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REGULARITY OF OPTIMAL SHAPES FOR THE DIRICHLET’S ENERGY
WITH VOLUME CONSTRAINT *

TANGUY BRIANCON! 2

Abstract. In this paper, we prove some regularity results for the boundary of an open subset of R?
which minimizes the Dirichlet’s energy among all open subsets with prescribed volume. In particular
we show that, when the volume constraint is “saturated”, the reduced boundary of the optimal shape
(and even the whole boundary in dimension 2) is regular if the state function is nonnegative.
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INTRODUCTION

In this paper, we study the regularity of the boundary of an open subset of R¢ which minimizes Dirichlet’s
energy among all open subsets with prescribed Lebesgue’s measure and included in a fixed open subset of R.

More precisely, let D C RY be open, f € L*(D) N L>(D) and a > 0. For each Q C D open with |Q| = a
(where || is the Lebesgue’s measure of ), we define uq as the solution of,

ug € Hé(Q), —Aug = f on Q.

We know that ug minimizes the Dirichlet energy,

J(u):/D%|Vu|2d:c7/Dfu,

among all u € H(Q) (recall that H{(2) € Hi(D)). Our goal is to study the regularity of 9Q* where Q* is a
solution of:

J(ug+) = min{J(un),? C D open , || = a}. (1)
This problem has been studied, for example, in [5,14] and in [11]. We mainly prove that, when the constraint
|Q*| = a is “saturated”, then the reduced boundary 9% is regular in regions where u does not change its sign
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(see e.g. [7,9] or [6] for a definition of 0*Q*). Moreover we prove that, in dimension 2, the full boundary 9Q*
is regular if u is nonnegative.

Let us make some comments on the result. Recall that, if 0Q* is regular, the Euler-Lagrange equation of the
problem (1) may be written as:

(a) —Au* = fin Q*,
(b)  w* = 0ondN*, (2)
(¢) |Vu*| = A on0Q*.

This free boundary system appears in several places in the literature. Regularity for the corresponding various
minimization problems has been also considered. Our approach is widely inspired by those in [2,3] or [10]. In
these papers, penalized version of (1) are considered like, for instance, minimizing expressions of the kind

J(ug) + A9,

Actually, we prove that our constraint problem may be also written, in the saturated case, as a “pseudo-
penalized” problem in the following way: the solution u* = uq« satisfies:

i) X" > 0 such that J(u") + X*|Q*| < J(v) + X*|{v # 0}, (3)

for all v such that |Q*| < [{v # 0}];
i1) 3 p(h) > 0 such that J(u™) + p(h)|Q*| < J(v) + p(h)|{v # 0}, (4)

for all v such that [Q*| — h < [{v # 0}] < |Q*].
Then we are able to prove a weaker version of the Euler-Lagrange’s equation (2), namely

Aug- + fxo- = AR 097, (5)

in the sense of distribution in D, where H4~|9Q* is the restriction to 9Q* of the d — 1 dimensional Hausdorff
measure and o is the characteristic function of Q*. For doing this, and in particular for the existence of a
positive u(h), we need one hypothesis saying that the constraint is saturated (see Rem. 1.4). As proved in the
last section, this hypothesis is always true if f > 0, f Z 0. Note that we do not need this hypothesis for the
existence of \*.

Our goal is to prove that, nevertheless, after some work, the regularity question may fit into the approach
in [2,10], at least in the saturated case. After reaching this main step, we are able to directly use regularity
results proved in [2,10] for what they called weak solutions. We deduce that, in regions where the sign of wugq-
does not change, then 0*Q)* is regular. We also reach full regularity of 0Q2* in dimension 2 in the positive case.
Note that cusps may occur for the boundary at points where u changes its sign, even in dimension 2.

Although different, this may be compared with [1] where pure constraints are also considered and also reduced
to a “penalized” version. But our problem and our apprach are different. First, here the nonhomogeneity is
inside the domain and not on the boundary. This makes the situation slightly different. For instance, an
assumption of “saturation” is necessary to obtain regularity. Next, in [1], the authors first deduce the regularity
of the boundary for penalized problem from the results in [2]. Then, they use this regularity to prove that it is
equivalent to the problem with volume constraint. Here we prove directly the equivalence between constrained
and penalized problems. This is valid without sign condition and without a priori knowledge of regularity.

Our paper is organized as follows.

In Section 1, we recall the known existence and regularity results for our problem and we state our main
results. We know that one first step in proving regularity of the boundary 9Q* is to prove regularity of the
solution ug«, for instance that wug~ is Lipschitz continuous when ug- > 0. This will be assumed here and
references will be given, in particular [4], [13] or also [2,10].
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We will show in Section 2 that Aug« + fyxq- is in D the difference of two Radon measures absolutely
continuous with respect to H?~1|dQ* (which is not yet, at this step, a Radon measure). This may be seen as
the easier half of (5). Moreover we will see (under some hypothesis, see Th. 2.4), that * has (locally) finite
perimeter (for the definitions and properties of sets with finite perimeter see for example [6,9] or [7]).

In Section 3 we study the blow-up of ug~ (i.e. limits of uq«(zg + rz)/r as r goes to 0) and in particular
around xy € 9*Q* where we can identify the limit function.

In Section 4, we want to control J(ug) — J(uq~) in term of || — |Q*|, with || close to a. We essentially
show (3) and (4). Moreover if we define, for h > 0, u(h) as the biggest u such that (4) is true for every Q with
Q%] — h < Q] < |Q*| and A*(h) as the smallest \* such that (3) is true for all Q with || < |Q*| + h, then
we prove that limp_,g pu(h) = limp_9 A*(h). This proves that “asymptotically”, our problem is equivalent to a
penalized version with this common limit.

This will allow us, in Section 5, to use some methods from [2] and [10], under the hypothesis u > 0. First
we show that HI~1(9Q* \ 9*Q*) = 0, then the absolute continuity of H%~|9Q* (now a Radon measure) with
respect to Aug+ + fxqo-. Finally, with the result of blow-up near 0*Q*, we are able to derive their exact
relationship: it is exactly given by (5). With this, we get that ug« is a weak solution in the sense of [3] and [10]:
so we may deduce the C! regularity of 9*Q*. Moreover, using the precise behavior of u(h) and \*, we get
(as in [3]) the regularity of the whole boundary 0Q* in dimension 2.

Finally, in Section 6, we discuss the hypothesis of saturation. We show that this hypothesis is always true if
f >0, f+#0. After that we also remark that this hypothesis is true for, at least, a dense open subset of a.

1. THE MAIN RESULTS

1.1. Existence, first results

We recall here the necessary existence results for our problem.
Let D be any open subset of RY, f € L?(D) N L>(D) and 0 < a < |D| (we denote by |E| the Lebesgue’s
measure of any measurable subset E of R?). For every u € H}(D), we define

J(u):/D%|Vu|2dx—/Dfu,

and Q, = {z € D;u(x) # 0} = {u # 0}. We are interested in the regularity of the solution of the following
shape optimization problem:

(Pg) J(ug+) = inf {J(uq),? C D open , |Q| = a}, (6)

where ugq is defined by:
J(ug) = min{J(v),v € HY(Q)},
so that uq is the solution of:
—Aug = f,u € Hj(Q).

It is easy to see that, if there exists w € H{(D) such that —Aw = f in D with |Q,,| < a, then any open set Q*
such that €, C Q* C D and |[Q,| = a is a solution of (Pf). Similarly, if there exists w € H{(D) such that
—Aw = f in D and |Q| = a, then Q* = Q,, is the only possible solution of (P). As proved in [11,12] ©,,, may
even not be open! In fact, one can expect regularity of Q* only if the volume constraint |Q2,,| < a is effective.
Therefore, since we are interested in proving regularity, in the rest of this paper, we will naturally assume that:

There does not exist any v € H}(D) with |Q,| <a } (7)
such that — Av = fin D.

It turns out that this condition implies (see [5]) that the following problem has a solution,
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P { v e HY(D), || =a
J(u) < J(v),Vv € VO,
where V9 is defined by
Vg = {’U € H(l)(D)v |Q7j| < a} .

And it is clear that, if a solution u of (P) is continuous in D, then the open set €, is a solution of the shape
optimization problem (Pf). Using (7), we see that, if u € V9 is such that J(u) < J(v) for all v € VO then,
|Q.] = a and u is a solution of (P).

Remark 1.1. If f > 0, f # 0 by the (strict) maximum principle (7) holds. Moreover if u is a solution of (P)
then u > 0.

In the following we will only consider solutions of (P).

As explained above; to obtain regularity, we will have to assume that the volume constraint |Q,| = a (or
|Q,] < a) does play its role. Part of this is contained in assumption (5). But we will also assume that the
Lagrange- multiplier A in the Euler-Lagrange’s equation of the minimization problem is strictly positive.

Proposition 1.2 (Euler Lagrange’s equation). Let u be a solution of (P). Then there exists A > 0 such that
for all ® € C3°(D,R?) we have:

. ! 2divd = . i
/D<D(I)Vu Vu) 2/D|Vu| divd /Df(Vu <I>>—|—)\/Qudv(1>. (8)

Remark 1.3. This is proved in [5]. The idea is to write that the derivative of ¢ — J(u(I + t®)) vanishes at
t = 0 for ® satisfying fQ div® > 0. Then, the Lagrange multiplier \ appears for general ®.

Notation: In the rest of this paper, we will be mainly interested in solutions of (P) verifying the
Euler-Lagrange equation in D with A > 0: we will simply write that u is a solution of (P) with A > 0.

Remark 1.4. As explained above, if the constraint |{2,| < a is not “saturated” (i.e. A = 0) the optimal form
may not be regular. For instance, we can construct a solution u of (P) with A = 0 and 99, very unregular
as follows: take D = B(0,1),u € C3°(D), such that 9, is not regular, f = —Awu and a = |€,|. It is obvious
that u is a solution of (P) since J(u) < J(v) for all v € H}(D). In Section 6 we will discuss the saturation
hypothesis A > 0. We show that if f > 0, f # 0 this is always true. If f changes its sign, this happen at least
for a dense open subset of a.

1.2. The regularity result

Our main regularity result is the following. As usual, if Q has finite perimeter, we denote by 0*2 the reduced
boundary of €2, and by H?~! the Hausdorff measure of dimension d — 1. (see [6,9] or [7]).

Theorem 1.5. Let u be a nonnegative solution of (P) with A > 0. Then §, has locally finite perimeter

m D and,
w s locally Lipschitz continuous in D 9)
for every compact K C D, H* (99, \ 9*Q,) N K) = 0. (10)

Moreover:
Au+ fxa, = V2AH0Q,, in D'(D), (11)

0*Q, N D is a CH hypersurface with a > 0. (12)
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Finally, if d = 2, we have 9*Q, N D = 0, N D and so 9, is reqular in D. If [ is analytic, 0*, (or 0Q,, if
d = 2) is analytic.

Notation: Here H?!| 952, denotes the restriction of the measure H4~! to 98,,.

Extensions: In the case where the sign of u changes in D, we also have the same kind of regularity in
open subsets of D where the sign of v is constant (see Th. 5.1). This means that, in dimension 2, we can have
singularities for 92, only in points where u changes its sign (and we know by simple examples that this indeed
happens!).

For the proof of this theorem, we use tools from [2,10]. In these papers, the authors study the regularity of
minima of functionals like:

G(u):/D %|Vu|2dac—/D Fu+A{u> 0}, (13)

with u > 0,u = up on D1 (f = 0 in [2]). The above problem looks like “penalized” versions of our problem.
Indeed, in [2] and in [10] there is no constraint such as |,| < a, but there is the extra term ”A|[{u > 0}|” in
the functional. This may be viewed as a penalization term for our problem.

Our strategy (and main task) will actually consist in showing that, for our problem, there are, in general,
two constants g and A* with 0 < g < XA < A* such that (4) and (3) hold. Then, using technics from [2,10] we
are able to prove (10) and (11).

More precisely, we show the following.

Proposition 1.6. Let u be a solution of (P) with X\ > 0 (see Prop. 1.2). Let B(xo,7) C D be such that
|B(xo,7)| < D[ - a,
| B(zg,7) N Qyl -

0<
wqrd

L (14)
and u not identically 0 on OB(xq,r). Let
Fo={veH\(D);u—v e HY(B(x,r))} .
For h > 0 we define
w(h) = sup {p > 0; J(u) 4+ p|Qu| < J(0) + 1| Q], Vo € Fo,a —h < || < al,

AN (h) =inf {\* > 0;J(u) < J(v) + X (|Q0] — a)*,Vv € Fo, || < a+h}.
Then
u(h) < A < N (h) < +oo,
and
}IL% u(h) = }11111%))\ (h) = A\
In particular, p(h) > 0 for h small enough.

Remark 1.7. The fact that A*(h) exists and is finite may be found essentially in [13]. It means that:
J(u) + A" (h)|Qu] < J(v) + X" (h) [, (15)

for all v € Fy with a <|Q,| < a+ h.
The definition of p(h) means that

J(u) + p(h) || < J(v) + pu(R)[], (16)

for all v € Fy with a—h < |Q,] < |€,|, The most important point is that u(h) > 0 (at least for h small enough).
The precise value of the limit of p(h) as h — 0 will only be used in dimension 2.
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If zg € 0*Q,, we have lim,_,¢ mxs’d% = %, and so, condition (14) is true for r small enough. Moreover,

since zg € 9, we can find r such that w is not equal to 0 on dB(x,r). Therefore, Proposition 1.6 may be
applied to all zg € 0Q*.

If we have p(h) = X\*(h), we get that u is exactly a minimum for (13). But, in general, we have u(h) < A*(h)
and the two problems are different. For instance, if we take D = B(0,1) in R? and f = 1, it is easy to compute
exactly ¢ and A and to show that p(h) < A*(h) (see [4] for details).

The main point is that although the problem is different from those considered in [2] and in [10], we will
reach the same kind of regularity for the boundary.

It is well-known that the first step in proving regularity for the boundary of optimal shapes is to prove
regularity of the state function. We will not do it here, but rather add it in our assumptions when needed and
refer to corresponding previous results in the literature. For instance we have.

Theorem 1.8. Let u be a solution of (P); then u is Hélder-continuous with power « for every 0 < a < 1.
Moreover, for every open Dy such that Dy C {u > 0} (or D1 C {u < 0}) u is locally Lipschitz on Dy. Finally,
if D =R and u >0, u is globally Lipschitz on R?.

The first part of this theorem is in [13] and in [3]. The proof of the second part may be found in [13] or also
in the proof of Lemma 2.5 and Corollary 2.6 in [10] (see also [2] 3.2 and 3.3). It is also proved in dimension 2
in [5].

Note also that Lipschitz regularity of the state function u has been proved in [5] in dimension 2 without any
positivity assumption and even for solutions of the Euler-Lagrange equation ().

2. STUDY OF Au+ fxq,

In this section, u is a solution of (P).
We show that Au+ fxq, is the difference of two Radon measure. We start with a technical proposition.

Proposition 2.1. Let p € WH°(R,R) with p(0) = 0. Then we have:
P ()| Vul? - div(p(uw)Vu) — fp(u) = 0 in D'(D).
Proof. Let ¥ € C§°(D) and p € WH>°(R,R) with p(0) = 0. Let:
0(@) = u(@) + 10 (@)p(u()).
We have v; € Hy(D). Indeed, |p(u(z))| < |[p'[|ool||u(z)], so that v; is in L*(D), and:
[Vp(u(@)] = [p' (u(@)) Vu(@)| < [|p'llooll[Vu(z)],

so Vo, € L2(D). Because u(z) = 0 imply v (z) = 0, we get |, < |Q]. By minimality of u we deduce:

1 / 2 2
0 < 5/D(|Vu+tp(u)v\ll+t\11p (w)Vul? = |Vu| )—/D fu+t¥p(u) —u)

= / t (p(w) VY + Up' (u)Vu - Vu) 4+ t2[p(u) VU + Up' (u) Vul> — tfUp(u).
D
Dividing by ¢ > 0 and by ¢ < 0 and letting ¢ go to 0, we deduce:
0= [ VUpTu 0 @) Tl - fp(a),
D

which is Proposition 2.1. O
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Theorem 2.2. There exist two positive Radon measures p1 and po such that:

M1 = A(u+) + fX{u>0}a M2 = A(u_) - fX{u<O}-

Moreover there exists C = C(f,a) such that

[ulloo < C.
Proof. Let p, be defined by:
0if r < 0
pu(r) =< nrifr € [0,1/n]
lifr > 1/n

and ¢, by gn(r) = Orpn(s)ds for r > 0 and ¢,(r) = 0 for r < 0. Applying Proposition 2.1 and using
Pn (W) Vu = Vg, (u) we get:

nlvu|2X{0<u<1/n} - A(qn(u)) - fpn(u) =0. (17)

1

When n goes to infinity p,(u) converge in L

in D'(D):

(D) to X{uso0y and gy (u) converge to u™ in L*(D). So we have
Jim Agn(u) + fpa(u) = A(ut) + X {us0}-
Let p = n|Vul*X{o<u<1/n} and gy = A(ub) + fxquso}- Let ¥ e CF(D); by (17) we have
/‘Ifu? = /(qn(U)A\I/Jrfpn(U)‘If)

||Mf||oo/ 0 1 ool 19 s
supp W

IN

because p,,(u) < 1 and g, (u) < ut. We deduce that the measures y,, are uniformly bounded on compact sets
and so the limit pq of pf in D’(D) is a measure. Moreover, using the uniform bound on compact sets, the limit
may be understood weakly in the sense of Radon’s measures. We proceed in the same way to get a measure s
such that:

A(u™) = [X{u<o} = H2-
Let us show the L°° estimate. We have:

—A(wh) = fxqusoy — 11 < FX{u>0}-

Because |2, N D| < |D|, there exists an open subset w such that Q, Cw C D and |w| < 2|, N D|. We can use
classical L> elliptic estimates (see for example [8] Th. 8.16) to show that:

[tz < C|lfxusollLaw) < Cllflloca’?,

with C' = C(d, |wl|,q) and ¢ > d/2. We have the same for v . O

We now show that, if u is Lipschitz on an open set D included in D, then 1 and po are absolutely continuous
with respect to the Hausdorff measure H%~! in D;. More precisely we have the following:

Proposition 2.3. Let u be a solution of (P) and Dy be an open subset of D, such that u is Lipschitz continuous
on Dy. Then there exists C > 0 such that, for every ball B(xz,r) C Dy with r < 1, we have:

w1 (B(z,r)) < cri-t,

pa(B(z,7)) < Crd=t,
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Proof. We use the same notations as in the proof of Theorem 2.2. Let B(x,r) C Dy, then:

/ P () (Veu.1) + / fon(u)
OB(x,r) B(x,r)

IVulloo, by dwar ™" + || flscwar

d—1
Cro =,

/ (Agu() + fpn(u))
B(z,r)

<
<

for r < 1. Because Agy(u) + fpn(u) converges weakly in the sense of Radon measures to Au + fx{u>0}, We
deduce:

n—oo

ju(B(z,7)) < liminf / (Agn () + fpa(u)) < Cré=1,
B(xz,r)
We can do the same for po. O

We will now see that, under some extra hypotheses, €2, N Dy has a finite perimeter on bounded subsets D1
of D where u is Lipschitz continuous. We have the following theorem:

Theorem 2.4. Let u be a solution of (P) with A > 0 and let Dy be a bounded open subset of D, with DicD
and where w is Lipschitz continuous. Then 0, = {|u| # 0} has finite perimeter in Di. Moreover, there exist
constants C,C1,rq depending on the data such that for every B(z,r) C Dy with r < ry:

P(Qu, B(z,r)) < C (11(B(x,7)) + p2(B(z,r))) < CHri™t,

(where 1 and po are the two measure defined in Th. 2.2).

The proof of Theorem 2.4 will require the following lemma which says in a very weak sense that “|Vu|? = 2)\”

on O{u # 0}.

Proposition 2.5. Let u be a solution of (P) and let Dy be an open subset of D where u is locally Lipschitz
continuous. Then, for every ¢ € C3°(D1,RY) we have:

1 1
lim — (p - V0ul) <)\ - §|Vu|2) =0.

e=0& Jio<|ul<e}
Proof. Let ¢ € C¥(Dy1,R?) and ¥ (z) = max(0,1 — |Z—|) We write Euler-Lagrange’s equation (8) with ® =
oW (u) € WhH°(D), which has compact support. For this, because ® € WOI’OO(D) with compact support in D,

We can approximate ® by ®,, € C(D;) in Wh(D;) with V®,, uniformly bounded. The Euler-Lagrange’s
equation (8) is true also with ®. We study each term:

/ divd = / U, (u)div ¢ —|—/ (o - Vu)Ul(u)
{u#0} {u#0} 0<|u|<e

. 1
[ wwave- [ ooV,
{uz0} {uz0} €

Since W.(u)X ux0} converge to 0 a.e when e goes to 0, by dominated convergence, the first term goes to 0. For
the same reason we get:

lim [ f(Vu-®) = lim f¥e(u)(Vu - p) = 0.
e—0 Jp e—0 {u£0}
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/ div ®|Vul*> = / . (w)div | Vul* + (¢ - Vu) W’ (u)|Vul?
{u#0} {u#0}
1
= / U, (u)div g0|Vu|2 — —/ (p - V|u|>|Vu|2.
{u#0} € 0<|u|<e
Using Vu € L2, the first term goes to 0. Finally we also have,
1
/ (DOVu - Vu) = / U (u){DpVu - Vu) — —/ [Vu|? (@ - V]ul),
D {uz0} € J{o<|ul<e}

and the first the first term goes to 0. By writing Euler-Lagrange’s (8) equation and letting e goes to 0, we get
the proposition. O

Proof of Theorem 2.4. Let B(x,r) C Dy and ¢ € C°(B(z,r)). For almost every s > 0 the boundary of

{|u| > s} is regular (C'), since on the open set {u # 0} we have —Au = f so that u is C* and we can use Sard’s

lemma, which implies that |Vu| > 0 on {|u| = s} for almost every s. We can now write, using co-area formula
1

(see 3.4.3 in [6]), and Gauss formula:
1 [ V|ul
: vy = [as [ (o)
£ /{0<u|<6} € Jo {Ju|=s} [Vl

1 /[c I
— __/ dS/ <90 . ys> = ——/ dS/ dngD7
€ Jo {lul=s} €Jo {lul>s}

(here vy is the outward normal to {|u| > s}). We deduce,

1
lim — (p-Vlul]) = / divep. (18)
e=0€ Jio<|ul<e} {lul>0}

There exist sop < r such that ¢ € C5°(B(x, so)). If we suppose that ||| < 1, then:

1 1 1
S e lgIval < Il [ [Vl (19)
{0<|u|<e} €

€ {lul<e}nB(z,s)
for every sp < s < r. But we saw in the proof of Theorem 2.2 (see (17)) that
lim n|vu|2X{0<u<1/n} = M1,
n—oo
weakly in the sense of Radon’s measure, and it is the same on {—1/n < u < 0} with po. For almost every s < r,
w1 (0B(x, s)) = u2(0B(x, s)) = 0.

Let such a s > s, we get:

lim n Vul = (B(e,)) + pa(Bla, s)).

n—oo /{u|<1/n}mB<m,s>
From Proposition 2.5, (18) and (19) with e = 1/n and n — oo

. Voo, Dy
[ v < R 0 9) 4 (B 9)
Q,NB(z,r)

[Vulloo, 0,
2

N

(11 (B(z,7)) + pa(B(z,7)))-
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That is, by taking the supremum over ¢:

[Vulloo, D,

P(Qy,,B(z,r)) < o)

(w1 (B(z, 7)) + pa(B(z,1))).
To prove that 2, has finite perimeter, we use that u; and po are finite on the bounded set D;. Using Proposi-
tion 2.3, we get for B(x,r) C Dy and r small enough:

P(Qy, B(x,r)) < Cri-t, 0

3. BLow-up

In this section we study the blow up of a solution around a point xg of the boundary of Q, = {u # 0}. We
will throughout suppose that u is Lipschitz on an open set around zg. In particular €2, is open. In the last
proposition (see Prop. 3.5), we will also assume that u is nonnegative around xy.

Notations. Let u be a solution of (P) and let Dy be an open subset of D such that u is Lipschitz continuous
in Dy. Let x,, € 9, N D1 go to zg € 9, N Dy and 7y, go to 0 with B(zy,, ) C D1. We define:

WL + TmT
() = T Tm) — )
m

and
Q= {z € R 2y + 1 € Q)

We will refer to this as the blow-up of u relatively to B(2y,, mm).

Proposition 3.1. There exists ug Lipschitz-continuous and a measurable set H™ included in R® with locally
finite perimeter such that, up to a subsequence, u,, converges to ug uniformly on every compact set, Vi, con-
verges to Vug *-weakly in L=°(RY) and xq,, converges to xp- in Li (R?) and almost everywhere. Moreover
for almost every x ¢ H~, we have ug(z) = 0.

Proof. Let R > 0, for m large enough we have B(z,,r»R) C Dy and u(x,,) = 0 so that for z € B(0, R):
[t ()] < [Vtt]loo,p 2] [Vum (2)] < [[Vullo, ;-

So, up to a sub-sequence, u,, converges uniformly on B(0, R) to Lipschitz continuous function ug and Vu,,
*_weakly converges in L°°(R%) to Vuy.

P(Qn, B(0,R)) = ——= P(Qy, B(#m,rmR)) < CRY.

m

is relatively compact in LIIOC(RCI). So there exists H~ with locally finite perimeter

converge to xg- in Llloc(Rd) and almost-everywhere. For almost every

This implies that that xq,,
such that, up to a sub-sequence, yq
x ¢ H~, we have:

0=xg-(z) = lim xq,, (x),
m—00
and for m large enough z,,, + rma ¢ Q,, so that u,,(x) = 0. O

Proposition 3.2. Let u,, be as above. Then, up to a subsequence, Vu,, converges in LfOC(Rd) to Vug for all
1 < p < oo and almost everywhere.
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Proof. Let R > 0. For m large enough so that B(z,,r,R) C D1, we have in the sense of distributions:
Aty () = riAu(xy, + rmpx).

According to Theorem 2.2, Au = — fxq, + p1 — pe with p; and po positive measures. We get

/ A = i / |Aul
B(0,R) B(0,rm R)

warm R flloe + 7oy 111(B(0, rm R)) + 737 12 (B(0, 7 R))
CRY + CR 1,

IN A

according to Proposition 2.3. The measures |Au,,| are locally bounded uniformly and, up to a sub-sequence,

we deduce the convergence of Vu,, to Vug in L _(R?) and so (up to a sub-sequence) the convergence almost-

everywhere. Finally, using the convergence a.e and the uniformly bound on ||Vu,| - we deduce that Vu,,
converges to Vug in LY. (R4) for all 1 < p < +o0. O

loc

Theorem 3.3 (Euler’s equation of ug). Let uy and H~ be as in Proposition 3.1. Then for every ® €
Cy(RY,RY),

1
/ (D®Vug - Vug) — 3 / div®|Vuo* = A / div®. (20)
Rd R4 H-

Proof. Let ® € C3°(R%,RY) and Phi,,(v) = ® ((z — x,,)/rm). For m large enough, ®,, € C(Dy,R?). Writing
Euler-Lagrange’s equation of u with ®,,,, we get

/]R (D (1) V() - Vula)da) ~ % /]R vy, (1) V() Pda

= f(@)(Vu(z) - & (2))da + )\/ div®,, (x)dz.
Rd Q.
Setting x = x,,, + Yy in these integrals, we obtain

1
/ (D®(Y) Vi, - Viuy,) — —/ div® |V, [2dy
Rd 2 Jra

- / F (@ + o) (Vi (y) - B(y))dy + A / diva (y)dy.
Rd {

Ys T +rmyEQ}

The last term converges to A || - div®. The third term converges to 0 because f and ® are bounded and
IVuml s is uniformally bounded. Finally for the two first terms we use the convergence of Vu,, to Vug. The
result follows. (]

Proposition 3.4. Let ug and H™~ be as in Proposition 3.1 and let B(x1, R) C H~ almost-everywhere, then ug
is harmonic on B(z1, R).

Proof. Let vy, be defined by:
Um = Upm, o0 0B(x1, R), Av,, =0 in B(z, R).

Then, we have:

[ WPz [ [Vunl < Cllonle < fuml < €.
B(z1,R) B(z1,
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It follows that, up to a subsequence, v, converges weakly in H!(B(z1, R)) to some vg which is harmonic and
satisfies. vo = ug on 9B(z1, R). Since v, — v is harmonic in B(z1, R) and is equal to w,, —ug on 0B(z1, R),

we get:
/ Vom — Vao|? < / IVt — Vg|?,
B(:El,R) B(Il,R)

which goes to 0, thanks to the convergence in L? of Vu,, (see Prop. 3.2).
Let, for x € B(xp + rmz1, rmR), wm () = rovn((@ — @) /rm), for @ € 0B(xy, + rmx1, rmR) we have,
Wy, () = u(x). Therefore we can extend wy, by u outside B(x,, + rmx1,rmR). By minimality of u, we get,

1 1
/ <—|Vu|2fu> < / <—|Vwm|2fwm) + N B(xpm + rmar, rm R) N {u = 0}].
B(zm+rm®1,rmR) 2 B(@m+rm®1,mmR) 2

By change of variables © = x,,, + 7 (2 + y) in the integrals, we obtain:
1 1
/ (—T%Wumﬁ —rfln“fum) < / (—r;jn|va|2 —rfn“fvm) + A7 | B(z1, R) \ Q.
B(z1,R) \2 B(z1,R) \2

We divide by r¢, and let m go to infinity. Since B(x1, R) C H—, and xg- = lim yq,, we deduce:

/ IVuo|? g/ Vuol2,
B(Il,R) B(:El,R)

and we get that ug is harmonic in B(z1, R). O
For the next proposition, we will suppose that v > 0 around the point where we study the blow-up.

Proposition 3.5. Let u be a solution of (P) and Dy an open subset of D such that u is nonnegative in D;.

Let xg € 9*Q, N Dy and v the outward unit normal to 08, at xg. Let ug the limit of a subsequence of u,, for
the blow-up relatively to B(xg,r.,). Then we have:

f —V2\x,v), x€ H ={z € R% (z,v) <0}

uo(x) = { 0. v ¢ H- (21)

Proof. By Theorem 1.8 w is locally Lipschitz continuous in D;.
Since z¢ € 0%, due to the properties on the reduced boundary, we have that, Q,, = {z,z¢ + rma € Qu}

converges to H~ = {z; (z.v) < 0} in L{ (R?) and almost everywhere (up to a sub-sequence). Up to a rotation

of coordinates we can suppose that v = —e; = (—1,0,..,0) and so we have H~ = {&x = (21, ...,24),21 > 0}. For
almost every @ ¢ H™, uy,(x) = 0 when m is large enough and so ug(x) = 0, by continuity we have ug(z) = 0
for all x ¢ H—.

Let L = {z € R%x; = 0}. At this point, uy is harmonic and nonnegative on [z; > 0], vanishes on

{z € RY 21 < 0} and is globally Lipschitz. By a classical reflexion argument and Liouville’s Theorem, we get
that there exists a; > 0 such that ug(x) = ajx;. Let ¢ € CS"(Rd,R) and ® = —pe;. We write the Euler’s
equation for ug (20) with this ®:

/ (D®Vug - Vug) = / ajp,
- L

/ div@|vu0|2:/a§gp,A/ dichD:A/cp.
- L - L

We deduce that a? = 2\ and because ug > 0 on D; we get (21). O
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4. PSEUDO-PENALIZED PROBLEMS

We will now show that a solution of (P) is also a solution of a “pseudo-penalized” problem. In this section
D1 will be such that:
Dy C D open and bounded with 9D; regular
u not identically equal to 0 on 0D;
Jhg such that 0 < ho < |D1 N Q| < |D1] — ho
0<hp < |(D\D1)ﬂQu| < |D\D1| — ho

(22)

Remark 4.1. These technical conditions just mean that there is a non-negligible part of D; intersecting €2,
and a non negligible part intersecting the set {u = 0}. It is, in particular, satisfied for all balls of small radius
centered on 9*€),,.

First, we give a technical lemma that we will use repeatedly in the next proofs. It is related to the
Euler-Lagrange’s equation (8), except that here we only assumed it to be satisfied in D;. The proof is the
same as the one of (6) and we do not reproduce it here.

Lemma 4.2. Let v € H}(D) be such that there exists a A, > 0 such that, for all ® € CF (D, RY),
1
/ (D®Vv - Vv) — —/ |Vo|?dive = / fVov-®+ A@/ div®. (23)
Dy 2 Dy Dy Qy
Let vi(x) = v(x + t®(x)) for & € C(Dy1,RY). Then

J(ve) = /D(D(I)V’U-VU)—%/ |VU|2div(I)— fVv-®+o(t)

D1 Dy

J(0) + ths / divd + o(t),
Qy

I2,,] = |Q|—t/ div® + o(t).
Q

v

We will now see that if u is a solution of (P), it is also a solution of a pseudo-penalized problem. More precisely,
we know that J(u) — J(v) < 0if |Q,] < a. We will see that we can control J(u) — J(v) in term of || — |].
We will suppose from now and to the end of this section, except for the last Remark 4.6, that u is a solution
of (P) with A > 0 and D; verifies condition (22). We define:
Fo={veH)(D);u—veHiD1)},
and, for h < hy,
(k) = sup {p = 03 J (u) + pulSu] < T(0) + plQul, Y0 € Fova— h < Q] < a},

N(h) = inf {A* > 0; J(u) < J(v) + X (|| — a)t, Vv € Fo, [Q] < a+h}.
So by definition we have: for every v € Fy
a—h <[] <a= J(w)+ ph)[Qu| < J(0) + @(h)|Q, (24)

0 < 1] < 12|+ a = J(w) + X (W] < J(0) + N ()| (25)
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The main result on p(h) and A(h) is the following theorem:

Proposition 4.3. The function u is nondecreasing function, A* is non-increasing and for some ho and h €]0, h|,
0 < pu(h) <A< A(h) < 4o0.

Moreover limp, o u(h) = limp_,0 A*(h) = A.

We start by proving that the sets of A* appearing in the definition of A*(h) is not empty. This is done also
in [13] for D1 = D. Here the proof is slightly different and is more local. Most of the arguments will be used
later for the study of \*(h).

Proposition 4.4. Let u be a solution of (P). There exists \* > 0 such that
J(u) + AT [Qu| < J(0) + A7, (26)

for every v € Fy with |Qy| > a. Moreover we have X < \*.

Proof. Let A}, be an increasing sequence and lim,, . A} = +00. Let v,, € Fy such that

J(0n) + X, (1, | — )" < J(0) + X, (1] — ),

for all v € Fy (existence of v, is straightforward since Fy is closed). If there exists n > 0 such that |Q,, | < a,
we have
J() < J(vn) < J(0) + X, (1] = a),

for all v € Fy and we get (26) with \* = \%. So we argue by contradiction and we suppose that, for all n > 0,

|9y, | > a. Let w € Fy such that —Aw = f in D;. We have:
0 <A (1€, —a) < J(u) = J(vn) < J(u) = J(w),
so we can deduce that lim|Q, | = a. Since J(v,) < J(u) we have, up to a sub-sequence, that v, converges

weakly in H!(D;) and a.e to v € Fy. Then |Q,| < a and,

J(v) < liminf J(v,) < J(u),
n—oo

so v is also a solution of (P) and [{2,| = a. According to Proposition 1.2 there exists a A, such that v satisfies
Euler-Lagrange’s equation in D. Because of the condition on [(D \ Di) N Q| = |(D \ D1) N Q,| > 0 there
exists ¢ € C3°(D \ Dy, R?) such that fQu dive # 0. Because u = v outside Dy, we get, writing (8) with ¢ for
and v, that A\, = A. Moreover, since J(v,) < J(w) for w € Fy with |Qy,| < |y, |, as in Proposition 1.2, one
can prove that v, satisfies Euler-Lagrange’s equation (23) with some A, = A,. Let us show that A\, > AZ.
Let ¢ € C§°(D;) such that van dive > 0 (¢ exists for n large enough, thanks to |D; N Q,| < |D;| and
lim [Q,, | = [Qu]). Set v}, = v, (x + tp(x)). According to Lemma 4.2 and because |Q,, | > a, we have for ¢ > 0
small enough

Qe | = |, ] —t/ dive + o(t) > a.

n

Using the definition of v,, with v = v, and Lemma 4.2, we get:

T(0n) < J(on) + A /

divp — A;‘Lt/ dive + o(t),
Q Q

Un Un

and so A\, > AJ.
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We now want to show that lim A,, = A. Then using A, > A} and lim A}, = +o00, we will get a contradiction.
For this we just have to show that v, converge in the norm of H}(D). Indeed let ® € C(D1,R%) such that
Jo div® > 0. Writing Euler’s equation (23) for v,,, we get:

/ (DOV, - Vu,) — 1/ Vo, |2dive — van.@:An/ divd,
D1 2 D1 D1 Q

Un

and, letting n goes to infinity we get:

1
(lim )\n>/ divq):/ (Dcwu-vu)——/ |VU|2div(I>—/ fVu- @,
n—0o0 Dy Dy 2 /p, D,

and so, using Euler’s equation for v in D, lim,, ..o A\, = A.
To show the strong convergence of v,,, because of the weak convergence, we just have to show the convergence
of the norm of Vu,. For this we just write: J(v,) < J(v), so

1 1
—/ |wn|2s—/ |Vv|2+/ F(o = va),
2 D 2 D D

and the last term goes to 0 (by weak convergence of vy,).
We now prove that A* > X. For this let, ¢ € C3°(D1,R?) such that [, dive < 0 and ue(z) = u(z + to(x)).
Using Lemma 4.2, for ¢ small enough,

[0, | = Q0] - t/ dive + o(t) > [Qul.
Writing
J(u) < () + (|2, ] — a),
and using Lemma 4.2 we get:
0<t(A— )\*)/ divp + o(t),
Qy
and so A < A\*. O

Proof of Proposition 4.3. We showed, in the previous proposition, that, for o > 0, A < A*(h) < +oo. The fact
that A\* is non-increasing and p is nondecreasing comes directly from the definition. We will now show that
wu(h) < A Let ¢ € CF(D;) such that fQ« dive > 0 and u¢(x) = u(x + to(x)). From Lemma 4.2 we have for ¢
small enough:

[Qu] — h < [Qu, | = Q0] — t/ div + o(t) < |€2,].

Writing
J(w) + p(h)[ Q| < J(ur) + p(h)[Qu, ],

and using Lemma 4.2, we get:

0 < t(A— u(h)) / o+ olt),

and so u(h) < A. We will study the limit of A*(h) and u(h) as h tends to 0, and this will give us directly wu(h) > 0
for h small enough. We will begin with the limit of A*(h). The proof is very close to the one of Proposition 4.4.
Let h,, decrease to 0. Since A\* is non-increasing and A < A*(h) we just have to show that lim A*(h,,) < A for a
sub-sequence of h,.
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Let € €]0, \[. By minimization, one proves existence of v,, € Fo, with [,

< a + h,, such that:
J(vn) + (N (hn) = ) (|, | —a)* < J(@) + (A" (hn) = €)(|Q]| — )T,

for all v € Fy such that |Q,]| < a+ h,.
First we have that [, | > a. If |Q,,

< a, we would have, for all v € Fy with |Q,| < a+ h,,
J(u) < J(vn) = J(vn) + (A (hn) = €)(1Qu] = @)™ < J(v) + (X (hy) = )(|Q0, | — a)T,

which contradicts the definition of A*(h,,).
We have:

J(vn) + (A (hn) = €)(|2,,

—a) < J(u). (27)

Up to a sub-sequence v,, converge weakly in H! (D7) to a v, moreover we have that v € Fy, |Q,| < lim [Q,, | = a,
J(v) <liminf J(v,) and, passing to the limit in (27), we obtain

J(v) < J(u) = min{J(w),w € H}(D), Q| < a} < J(v),

and we have |Q,| = a, since from [,| < a, we would easily prove that —Av = f in D and contradict
assumption (7). Like in Proposition 4.4 we write Euler’s equation in D for v with a A, and we get that A = \,.

We can write an Euler’s equation in D; for v, with some A,: if w € Fy such that |Q,] < |Q,| we have
J(vy) < J(w). Also v, converges strongly in H}(D) since, as in Proposition 4.4, J(v,) < J(v). So, writing
the Euler’s equation and letting n go to infinity, we get that lim A,, = A. To conclude, we just have to see that
An > (A*(hy) —€). Let ¢ € C5°(D1) such that fﬂu" dive > 0 (¢ exists thanks to the hypothesis on | Dy N Q,])

and v!, = v, (2 + tp(z)). According to Lemma 4.2 and because |$2,,,| > a, we have for ¢ > 0 small enough

120t | = [Q,,| = t/ dive + o(t) > a.

Un

Using the minimality of v,, with respect to v!, Lemma 4.2, we get:

T(0) < J(on) + thn /

dive + o(t) — (A" (hn) — e)t / div + o(t)),
Q

Q

Un Un

and so A\p, > (A(hy) —€).

Now we study the limit of u(h). Many arguments are similar to those used in the proof of Proposition 4.4
and in the study of \*(h). Let h,, decrease to 0 and £ > 0. Let v,, € Fy, with |, | < a, solution of the following
minimization problem:

J(n) + (1(hn) +€)(1Q0, | = (@ = hn))" < J(0) + (1(hn) +€)(1Q0] = (a = n)) ", (28)

for all v € Fo, || < a. First we have |Q,, | < a: indeed, if |Q,, | = a, we get, taking v € Fy with a — h,, <
2] <a,

J(u)

IN A

—(a—hn))"

I
=
=
_l’_
=
>
Z
_|_
Qo
)
&
|

D
£

which contradicts the definition of u(hy,).



REGULARITY OF OPTIMAL SHAPES ETC. 115

We now see that: |, | > a — h,. By contradiction if |$,,| < a — hy,, we would have for all ¢ € C3°(Dy),
with 0 < [{¢ # 0} < (@ — hy) — |Qu,. |, v + te € Fo, |Qu, 41| < a — hy, and, by minimality of vy, J(v,) <
J(v, +tp),t € R. So we deduce that

—Av, = fin Dy,

and because J(u) < J(vy,), by uniqueness of the solution of the minimum of .J in Fy we get also that « = v and
—Au = fin D;.

From this we can deduce that wu is locally Lipschitz in D; and, by Theorem 2.4, €),, has finite perimeter in D;.
In particular, 9*Q2, N Dy is not empty. Let xg € 0*Q, N Dy and let r,, go to 0. We study the blow up of u
relatively to B(zo,rm,) and denote by ug a limit (up to a sub-sequence). Since

—Aup,(2) = ro f(xo + rmz), in B(0, R),

as soon as B(zg,rmR) C D1, we get that ug is harmonic in R%. If we write the Euler’s equation for uy we get
for ® € CF (R, RY):

1
/ (D®Vug, Vug) — 5/ div®|Vug|? = )\/ div®.
R4 R4 H—-

Using that ug is harmonic (and so ug is C*°) we get that the left hand side is equal to 0, which is a contradiction
because A > 0 and H~ is a half-space. (Note that if we know that u > 0 we can use Prop. 3.5.)

Now we known that a — hy, <[, | < a and we may use it in (28). For instance, we have J(v,) < J(v) for
all v € Fy with |9, < |,|- Therefore there exists A, such that v, satisfies the Euler’s equation in D;. We
take ¢ € C5°(Dq,RY) with fﬂu divep < 0 and v} (x) = v, (2 + te(z)),z € Dy. Since ,, < a, by Lemma 4.2,
we have [Q,: | < a for t small egough and, (as in the study of \*)

An < p(hy) +e. (29)
As before v,, weakly converges (up to a sub-sequence) to some v € Fy with |Q,| = a and

J(v) < liminf J(v,) < J(u),

n—oo

(because lim |Q,, | = a). Again, we get that v satisfies Euler’s equation with the same A as u. We have, as
before, convergence in the norm of Hy(D) by using

J(vn) < J(0) + (p(hn) = (@ = hn))(|Q0,

70‘)7

and we conclude in the same way lim A,, = A. This, together with (29) and A > 0 implies that p(h) > 0 for h
small enough. O

Remark 4.5. We can show, using the same methods, that in fact we have p(h) > 0 for every h > 0.

Remark 4.6. In the proof of Proposition 4.3, we use A > 0 only for u(h). So, if u is a solution of (P) with
A =0, we get the existence of A\*(h) such that (25) holds and limp_,o A*(h) = 0.
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5. REGULARITY OF THE BOUNDARY

In this section we study the regularity of the boundary of Q, with u a solution of (P) in regions where u
does not change its sign. The main result will be the following theorem:

Theorem 5.1. Let u be a solution of (P) with A > 0 and let D1 C D satisfy conditions (22) and:
D, C {u > 0}
Then: €, has locally finite perimeter in D1 and

HEH((09, \ 8*Q,) N Dy) =0,

Au+ fxa, = V2AXHY0Q,, in D'(D)).

The reduced boundary 0*S, is a CY hypersurface (o > 0). If moreover d = 2, we have 0*§, = 0, and so
0y, is reqular in D1 .

Remark 5.2. If we know that u > 0 on D, Theorem 5.1 is true with D instead of D; (we apply the theorem
with D; equal to balls with center on 0€,,).

The proofs of the following propositions and lemmas are very close to the ones in [2,10]. The main differences
is that we have “pseudo-penalization” conditions (24) and (25). Here p(h) # A*(h) in general, while equality
occurs in [2,10] (in fact with a term like fQ“ g% with g2 > ¢ > 0). So we have to verify that the approach
in [2,10] works even if A*(k) # pu(h). A main point here though is that u(h) > 0. We begin with a technical
proposition (as in [2]):

Proposition 5.3. Let u and Dy as in Theorem 5.1. Then for all 0 < 7 < 1 there exist C > 0,79 > 0 such that
for all balls with B(x1,7) C D1 and r < r¢, we have:

1

—][ u < C,
" JoB(z1,r)
implies w =0 on B(xy, 7).

Remark 5.4. This result essentially means that the averages are bounded from below. This is one main step
in proving that Vu does not degenerate near the boundary.

Proof. The proof for 7 = 1/4 is the same as in Lemma 2.8 of [10] with ¢ = /2u(h), where h = ward, (by
Prop. 4.3 u(h) > 0 if r¢ is small enough), and the same f. In this article the authors study (B, = B(z1,r))
minimizers of:

5 = [ (V0P = 2f0+ xa) 0 € B (Byya)
Nz
So we have, using Proposition 4.3, in our case that, for r < rq:
Jr(u) < Jp(w),
for all w € Fo if a —ward < |Q,| < [Q,]. In [10] the authors use only the following perturbation: w = min{u,v}

on B, ; and w = u outside B, /; for a v > 0 such that u < v on 9B, /5. Using the same w, we have w € Fy and
a —ward < Q| < || so, using (24) and the same proof we obtain the proposition. O
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Proposition 5.5. There exist C1,Ca,ro such that, for every B(xo,r) C Dy and r < rg, we have

| B(zg,7) N Q]

0<C; <
' B, 1)

< (5 < 1.

Moreover we have:
HL(0Q, \ 87Q,) N Dy) = 0.

Proof. We know that €, has finite perimeter (see Th. 2.4). The proof of the first part is the same as Lemma 3.7
in [2] (see also [10], Lem. 2.10). The second part comes from the theory of sets with finite perimeter (see 5.8
in [6]). O

Theorem 5.6. We have in the sense of distribution in Dy that:
Au+ fxa, = V2XHITL |09,

Proof. The proof is the same as in Theorem 2.13 in [10] see also [2] (4.7,5.5). The steps are as follows: we show
that the measure Au + Ygq, is absolutely continuous with respect to H?1.|9Q, (both are radon measures).
And, using Proposition 3.5, we get that the derivative of Au + xq, is V2A on 0*Q, and therefore almost
everywhere. O

At this stage, we showed that u is what is called in [10] and in [2] a weak solution (see Def. 3.1 in [10]
and 5.1 in [2]). We directly get the following regularity for dD;.

Theorem 5.7. Let u as in Theorem 5.1, then

1) 0*Q, N Dy is a CY hypersurface for some a > 0 and H¥~1((9Q, \ 0*Q,) N D7) =0;

2) If d = 2 then 0, = 9*Qy, and so 98, is regular in Dy .
Remark 5.8. If f is more regular around €2,,, then so is 9*Q,, (or 98, when d = 2).
Proof. The first point directly comes from [2], 6—8, generalized in [10], Section 5. One important thing is that
the regularity of 0*Q), is shown for “weak solution” in [2], and we have proved that we do have such weak
solutions here.

For the second point, we have to generalize Theorem 6.6 in [2] and his Corollary 6.7. The corollary is deduced

from the theorem exactly in the same way as in [2].
So, when d = 2, we have to show that:

r—0

lim][ max{A — [Vul2,0} = 0.
BN,

For B, = B(xg,r) with 29 € 9Q,. We take ¢ € C}(D;) as in [2] and the same v = max{u — £¢,0}. Then we
have [Qu] — |2, = {0 < u < eC}| < |{C # 0}, so using the definition of u(h) with h = |{¢ # 0}| we get, as

in [2]:
2 2
[ (- <5 [ e
{0<u<ec} 2 2 Jiusecy

Vul? g2
[N (R B N Yo
{0<u<eC} {u>eC}
Exactly as in [2], we take for r < p < R,

Now, using A > pu(h):

log(p/r)

log(p/lz—zol) g5 < |z — ol <
C(a:):{ o= )

for |l — o] <.
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We have u(z) < Cr in B, (x¢ € 0%, and w is Lipschitz) and we choose ¢ = Cr. We get, with this choice of ¢

and e:
2 2
/ max{)\— [Vl ,0} < / max{'vu| —)\,0}
BN, 2 B,NQ, 2

Cr?
log(p/r)

+(A = (p)mp® +

As in [2], we use the (modified) Theorem 6.3 with @ = \/2.

foo 5o a8 () 0w (0 + i

For the choice of r, p and R, here we can take R = Ry constant, but we have an other term in A — u/(p). We
can choose 1 = p (r(A — 1/'(p)) + C1(p/R)*)** < p for p small enough (Prop. 4.3). With this choice we have:

L v (A= 1(p)) + Cr(p/R)*)
]i {A 2 ’0} = T () T Crlp/R))
C

logl O —#()) + Cr(p/ R

which goes to 0 when p goes to 0, using Proposition 4.3. U
6. THE HYPOTHESIS A > (
In this section, we discuss the hypothesis A > 0. A main result is the following.

Proposition 6.1. Let u be a solution of (P) with f >0, f #£0. Then we have A > 0.

Proof. This proposition comes from the more general Proposition 6.2 (where we do not make assumption on the
sign of f). If f > 0, we take D; such that conditions (22) in Section 4 are true. By Proposition 6.2, —Au > 0
in Dy, so that w > 0 in Dy. This contradicts the conditions on D;. O

Proposition 6.2. Let u be a solution of (P) such that \ = 0. Let Dy be an open subset satisfying conditions (22)
and such that w >0 on Dy. Then we have that:

—Au = fxqu in Dy. (31)

Proof. We will show that —Au = fxq, in every regular open subset Dy such that Dy C D;. To make the
proof more clear, we will take Dy = Bz = B(0,3r1) (r1 small enough) and Dy = B; = B(0,71) but there is no
changes for arbitrary open subset. Let (w;,) be an increasing sequence of regular open subsets of Bs N, such
that (By = B(0,2r1))

{x € BoNQy,d(x,00,) >1/n} Cw, Cw, C B3N, (32)

(see the picture below). In particular, B Nw,, increases to By N .
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=l

Qo

For every ¢ € C5°(B1) (—Au = f in w, and Awu is a measure),
(—Au, ) = / PfXw, — / pd(Au). (33)
B Bl\wn

The first term goes to fBl »fxa, so we need to show that the second one converges to 0 to get —Au = fxq,
in Bl.
Let 0 € C5°(B2) be such that 0 < <1land § =1 in Bi. Let H, be the vector valued function defined by:

Hn{ OVu on Bs \ wy,

harmonic on w,,,

(by harmonic, we mean that each component is harmonic). This function is continuous on the boundary of w,
(Vu is continuous in €,,), so divH,, does not charge dw,, and we get, using § = 1 in By, for every ¢ € C°(By),

(div(H,) - o) — /B (et /B o) (34)

We want to show that the last term of this equation goes to 0: for this we will show that the two first ones go

to 0.
More precisely, we will prove that

H,, converges uniformly to 0 on By (35)

||diVHnHL2,Blﬂwn S C (36)

From (35), we deduce that the first term in (34) tends to 0. We also deduce that, since divH,, is harmonic in w,,,
it converges to 0 on any compact set of Ba N, (recall that By Nw,, increases to Bs N ,). Coupled with (36)
this implies that divH,,xB,nw, tends to 0 in D’(B;) and the proof of Proposition 6.2 will be complete.

Using the maximum principle, we have that:

||HnHoo,wn < ||9vu||oo,8wn < HVUHOO,Bmbn-

By the following Lemma 6.3 and sinceVu = 0 outside 2,,, we deduce (35).
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We now prove (36). Let i = 1...d, we have H}, — Qu,, € H}(w,) (H} is the i-th component of H,,), taking the
Laplacian, we get
A (H), = Oug,) = A((ub)g, — uby,) = (A(uh))a, — A (uby,) .

Since in wy, A(uf) = — f0 +uA0+2(Vu-V0) and V(ub,,) = 0, Vu+ uVl,, are bounded functions (v and Vu
are bounded), we can multiply by H? — fu,, and integrate by parts to have,

IV (I~ ) e, = — A(uG)(HfL—Ouxi)zi—i—/ (V (b)) - (H — Ous,)),

Wn Wn,

and so,

IV (H;, = Ouz,) 72 0, < [AWO) 220,

V(Hy, = Ouz,) |20, + IV (us,) 22,0,

Y (H = 0u,) |12,

This implies that |V(H} — 0uy,)||12 ., is bounded. Since
d .
divHy, =Y (i = 0us,), + Onitta, + Otz )
i=1

using that —Au = f in w,,, we get that divH, is bounded in L?(w,). O
It remains to prove the following lemma.
Lemma 6.3. Using the same notations as in the previous proposition, we have that:

Jim [V, a0 (@010) = 0

Proof. We will first show that there exists a decreasing function 7 with lim,_on(r) = 0, such that if g € B,
0 <r <1and|{u=0}NB(zxg,r)| > 0 then,

1
1 ][ u < n(r). (37)
T JoB(zo,r)

Let B, = B(x,r) be such a ball. Using exactly the same computation as in Proposition 2.5 in [10], we define
v by —Av = f in B, and v = u outside B, and we have (B, C D; = B(0,3)):

[ 190 <X () [fu = 0} B Y, (33)

(see Prop. 4.3 for the definition of A* and Rem. 4.6). We also get as in [2,10],

{u=0}nB,}] (3]£B u) < c/BT V(- ). (39)

Actually, this is true only if %faB.u — Cr > 0 where C depends only on d and f, but otherwise n(r) > Cr
works. With (38) and (39), we get (37) with () = C\/A*(wgqr?) + Cr. (Using Rem. 4.6, \* is decreasing and

Let zg € (24 \ wpn) N Be and B,, = B(xg, ) be the largest ball included in 2,,. By definition of w,,, we have
ro < 1/n (see (32)).
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For § > 0 we have that {u =0} N B,,+s # 0. So there are two cases.

1) (Good case.) If [{u = 0} N B,45, = 0| for some &y then we see from (38) that —Au = f in By 4s,. Let
0 <6 < dpand x € Byyts be such that u(z) = 0, now we use Lemma 2.4 in [10] on B,,4s in z and we get
(C' depends only on d and f):

: ][
u < C(rg+90) <n(2r).
ro+90Jon,, s ( (2r0)
And when § goes to 0:
1
— u < 1(2r). (40)
ToJoB

0

2) If for every 0 < 6 < rg |[{u =0} N B,45| > 0 we can use (37),

1
ro+ 6

][ w < n(ro + 8) < n(2ro),
OBy 15

and, when § goes to 0,

1
— u < n(2rg). (41)
T0JoB,,

Now we use that )
[Vu(zo)| < C—][ u+ Cro
70 JoB,,

(see Prop. 2.4 in [10], in B,, we have —Au = f ). Using this in (41) or in (40) we have (ro < 1)

[Vu(zo)| <n(2/n) +C/n,

which goes to 0 when n goes to infinity. O

Remark 6.4. By moving D; in all D in Proposition 6.2, we could see that, if A = 0 then
—Au = fxgyu in D.

We can compare this with the hypothesis (7) taken at the beginning of the paper which excludes existence of w
such that —Aw = f in D and || < a.

Remark 6.5. It is likely that a result similar to Proposition 6.2 is true when u changes its sign, but the proof
of Lemma 6.3 strongly uses that u > 0. Let us mention that, if (7) is true, we can prove that the set of b for
which A\, > 0 is a dense open set in (0, a) where uy is any solution of

J(up) = min { J(u),u € H'(D), || =b}.
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