundary conditions are given
functions from H2(0,7T) = {v € H2(0,T), v(0) = 0} instead of functions from H3(0,7’). All the estimates made
for strong solutions are still true because of a technical result from [15]:
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Lemma 4.1. Assume that w € L?(0,T;V), w' € L*(0,T;H) and w" + Aw € L?(0,T;H). Then, after
modification on a set of measure zero, w is continuous from [0,T] into V, w' is continuous from [0,T] into H
and in the sense of distributions on (0,T)

d
2(w" + Aw,w'") = e {|w')* + a(w, w)} -

However, when working with weak solutions, we are not able to obtain a necessary condition for optimality
nor the characterization of the gradient as obtained in the next subsection; hence our choice to work with strong
solutions.

4.2. Identification of the gradients and characterization of the solutions of the robust
control problem

In this section we characterize the gradients of the cost functional with respect to the control g and the

disturbance h. In Section 3 we saw that the existence of a saddle point (g, h) of the functional J implies

Dg , - _
(D—g(gﬂ),g—g) >0,Vged, (4.1)
DT, - _

We should notice that for a solution (g, ) to the robust control problem we may not have (DJ/Dg)(g,h) =

(DJ/Dh)(g,h) = 0, as they may be located on the boundary of the domain X x ). We obtain this relation if

(g,h) is in the interior of X x Y or if X and Y are all of H(0,T) but for this second variant we do not have

the existence of a solution of the robust control problem, as it is essential that X and ) are bounded sets.
Differentiation of J leads to the following expressions:

DT . T ou dw, T 0u Ow, .
= G = - = : 4.9
Dg (9.)- 9 /0 (at’ ot >L2(Q) dH—/O (81’ Ox >L2(Q) dt + Ug, 9w 0.1), (4.2)

DJ - T ou ow T ou ow ~
—(g,h)-h = — — dt — — dt — m(h, h)p: 4.
Dh (ga ) /0 (ata at)L2(Q) +/0 (8I’ 8I)L2(Q) m( ) )Hs(O,T)v ( 3)

where w, = (Du/Dg) - § and @ = (Du/Dh) - h.
We also introduce the following adjoint state equation:

0% ow 0% . 0?u  0*u
ﬁfaaf@Jrﬂwcosu:Wer,
w(0,t) =0, w(L,t)=0, (4.4)
w(z,T) =0 @(x T):%(IC T).

’ oot ot

Proposition 4.1. Let u(g, h) be the solution of system (3.1) and let w = (Du/Dg) - § + (Du/Dh) - h be the
solution of the following system:
82_w+aé)_w — 82—w—i—ﬁwcosu—O
o’ Ot 9a° -
U)(O, t) = go + ho, w(La t) = g1+ ha, (45)
ow

w(z,0) =0, E(I,O) =0.
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Let W be the solution of the adjoint state equation (4.4). Then we obtain:

T o?u  9%u ou Tow .~ Tow, .~
| G+ 350) 0@t = [ G0 = [ S +Rdes [ G206 +R)de (@0)

Proof. The proof follows immediately using elementary computations based on integrations by parts. U
. . . 5 ou, . Ou . .
As in Section 2.3, we introduce the operator 7 defined on H#(f2), Tu = (f 6—(0), 8—(L)) With this

x x

notation we can rewrite (4.6) as

T, 0%u  O%u ou T -
/O <W+$’w)w<m dtf/Qa(T)w(T)dmf/O () - (§ + h) dt. (4.7)

Returning to (4.2) and noticing that w, = w(g,0) we obtain:

DT - T Ou Ow, T ou ow, -
Byomi= [ (E’W)Lm)d”/o (%W)m(mdt“(%g)ﬂa@f>
ou T ou
= T)d dt — —(0)go dt
| Frmywmdn / Dt~ [ 510
0%u ~
_/0 ( 6 PR ) 9 9)H3(0,T)-
Taking h = 0 in (4.7) we obtain:

DJ O N T ~
Dogh)G= [ (rugdes [ ro)gde+ i Do,
) 0 0

Taking an arbitrary g we find the expression for the gradient D7 /Dg:

D
D—Z(g’ h) = Tu+ 70 + IAg.
Similarly we find:
DJ .
D—h(g, h) = Tu + 7 — mAh.

We can now state the main result of this section:

Theorem 4.1. For m and | large enough, the solution to the robust control exists and is unique. Furthermore,
the gradients of the cost functional are given by (DJ/Dg)(g,h) = Tu + 70 + lAg and (DJ/Dh)(g,h) =
Tu + 7 — mAh, where (u,w) is the solution of the following system:

& + a@ Ou + Bsinu = 0,
o Yot a2 T UM
0w 8111 0w Pu  O*u

—5 + ficosu = (4.8)

Z a2 — + —,
o "ot o o2 | 9
U(O,t) =go+ hOa U(L t) =01+ hla w(ovt) =0, '(Z}(L,t) =0,

ou ow Ou

u(z,0) = uo, Fr —(x,0) =uy, w(z,T)=0, E(x,T)
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Proof. The existence and uniqueness of the solution to the robust control problem are given in Section 3. The
other statements have been already proven in this section. O
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