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NULL CONTROLLABILITY OF THE HEAT EQUATION
IN UNBOUNDED DOMAINS BY A FINITE MEASURE CONTROL REGION *

PIERMARCO CANNARSA!, PATRICK MARTINEZ? AND JUDITH VANCOSTENOBLE?

Abstract. Motivated by two recent works of Micu and Zuazua and Cabanillas, De Menezes and
Zuazua, we study the null controllability of the heat equation in unbounded domains, typically Ry
or RY. Considering an unbounded and disconnected control region of the form w := Unwn, we prove
two null controllability results: under some technical assumption on the control parts w,, we prove that
every initial datum in some weighted L? space can be controlled to zero by usual control functions,
and every initial datum in L?*(Q2) can be controlled to zero using control functions in a weighted
L? space. At last we give several examples in which the control region has a finite measure and our
null controllability results apply.
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1. INTRODUCTION

This paper is devoted to the study of the null controllability of the heat equation in an unbounded domain €2
by a “small” control region w.
We consider the problem

ur — Au = fxo, l‘EQ,tG(O,T),

u =0, x e i, te(0,T), (1.1)

u(t =0,z) = up(x), x € Q.
The control f acts on the system through the open subset w, and x. denotes the characteristic function of w.
The null controllability problem can be formulated as follows: given T' > 0 and ug, does there exists a control f
such that the solution of (1.1) reaches the rest at time T, i.e. w(T) = 07 On purpose, we do not precise for the
moment the spaces where the initial condition ug and the control f lie, since that will be one of the key points
of this paper. We will also precise later what means a “small” control region.
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First let us recall some of the main results on this question.

There is a large literature on this problem when €2 is a bounded set. Roughly speaking, if {2 is bounded
and w is any open subset of , then given T' > 0 and ug € L?(Q2), there exists a control f € L?(0,T;L*(Q))
such that the solution of (1.1) reaches the rest at time 7. Similar results hold for boundary null controllabil-
ity. See in particular Fattorini and Russell [9,10] for similar results in one space dimension or under special
geometric conditions, Lebeau and Robbiano [19] for a general result without geometric conditions, Fursikov
and Imanuvilov [14] for similar results in a more general context, including heat equations with time-dependent
coefficients, Ferndndez-Cara [11], Ferndndez-Cara and Zuazua [12,13] for similar results for semilinear heat
equations.

When 2 is unbounded there are very few results, and the first one was negative: Micu and Zuazua [20]
considered the case Q := RY = (0,00), and proved that, within the class of solutions defined by transposition,
there is no smooth compactly supported initial datum that might be driven to zero in finite time by a control
acting at the extremity x = 0. Similar results hold when € is the half space R’} and when the control is
distributed in a bounded control region w (see Micu and Zuazua [21]). The lack of null controllability comes
from the fact that the controlled heat equation holds in an unbounded domain, while the control is localized on
a bounded domain, thus an unbounded region is left without control.

Very recently, Cabanillas, De Menezes and Zuazua [3] studied the problem of null controllability when the
domain €2 is unbounded but when the control acts on a large control region w: under the assumption

'\ w is bounded,

they obtained positive results: given T > 0 and ug € L%(Q), there exists a control f € L?(0,T; L*(Q)) such that
the solution of (1.1) reaches the rest at time T'. (More generally, they obtained similar results for the semilinear
heat equation, with nonlinearities involving gradient terms.)

We are interested in the null controllability properties when €2 is unbounded. Comparing all these results, it
seems natural to ask if it possible to control the heat equation with a control acting on an unbounded region
of finite measure, which would be the “smallest” control region that one can hope to be efficient to obtain null
controllability results. This is the goal of this paper.

We are mainly interested in the case of €2 := (0, 4+00). Thus we consider

Ut — Uzz = fXw, T e (0700)7 te (OvT)v
U(t,l‘ = O) =0, te (OvT)v (1'2)
u(t=0,z) = up(z), z € (0,+00).

The control region is w := Uy (an, by,), where the intervals w,, := (an,b,) are disjoint and a,, — 0o as n — oo.
Our main results are the following: under some assumption on the lengths of the control sets w,, and the lengths
of the uncontrolled sets (b, a,+1), we obtain two controllability results:

— first, if the initial datum wug lies in some weighted space Lil (©) (for some weight function p; that
depends on the sequences (a,)n, and (b,),), then there exists a control f € L2(0,T; L?(R)) such that
u(T) = 0. In particular, if ug is compactly supported, then ug € L;2:1 (©) and our result applies. Hence
this is a null controllability result by usual control functions for a class of initial data that is smaller
than in the usual case;

— next, we prove that for all ug € L*(Q), there exists a control in a larger class: f € L*(0,T; L2,(Q)) (for
some weight function ps that depends on the sequences (a,)n and (by),) such that «(T) = 0 (in the
space ng (2)). Hence this is a null controllability result for all the usual initial data but by controls in
a larger class than the usual L? space.

The proofs of these results are based on suitable weighted minimization problems. The corresponding weighted
observability inequalities are obtained cutting off the solutions in several pieces: roughly speaking, the ones in
the control region and the ones in the uncontrolled parts (b, a,+1), which are estimated via the usual Carleman
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estimates on bounded sets. The technical assumption that we need is on the growth at infinity of the constants
that appear in the Carleman estimates, that depend on the sequences (ay), and (b,),, and means that the
uncontrolled parts are “not too large” with respect to the controlled ones.

At last, we discuss some examples that satisfy our technical assumption on the sequences (ay), and (by ).
For instance, our theory can be applied if the lengths of the uncontrolled parts are bounded above and below,
and if the lengths of the controlled parts w, = (an,by,) go to zero at most exponentially, that is

0<m<apy1 —bp <M <oo and |wn|zce_c/" Vn eN

for some positive constants ¢, ¢’. Another interesting situation is when the lengths of the uncontrolled parts go
to infinity at infinity in such a way that

mn < ape1 — by < Mn VnelN

Then, estimating the constants that appear in the Carleman estimates when the diameter of the domain goes
to infinity, we prove that the technical assumption we need is satisfied under the very weak condition

Yn €N, |w,| > e,

The outline of this paper is the following. In Section 2 we describe our main results, as well as open questions
and possible extensions. In Section 3 we provide proofs of all our theoretical results, while applications and
examples are discussed in Section 4. In Section 5, we show how to extend our results to a N dimensional
problem.

2. MAIN RESULTS

2.1. Null controllability results in one space dimension

We set 2 := (0,400), wy, := (an,b,) and w := Upw,, (w is the control region). We assume that the intervals
(an,by) are disjoint (i.e. 0 =bg < a3 < by <ag <by<---)and a, — 00 as n — o0.
Our first result concerns the problem:

Wi + Wae = 0, x e, te(0,T),
w(t,z =0) =0, te(0,1), (2.1)
w(T) € L().

(As we will see later, (2.1) is not always the adjoint equation of (1.2) because of the presence of a weight
function in the norm.) We prove the following observability inequalities, that will be the main tools for our null
controllability results:

Proposition 2.1. Given T > 0, there exist two bounded functions p1,p2 : Ry — R of class Cl, depending on
Q,w and T, such that the solution w(t,x) of (2.1) satisfies:

3T/4 T
/w(t,x)Qpl(:c)d:Edtg/ /w(t,:ﬂ)2 dx dt, (2.2)
T/4 Jo 0 Ju
and
37/4 T da
/w(t,x)2 dxdtg/ /w(zf,:c)2 dt. (2.3)
T/a Ja 0 Ju p2(x)
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Remarks 1. Micu and Zuazua [20] (p. 1637) noted that this kind of estimate is false when the control region
w is bounded: there is no positive weight function p such that

T
w(0,2)% p(z) da wy(t,0)?
/Q(O,)p()d SC/O (t,0)%dt

for every smooth solution of (2.1). Similarly there is no positive weight function p such that

/Qw(O,aU)2 p(x)dz < C/OT/Ww(ﬁ,ac)2 dadt (2.4)

for every smooth solution of (2.1) when w is bounded. However Cabanillas, De Menezes and Zuazua [3] proved
that (2.4) is true with p = 1 when Q\ w is bounded. Hence our estimates are intermediate between the negative
result when w is bounded and the positive result when Q \ w is bounded.

2. The construction of p; and py allows us to estimate their behavior as x — oco. In particular we will see
that if the length of the controlled parts w,, is bounded below: |w,| = b, — a, > m > 0, and if the length of
the uncontrolled parts is bounded above: a1 —b, < M, then the functions p; and ps can be chosen constant.
The problem becomes more interesting when |w,| = b, — a,, — 0 as n — oo and m < ap41 — b, < M. In that
case p1(z) — 0 and py(z) — 0 as @ — oo. In this case, it is not clear that w/\/pz € L*(Q x (0,7)). This will
be clarified later, as well as the asymptotic behavior of p; and ps at infinity.

To deduce controllability results from Proposition 2.1 we need the following

Main assumption: the functions p; and p, satisfy the following differential inequality: there exists positive
constants a; and ag such that

Ve, |prz] <aipr,  and  |p2z] < aspe. (2.5)

Roughly speaking, this means that the functions p; and ps do not decay too fast to zero at infinity (not faster
than some e~ °*). Since the behavior at infinity of p; and ps is closely related to the sequences a, and b,
this means that the uncontrolled parts are “not too large” with respect to the controlled parts. This kind of
technical assumption is quite necessary: indeed, it seems reasonable to think that the faster the lengths of the
controlled parts go to zero, the stronger the control has to be on every w,, to be efficient, and hence it belongs
to some weighted space. On the other hand, some restrictions appear on the growth of f to solve in a correct
sense the heat equation (see Jones [16]).
Let us introduce the space

L2(Q):={v:Q— R,/Q [v|?pa(z) dz < oo}
Of course, endowed with the scalar product
(U, v)p, = /qupg(ac) dez,
L/%Q (Q) is an Hilbert space. We introduce also the space
H? () :={ve L2 (Q) st ug,uge € L2, (Q)} -
Denote A the unbounded operator (f—; with the Dirichlet boundary condition u(z = 0) = 0. The domain of

Ais
D(A) == {u € H., (Q) s.t. u(x =0) =0} -
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Standard arguments can be used to justify that, if po satisfies the differential inequality (2.5), then A is the
generator of an analytic semi-group in L%2(Q). Therefore, given ug € Liz (Q) and f € L?(0,T; Liz (Q)), prob-
lem (1.2) has a unique mild solution uf € C([0,T]; L2 (£2)).

Now we are ready to state our main null controllability results:

Theorem 2.1. Fiz T > 0. Under assumption (2.5), the following holds:

(i) if uopfl/Q € L%(Q) (or equivalently if ug € L%/pl (€2)), then there exists a control f € L?(0,T; L*(Q))

such that the solution u of (1.2) satisfies uf (T) = 0;
(ii) if uo € L2(Q), there exists a control f € L*(0,T; L, () such that the solution u of (1.2) satisfies
uf(T) = 0 (in the space L2, (2)).
For most of the computations that follow we will need to consider more regular solutions, that is ul €
L?(0,T; D(A)) N HY0,T; L?)? (©)). Such a regularity is guaranteed if the initial conditions are smoother, for
instance if

uo € H;Q(Q) ={ue L,QJQ(Q) DUy € L/QJQ(Q), u(z =0) =0}

On the other hand, this fact will imply no loss of generality since we are mainly interested in L2-estimates for
the solution that can be easily recovered by an approximation argument.

Now it is interesting to exhibit examples where the technical assumption (2.5) is satisfied.

Example 1. As noted in Remark 2, if the lengths of the uncontrolled parts are bounded above:
nt1 — by < M < o0,

and if the lengths of the controlled parts w,, = (an,,b,) are bounded below:
vn, b, —an, >m >0,

then the functions p; and ps can be chosen constant. Hence Theorem 2.1 applies, and gives “usual” null
controllability results: given ug € L?(Q), there exists f € L?(0,T;L?(Q2)) such that the solution u of (1.2)
satisfies u(T") = 0. This refines the result of [3] in the linear case. (However note that the total measure of the
control region w is still infinite in this case.)

Now we are interested in finding finite measure control sets. Hence in Examples 2 and 3, we assume that
the lengths of the uncontrolled parts are bounded below. In Example 2 we assume that they are also bounded
above, in Example 3 we assume that they go to infinity at infinity.

Example 2. Property (2.5) holds true for instance if the lengths of the uncontrolled parts are bounded below
and above and if the lengths of the controlled parts w, = (an,b,) go to zero at most exponentially, that is

0<m<apt1 —b, <M< o0,

!
—Ccn
by, —ap >ce” ",

for every n and for some positive constants m, M, c,c’. Hence this provides a class of situations for which the
control region has a finite measure (for example if b,, — a,, = ¢™") and the two null controllability results hold.

Example 3. The other interesting situation is when the lengths of the uncontrolled parts go to infinity at
infinity: estimating the constants that appear in the Carleman estimates, we prove that if

mn® < apr1 — by < Mn?
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with 0 < a < (<1, and 20 <1+ «, then the technical assumption that we need is satisfied if

71
—nite

Vn, |wp| > ce

For example if a = 1 = 3, then under the very weak condition

i, |wn| > ce™™,

the two null controllability hold (and the control set w may have a finite measure).

At first glance, the above discussion may seem a little paradoxal: in Example 3, the uncontrolled parts are
larger than in Example 2, nevertheless the (sufficient) technical assumption on the controlled parts is weaker.
Such an observation, however, takes into account just the existence of controls that steer our system to zero,
without paying any attention to other possible properties, such as the norm of such controls. This may raise the
question of finding the “best control location”, namely the choice of the family of intervals {w,} that optimizes
some given criterion.

These three examples satisfy the following general conditions:

{(anJrl - bn)2 < Tap, (26)

lwn| > r~le~ran

for some constant r. We prove that under these conditions, our assumption (2.5) is satisfied, and thus our null
controllability results hold. Note that the first condition gives a bound on the length of the uncontrolled parts
(they must be “not too large”), the second gives a bound on the length of the control parts (they must be “not
too small”), in both cases the bound is given by the position of the control part (a, by,).

2.2. Null controllability results in [N space dimension

Our results are not restricted to one space dimension. For example consider €2 := RY | consider (as previously)
two real sequences (ay,), and (b,), such that 0 = bg < a1 < by < a2 < --- and a, — 00 as n — 00, and
define the controlled parts w, := {z € Q,|z| € (an,bn)}, the control set w := Uyw,, and the uncontrolled parts
O, = {x € Q,|z| € (bp,an+1)}. Then the uncontrolled set Q\w is composed by bounded connected components.
Of course this is a IV dimensional situation that looks like the one dimensional problem we studied before. In
this case, all our results remain valid. More precisely, consider w the solution of
we+Aw=0, z€Q, te(0,7T) 27)

w(T) € L*(). '

Then the following holds:

Proposition 2.2. Given T' > 0, there exist two bounded functions p1,p2 : 8 — R of class C!, depending on
the sequences (an)n and (by)n and on T, such that the solution w(t,x) of (2.7) satisfies:

37/4 T
/w(t,x)Qpl(x)dmdtg/ /w(t,:ﬂ)2 dz dt, (2.8)
T/4 Q 0 w
and
3T/4 T da
/w(t,x)2 dxdtg/ /w(t,:v)Q—dt. (2.9)
T/4 Ja 0 Ju p2()

(Of course under our geometrical assumptions, the weight functions p; and py are radial.)
Then in the same way, one easily verifies the following generalization of Theorem 2.1:
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Theorem 2.2. Fiz T > 0. Consider the control problem
ur — Au = fxo, x € Q, tG(O,T), (2 10)
u(t =0,2) = uo(z), x €. '

Then
(i) assume that |Vp1| < aqpy for some aq; then if uopfl/2 € L3(Q) (or equivalently if ug € L%/pl (Q)), then
there exists a control f € L?(0,T; L*(Q)) such that the solution u of (2.10) satisfies uf (T) = 0;
(ii) assume that |[Vps| < capy for some a; then if ug € L*(2), there exists a control f € L*(0,T;L2,(9))
such that the solution u of (2.10) satisfies uf (T) = 0 (in the space L2, (Q)).

Note that Theorem 2.2 directly follows from the observability inequalities stated in Proposition 2.2. These
inequalities are obtained thanks to the essential property that the uncontrolled parts O, are bounded, using
suitable cut-off functions and Carleman estimates. Then it remains to study the growth of the weight functions
with respect to the sequences (an), and (b,),. This is done estimating the constants that appear in the
Carleman estimates, especially looking to the influence of the size of the control set and the size of the domain
on the constants. It is in this part that such simple geometric conditions (we consider the radial situation)
are interesting. However our results remain valid if we assume that the controlled parts w, contain the part
{z € Q,|z|] € (an,bn)} (in this case, we only use these subparts to control the equation). Carleman estimates
are a little more complicated to establish in the N dimensional case, however we prove that the constants that
appear are the same than in the one dimensional case. Hence the functions p; and ps are the same than in the
one dimensional case. Since they are radial, the needed growth assumptions |Vp1| < ayp; and |Vpa| < azpe
are satisfied under the assumptions corresponding to Examples 1-3:

b — an > m, by — an > ce™ ™, by — an > ce_clnlm7

ang1 — by <M, |m<apnyr —by, <M, |mn®<ani1—b, < MnP,

(with the same restriction on o and (3). Hence one again this provides a whole range of admissible control sets
of finite measure.

2.3. Extensions and open questions

Semilinear problems. In [3], the authors consider a semilinear heat equation. One expects that their fixed
point method could be applied in the situation that we consider, but this would have to be checked.

Null controllability results in N space dimension. The main problem is the following: consider a sequence
(2,)n of smooth bounded domains in RY, and a sequence of open subsets (wy, )n, wn C 2,. Now, given T > 0,
consider the solution of the heat equation:

up — Au™ =0, z€Q,,te(0,T),
u” = 0, HARS aQn;
u™(0,z) = uf(x).
Then we know [14] that there exists some C(§2,,wp,T) > 0 such that
3T/4 T
/ u(t,z)? dt de < C’(Qn,wn,T)/ / u(t, )* dx dt.
Qp 0 Juwn

T/4

The question that has to be studied is: what is the behavior of the constant C(Q,,,w,,T) when the size of 2,
goes to infinity, or the size of the control region w,, goes to zero (or both cases)? This behavior is closely related to
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the behavior at infinity of our weight functions. Here we study the one-dimensional case when €, = (¢, ¢;, 1),
wp = (cn,dn) U (d) 41,0 41) With ¢, < dy, < dj 1y < ¢}y, and

— |92, | remains bounded below and above and |w,| — 0 as n — oo;

— |92,] — o0 and |wyp| — 0 as n — oc.
We extend also this study to the radial case in N space dimension. We provide estimates of the constant
C(Qn, wn, T) (see Lems. 3.1-3.3) using Carleman estimates. Improving these estimates in the one-dimensional
case would lead to an improvement of our results. And it would be interesting to study more general geometric
situations in the N dimensional case. Note that Fernandez-Cara and Zuazua [12,13] specially studied the
dependence of the observability constants with respect to time and an additional potential term.

Regional null controllability. We give in this paper a result that can be seen as the “best” positive result
of (global) null controllability that can be expected between the negative result of Micu and Zuazua [20] and
the positive result of Cabanillas, De Menezes and Zuazua [3]. Indeed we provide a result of (global) null
controllability with an unbounded control region of finite measure. This is the “smallest” control region that
allows to obtain a positive result of (global) null controllability. In particular, our result is a refinement of the
result of [3].

On the other hand, introducing the notion of regional null controllability, we improved the result of [3] in
another direction (see [4]): when the control acts on a bounded region w = (o, ) with 0 < o < § < o0,
then Micu and Zuazua [20] proved that there is no smooth compactly supported initial datum that might be
driven to zero in finite time. In [4], we proved that it is possible to drive the solution u of (1.2) to zero on
some subinterval. More precisely, given § > 0, there exists f € L?(w x (0,T)) such that the solution u of (1.2)
satisfies w(T') = 0 on the interval (0,5 — §). In particular, if 3 = +oo (which is the typical example for which
the condition of [3] holds: 2\ w is bounded), then «(T") = 0 on the whole domain (0,00). But if § < oo, this
gives a result of null controllability in some subdomain of €, in a case for which it is not possible to obtain null
controllability on the whole domain.

3. PROOF OF THEOREM 2.1

The proof of Theorem 2.1 follows from Proposition 2.1, considering for each null controllability result an
adequate minimization problem.

3.1. Proof of Proposition 2.1
We first prove the following
Lemma 3.1. For all n, there exists C,, and Cpy1 such that the solution w(t,z) of (2.1) satisfies

3T /4

ay _ T
/ w(t,z)*dedt < C4 / / w(t, r)* de dt, (3.1)
0 0 w1

T/4

and
3T/4

Ap 41 T 5 T
/ w(t,r)? dedt < C, / / w(t,z)*dedt + Cpyq / / w(t, z)* dz dt. (3.2)
T/4 bn 0 Wn 0 Wnt1

Moreover the constants C,, and Cy41 can be chosen as following:

1
47

C =K, eKo(an+1*bn)2
" 0 min(1, b, — ay,)

and
1

min(1,byy1 — apy1)?’
where the constant Kq is large enough and is independent of n.

~ 2
Cpy1 = Ko eKolant1—bn)
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The constants C,, and C’n+1 depend on the size of the domain and on the size of the control region. The
interest of (3.3) and (3.4) is to give an estimate of this dependence when the size of the domain goes to infinity
or the size of the control region goes to zero. It is not surprising to have constants that go to infinity when the
size of the uncontrolled region goes to infinity, or when the size of the control region goes to zero.

Note that Lemma 3.1 easily implies Proposition 2.1: indeed, let p» be a function of class C! on R, such that,
foralln, 1/ps > 14 C,, + C,, on w,. Then we deduce from (3.2) that

/3T/4/Qw(t,x)2 dedt < zn:(l +Cp +C) /OT /w w(t, x)? dz dt < /OT /w w(t, z)? pj(”;) dt. (3.5)

The proof of (2.2) is similar, noting that (3.2) gives that

3T/4 QAn 41 T
/ / w(t,z)? dzdt < / / w(t,z)? dzdt. O
1+C, + Cn.l,_l an 0 JwpUwnir

Hence it remains to prove Lemma 3.1.
Proof of Lemma 8.1. The proof of (3.1) and (3.2) are similar. We only prove (3.2).

Let w(t, z) be the solution of (2.1). The proof of the observability inequality (3.2) follows from the global
Carleman estimates for the heat equation on bounded domains with Dirichlet boundary conditions, used with
adequate cut-off functions. We need to look closely to the different constants that appear, since we will need
precise estimates in the following.

First we introduce some notations: for all n, we define

1
n L= by — 3 min(1, b, — ay),

1 .
Crgp1 i = ng1 + 3 min(1, bp41 — ant1)s
1

dy : = 5(6" +by),

and )
dyyq = §(Gn+1 + cnt1)-

What is important is that:
an < Cn < dp <bp < app1 <dj ) <Cpq < by,

C{,H-l — Cn S an—i—l - bn + 1,
hence the domain (cp, c;,, 1) has a size similar to the uncontrolled part (b, an41), and

1. 1.
dp — cp = i min(1,b, — an), Chyq —dp g = i min(1, byy1 — Ant1),

hence the domains (¢, dy) and (d}, , 1, ¢;, 1) have a size comparable to the control parts (an, bn) and (@n41,bng1)-
Now fix n and construct a cut-off function ¢ such that 0 <+ <1 on Q, v = 1 on (dn,d;, ;) and ¢ = 0
outside (¢, ¢}, 1). (Of course 1) depends on n.)
Let us now consider z := 1w. The function z(t, z) satisfies the following heat equation in the bounded domain

(cn, C;z+1):

(3.6)

2t + 2ze = h(t, x), x € (cp,cna1),t € (0,T),
Z(tacn) :Ozz(tadn—i-l)v te (OaT)a
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where h(t,z) = (Ypw)q + ows € L2((cn,chyy) x (0,T)). Note also that the function & is supported in space
in (cp,dn) U (d),q,¢41). We denote Ay, := ¢, | — ¢, the length of the interval (c,, ¢}, ), and

&n(t, QL') = 9(t)(e2 — e(2x_cn_c;+1)/)\n).

We prove the following

Lemma 3.2. There exists two positive constants K(Ap,T) and R(My,,T) such that the solution z of (3.6)
satisfies the observability estimate:

37T/4 )
/ / 2(t, ) dxdt<K)\n,T/ / e 2RO Ten ) (¢ 2)2 d dt. (3.7)

Moreover the constants K(A,,T) and R(A,,T) can be chosen as following:

eK1 max(\y,,1)2

K\, T) :K1m; (3-8)

R\, T) = Ry max(\,,1)% (3.9)
for some constants K1 and Ry large enough and independent of n.
Remark. Usual Carleman estimates (see, e.g., [1,12,14]) give that
e R |® Rop (2 g 2R 2
S H72 , S KnHe_ 0h||L2((O,T)XO7L) + Kn\/o /60 re- ‘781,(;5|81,z| 5 (310)
sT n

with the following notations: O,, := (¢, )1 1),

T
;:/ / 11222 4 202 + 2002 + [rze 2 dz dt, (3.11)
0 On

¢ : (¢n,¢yq) — Ris a function of class C? such that ¢/(z) # 0 for all z € O,,, and

1

0(t) := =0

o(t,x) == 0(t) (25Nl — oS9@)) (1, 2) .= RSH(t)e5*®),

and finally R, S and K, are constants that are large enough. Due to the cutoff function v, the term 0,z is
equal to zero on 00,, = {cn,¢;, 41} In Lemma 3.2 we specially study the dependence of the constants with
respect to the size of the domain. Here we are only interested in studying the zero order term of the weighted
norm (3.11), hence computations are a little shorter. To do them, we transform the heat equation in z stated
in the domain (¢, ¢, ) into a heat equation stated in the domain (—1,1), with variable coefficients.

Let us admit Lemma 3.2 for the moment. The proof of Lemma 3.1 will need to estimate the right-hand side
term of (3.7):

Lemma 3.3. For all n, there exists K, such that

T c;L+1 ~ T
/ / e 2RO TIEn (b O (¢ 2)? da dt < K, / /
0 Cn 0 w

T
w? d:cdtJrK;H_l/ / w? dz dt. (3.12)
0 Wn1

n
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Moreover the constant K|, can be chosen as following:

K —— % (3.13)

" min(1,b, — a,)*’
where the constant Cy is large enough and is independent of n.

Admitting Lemmas 3.2 and 3.3, we get that

3T/4  pant1 3T/4 repyy
/ lw|* < / 2(t,z)* dz dt
T/4 br, T/4 Cn

T ey B
< K, T) / / e 2RO DIen ) (1 2)2 dae dt
0 Cn

T T
gK(An,T)K;/ / dexdt—i—K()\n,T)K,’lH/ / w? dz dt, (3.14)
0 Wn 0 Wnit1

which gives (3.2), noting that, for some Ky large enough, we have that

K()\ T)K/ _x oK1 max(An,1)? Cy <K Ko(ant1—bn)? 1 _c
oy n 1 maX()\n, 1)2 min(l, bn — an)4 — 0¢ min(l, bn o an)4 - Mo
and
eKl max()\n,l)2 CO , 1 3
K\, TK! =K < K Ko(an41—bn) _ 0
O T ' max(An, 1) min(1, bpt1 — ang1)* ~ 0c min(1,bp41 — apg1)? et

Proof of Lemma 3.2. We do not detail too much the computations in this section, since we detail them for the
N dimensional case, see Section 5. In the one dimensional case, computations are a little shorter.
First let us define the following change of variable

1
yim 3@ = ),
n

and Z(t,y) := z(t,z), H(t,y) := h(t,x). Then Z satisfies

4
Zi+ —=Zy, = H(t,y), € (—1,1),te (0,1),
i A2 vy (t,y) y € ( ) ( ) (3.15)
Z(t,—1)=0=Z(t,1), te (0,7).
Take a strictly increasing function ¢ : [~1,1] — R of class C!, and define
_4 1 — 25)18llee _ oSb(v)
Qp, = vR 0(¢) := =1 o(t,y) = 0(t) (e e )

Now following [1] define
Vit,y) = e 09 Z(t,y),

PLV : = RoyV + RPaooV + anVyy,
PrV : =V, + Rayn(o,V)y + Rano, V.



392 P. CANNARSA, P. MARTINEZ AND J. VANCOSTENOBLE
Then

PV + PRV = He 1o,
hence, denoting || - || and (-, -) the usual norm and scalar product of L?(—1,1),

IPEVI? + PRV + 2(PEV, PRV) = [[He™ 7|

On the other hand,
(PRV,PRV) =Py + Py + Ps + Py,
where

Py = (RoV + RPono,V + anVyy, Vi),
Py = R0V, an(0,V)y + oy Vy),
P3 = R*(anoV,an(0yV)y + anoy V),
Py = R{anVyy, an(oyV)y + anoyVy).

Some integrations by part lead to the following identities:
T oloq
P+ Py = _/O /1 (ERatt + 2R2anayayt) V2 dydt,
C T
P = —Rs/ / 204%050ny2 dy dt,
0o J-1
and
T T 1
Py :R/ [aiayvj]ildt—}z/ / aroy,V, dydt
0 0o J-1
T 1
+ (PEV, Royoy, V) — /O / 1(R2anat0yy + R%ia;ayy)w dy dt.
Since Vi (t,—1) = 0 = V,,(¢,1), we obtain that
T 1 1
Piv.paV)z <R [ [ a2o,vEayde- g IpEvI?
0o J-1
T r1orq . 1
- /o /1 <§Rott + 2R 000y + 2R% 02070y, +R%0n0i0yy + RPal 000y, + §R2afla§y) V2 dydt.

Let us now choose ¢(y) = y and S = 1. Then adding (1/2)||P;V||? to the left-hand side of the previous
inequality and noting that —o,, = fe¥ > 0, we obtain that

T 1
1
| PRV |? > 2/ / (—§Ratt —2R%a,0,0y — 2R 0000y,
0o J-1
1
—R’an010yy — RPonon0y, — §R2aia§y) V2 dydt.

Now it is sufficient to study the coefficient of V2: choosing R defined by (3.9):

R:= R(\n,T) = Rymax(\,,1)?
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and computing explicitly every term, it is easy to see that the term 7R3a%0§0yy = R3a260%% can dominate
the other terms if Ry is chosen large enough. Thus we obtain that there is some ¢y such that

3T/4 o2Rer  p3T/4 ,
/ / (t,y)*dydt < cr—— R3a2 / / R*a202(—0y,)V?dydt

Sl He 2,

2
<CTR3 2||PRV|| —CTR3 2

and this gives (3.7) with (3.8). O
Proof of Lemma 3.3. We will denote
[flloo,r := sup{|f(x)], = € I}-

Then using the definition of h, we deduce that
T c:,,Jrl - T C;z+1 -
/ / e 2RO T)on 2 qop dt < 8/ / (QbfmwQ + wzwi)e_QR(A”’T)“” dx dt
0 Cn 0 Cn

T
SSmezHgo,(cmdn)/o / w? dz dt

T
+8|Wxx”goy(d;1+pc;+l)/0 / w? dz dt
Wn41

T rdn ~
8 [ o0

7L+1
+8me||oo(dn+17cn+1)/ / wle 2RI dg dt. (3.16)

n+1

The first two terms of the right-hand side of (3.16) are exactly what we want (see the right-hand side of (3.2)).
It remains to estimate the last two terms of (3.16). We estimate the first one, the second is similar. This is a
classical Caccioppoli-type inequality: we introduce a second cut-off function &, such that 0 < ¢ <1, £ =1 on
(Cnydy), and € = 0 outside (ay, by). Define i := e~ F»1)on By integration by parts, we easily verify that

1d bn
% Qdem:/ nmw? + n? w + 2nnww da.

n

Hence using that n(t =0)=0=n(t=1T),

T bn 1 by
/ / P = 1 / 0T, 2)2w(T, 2)* da
0 Qn 2 An

1 fb» T by
D) / 77(0799)271’(0,95)2 dz — / / nntw2 + 2nnywyw do dt
an 0 an

= */ / mw? + 2nnpwew da dt
0 an

T b, , 1 T by T by ) o
”nnt”oo,(an,bn)x(O,T)/ / w +§/ / n w, +2/ / npw
0 an 0 an 0 an

IN
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Hence
T rd, i T
/ / wiefQR(An,T)an dxdt < 4(||7777t||oo,wn><(O,T) + ||773«'Hgo,wn><(0,T))/ / w?. (3.17)
0 Cn 0 W,

Then (3.12) follows from (3.16) and (3.17) with

Ky = 8lltal e, + 3200 e, (1o 01) + 010 ) -

Now let us estimate K. We can choose the cut-off functions such that, for some constants ¢ independent of n,
we have

||¢x|‘oo,wn =
||7/}zz|‘007wn =

dnfcn,
C

(dn - Cn)2 ’
17l 00,0, x 0,7y < 1,
176 | 00w x (0,7) < €

Hfze_R(/\mT)&nHoo,ww,x(O,T) < lézlloown =

|ER(An, TG e~ AR T)En

dn_cn7

00,wn, X (0,T") <g,

c
||773:||oo,wn><(O,T) = dn —c, '
Hence
%
min(1, b, — a,)*
is a suitable upper bound for K. This confirms (3.13). O

3.2. Proof of part (i) of Theorem 2.1

Part (i) of Theorem 2.1 follows from the observability inequality (2.2). We recall that given ug € L?(Q2) and
f € L2(Qx(0,T)), the problem (1.2) has one and only one solution u/ (t,z) € C°([0,T]; L?(2))NL?(0,T; HL(Q)).
Fix € > 0 and consider as usual the functional

T
J(f) ;:%/O /Q|f|2dxdt+2—1€/g|uf(T)|2dx, feL*Qx(0,7)). (3.18)

It is well known that the functional J. is well defined, strictly convex, and J.(f) — oo as || f||z2ax(0,1)) — ©0-
It attains its minimum at f¢ € L?*(Q x (0,T)) characterized by:

fe(t,ﬂ?) = 7UE(t,:L') Xw(m)a (319)
where v° is the solution of the adjoint problem

vf + vz, =0, :L'EQ,tE(O,T),
ve(t,z =0) =0, te (0,7), (3.20)
v (t =T,x) = Lu/°(T) € L*(Q).
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Now we need suitable a priori estimates to let € — 0. We multiply (1.2) by v and (3.20) by u/”, we add these
identities, we integrate on  x (0,7), and we obtain:

T T
/ /u,{c ve—i-ufsvfdxdt:/ /favedxdt,
0o Ja o Jo

%/Q|UfE(Tvx)|2d$+/OT/Q|f8(t,$)|2dxdt:/Quo(ac)ua(o,x)dx. (3.21)

Now we need to estimate v°(0, ). Let w be the solution of (2.1) and consider the function

hence

N:tel0,T]— /Q lw(t, z)|*p1 () de.

Then
N'(t) = 2/ wwpr dr = —2/ WWyyep1 dz = 2/ lw,|?p1 + wwgp1,4 de.
Q Q Q

When p; satisfy the assumption (2.5): |p1,4| < a1p1, we have
N'(t) > 2/ lwe|?p1 da — 2a1/ |ww,|p1 dz
Q Q
2 2 of 2 of
>2 [ |wg)®prde —2 | |ws] pldx—7 |w] pldx:—TN(t).
Q Q Q
Hence

vt € (0,T), N(t) > N(0)e /2,
Combining this estimate with the observability inequality (2.2), we obtain the following observability inequality:

9 3T/4
N©) = [ w00 Por @) de < 2T [0 [ o) o o) dod
Q T T4 Ja

) T
< Te“fT/S/ /|w(t,x)|2dxdt. (3.22)
0 w

Now we can estimate the right-hand side of (3.21): we deduce from (3.22) that

w0 = (f ol S5) ([ 0P e as)
Q Q Pf() / Q / /
(/Q |u0|2 pii—(xx))lﬂ <%GSQ§T/8/OT/W|Ua(t7$)|2dxdt>

T

dx 1
C/u 2——|——/ /vet,x 2dzdt.
T Q| o pi(x) 2o w| t.2)l

Since f¢ = —v° on w x (0,7T), we obtain from (3.21) that

2

A

IN

IN

1 c 1 /7 dz

f 2 e 2 2

uw (T, x dx—i——/ / t,x)|* dxdt < C / U . 3.23
E/| (T’ =) 2 J, w|f( )| 7 [ |uol ) (3.23)
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When uopl_l/2 € L*(Q), the sequences (f¢). and (¢~ /2u/"(T)). are bounded respectively in L?(w x (0,7T)) and
L?(9). Then we can extract from (f€). a subsequence that converges weakly in L?(w x (0,7')) to some limit
f9 such that the solution of (1.2) with f = fO satisfies ul’ (T)=0. O

3.3. Proof of part (ii) of Theorem 2.1

Part (ii) of Theorem 2.1 follows from the observability inequality (2.3).
Denote A the unbounded operator dd—; with the Dirichlet boundary condition u(z = 0) = 0. The domain of
Ais R
D(A):={ue H. (Q) s.t. u(z =0) =0}
Denote also B : L2 (Q) — L2 (), B(f) := fxw- Now the problem (1.2) can be recast into the abstract form

(3.24)

u; = Au + B,
u(0) = up.

Standard arguments can be used to justify that, if p, satisfies the differential inequality |p2 5| < apz, then
the operator A is the generator of an analytic semi-group in L2, (€2) (see appendix for the proof). Therefore,
given ug € H} (Q) and f € L?((0,T); L2,(2)), the problem (1.2) has one and only one solution uf(t,z) €
L?(0,T; D(A)) N HY(0,T; L2, ().

Now we can study the controllability problem. Fix € > 0 and consider the weighted functional

e 1
:5/0 /Q|f|2p2d:cdt+2—€/Q|uf(T)|2p2d:c. (3.25)

The functional J. is well defined, strictly convex, and je(f) — 00 as ||f||L2((07T);L%2(Q)) — oo. It attains its
minimum in ff € L*((0,T); L2, (Q2)) characterized by: Difa(fa) -h=0forall h e 112((0, T); L2,()). (As usual,
DJ.(f¢)-h =0 denotes the differential of the functional .J. computed at the point f¢ and applied to the element
h.) Some care has to be taken here because we work in weighted spaces, and that will bring some changes to
the usual results that we used in the previous subsection.

In order to compute D.J.(f%) - h, we consider the problem into its abstract form (3.24). The solution
of (3.24) is

- t . - .
ul (t) = et ug + / e=DABf(s)ds =: e"ug + L f. (3.26)
0

Now we can compute D.J. (f) - h:

J(f +h) - / / 2fh+ |h|*) podadt + —/ (Ju" ™™D = [uf (T)[?) p2da.

Note that
uerh = uf + ’Uh,

where v" is the solution of

h _ Anh B
{vt = Av" + Bh, (3.27)

v"(0) = 0.
Hence v"(T) = Lrh. Therefore

J(f+h) - / /2fh+|h| pgdacdt—i——/ (2u (TY"(T) + [ (T)?) p da.
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We note that (3.27) gives that

/ v ps + / Vi ps + 0p o pa g = / ho' po.
Q Q

w

1 9 t t
5 " O1, :/ /hvhl)z*/ /|”Uﬁ|2p2+vﬁvhp2,x
0 w 0 Q
¢ 04% h2
st/‘J£|hvhuu-—|vzﬁp2+wvzﬁp2+--zwv 22
0

t 2

1 2+«

< [ Iz, + =20l
0

Hence

1 2+a3 (7
< SIhlE o mas, o+ 1 | I0MOI, at.

Then the Gronwall inequality gives that

a2
" @®)]2, < WlH%z((o,T);LgQ(Q))e(QJr 2)t/2,

Thus ,
7 1
DJ-(f)-h = / / Fhpa dadt + - / uf (T)Yo"(T)py d.
0o Ja Q
Now we look closer to the last term of (3.28):

/Quf(T)vh(T)pg dz = (uf (1), vh(T)>p2

_ <uf (T), L~Th>p2

= <uf(T), /OT e(T_s)ABh(s) ds>
P2

= /OT <uf(T),e(T_s)‘LiBh(s)>p2 ds
T

= <B*e(T_S)A*uf(T),h(s)> ds.
0 P2

Hence DJ.(f) - h =0 for all h € L*((0,T); L2,(Q)) if and only if

Thus J. reaches its minimum in f~5 characterized by

fe= le*e(T_s)A*ufa (1).
€

397

(3.28)

(3.29)

We have now to understand what is the operator BreT—9)4", First, the operator B : L/%Q Q) — L?)? (Q) is

self-adjoint. Now for 4y € L2, (), denote

(s) = eT=9)A" .
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¥ is the solution of the problem

bs + A5 =0
prA=D (3.30)
’U(T) = 0.
Hence it remains to understand what is the operator A*. Fix k € L/%Q (Q): then
- - . s ~ - 1 -
(A", k) py = (Y0, Ak)p, = / Vokzepe dr = / (Vop2)zzk de = <—(v0p2)m,k> .
Q Q P2 P2
Thus we obtain that J. reaches its minimum at fe characterized by
fe(t, @) = —0°(t, ) X (2), (3.31)

where ©° is the solution of the adjoint problem

O + AT =0 + L (0p2)an =0, wEQtE(0,T),
5 (t,x = 0) = 0, te(0,7), (3.32)
°(t =T,z) = Lu/" (T) € L2, ().
Note that
w(t,x) := 0°(t, x)p2(x) (3.33)

is solution of
Ws + Wee = 0, zeQ,te(0,T),

w(t,z =0) =0, te(0,T) (3.34)
w(T,) = Ll (T)pa(x) € L2(9).

Now we need suitable a-priori estimates to let ¢ — 0. We multiply (1.2) by ©°p2 and (3.32) by ufapg, we add

these identities, and we obtain:
(uf o) 4 (a5 = (F) .
P2 P2 P2

Integrating on (0,7") leads to

~ T ~
S [ W@ n@at [ [ 1FeaRmE = [ w0 mp@a 639)

Now we need to estimate v°(0, z)p2(z): using (3.33), (3.34) and (2.3), we see that

3T/4 T da
/w(t,x)2 de/ /w(?ﬁ,av)2 dt
T/4 JQ 0 Jw p2(z)

:/()T/wﬁe(t,x)ng(x)dxdt

:/ / F(t,2)? pala) dadt. (3.36)
0 Q

Now just note that for the solution w of (3.34) we have for all ¢ € [0, T

/w(O,I)deS/w(t,x)de,
) Q
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o [3T/4
/ w(0,2)*dx < —/ / w(t, z)* dz.
Q T Jria Ja

~c 2 2 ’ re T 2 2)dx
[Fan@Pa < [0 ] Feokpeia, (3.37

hence

Thus (3.36) implies that

This estimate allows us to conclude the proof: using the Cauchy-Schwarz inequality, (3.35) and (3.37) give that

1 e 2 1 (7
2 [ @] e [
€ Ja 2 Jo Ja

When ug € L?(Q), the sequences (f<x,). and (E_I/Qufa (T))e are bounded respectively in L*((0,T); L2, (%))
. . . 0

and L2 (Q). Therefore there exists f € L*((0,T); L2,(€2)) such that the solution of (1.2) satisfies u/ (T) = 0

in L2 (). O

ﬁ@@rm@MMMﬂ%meM%x (3.38)

4. ESTIMATES ON THE WEIGHT FUNCTIONS

As we have seen, for both part (i) and (ii) of Theorem 2.1, it is essential that both functions p; and ps satisfy
the same differential inequality, that says, roughly speaking that p; and ps do not decay to 0 at infinity faster
than some exponential function e™“*. To study the behavior of p; and py at infinity, we study the behavior of
the constants C), and én+1 that appear in (3.2) as n — oo, for which we have an explicit expression. We look
for some conditions on the sequences (a, ), and (by,), insuring that

1+ C, + C,, < Reflan (4.1)

for all n and some R large enough. If (4.1) is satisfied, then

1 .
pole) = e
satisfies
~ 1
1+ Cyp + Cp < Reffn < Ref™ <
p2()

for all © € wy,. Then we deduce from (3.5) that inequality (2.3) will be satisfied, with a function p, satisfy-
ing (2.5). At last, we note from (3.3) and (3.4) that (4.1) is satisfied if

{(an+1 - bn)2 < ray, (42)

lwn| > r~te=ran
for some constant 7.

4.1. Example 1

The first interesting case is when the lengths of the uncontrolled parts are bounded above by some positive
constant M, and the controlled parts are bounded below by some m > 0:

anJrl*bngMa bn*an2m~
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In that case, C,, and C, are constants independent of n (see (3.3) and (3.4)). Hence p; and py are also
constant functions, hence the weighted spaces are in fact the usual (non weighted) ones, and we have the null
controllability of (1.2).

4.2. Example 2

It is more interesting to study what happens when |w,| — 0 as n — oo. In that case

C

Cp=——=0C,.
But
n—1
ap > Z(“’fﬂ — bi) > mn.
k=0

Hence if |w,| > ce=¢™, then (4.1) is satisfied.

4.3. Example 3

Now we are interested in the case where the lengths of the uncontrolled parts (b, @n+1)n g0 to infinity, and
the length of the controlled parts go to zero. Since a,4+1 — b, > mn®, we have that

n—1
Gy > (agy1 — br) > Zmno‘ > m/nott,
k=0

On the other hand, since a, 1 — b, < Mn”, and |w,| > ce*C/”Ha, we see that (4.1) is satisfied if 20 < a +1
(which implies 0 < o < 3 < 1, since 0 < a < 3).
Similar results hold for p;.

5. TOOLS FOR THE N DIMENSIONAL CASE

The main thing that has to be proved is Proposition 2.2. Then Theorem 2.2 follows as for the one dimensional
case. Proposition 2.2 follows from the following generalization of Lemma 3.1:

Lemma 5.1. For all n, there exists C,, and Cpy1 such that the solution w(t,z) of (2.7) satisfies

3T /4

T
/ w(t,r)? dedt < C~’1/ / w(t,z)? dx dt, (5.1)
Oo 0 w1

T/4

and
3T /4

T T
/ w(t,z)* drdt < C’n/ / w(t, z)* dz dt + C’n+1/ / w(t, z)* dz dt. (5.2)
T/4 O-,L 0 Wn 0 Wn 41

Moreover the constants C,, and C’n+1 have the same value than in the one dimensional case, given by (3.3),
and (3.4).

Lemma 5.1 follows from the generalization of Lemmas 3.2 and 3.3. We are going to prove the generalization
of Lemma 3.2. The one of Lemma 3.3 is easy and left to the reader.

Now fix n, define ¢y, dy,, ¢, and d,,; as in the one dimensional case, and construct a smooth (radial)
cut-off function ¢ : @ — Ry such that 0 < ¢ <1 on Q, ¢ = 1if |z| € (dn,d}, 1) and ¢ = 0 if |z & (cpn, )1 1)
(Of course ¢ depends on n.)
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Let us now consider z := ¢(x)w. The function z(¢,x) satisfies the following heat equation in the bounded
domain €, := {z, |z| € (cn,c41)}:

{Zt—f—AZ:h(t;I)a ern’tE (O’T)7 (5 3)

z(t,x) =0, x € 9Q,,t € (0,T),

where h(t,z) := div (wVv) + Vi - Vw € L*(Q, x (0,T)). Note also that the function h is supported in space
in {|z| € (cn,dn) U (d, 1,0 1)} We denote Ay, := ¢, 1 — ¢, the length of the interval (c,, cy41), and

0) = . 6(2) = ol —cns  o(t,a) = O(t) (25I¥e — 500

(S will be chosen equal to 1/),). We prove the following

Lemma 5.2. The solution z of (5.3) satisfies the observability estimate:

3T /4

T
/ St 2) dedt < K\, T) / / 2RO T)T(o) (y 292 g dt, (5.4)
T/4 Qp 0 JQ,

where the constants K (A, T) and R(\,, T) have the same value than in the one dimensional case (3.8) and (3.9).

Proof of Lemma 5.2. Consider
o(t, ) = e B2 (¢ ), (5.5)
Denote I',, := 0€2,,. The function v satisfies

Prv := e Bot2) (9, 4 A)(efov) = e o f x € Qp,t € (0,T),
v=0 x ey, te(0,T),

5.6
Ov=e o2y, » =0 xel,,te(0,T), (5:6)
vit=0)=0=ov(t=T) x € Q.
We are going to prove
T
/ / o(t,2)? drdt < C(R, S) ||e~ Pl (5.7)
0 JQ,
for some suitable C(R, S), which will imply (5.4). Let us decompose the operator Prv in two parts:
Prv = P;gv + Pgv,
with
Phv:= R (o; + R|Vo|*) v+ Av, (5.8)
Prv:=v+ R(Vo - Vv +div (vVo)).
Then
le™ " hl[5 = |ProlI3 = [ PEvlIF + [ Proll§ + 2(Pr v, Pgo), (5.10)
where

T
o]l = / / oft,)? dedt = // o(t.2)? et
0 Qn T

The proof of (5.7) is based on a the estimate (by below) of the scalar product (Ppv, Py v).
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5.1. Computation of the scalar product

We denote
p := RS0,
Let us compute the scalar product between P;: and Pp:

Lemma 5.3. We have the following identity:

(P, PRy =P+ P+ P+ Py

= // 20(D?¢ - Vv) - Vo + 25p|V¢ - Vo|?

R

, R
+ // v? <25'p3|V<Z)|4 +p°Vo - V(IVe|?) + gA% ~ 5 0u - 2R?Vo - vgt) : (5.11)
Qr

Proof of Lemma 5.3.

(Pi, Pr) = (R(o¢ + R|Val*)v + Av,v + R(Vo - Vo + div (vV0o))) = Py + P + P3 + Py,

with
Py : = (R(oy + R|Vo|?)v + Av,vy), (5.12)
Py : = R0, Vo - Vo + div (vVa)), (5.13)
Ps : = R¥(|Vo|*v, Vo - Vv +div (vVa)) (5.14)
Py : = R(Av,Vo - Vv +div (vVo)). (5.15)

Let us study each term:

First term: P,

P = // R (O‘t + R|VU|2) VU + v Av
T

:// R (o¢ + R|Val|?) (%’U2) — Vg - Vo
TR v R 1
=[5 e mmety] [ 5 s mvor) e g (v,
Q 2 0 T 2 2
R 1 T R
- [/E(at+R|vU|2)v2—§|Vvlﬂ —// 5 (o0 + RIVol), 0%,
Q 0 Qr

Thanks to the term e~ %7, we obtain that

R
P = *// 3 (o +R|V0’|2)t"02. (5.16)
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Second term: Ps

P,: = R? // atv(va Vo + div (vva))

= R? // atv(2VU -Vu+ vAa)

= R? // ) o1 Vo - V(0?) + oy (Ac)v?

=_R? //T div (04Vo)v? + R? //T o (Ac)v?.

P, = —R? // v?’Vo - Voy. (5.17)

Hence

Third term: Ps
Py:=R3 // |Vo|?v (Vo - Vo +div (vVa))

1
R // 2|Vol?Vo - v (502) + Vol (Aoy?

= R? // — div (|Vo[*Vo) v? + |Vo[*(Ac)v?
Q

T
=R? // —v*V (|Vol?) - Vo.
T
Let us compute this last term:

—R3V(|Vo|?) - Vo = —R*V (S?6%e*3?|V¢|?) - (—S0e°9V )
= R*S%0%eV (e*9|Vg|?) - Vo
= R35%0°e°? (25e*50|V$|°V¢ + *°?V(|V4[?)) - Vo
= R*S%0%e3 (25|Ve|* + V([Ve]?) - Vo)

= p*(28IVol* + ¥ (IVeP2) - Vo).

Hence

h= // 25p°|Vg[*v® + p*V - V (Vo) v*. (5.18)

Fourth term: Py
P, = R// AU(VU - Vo +div (UVU))

R/OT/rn &,v(Vcherdiv (vva)) R//TVv~V(VJ~Vv+diV (uva))

_ —R/ . Vo - v(vc Vo + div (uvc)). (5.19)
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With the repeated indexes convention, we have
7R// Vo - v(vg Vo + div (vva)) - —R/ ) 010 0;(20,0 0jv + vAD)

= fR// 20;0;0 0;v 0jv + 2050 O;v 0;05v + (A0)|Vv|2 4+ v v 9;A\o.
For the first term, we obtain that

— 2R ;0;0 O;v Dju = 2RS 9;0;¢ 0 ¢ ;v Djv + 2RS? ;¢ 0;¢ 0 ¢ v Ojuv
=2p(D*¢ - Vv) - Vv +2Sp|V¢ - Vo2

Hence

Py = 2//Tp(D2¢~W)~w+25//Tp|v¢~w|2 —R// Tva~v (IVo]?) + (A0)|V]? + V(Ao) - V (%zﬁ)
:2//Tp (D*¢ - Vo) -Vv+2S//Tp|V¢-Vv|2+R//T% (A%0) v*. (5.20)

And this implies that
(P}, Pg) =P+ P+ Ps+ P,

= // 20(D?¢ - Vv) - Vo + 25p|V¢ - Vo2
2 3 4 3 2 R 2 R 2
v [ v (2Sp Vol* + V-V (IV6]) + 5 A% — Sow — 2R vU-vat). O
Qr

5.2. Some simplifications due to the choice of the function ¢

We have chosen

¢(x) := || — cn.

Then denoting r := |z|, we have that

Vo() = =, [Vo(z)| =1,
hence

28p°|Vol* +p°Ve -V (IVel?) = 250", (5.21)

Moreover . .

818j¢(:c) = ;51] — ﬁl‘il'j,
hence

Aofa) =0, (D*0(a)-€) €= L[>~ (x-£ > 0.
We deduce that

—2R?Vo - Vo, = —2R*(—0S5e5°V ) - (—0,Se°V¢) = —2R?0,5%*59,

and
Ao(t,z) = —05%5?, §A20(t,x) = —RAS*e5?.
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Then we deduce from the identity (5.11) that
(P, Pp) > / / v? (25’/)3 — ROS* 5 — gett (eQSW”“’ — eSW)) — 2R299t52e25¢) . (5.22)
T

5.3. Choice of the parameters R and S

We need to bound from below the coefficient of v? in (5.22). This will be done with a good choice of the
parameters R and S.

Lemma 5.4. Consider

S = and R=— = Romax(l,c,,; —¢,)?
for some Ry. Then we can choose Ry (independent of n) such that
ROS4 S + gatt (eQSMw - e5¢<1‘>) + 2R%00,5%*5¢ < §p°. (5.23)

Note that (5.23) and (5.22) imply that
(P, Pp) > // Sp3v?. (5.24)
T

Proof of Lemma 5.4. We want to prove that

SLPB(RGS‘*W n gett (e25|\¢”oe . eSW)) n 2329@5%254)) <1,
or equivalently
L —254(x) L Ot 2Sligllee _ Sé(2)) o—35(x) L 0 —so0)
e+ g (11 % )e ) Ly e S <,

This is clear: indeed, z — S¢(x) varies between 0 and 1, moreover 6; < c6? and 0y < cf? for some constant c,
and at last RS% = Ry. Then it is sufficient to choose Ry large enough. U

5.4. End of the proof

We deduce from the previous computations that
T/4
He_P‘“hﬂg > 2<P}'{,P§) > 2/ Spiv? = 2// R%Rﬁge‘g’%ZQe_QP“7 > 2¢; Re— 2R / 2%
Qr T T/4 JQn

which gives (5.4). O

6. APPENDIX

To prove that A is the generator of an analytic semi-group in ng(Q)7 the main step consists into proving
that the following problem

u(z =0) =0,
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has the following property: there exists Ag > 0 such that for all A € C, Re A > Ay, then the problem (6.1) has

one and only one solution u € D(A), and u satisfies

c
l[ully, < mllfllm (6.2)

First let us suppose that (6.1) has one and only one solution, and we prove that it has to verify (6.2): multi-
plying (6.1) by pou and integrating on 2 leads to

A/ |U|2P2+/(P2ﬂ)xux :/Pﬂf

Q Q Q

A / ul?p + / palusl? = / potif — / o, (6.3)
Q Q Q Q

Taking the real part and using the differential inequality (2.5) satisfied by p2, we obtain

1 1 1 a3
Re [ upet [ ol <5 [ palfP 5 [ paluP o 5 [ paluaP+ G [ palul
Q Q Q Q Q Q
1 a3 1
Red— o -2 [ulp2 + [ polucl® <5 [ palfI?,
2 2 Q Q 2 Ja

thus for all X such that Re A > (1 + a3)/2, we have the a priori estimate

1
[ oelu? <5 [ sl (6.4)
Q Q

Now we multiply (6.3) by X, and we obtain

P [ o+ 3 [ potusf? =X [ pof <X [ poum
Q Q Q Q

Hence

Hence

Since Re A > 0 we have

|)‘|2/ |u|2p2 < ‘X/ pQﬂf_X/ P2,1~U;cﬂ
Q Q Q
1/2 1/2 1/2 1/2
< ( / p2|f|2) (MF / p2|u|2) T ( / p2|ux|2) (|A|2 / p2|u|2) .
Q Q Q Q

Hence using (6.4), we obtain that

(0%)
Alllellps < 11F s + 2 uallps < (1 + ﬁ) 112

which concludes the proof of (6.2). .
Now it remains to prove that the problem (6.1) has one and only one solution v € D(A). The uniqueness of the
solution follows directly from (6.2). We prove the existence of a solution by approximation: given f € L;Q)2 (Q),
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consider the sequence of functions (fy,), defined by: f,(z) = f(z) if x < n, and f,(z) = 0 otherwise. Every
function f,, is compactly supported, and belongs to L?(£2). Consider u,, the only solution of the problem

AU — Uz = fn € L2(Q),

u(zx =0)=0. (6.5)

Then u, € H?() and satisfies the estimate

(Mllunllpe + lunzllpz + lunzello, < Clifllp,

if Re M is large enough. We deduce that the sequence (u, ), satisfies the Cauchy criterion in H32 (€2), which is of
course a complete space, therefore the sequence (u,), converges to some u € H32 (©), which is
solution of (6.1). O
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