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HOMOGENIZATION OF UNBOUNDED FUNCTIONALS AND NONLINEAR
ELASTOMERS. THE CASE OF THE FIXED CONSTRAINTS SET

LuciaNno CARBONE!, DoINA CIORANESCU?, RICCARDO DE ARCANGELIS! AND
ANTONIO GAUDIELLO?

Abstract. The paper is a continuation of a previous work of the same authors dealing with homoge-
nization processes for some energies of integral type arising in the modeling of rubber-like elastomers.
The previous paper took into account the general case of the homogenization of energies in presence
of pointwise oscillating constraints on the admissible deformations. In the present paper homogeniza-
tion processes are treated in the particular case of fixed constraints set, in which minimal coerciveness
hypotheses can be assumed, and in which the results can be obtained in the general framework of
BV spaces. The classical homogenization result is established for Dirichlet with affine boundary data,
Neumann, and mixed problems, by proving that the limit energy is again of integral type, gradient
constrained, and with an explicitly computed homogeneous density.
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1. INTRODUCTION

In this paper we continue the study, started in [7], of the homogenization of some classes of problems coming
from the modeling of nonlinear elastomers. Our approach is based on the notion of unbounded functionals
(cf. [9] for a presentation of the subject).

The mathematical models of the physical problem are recalled in Section 1.1 below. Their mathematical
treatment is discussed in Section 1.2, where we also formulate the main results of this paper. We end this
introductory section by a comparison of our results with some related ones.

1.1. Sketch of the mathematical modeling of the physical problem

Nonlinear elastomers are essentially materials which behave as rubber. The classical reference for the study
of their behaviour is the book of L.R.G. Treloar published in several editions (¢f. [24]). Let us describe some
examples of Treloar’s modelings.
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Let A1, A2, A3 denote the three principal extension ratios along three mutually perpendicular axes, and let W
be the work of deformation or elastically stored free energy per unit of volume. It is clear that Ay > 0, A2 > 0,
A3 > 0. In addition, they also satisfy the condition for constancy of volume A;A2A3 = 1. Then Treloar obtains
the following expression of W for homogeneous materials in some scalar cases:

a) for the simple extension (A = A, Ao = A3 = )\_%)

71 2 2 .
W201<)\ +A3>, A > 0;

b) for the simple shear (A1 = X, A2 =1, A3 = §)

W*EC’ )\fl2 A > 05
*2 2 A ’ )

c¢) for the simple extension with large deviations

2 1
W03<)\2+X3>+C4<ﬁ+2>\3>7 A> 0,

where C1,...,Cy are elastic constants. When the materials are nonhomogeneous, the constants Ci,...,Cy
explicitly depend on the space variable x.

Consequently, the models lead to the introduction of bulk energies characterized by the presence of pointwise
constraints on the gradients of the admissible deformations, and of singularities in the energy densities. For
example, having in mind the previous models, one can consider functionals of the calculus of variations of the
form (in one dimension, and in the scalar case)

F(u):/ [z, v (z))dx,

where v is a deformation variable of the material, and

1 2, 2 .
sCi(x)(z24+2-3) ifz2>0
— 2 z
f(x’z){—i—oo if 2 <0,
1 12
50y (x)(z—=2)? if2>0
— 2 z
f(x’z){—i—oo if 2 <0,

or
Flo,2) = { Cs(z) (22 + 2 = 3) + Cu(z) (& + 22— 3) %f z>0
+00 if 2 <0.
Note that in this way the constraint conditions have been included in the energy densities.

Then, one has to study the minimization of these energy functionals under suitable boundary conditions.

An equation approach to this problem has been recently used in [2].

Rubber-like materials are widely used in industries. To render them more rigid, rubber composites filled
with inactive (carbon black and/or silica) or periodically distributed active elements (piezoelectric, magnetic
or conductive particles) are used, as well as mixtures of different types of rubber-like materials. In general,
the size of the fillers is very small compared with the global size of the materials. So, it is natural enough to
apply homogenization techniques to study these materials. Obviously constraint conditions on the gradients
play a fundamental role in the development of the relevant homogenization processes. For standard methods
in homogenization, we refer the reader to the classical book of Bensoussan et al. [3], and to the more recent
ones [4,15] and [19] for further developments and general references on the subject.
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1.2. Mathematical treatment of models and main results

In this paper we propose a general mathematical framework for treating the models described in Section 1.1
in the case where the deformation variables depend on several space variables.

We analyze the behaviour of sequences of functionals by means of I'-convergence theory. We obtain a
description of the limit problem by a classical homogenization formula, and we deduce convergence results for
the corresponding minimizing deformations.

Our approach is based on two steps. The first one consists in proving that, as the period of the mixture
becomes smaller and smaller, the corresponding energy functional becomes more and more similar to an ho-
mogeneous one, t.e. invariant with respect to space translations. The second step consists in applying some
representation results for homogeneous functionals.

The limit functional we obtain is unbounded, i.e. it is not necessarily finite on all the smooth possible
deformations. In order to describe this limit, in the second step we apply some recent representation results for
this kind of functionals (¢f. [10,12]).

The results of the present paper have been announced in [8].

Let us present more precisely our results. Let Y = ]0,1[", and denote by £ the o-algebra of the Lebesgue
measurable subsets of R™ and by B the o-algebra of the Borel subsets of R™. Let us take an energy density f
satisfying

fi(z,2) e R" xR" — f(z,2) € [0, +o0],
f £ ® B measurable, (1.1)
f(,z) Y-periodic for every z € R™, f(z,-) convex for a.e. z € R™.

Assume furthermore that the sets describing the constraints are fixed in the sense that (for every g: R" —
[0, +00] we set domg = {z € R™ : g(z) < +00})

domf(z,-) = C for a.e. z € R" (1.2)
for some convex set C', not necessarily bounded, and such that
int(C) # 0. (1.3)
We suppose also that f satisfies the following mild summability condition in the space variable
f(-,2) € LY(Y) for every z € C, (1.4)
as well as the linear coerciveness one
c1)z| —e2 < f(x, 2) for a.e. z € R™, and every z € R"

for some ¢; > 0, co € R.

In this setting we are able to carry out the homogenization processes for Neumann, Dirichlet, and mixed
problems. We will present below some examples of the results we have obtained for these problems. It is worth
while to point out that these results depend on a regularity index ¢ related to the admissible functions in the
infimum problems. It is well known that the corresponding infima may actually depend on this ¢ (this feature
is known as Lavrentieff phenomenon), and that such dependence may even survive the homogenization process
(¢f. [16,18,20]). So, for every ¢ € [1,+0c0], we define f  as the nonnegative, real extended energy density
given by

Jim: z € R" — inf {/ fly,z+Vo)dy : v € Wgég(Y)} , (1.5)
Y

where W;24(Y) is the set of the Y-periodic functions in W’licq(R") Observe that f  is convex and satisfies

cilz] — 2 < fil . (2) for every z € R™.

Classically, (0.5) gives the so called homogenization formula.
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Let us denote by sc™ fi1  the lower semicontinuous envelope of f{ and by (sc™ f{ ) its recession function
(¢f. Sect. 2 for the definition of recession functions).

Then, in the case of Neumann minimum problems, we prove that for every g € [1, +00], every convex bounded
open set 2 CR™, A €]0,4o00[, r € ]1, 2= (r €]1,4o0[if n =1), and 8 € L>°(f) the values

’n—1

iN(q,Q,\, 7, 3) = inf {/ f(hx, Vu)dx + )\/ |u|"da +/ Budz :u € Wl’q(Q)} (h e N) (1.6)
Q Q Q

converge to
mb (g, QA 7, 8) (1.7)
dD%u

= min {/ sc” fil w(Vu)dz + / (sc™ fl )™ < - > d|DSu|+)\/ |u|"dx +/ Budz : u € BV(Q)} .
Q Q d|D#ul Q Q

Moreover, if for every h € N, i, € Wh9(Q) satisfies

lim (/ f(h$, Vﬂh)dx + )\/ |ah|rdx +/ ﬁ’&;hdx - Z}]zv(Q7 Qa )‘7T7 ﬁ)) = 0)
Q Q Q

h—+o00

then {7} is compact in L*(2) and its converging subsequences converge in L!(£2) to solutions of m¥ (¢, Q, A\, r, 3)
(¢f. Th. 7.2). We refer to Section 2 for the notation used in (1.7).

Similar results hold under coerciveness assumptions of order p € ]1,+0oc], and in the framework of Sobolev
spaces (¢f. Th. 7.3), in which also boundary terms can be taken into account.

Observe that, thanks to (1.2), the variational problems in (1.6) are actually formulated in spaces of functions
satisfying the pointwise constraint Vu(z) € C for a.e. € Q. Since f! = may take the value 400, the problems
in (1.7) also involve gradient constraints on the admissible functions.

In the case of Dirichlet minimum problems, we prove that for every ¢ € [1, +o0], every convex bounded open
set Q, A € ]0,4o00[, r € |1, 25[ (r € ]1, 400 if n = 1), B € L>(Q), 20 € int(C), ¢ € R the values (u., is the
linear function with gradient zg € R"™)

i2(q, A\, B) = inf {/ f(ha, Vu)dx + )\/ |u|"dx —|—/ Budz : u € uyy + ¢+ WOI’Q(Q)} (1.8)
Q Q Q
converge to

. _ _ o [ dD%u s
mE (q, 0\, 1, B) = mm{/gsc fgom(Vu)der/Q(sc Jiw) <d|Dsu|) d|D*u|

— rq %) _ —cn n—1 r . .
+/89(SC Jiom) (v — uzy — c)ng)dH +)\/Q|u| dx—l—/ﬁﬁudx uEBV(Q)}

Moreover, if for every h € N, @y, € u., + ¢ + Wy '%(Q2) satisfies

lim (/ f(hz,vah)dz+A/ |ﬂh|rdm+/ﬂﬂhdxz‘f(q,Q,A,r,ﬂ)) =0,
Q Q Q

h—+o0

then {@y,} is compact in L'(€2), and its converging subsequences converge in L () to solutions of m2 (¢, Q, A, r, 8)
(¢f. Th. 7.4). Let us notice that the above formula makes sense. Indeed, since every convex open set (2 has
a locally Lipschitz boundary, the unit outward normal ng to 99 exists H" -a.e. in 9Q (H"~! is the (n — 1)-
dimensional Hausdorf{f measure).

Like for the Neumann problem, the above results hold also under coerciveness assumptions of order p €
J1,4+00], and in the framework of Sobolev spaces (¢f. Th. 7.5).
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Both in the Neumann and Dirichlet cases, if a coerciveness condition of order p € ]1,+oc] holds, if the
regularity index ¢ agrees with p, and if furthermore

f(z,+) is lower semicontinuous for a.e. x € R", (1.9)

then the limit density f}  is lower semicontinuous too. Therefore, sc™ f = fP  infima in (1.6) and (1.8)
are attained, and consequently convergence results for minima hold.

In the case of mixed boundary conditions, we give convergence results in the framework of Sobolev spaces,
under the following superlinear growth assumption

d(2) < f(z,2) < alx) + Mo(z) for a.e. z € R", and every z € R" (1.10)

for some ¢: R™ — [0, +o00] convex such that int(domg) # 0 and lim,_, ¢|(Zzl) = 400, a € L} (R™) Y-periodic,
M > 0.

We prove that for every convex open set Q, I' C 9Q with H* }T) > 0, 3 € L>(Q), v € L*>(d9),
2o € int(dome), ¢ € R the values

iM(Q,T, B,7) = inf { /Q f(hx, Vu)dz +/Qﬁudac + /89 yudH" 1t iu e WHH(Q), u = u,, +cin F}

converge to

mM(Q,T,,~) = min {/ s fiom(Vu)dz —|—/ Budz —|—/ yudH" i uw e WHH(Q), u=u,, +cin F},
Q Q 8

Q

and that, if for every h € N, @, € W11(Q) satisfies u = u,, + ¢ in " and

lim </ f(hz,Vaup)dx +/ ﬂﬂhd:ch/ yipdH ™ — iﬁ/l(Q,F,ﬂ,y)) =0,
h=to0 \Ja Q 19)

then {@y,} is compact in L(9), and its converging subsequences converge in L'(Q) to solutions of m3 (2, T, 3,~)
(cf. Th. 7.6).

1.3. Comparison with related results and plan of the paper

Some energy functionals subject to constraints on the gradient have already been treated in the framework
of the modeling of some elastic-plastic torsion problems. The modeling is developed in [22]. The corresponding
homogenization problem was proposed in [3] (Chap. 1, Sect. 17), where also a conjecture on its solution was
formulated: it predicted the validity of the homogenization formula for the limit problem. For this model, the
constraints are essentially spheres centred in the origin and with a periodic radius, and moreover the energy
densities are bounded where they are finite. So, the model constraint to be homogenized is given by

[Vu(z)| < ¢(z) for a.e. =,
where ¢ is a periodic measurable function. The model energy density is given by

a(z)|z|? if [2] < o(x)
+00 if |z| > (x),

)= {

where a is a periodic measurable function bounded from above and below by positive constants.

Several situations have been analyzed in literature depending on different properties of the radius ¢
(¢f [14,17], and the references quoted therein). The more recent results in this setting are contained in [11].
They recover the previous ones, if boundedness of the radii is assumed.
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In several results of [11] assumptions on the radii were left the out of consideration. Cases in which the radii
are not bounded could also be taken into account, but in the functional setting of WP Sobolev spaces, with p
bigger than the space dimension.

By using the methodology described in Section 1.2, in [7] homogenization problems have been approached
under very general assumptions on the constraints, and on the behaviour of the energy densities, to cover also the
models proposed in Section 1.1. So, both of them have been allowed to quickly oscillate, and gradient constraints
have been described just by convex sets not necessarily bounded. But in turn, high order coerciveness conditions
had to be assumed, leading again to the functional setting of WP Sobolev spaces, with p bigger than the space
dimension n.

This assumption on p does not allow to consider some other interesting cases. For example, if n > 2, energies
with quadratic growth at infinity as those described in Section 1.1 cannot be considered in this setting, even in
the simplest case when the constraints are not oscillating.

The study of the case when p < n presents several difficulties that are essentially linked to the loss of
continuity of the admissible deformations. The present paper is a first attempt in this direction. We consider
here the simple situation when the constraints are fixed, namely independent on the space variable. We use a
new technique, based on unique extension properties of functionals treated in [13], that allows us to establish
homogenization results in the general setting of BV spaces, where strongly discontinuities are allowed. In this
new framework we can also reduce the assumption on p to the natural one p > 1.

The paper is organized as follows.

In Section 2 we recall some preliminary notions and results needed in the paper. In Section 3 we collect
some preparatory results. In Sections 4, 5, and 6 the main homogenization results are proved in terms of
I'-convergence, respectively for energies with Neumann, Dirichlet, and mixed boundary conditions. Finally, in
Section 7 we prove the convergence of minimum energies and of minimizing deformation sequences.

2. NOTATION AND RECALLS

2.1. BV spaces and convex analysis

Let © C R"™ be open. By BV () we denote the set of the functions in L'(£2) having distributional partial
derivatives that are Borel measures with bounded total variations in 2. We refer, for example, to [1] (Chap. 3),
and [25] (Chap. 5) for a complete treatment of such spaces.

For every u € BV (Q2), we denote the R"-valued measure gradient of u by Du, and the total variation of Du
by |Dul|. Moreover, according to Lebesgue Decomposition Theorem, we have that

Du(FE) = / Vudz + D*u(E) for every Borel set E C €,
E

where Vu is the density of the absolutely continuous part of Du, and D*®u is the singular part of Du, both with
respect to Lebesgue measure. We also denote by cﬂg—:Z\ the Radon-Nikodym derivative of D*u with respect to
its total variation |D®u.

The functional v € BV () — |[|ul[1(q) + [Du|(€2) is a norm that makes BV (£2) a Banach space.

If in addition € has Lipschitz boundary, then it turns out that the functions in BV (2) have traces on 9 in
the sense that for every u € BV () there exists an element in L!(9), still denoted by u, such that

/ udivipdz = —/ @ dDu+/ ¢ - noudH" ! for every p € (C'(R™))". (2.1)
Q Q a0

We also recall that, if €’ is another open set such that Q C €, and v € BV (€)' \ Q), then the function w,

defined a.e. in Q' by setting w = in Q and w = v in Q' \ Q, is in BV (€’). Moreover, by (2.1) it follows that

Dw(E) = / (v — u)nodH™ ! for every Borel set E C 9. (2.2)
E
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Finally, we recall that when Q has Lipschitz boundary, BV () compactly embeds in L"({2) for every r €
1, 25[ (r € [l,+oo[if n=1).

By BVi,c(R™) we denote the set of the functions in L] (R™) that are in BV () for every bounded open
set 2. We recall that BVi,.(R"™) is a Fréchet space.

We now recall some basics of convex analysis. We refer for example to [23] (Part I and Part II) for a more
complete exposition of the matter.

For every convex set C' C R"™ we denote by ri(C) the relative interior of C, i.e. the set of the interior points
of C in the topology of the smallest affine subset containing C. We recall that, for every convex set C C R",

ri(C) # 0, and that ri(C') = int(C) provided int(C') # 0. Moreover, we also have that
20 +t(z — z9) € 1i(C) whenever zq € 1i(C) and 2z € C. (2.3)

Let g: R™ — [0, 4+00] be convex. Then it is well known that domg is convex, that g is lower semicontinuous
in ri(domg), and that the restriction of g to ri(domg) is continuous. In particular, if int(domg) # (), then g is
continuous in int(domyg).

If now g: R™ — [0,400], we denote by ¢g** the greatest convex lower semicontinuous function less than or
equal to g, i.e.

gz e R" — sup{o(z) : ¢: R™ — [0, 400] convex and lower semicontinuous, ¢(£) < g(§) for every £ € R"}-
It is clear that g** is convex and lower semicontinuous, g**(z) < g(z) for every z € R", and ¢** = g provided g
itself is convex and lower semicontinuous.

In this paper, especially in connection with the definition of variational integrals on BV spaces, we make
use of recession functions. To define them properly, we recall that for a given g: R™ — [0, +00] convex, and
zp € domg, the limit lim;_, 4 w
of g by

exists for every z € R". Therefore we define the recession function

t2) —
gOOZZGRnH lim g(20+ Z) g(ZO)
t— 400 t

It is well known that ¢°° is positively 1-homogeneous, and that, if in addition g is also lower semicontinuous,
then the definition of ¢°° does not depend on zg when it varies in domg.

2.2. Increasing set functions, unique extension, and lower semicontinuity results

By Ag we denote the set of the bounded open subsets of R™. _
For every couple A, B of open subsets of R" we write A CC B if A is a compact subset of B.

Definition 2.1. Let a: Ag — [0, +00]. We say that « is increasing if
a(41) < a(Asg) for every Ay, As € Ap such that 4; C As.
We denote by a_ the inner regular envelope of a defined by
a_: A€ Ay —sup{a(B): Be Ay, BCC A},

and say that « is inner regular if
a(A) = a_(A) for every A € Ay.

It is clear that, if a: Ag — [0, +00], then a_ is increasing and inner regular.
In the following, we consider functionals ® defined in Ay x U for some set U. In such case, given (,u) €
Ao x U, we denote the inner regular envelope of ®(-,u) in Q by ®_(Q,u), i.e. D_(Q,u) = ®(-,u)_(2).
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For every set E C R", every function u defined on E, xg € R"™, and t € ]0,+o00[, by T[zolu and Opu we
denote the functions defined by

1 1
Tlxolu: x € E —xg — u(x + x9), Owu:z € ;E — ;u(tm)

The following inner regularity result is proved, also in a more general setting in [10] (Prop. 2.1).

Theorem 2.2. For every Q2 € Ay, let us consider a functional ®(£,-): BViec(R™) — [0, +00] such that
for every u € BVoo(R™), ®(-,u) is increasing,

lim inf ®(Q, T[—x0]O: T [xo]u) > (2, u) for every € Ay convex, xg € Q, u € BVioe(R"),
t—1—
limsup @ (2o + t( — o), T'[—20]O1 4 T[20]u) < P (2, u)
t—1+
for every Q € Ay convex, xg € Q, u € BVoc(R").
Then
(D, u) = P_(Q,u) for every Q € Ay conver, u € BVioe(R").

Let U C L{ (R") be such that T[zo]u € U whenever u € U and xo € R™.

loc
Definition 2.3. Let ®: 4y x U — [0, +00]. We say that ® is

a) translation invariant if
D(Q — zg, T[xo]u) = ®(Q, u) for every Q € Ay, zg € R", u € U;

b) inner regular if for every u € U, ®(-,u) is inner regular;
c¢) convex if for every 2 € Ay, ®(£2,-) is convex;
d) L (R™)-lower semicontinuous if for every Q € Ao, ®(Q,-) is Li.

loe loe(R™)-lower semicontinuous.

If g: R" — [0, +00] is convex and lower semicontinuous, we define the functional ®, as

dD?%u
d|Dsu|

Dy (2,u) € Ag X BVioc(R") — /Qg(Vu)d:ch/ngo < > d|D?ul. (2.4)

Then (c¢f. for example [10]) it turns out that @, is translation invariant, inner regular, convex, Li (£2)-lower
semicontinuous, and

loc

D,(Qu) = / g(Vu)dz for every (Q,u) € Ag x W2 (R™).
Q
Actually, ®, is the only functional on Ay x BViec(R™) with these properties, as stated in the result below
(cf. [12], Prop. 6.2).

Proposition 2.4. Let g: R™ — [0,+00] be convex and lower semicontinuous, and let &, be defined in (2.4).

Then @4 is the only inner regular, translation invariant, convez, LIIOC(R”)—lower semicontinuous functional from

Ao X BVioe(R™) to [0,400] equal to [, g(Vu)dx for every (Q,u) € Ay x C*(R™).
Finally, we recall the following lower semicontinuity result (c¢f. for example [5], Th. 4.1.1).

Theorem 2.5. Let Q) € Ay have Lipschitz boundary, and let g: QxR™ — [0, +00] be L&B measurable. Assume
that for a.e. x € R™, g(z,-) is convex and lower semicontinuous. Then the functional

ue WhHH(Q) — / g(x, Vu)dz
Q

is sequentially weak-W 1 (Q)-lower semicontinuous.
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2.3. I'-convergence, relaxation, and homogenization

We recall now the definition of I'"-convergence (cf. [21], and [19], Chap. 4), and its fundamental feature
concerning the convergence of sequences of minimum problems.
Let (U, 7) be a topological space satisfying the first countability axiom.

Definition 2.6. Let {E}} be a sequence of functionals from U to [—oo, +o0], u € U, and X, X’ € [—o0, +0].
We say that A’ is the I'"(7)-lower limit of {Ep} in u, and we write

N=T"(1) l}ig}rr;of Ep(u) (2.5)

if for every {vs} C U such that v, = u, one has

)\/ § %gilg Eh (’Uh), (26)

and if there exists {u,} C U such that uj, = u and

X 2 lim inf B (up). (2.7)

We say that A” is the I'~ (7)-upper limit of {Ey} in u, and we write

X' =T7(7)limsup Ej,(u) (2.8)
h—+o0

if (2.6) and (2.7) hold with A" and “liminf; ;" replaced by A" and “limsup,_,, ", respectively.
When N = N we say that {E} I'~(7)-converges in u, and we write

I\ e .
N=X=T (T)hETOOEh(u).

We point out that, for every w € U, the limits in (2.5) and (2.8) always exist, and we denote by
I'~(7)liminfy 4o Ep, T'7(7)limsup, ., En and, when existing, I'"(7)limj_ 4o £ the functionals
we U —T7(7)liminfy_ 1o Ep(u), w € U — T~ (7)limsup;,_ ;oo En(u), and u € U — I'"(7) limp— 1 o0 Ep(u),
respectively.

We recall that

the functionals I'” (7) liminf Ej, and I'™ (7) limsup E}, are 7-lower semicontinuous. (2.9)
h—+00 h—+00

We say that the functionals Ej are equicoercive if for every ¢ € R there exists a compact set K; C U such
that Ui > {u € U : Ej,(u) <t} C K.

Theorem 2.7. Let Ey, Es, ... and E be functionals from U to [—oco, +00]. Assume that, for every u € U, the
limit T~ (7) limp— oo En(u) exists, that the functional E is T-continuous, and that the functionals Ey, + E are
equicoercive. Then T'™ (1) limp— 1 oo Ey + E attains its minimum on U, and

min {F_(T) hEI-iI-loo Ep(v)+ E(v):v € U} = hli»g-loo inf {Ep(v)+ E(v) :veU}-

Moreover, if {up} C U is such that limp,_, 1o (Ep(up) + E(up) — inf{E,(v) + E(v) : v € U}) =0, and up, - u,
then u is a solution of min{I'~ (7)limp— 100 En(v) + E(v) : v € U}.
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As particular case, given E: U — [—o00,+0o0], by setting Ej, = E for every h € N, it follows that the limit
I~ (7)limp,— 4o Ep, exists on U, and that it agrees with the T-lower semicontinuous envelope of E, i.e. with the
greatest 7-lower semicontinuous functional less than or equal to E. We denote such functional by sc™(7)E.

When (U, 7) agrees with R™ endowed with its natural topology, we omit the indication of the topology in
the sc™ operator.

We recall that, if g: R™ — [0, +00] is convex, then sc™g too is convex, that ri(dom(sc™g)) = ri(domg), and
that for every zg € domg the limit lim;_,;— g((1 — t)2z¢ + t2z) exists and

scg(z) = tlir{l— g((1 —t)zp + tz) for every z € R"™. (2.10)

Let g: R™ — [0, +00] be Borel, ug € wih 1(R") and, for every Q € Ao, let U, (€, ug, -) be defined by

loc

. 1,00
U, (Qup,-): u € Li (R™) — { Jo9(Vu)da if u € uo + Wy ™ (€2)

2.11
+00 otherwise. ( )

We recall the following relaxation result (cf. [11], Th. 3.4).

Theorem 2.8. Let g: R™ — [0,400] be a Borel function such that domg is conver and int(domg) # (), and
let ¥4 be defined by (2.11). Assume that

for every compact set K C int(domg) there exists Mg > 0 such that g(z) < Mg for every z € K,
and that
for every bounded set LC dom g there exists zy, € int(domg) such that the function

€10,1) — g((1 — t)zr + tz) is upper semicontinuous at t = 1 uniformly for z € L.

Then
sc (LY(Q)) W, (2, uzy + ¢, u)

dD?® )
- / g™ (Vu)dz + / (g (270N g Doy + / (6")™((ty + ¢ — w)ng)dH"
Q Q d|Dsul o0

for every Q € Ay convex, zp € int(domg), ¢ € R, u € BV(Q).

We now define the functionals that we study in the present paper.
Let f be as in (1.1), and let C' C R™ be convex and satisfying (1.2). For every h € N, ¢ € [1,40o0], and
Q € Ay we define the following functionals

n) f(ha, Vu)d if u e Wigd(R"
Fu©.): e s () o ol o€ ree (") (212)
Gr(§2,): u € Lis,(R™) — Fr(Q,u),
and their I'"-limits

F'(Q,): uwe L (R™) — I~ (L' () iminf;_ 4 oo Ff(Q,u), (2.13)
FQ,): w € L (R?) o T (L1 (©)) limsup,_ o Fi (2, 0), |
G(9,): w € L (RY) o D (L() iy 4o G (@), .11
G"(Q,-):u e LS (R™) — '™ (L*°(Q)) limsupy,_, , o, Gn (2, u). '
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We observe explicitly that because of (1.2), if h € N, Q € Ay, and u € L _(R"™) satisfy F,(Q,u) < +o0,
then u € WbY(R") and Vu(z) € C for a.e. z € Q.
Because of (1.1) it soon follows that

I (LY(Q)) liminf F,(Q,-), ™ (L*(Q)) limsup Fj, (£, -) are convex for every € Ay, (2.15)
h—+00 h—+o0
and
I~ (L'(") %minf F(-,u), T7(LY(+)) limsup Fj,(-,u) are increasing for every u € Li, (R™). (2.16)
—Too h——4o0

Moreover, the following properties hold (cf. for example [19], Th. 24.1)

FL(Q =z, TzoJu) = F.(Qu) F"(Q— zo, T|xolu) = F'(Q,u) (2.17)
for every Q € Ag, 79 € R", u € L .(R").

We also set
gl oz € R" — inf {/ fly,z+Vo)dy : v € Wgeg( )N L‘X’(Y)} , (2.18)
1%

C(z0) (2.19)
= {z € R"™: there exists v € W {(Y) N L™(Y) with / {fly,z+ Vo) + f(y,220 — z — V) }dy < —i—oo},
Y

and recall the following representation result (c¢f. [7], Prop. 6.1).

Proposition 2.9. Let f be as in (1.1), g € [1,40c], G’ and G" be defined in (2.14), g}, in (2.18), and C9(0)
in (2.19) with zg = 0. Assume that int(C?(0)) # 0. Then g{ . is convez, and

loc

G (u)=G" (Qu) = / sc” gl (Vu)dz for every Q € Ag, u € Uss, W02 (R™).
Q

For every g € [1,+o0], Q € Ag with Lipschitz boundary, and I' C 92 we set
Wot(Q) = {ue WH(Q) : u=0H""ae inT}

It is clear that W&gQ(Q) = Wy 9(Q) for every ¢ € [1,+00]. We also recall that, if ' is H" '-measurable,
then WO{’I? (Q2) is weak-W14(Q)-closed, and that, if H"~*(I') > 0, then the following Poincaré inequality holds
(cf. for example [25], Cor. 4.2.3)

llullL1o) < Carl|Vullp1(q) for every u € WOIE(Q), (2.20)
where Co r > 0 depends only on 2 and I'.

Let f be as in (1.1). For every h € N, ¢ € [1,+o0], Q € Ay with Lipschitz boundary, ' C 92, and
ug € VVI1 1(R”) we define the following functionals
if u € ug + Wy Q)

2.21
otherwise, ( )

Fon(,T, ug,-): u € Lig (R") — { Jo f(hz, Vu)d

Go,h(Q,I‘,uo, ) u € LifC(Rn) — Fo,h(Q,I‘,uo,u),
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and their I'"-limits

F}(Q,T,ug,-): u € L (R™) = T (L} () liminfj,— 400 Fou(Q, T, ug, u), (222)
F(Q,T,u0,-): u € Ll (R™) = T (L () limsupy,_, oo Fo.n(2, T, ug,w), '
GH(Q, T, ug,-): ue LS (R") — T (L>®(Q)) iminfp_ 4 o Go,n (2, T, up, u), (2.23)
Gy (T ug,-): w € Lis,(R™) = I~ (L>(Q)) limsupy, _, | o Go,n(2, T, uo, u). '

The following representation result holds (cf. [7], Th. 6.2).

Theorem 2.10. Let f be as in (1.1), zo € R", c€ R, g € [1,400] and Q € Ay. Let g{  be defined by (2.18),
C(zp) in (2.19), and G, (Q, 0Q, U, +c, ) and G§ (L, 0Q, uzy+c,-) in (2.23). Let us assume that int(C?(zq)) # 0,
then gi .. is convez, and

Gy (9,00, uz, + c,u) = Gy (Q, 00, u,, + c,u) = / sc”gf . (Vu)dz
Q

for every u € uy, +c+ Us>nWol’s(Q)-

3. TECHNICAL LEMMAS

Let f be as in (1.1). In the present section we prove some preparatory results, mainly of technical nature,
that we will use in the sequel.

Proposition 3.1. Let f be as in (1.1), ¢ € [1,4+00], and f ., be defined in (1.5). Let C C R™ be such that
(1.2) and (1.4) hold. Then f{ . is convez, and

C Cdomf! CC.

Proof. The convexity of f is straightforward from (1.1).
By (1.4) it follows trivially that

From (%) < / [y, z)dy < 400 for every z € C,
1%

from which the left-hand side inequality follows.
Let now z € domf! . Then there exists v € Wplé‘f(Y) such that fY fly,z+ Vv)dy < +oo. Consequently,
by (1.4), it follows that
z+ Vo(y) € C for a.e. y €Y. (3.1)

Since C is closed and convex, there exist two families {ap}toer C R"™, and {Bs}oer C R such that ¢ € C if
and only if ag - ( + Bp > 0 for every 6 € T. Therefore, by (3.1), we obtain that

ap - / (z+ Vu)dy + Bp > 0 for every 0 € T. (3.2)
Y
By (3.2), the Gauss—Green Theorem, and the Y-periodicity of v we deduce that

ag-z—i-ag-/ wnydH" 1 4+ By =ag -z + By > 0 for every § € T,
oy
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from which we conclude that .
domf  CC.
This completes the proof. O

Lemma 3.2. Let f be as in (1.1), ¢ € [1,4+00|, and let fl be defined in (1.5), and gl . in (2.18). Let
C C R" be convex such that (1.2), and (1.4) hold. Then

SCTgfom(2) =sc™ il (2) for every z € R™.
Proof. Since fl < g . itis clear that
sc” fir (z) <scTgf  (z) for every z € R". (3.3)

To prove the reverse inequality we first take z € ri(C').

Let us observe that Proposition 3.1 yields ri(domf{ ) = ri(C). Consequently f{ . being convex, is lower
semicontinuous in ri(C), and therefore sc™ fif (z) = f} (z). Because of this, we can assume that f (z) <
+00, so that for every & > 0 there exists u € WL4(Y) such that

per

[l (z) +e> /Y f(y, 2z + Vu)dy.

For every k € N, set uj, = max{min{u, k}, —k}. Then ux, € Wha(Y) N L>=(Y), and

per

fly,2)dy > gion(2) — / f(y, 2)dy,

{yeY:|u(y)|>k}

fgom(z)JrEZ/Yf(y,ZJrVuk)dy/{

y€eY:|u(y)| >k}
from which, letting first k& diverge and then & go to 0, and by taking into account (1.4), we conclude that
w2 > gl (2) >sc gl () for every z € ri(C). (3.4)
If now z € C, by the convexity of f . (2.10), (2.3), and (3.4) we have that
sc” fir (2) = tl_i}r{lﬁ i (2 + (1 —t)z) > 1igligf S¢ gl (2 + (1 —t)z0) > sc™ gl (2) (3.5)
for every zy € 1i(C), z € C.
In addition, since by Proposition 3.1 it follows that fl (z) = 400 for every z € R™ \ O, we conclude that
sc” fl (z) = +oc for every z € R"\ C. (3.6)

By (3.3), (3.5), and (3.6), the lemma follows. O

Proposition 3.3. Let f be as in (1.1), ¢ € [1,+00], fl . be defined in (1.5), and let ¢: R™ — [0, +oc0] be
conver, and a € L{ (R™) be Y -periodic.

loc

If
o(z) < f(x,2) for a.e. z € R", and every z € R", (3.7)
then
sc”@(z) <sc” flo.(2) for every z € R™.
If

flz,z) <alx)+ ¢(z) for a.e. x € R™, and every z € R", (3.8)
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then

SC” firom (%) < / a(y)dy + sc” ¢(z) for every z € R™.
Y

Proof. We first assume that (3.7) holds.
Let z € R™, then (3.7) implies that

iﬁ{Af€¢@+vmmpuewgﬂm}gnﬁ{é¢@+vmmpuewgﬂYﬁ (3.9)

< inf {/ fly,z+ Vo)dy :v € Wgé‘ﬁ(Y)} = flom(2)-
Y

Now, sc™ ¢ is convex and lower semicontinuous. Consequently the Gauss—Green Theorem and the Jensen’s
inequality provide that

sc”¢(z) =sc” </Y(z + Vv)dy> < /Y sc”¢(z 4+ Vo)dy for every v € W (Y),

from which, together with (3.9), the first part of the proposition follows.
We now assume that (3.8) holds.
In this case, we first observe that (1.2) and (1.4) yield that

fiom(z) < / f(y, 2)dy for every z € R™.
Y
This, together with (3.8) entails that
fia(2) < / a(y)dy + ¢(z) for every z € R"™,
Y

from which also the second part of the proposition follows. O

Proposition 3.4. Let f be as in (1.1), p € [1,4+00], and [} be defined in (1.5) with ¢ = p. Assume that

o(2) < f(z,2) for a.e. x € R™, and every z € R" ifp=1
c1|zP —co < f(x,2) for a.e. x € R™, and every z € R™ if p €]1,400]
domf(z,-) C{z € R": |z| < R} for a.e. z € R" if p=+c0

for some ¢: R™ — [0, 4+00] conver such that lim,_ o ¢(z)/|z] = 400, c1 > 0, c2 € R, R > 0. Assume further
that (1.9) holds. Then f¥ s lower semicontinuous, and

fP (z) = min {/Y fly,z+Vo)dy : v € W;é’r’(Y)} for every z € R"™.

Proof. Let z € R™ and {z,} C R™ be such that z;, — z and liminf;,_, 4 fﬁom(zh) < +00. Then there exists
{hr} C N strictly increasing such that for every k € N there is vy € W)R(Y) with lim oo [3 f(y, 20, +
Vup)dy = liminfy o fi . (2n) < 4+00. Moreover, it is not restrictive to assume that fY vpdy = 0 for every
k € N.

This, together with the above coerciveness assumptions, and the Poincaré-Wirtinger inequality, implies that
there exists v € WLP(Y) such that, up to subsequences, vy — v in weak-W1P(Y) (in weak*-W1>°(Y) if

per
p=+00).
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Then, by (1.1), (1.9), and Theorem 2.5 we obtain that

fom@) < [ Flyoz+Vo)de < lim / F(, 2, + Vor)dy = liminf f2, (),
om v k v h— 400 om

— 400

from which the lower semicontinuity of ff  follows.

In conclusion, by making use of the above coerciveness arguments and of Theorem 2.5, the classical direct
methods of the calculus of variations ensure that for every z € R™, the infimum in the definition of ff  is
attained. (|

Lemma 3.5. Let f be as in (1.1), and q € [1,+00]. Let us assume that
i) C C R" is conver satisfies (1.2) and (1.4), 0 € 1i(C), and Q € Ay, u € W,2(R") are such that
Vu(z) € C for a.e. x €€Q;
or that
it) f satisfies (1.10) for some ¢: R™ — [0,+00[ conver with 0 € ri(dom¢), a € L (R™) Y -periodic,
M >0, and Q € Ao, u € WL (R™) are such that Josc™o(Vu)dr < +oc.

Then, for every t € [0,1[, the integrals { [ f(hx,tVu)dz} are equiabsolutely continuous in .

Proof. Let us first prove the thesis under the assumptions in i).

Let ¢ € [0,1], and observe that, since 0 € ri(C') and Vu € (L*°(£2))", the convexity of C' provides the existence
of z1,...,2m € C such that tVu(x) belongs to the convex hull of z1,..., 2, for a.e. z € Q. Consequently, by
the convexity of f, we deduce that

f(hz,tVu(x)) < Z f(hx,Z;) for a.e. x € Q, and every h € N,
j=1

from which, together with (1.4) and the weak convergence in L'(Q2) of {f(h-,z;)} for every j € {1,...,m}, the
lemma under assumptions in i) follows.

Let us now assume that ii) holds.

Let ¢ € [0,1[. Then, since dom¢ is convex, 0 € ri(dome), and ri(dom¢) = ri(dom(sc™¢)), we get tVu(z) €
ri(dom(sc™¢)) for a.e. x € Q. Consequently, by the convexity of ¢, we deduce that sc”¢(tVu(z)) = ¢(tVu(x))
for a.e. x € Q. By virtue of this, the right-hand side of (1.10), and again the convexity of ¢ provide that

f(hz, tVu(z)) < a(hz) + Mp(tVu(x)) = alhz) + Msc™ ¢(tVu(z))
< a(hx) + Mtsc” ¢(Vu(z)) + M(1 —t)$(0) for a.e. € Q, and every h € N

from which, together with the finiteness of [, sc™¢(Vu)dz, the weak convergence in L'(Q) of {a(h-)}, and the
finiteness of ¢(0), the lemma follows also under assumptions in ii). O

4. THE HOMOGENIZATION RESULT FOR THE CASE OF NEUMANN BOUNDARY CONDITIONS

Let f be as in (1.1), F' and F" be defined in (2.13). In the present section we prove identity between F’
and F”, together with an integral representation result for their common value.

Lemma 4.1. Let f be as in (1.1), ¢ € [1,+00], and F’ be defined in (2.13). Let us assume that
i) C C R" is conver satisfies (1.2) and (1.4), 0 € 1i(C), and Q € Ay, u € W,2°(R") are such that
F' (Q,u) < +o00;
or that
it) f satisfies (1.10) for some ¢: R™ — [0,+00[ conver with 0 € ri(dom¢), a € L (R™) Y -periodic,
M >0, and Q € Ay, u € WE'(R") are such that F' (Q,u) < +oo.

loc
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Then, for every t € [0, 1], the integrals { [ f(hx,tVu)dz} are equi-absolutely continuous in <.

Proof. Let us first prove the thesis under the assumptions in i).

Since F' (Q,u) < 400, fixed A € Ay with A CC Q, by (1.2) there exists {up} C Li . (R™) such that up, — u
in L'(A), and liminfy_ {00 Fi(A4,up) < +o0o0. This, together with (1.2), provides {h;} C N strictly increasing
such that {us, } € W,9(R™), and

for every k € N, Vuy, (z) € C for a.e. x € A. (4.1)

Since C is closed and convex, there exist two families {ap}toer C R"™, and {Bs}oer C R such that ¢ € C if
and only if ag - ¢ + By > 0 for every 8 € 7. Therefore, by (4.1), we obtain that

o - / ©Vup, dx + B > 0 for every k € N, 0 € T, ¢ € Cj(A) with ¢ >0, / edr = 1. (4.2)
A A
By (4.2), taking the limit as k goes to +o0, we deduce that
/ ©Vudz € C for every ¢ € C§(A) with ¢ >0, / pdx =1,
A A

from which, letting A increase to 2, we conclude that
Vu(z) € C for ae. x € Q.

Because of this, and of i) of Lemma 3.5, the lemma under assumptions in i) follows.
Let us now assume that ii) holds. Then, fixed A € Ay with A CC Q, as before there exist {hi} C N strictly
increasing and {uy} C VV1 (R") such that uy — u in L'(A), and

1kiminf/ f(hix, Vug)dz < F'(Aju) < F'(Q,u) < 400,
— T 00 A

from which, making use of the left-hand side of (1.10) and of the L*(A)-lower semicontinuity of v € VVli Cl (R") —
J4sc”d(Vu)de, it turns out that

/ sc”¢p(Vu)dr < liminf/ “¢(Vug)dr < hmmf/ d(Vuyg)d
A k—+oo J 4

< lkim_iirnf/ f(hgz, Vug)dz < F' (Q,u) < +o0o for every A € Ay with A CC Q.

Therefore,
/ sc” ¢p(Vu)dr < +o0.
Because of this, and of ii) of Lemma 3.5, tﬁe lemma under assumptions in ii) follows. O
Lemma 4.2. Let f be as in (1.1), g € [1,+0o0], F', F" be defined in (2.13), and G', G" in (2.14). Then,
i) if C CR™ is convex and satisfies (1.2) and (1.4), one has
G'(Q,u) = F'(Q,u) for every Q € Ay, u € W °(R");

it) if f satisfies (1.10) for some ¢: R™ — [0,400] convez, a € L}, .(R™) Y -periodic, and M > 0, it results
that
G"(Q,u) = F"(Q,u) for every Q € Ag, u € W,hI(R™) N L¥(Q).
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Proof. Let us prove the lemma under assumptions in i).
First of all, let us observe that it is not restrictive to assume that

0 €1i(C), (4.3)

otherwise, taken zg € ri(C), we only have to consider the function (z,z) € R™ x R" — f(x, 29 + 2) in place

of f.
Let Q € Ay, ue Wb °(R™), and let us first prove that

loc

G/ (Qu) < F'(9,u). (4.4)

To do this, we assume that F’(2,u) < +o0.
Let us fix t € [0, 1] and € > 0. By Lemma 4.1 there exists § > 0 such that

/ f(hz,tVu)dr < € for every h € N, whenever |A| < 4. (4.5)
A

By (4.3), (1.2), and (1.4) it follows that F’(£2,0) < +oo. Then the finiteness of F'(Q2,u) and of F’(£2,0), and
the convexity of F'(€2,-) yield that F'(€,tu) < +oo, too. Consequently, there exists {us,} C L (R™) such
that ugp, — tu in L'(£2), and

F'(Q,tu) = lim inf Fj,(Q, ut p).

h—+oco
Since F'(Q,tu) < +oo0, it is easy to produce {h} C N strictly increasing such that u; s, € WL (R") for
every k € N, and

F'(Q,tu) = hmmf/ f(hgz, Vg p, )de (4.6)

Since clearly u; n, — tu in measure in €2, for every s € N there exists vs € N such that
Hz € Q: jugn, () —tu(z)] > 1/s}| < § for every k > vs,

and it is not restrictive to assume that v,41 > vs. Because of this, if for every k € N we call s the only element
in N such that v, <k < v, 41, we obtain that

{z € Q:jugn, (x) —tu(z)] > 1/sk}] < ¢ for every k > v4. (4.7)
For every k € N, we now take 9, € C'(R) such that 0 < ¥, <1 and

—2/s, if r< —3/si
Ip(r)=4¢ r if —1/sK <r<1/s
2/s  if r>3/sk,

and define {wy p} as

Wt,h =

i

tu it h e {hi}

tu + Vg (uen, —tu) if h = hy for some k € N.
Then, it is clear that w,, € W,oI(R™) N LS (R™) for every h € N, and that wy, — tu in L(Q). Moreover,
by the convexity of f, (4.6), (4.7), (4.5), and the convexity of F’(£2,-), we have that

G'(Q, tu) < liminf Fj,(Q, we ) < hmmf/ f(hxx, Vwy p,, )dz (4.8)

h—+o0 k—4o00

< lim inf/ Wy, (ug,p, — tw) f(hgx, Vug g, )dz + lim sup f(hgz, tVu)de
Q

k—+oo k—+oc0 /{zegzu,,,hk(z)m(m)|>1/sk}
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< F'(Qtu) +e <tF'(Qu)+ (1 —t)F'(Q,0) + ¢ for every t € [0,1], € > 0.

In conclusion, once we observe that, since u € L*°(), then tu — u in L*>(Q2) as t — 17, by (4.8) and (2.9),
letting first £ go to 0 and then ¢ increase to 1, (4.4) follows.

Because of (4.4) the thesis follows, being obvious that F'(Q,u) < G'(Q,u).

Finally, the proof of the lemma under assumptions in ii) comes by repeating word by word the above
arguments. Actually, it is even simpler since, if Q@ € Ay, u € W2I(R™) N L>®°(Q) and t € [0,1] satisfy

loc

F"(Q,tu) < +00, then there exists {u;,} C W,hI(R™) such that u; s — tu in L*(Q), and

F"(Q,tu) = 1imsup/ f(hx, Vg p)de.
h—+oco JQ

Because of this, there is no need to extract any subsequence {hj}, and consequently for every h € N, wyj, is
defined by wy p, = tu + Ip (ug,p — tu). O

Proposition 4.3. Let f be as in (1.1), g € [1,400], F' and F" be defined in (2.13), and f{. ., in (1.5). Let
C C R™ be convex such that (1.2)+(1.4) hold. Then f{. . is convez, and

dD%u

F' (Qu)=F"(Q,u) = / s¢” fif o (Vu)de + /Q(sc*f}‘fom)"o (m) d|D%ul

Q

for every Q € Ag, u € BVjo.(R").
Proof. As usual, it is not restrictive to assume that 0 € int(C).
Let G’ and G” be defined in (2.14), g/ in (2.18), and, for every zgp € R", C?(z) in (2.19). Then by i) of
Lemma 4.2 we get that
G'(u) = F'(Q,u) < F"(Q,u) < G"(Q,u) for every Q € Ay, u e WL (R"). (4.9)

loc

We now observe that it is easy to prove that C' N (—C) C C9(0), from which, together with (1.3), we infer
that int(C'?(0)) # 0, and hence, by Proposition 2.9, that g{_ is convex, and

G (Qu) =G" (Qu) = /Qsc_ggom(Vu)dac for every Q € Ay, u € W2 (R"). (4.10)

Then, by (4.9), (4.10), and Lemma 3.2 we deduce that

F' (Q,u) = F"(Q,u) = / sc” fl(Vu)dz for every Q € Ay, u € W,o(R™). (4.11)

Q
To conclude, due to (2.17), (2.15), (2.9) and (4.11), and by a double application of Proposition 2.4, first with
g=sc” fl —and ® equal to the restriction of F” to Ay x C*°(R™), and then with g =sc™ f! and ® equal to
the restriction of F” to Ay x C*°(R"™), the proposition follows. O

Theorem 4.4. Let f be as in (1.1), ¢ € [1,+00], F' and F" be defined in (2.13), and f7  in (1.5). Let
C C R™ be convex such that (1.2)+(1.4) hold. Then f{ . is convez, and

dD%u

(@) = P00 = [ 50 flon (Ve + [ (507 )™ (m) 4Dl

Q

for every Q € Ay convez, u € BVj,.(R").

Proof. By using (2.16), (2.9) and Proposition 4.3 it is easy to verify that F’ and F” fulfil the assumptions of
Theorem 2.2. Therefore the thesis follows from Proposition 4.3, and Theorem 2.2.
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5. THE HOMOGENIZATION RESULT FOR THE CASE
OF DIRICHLET BOUNDARY CONDITIONS

Let f be asin (1.1), Q € Ag, 20 € R", ¢ € R, and let F{(Q, 00, u,, +c¢,-) and F}(Q, 02, u,, + ¢, -) be defined
in (2.22) with T' = 9Q. In this section we prove identity between F}(Q, 9Q,u, + ¢,-) and FJ (2, 0Q, uz, + ¢, ),
and represent their common value.

Lemma 5.1. Let f be as in (1.1), q € [1,+o0], F§ and F§ be defined by (2.22), fi,., by (1.5), and Wy pa
by (2.11) with g =sc™ f! . Let C C R™ be convex such that (1.2)+(1.4) hold. Then f  is convex and

dD*
/ 8¢ from(Vu)dz + / (s¢™ fiiom)™ < = > d|D%u| + / (567 fitom) ™ ((uzy + ¢ — ung)dH" !
Q Q d|D U| 0

< FOI (Qa aQa Uzg +c, u) < FO”(Qa aQa Uzg +c, u) <seo (LI(Q))\IISC* fiom (Q7 Uz +c, u)
for every Q € Ay with Lipschitz boundary, zo € C, ¢ € R, u € BVj,.(R").
Proof. Let g . and, for every zy € R™, C'%(z) be defined in (2.18) and (2.19), respectively.
We observe now that, since C' N (229 — C') C C%(2), then int(C(z0)) # @ for every 2 € int(C). Therefore,
if G§ is defined by (2.23), from Theorem 2.10 and Lemma 3.2 we conclude that

FY (9,00, uz, 4 ¢,u) < GH(Q,00,uz, + ¢, u) = /

S o (Vi = [ s fi, (Vupde (5)
Q

Q
for every Q € Ay, 2o € int(C), c € R, u € uyy + ¢+ Wy ™(Q).

Moreover, by using (0.4), it is easy to verify that

F(Q u)— |9\ Q|/ [y, z0)dy < Fj(Q, 00, u,, + c,u) (5.2)
Y
for every Q, Q' € Ag with Q cC @', 20 € C, c€ R, u € L, .(R") with u = u,, + c a.e. in Q' \ Q.

Let now 2 € Ag, z9 € C, ¢ € R, u € BVjoc(R™). Let us change the values of v in R™ \ §2, and call again u
such extension, by setting u = u., + ¢ in R™ \ €, then u € BVioe(R™). Let {up} C u., + ¢+ Wy *(Q) be such
that up — u in L1(Q), and

sc™ (LY(Q) T (Quz +cu) > lim sc” fi (Vup)dz. (5.3)

— rq
se fhom h—+o00 Q

Then, by Proposition 2.3, (5.2), (2.9), (5.1), and (5.3), we have

dD* » ,
[ s BonTuda [ e st (g ) aiDsul =190\ 01 [ oy (5.4

< FH(2,00,uz + ¢, u) < FJ(Q,09,uz, + ¢,u)

< lngirnf F(Q,00,u,, + c,up) < lgm inf/ sc” fil (Vg )dz < sc™ (LI(Q))‘I’SCffgom (Q,uz + c,u)

for every ' € Ay with Q cc Q.

In conclusion, once we observe that by (2.2) it follows that

dDs ) /
[ s BonTudn [ s > (g1 ) A0 = [ 56 ou(Fudda 4 190\ QU )  (55)
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dD?® )
[ B (g ) D0+ [ 56 ) (o = o
Q d[Dsuf Fel9)
for every Q' € Ay with Q cC @,

and that f! (z0) < 400 since zp € C and (1.4) holds, the thesis comes from (5.4), (5.5), and (1.4) letting €’
decrease to €. O
Theorem 5.2. Let f be as in (1.1), ¢ € [1,4+00|, F} and F{ be defined in (2.22), and f  in (1.5). Let
C C R™ be convex such that (1.2)+(1.4) hold. Then f{ is convex and

Fi(Q,00,uz, + c,u) = F'(2,0Q, uzy + ¢, u)

dD?
= / sc” fil n(Vu)dz + / (s¢™ fif ) < su > d|D*%u| +/ (se™ £ ) (uz + ¢ — u)ng)dH" !
Q Q d|[Dsul o0

for every Q € Ay convex, zp € int(C), ¢ € R, u € BVjo.(R").

Proof. First of all we prove that the assumptions of Theorem 2.8 are fulfilled by g = sc™ f{ .

It is clear that sc™ f , being lower semicontinuous, is also Borel. Moreover, the convexity of sc™ fi .
Proposition 3.1 and (1.3) yield that dom(sc™ f! ) is convex and with nonempty interior. In addition, the
continuity properties of sc™ f,  imply the local boundedness condition in Theorem 2.8.

Finally, again by the convexity of sc™ fiL = we conclude that

Sciflzom((]' - t)ZL + tZ) § (1 - t)scif}?om(zl/) + tSCingm(Z) S Scif}?om(z) + (1 - t)scif}?om(zl/)

for every bounded set L C dom(sc™ fif, ), zr € int(dom(sc™ f7, ), z € L, t € [0,1],

from which also the last assumption of Theorem 2.8 follows.
The theorem now follows from Lemma 5.1, Theorem 2.8, and the obvious remark that sc™ f. . being convex
and lower semicontinuous, agrees with (sc™ ff )**. O

6. THE HOMOGENIZATION RESULT FOR THE CASE OF MIXED BOUNDARY CONDITIONS

Let f be asin (1.1), Q € Ag, I C I, 29 € R", c € R, and let F{(Q, T, u,, +¢,-) and FY(Q, T u,, + ¢, ) be
defined in (2.22). In this section we prove the identity between Fjj(Q,T',uy, + ¢, -) and FJ (2, T, u,, + ¢, -), and
an integral representation result for their common value.

We do this when ¢ = 1, and when (1.10) is fulfilled for some ¢: R"™ — [0, +00] convex with int(domg) # 0,
a € LL . (R™) Y-periodic, and M > 0. We point out explicitly that (1.10) implies that domf(z,-) = dom¢ for

a.e. x € R™

Theorem 6.1. Let f be as in (1.1), F} and F} be defined in (2.22) with ¢ = 1, and f} ., in (1.5). Assume
that (1.10) holds with ¢: R™ — [0,+00| conver and satisfying int(domg) # 0, a € Li (R"™) Y -periodic, and
M >0. Then fl . is convex and

Fy(Q, T usy + cyu) = Fy (Q, T usy + ¢, u) = / s¢” from(Vu)dz
Q

for every Q € Ay conver, I' C 09, zp € int(dome), c € R, u € u,, + c+ Wolll (Q).
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Proof. Let F', F" be given by (2.13) with ¢ = 1. Then it is clear that

FL(Qu) < F§(Q,T, usz + ¢, u) (6.1)
for every Q € Ay with Lipschitz boundary, T C 09, 2o € R", c€ R, u € L _(R").

In order to treat the reverse inequality, let us first assume that
0 € int(domg), (6.2)

and prove that
F(Q.T, ¢,u) < F/(Q,u) (6.3)

for every Q2 € Ay with Lipschitz boundary, I' C 9Q, u € ¢ + Wolll(Q) NL>(Q).

Let Q, T, u be as in (6.3), and let us assume that F”(Q,u) < +00. Then by ii) of Lemma 4.2, there exists
{un} € Wb (R™) such that up, — u in L°°(Q), and

loc

1imsup/ f(hx, Vup)dz < F"(Q, u). (6.4)
h—+4o00 JQ

By (6.4), the left-hand side of (1.10), and the finiteness of F"'(Q, u), it follows that Vup(r) € dome¢ for every
h € N sufficiently large, and a.e. x € ).

Let B be an open set with B CC €, moreover let ) € C§°(£2) be such that 0 < ¢(x) < 1 for every z € ,
and ¢(x) =1 for every x € B.

For every h € N, let wy, be defined by wp = tpup + (1 — ¢»)u. Then obviously, wy € ¢ + Wolll (Q) for every
h € N, and wp, — w in L>®(Q).

Let now t € [0, 1[. Then, by making use of the convexity of f, it results that

/ f(hz, tVwp)dx < t/ f(hz,vVup + (1 —¢)Vu)dx + (1 — t)/ f (hac, L(uh — u)Vw) dzx
Q Q 1-—t

Q

1-t¢

§t/ﬂw(x)f(hm,Vuh)d:c+t/

Q

(1 —9(z)) f(ha, Vu)de + (1 — t)/

Q

f (h:c, ' — u)w) de

< / f(hz, Vup)da + f(hz, Vu)dz + (1 — t)/ f <h:c, %(uh - u)Vz/;) dz for every h € N.
Q

O\B Q —t

Hence, since clearly twy, + (1 — t)c — tu + (1 — t)e in L°(Q), by virtue of (6.4), we get that

FY(Q,T,c,tu+ (1 —t)e) < 1imsup/ f(hx, V(tw, + (1 —t)c))dz = limsup/ f(ha, tVwy,)dz (6.5)
h—+oco JQ h—+4oco JO

t
< F"(Q,u) + limsup f(hz,Vu)dz + (1 — ¢) lim sup/ f (hx, — (up, — u)Vw) dz
h—+oo JO\B h—+oo JO 1—t

for every ¢ € [0,1].

On the other hand, the finiteness of F” (€, u), and ii) of Lemma 4.1 yield that

lim sup f(hx,Vu)dz = pp (6.6)
h—+oo JO\B

for some pp € [0, 4+00], decreasing to 0 as B increases to Q.
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Moreover, let us fix r € ]0, dist(0, d(dom¢))[. Then, since obviously || (un—u) V|| (L~ (a)» — 0, by using (6.2)
and the properties of ¢, one has that

for every t € [0, 1] there exists hy € N such that (6.7)
t
ﬁ(uh(ac) —u(x))Vi(z) € dome for a.e. z € Q and every h € N N [, +00].
Consequently, once we denote by Z1,...,Zon the vertices of the cube centred in 0 and with sidelength 2—2,

by (6.7), the convexity properties of f, and (1.10) it is easy to verify that

limsup/Qf (hac ¢ t(uh - u)Vw) dz < Q] Z/ f(y,Z;)dy < o0 for every ¢ € [0, 1]. (6.8)

h—+o00

Passing to the limit in (6.5) as ¢ increases to 1, by (6.5), (6.6), (6.8), and (2.9), it follows that

FY(Q, T, c,u) <liminf Fy (Q,T, ¢, tu+ (1 — t)c) < F"(Q,u) + pp for every B € Ay with B CC ,
t—1—

whence (6.3) follows by letting B increase to €.
Again under assumption (6.2), let us now prove that

FY(Q,T,e,u) < F'(Q,u) (6.9)
for every Q2 € Ay with Lipschitz boundary, I' C 9Q, u € ¢+ Wolll (Q).

To do this, let , T, ¢, u be as in (6.9), and, for every k& € N, let Tiu be the truncation of u at level k defined
by Tpu = min{max{u, —k}, k}.

It is clear that, since u € ¢+ Wolll (Q), then Tyu € ¢+ Wolll (@) N L>(R) for every k € N sufficiently large.
Moreover

limsup F”(Q, Tyu) < F"(Q,u). (6.10)
k—+o00

To show this, if F”'(Q,u) < 400, let {up} C I/Vl1 1(R”) be such that u, — u in L'(Q), and
F'(Q,u) = hmsup/ f(hz, Vup)d
h—-+oco

Then, for k € N,

h—+o0 h—+o00

F"(Q, Tyu) < hmsup/ f(ho, VTyuy)de < F"(Q,u) +limsup/ f(hx,0)dx
{ye:|un(y)|>k}

Now it is clear that [{y € Q: |un(y)| = k}| < £ [, |un|dz for every h € N. Consequently, by (6.2), (1.10), and
the equi-absolute continuity of the integrals [ f(hx,0)dz, it turns out that

lim sup lim sup/ f(hz,0)dz =0,
k—+oco h—+oo J{yeQ:|up(y)|>k}
from which (6.10) follows.
By (2.9), (6.3), and (6.10), inequality (6.9) follows once we observe that Tju — u in L*().
In conclusion, if (6.2) is dropped, for zy € int(dome¢), we only have to apply (6.3) with f replaced by
(z,2) € R"*" X R" — f(x, 20 + 2), to get

FI QT usy + cyu) < F7(Q,u) (6.11)
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for every Q) € Ay with Lipschitz boundary, I' C 99, zg € int(dom¢), c € R, u € u,, +c+ WOII}(Q)
By (6.1), (6.11), and Theorem 4.4 the thesis follows. O

7. APPLICATIONS TO MINIMUM PROBLEMS

In this section we obtain some homogenization results for minima and minimizers of some classes of variational
problems for energies of integral type both in BV and Sobolev spaces.

The choice of the space framework clearly depends on the coerciveness properties of the energy densities f.
Thus we take p € [1, +00], and consider the following coerciveness assumptions

c1]z|P — ¢z < f(x,2) for a.e. x € R™, and every z € R™  if p € [1,+o0] (7.1)
domf(z,-) C{z € R": |z2| < R} for a.e. z € R"” if p=+4o00 '
for some ¢; > 0, c2 € R, and R > 0.

If for every ¢ € [1,+o0], fif is given by (1.5), and if (7.1) is fulfilled, then the corresponding coerciveness
properties of f! are given by
c1|zlP —co < fl L (2) for every z € R"  if p € [1,+00] (7.2)
domfl  C{zeR":|z| <R} if p=+o0, '

as described in the following result.

Proposition 7.1. Let f be asin (1.1), q € [1,+00], and f . be defined in (1.5). Assume that (7.1) is fulfilled
for some p € [1,+00]. Then (7.2) holds.

Proof. The result follows from i) of Proposition 3.3 applied with ¢ = ¢1|- [P —c2 if p € [1, +00], or with ¢ equal
to the indicator function of {z € R™ : |z| < R} if p = +o0. O

Set, for every p € [1, +00],

+oo ifp=1 np s
]1” if p = +00 +00 otherwise.

We start with the case of Neumann minimum problems in BV spaces.

Theorem 7.2. Let f be as in (1.1) and satisfy (7.1) with p =1, let g € [1,+00|, and let f  be defined in
(1.5). Let C C R™ be convex such that (1.2)+(1.4) hold. For every h € N, Q € Ay convez, A € ]0,+00],
rel]l,1*, B € L™(Q) let

i,]lv(q,Q,)\,r, B) = inf {/ f(hz, Vu)dx + )\/ |u|"dx +/ Budx : u € Wl’q(Q)} ,
Q Q Q

mi(q,Q,)\,r,ﬂ) = min /sc*fg (Vu)d:ch/(sc*fg ) dD)u A0l
Q om Q om d|Dsul

+)\/ |u|"da +/ Budz :u € BV(Q)} ,
Q Q

and let {up} C WH(Q) be such that

lim </ f(h:c,Vﬂh)d:ch)\/ |€Lh|rdl’+/ 6€Lhdxi,]lv(q,ﬂ,)\,r,ﬂ)) =0.
Q Q Q

h—-+oco
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Then fl  is conver and satisfies (7.2) with p = 1, {ilf (q, L\, v, 8)} converges to m% (q, U\, 7, 3), {an} is
compact in L'(QQ), and its converging subsequences converge to solutions of m¥ (¢, 2, A\, 7, 3).

Proof. The properties of f{,  follow from Proposition 3.1 and Proposition 7.1.
Let Q, A\, r, 8 be as above, and let us preliminarily prove that

P=(LY(Q)) lim {Fh(Q,u)+>\ /Q |u|7'dx} (7.3)

h—+o0

— fQ Sc_f}?om(vu)dx + fQ(SC_f}?om) (dd|g:u\> d|D6u| + AfQ |u| dlL’ lf u € BV(Q)
+o0 if ue LL . (R™)\ BV(Q)
for every u € Lj,.(R™),
where, for every h € N, F,(,-) is defined by (2.12).

To this aim, we take u € BV (Q) such that [, sc™ fil (Vu)dz+ [, (sc™ fil )™ (cﬁgbZ\ )d|Dful+ X [, [u]"dz <
+00, and observe that, because of the Lipschitz regularity of 9Q and of the extension properties of BV ()
functions, it is not restrictive to assume that u € BVoc(R™). Then, Theorem 4.4 provides {us} C Wi)’cq(R”)
such that up — u in L1(Q), and

dD?
/ sc” fi (Vu)dz + / (se™ fif )°° (—u) d|D%u| = limsup/ f(haz, Vup)dz
Q 0 d|Dsu| h—too Jo
Now, by (7.1) with p = 1, the Lipschitz regularity of 92, and the compact embedding of BV (§2) in L"(Q), it
follows that u, — u in L"(£2), and therefore

' (L'(9)) lim sup {Fh(Q,u) + )\/ |u|7'dx} < lim sup {/ f(hx, Vup)dz + )\/ |uh|7‘dx} (7.4)
h—+o00 Q h—+o00 Q Q
— rq — rq o0 dDSU S T
= [ sc” fl L (Vu)dz + [ (sc™ fil ) — ) d|D%u|+ A [ |u["dz for every u € BV ().
0 Q d|D2ul Q

On the other side, if u € L (R") satisfies T~ (L' (Q)) lim infj, 4 oo {Fi (2, u) + A [, [u|"dz} < +oo, there
exists {un} C LL (R™) and {h),} C N strictly increasing, such that us, — u in L*(Q), {us, } € W,29(R™), and

'~ (LY(Q)) lim inf {Fh(Q, u) + )\/ |u|sz} = 1kim4i_nf {/ f(hxx, Vup, )dz + )\/ |uhk|rdm} . (7.5)
Q —too Lo Q

h—+o0

Then, the same coerciveness and compactness arguments as above, provide that v € BV () and that up, — u
in L™(2). Consequently, (7.5) and Theorem 4.4 imply that

I (L'(Q) l}im_iirnf{Fh(Q,u) —i—)\/ |u|rdac} > hmmf/ f(hgz, Vup, dx—i—)\/ |u|"dx (7.6)
1— 100 0

> hmlanh Q, up, +)\/ |u|"dx

h—+o0

o ) Jase fiom(Vu)da + [o (se™ fiion)™ (ddlgszl) d|D%u| + X [, |u]"dz if u € BV(Q)
| e if ue L{ (R™)\ BV(Q)
for every u € Li. .(R™).

By (7.4) and (7.6), equality (7.3) follows easily.
Now, observe that (7.1) with p = 1 ensures that the functionals v € L] _
Jo Buda are equicoercive once Li (R") is equipped with the L*(Q)-topology.

(R™) — Fp(Q,u) + )\fQ |u|"dx +
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Therefore the theorem follows from (7.3), Theorem 2.7, and by the L!()-continuity of the functional u €
Ll (R") — [, fudx. O

loc

We now treat the case of Neumann minimum problems in Sobolev spaces.

Theorem 7.3. Let [ be as in (1.1) and satisfy (7.1), let p € |1,4+00], ¢ € [p,+00], and let f . be defined
in (1.5). Let C C R™ be convexr such that (1.2)+(1.4) hold. For every h € N, Q € Ay convex, A € ]0,400],
rell,p*[, B L¥(Q), v e L' (89Q) let

Q

iN (g, N\, 3,7) :inf{/ f(hx,Vu)dx—i—)\/ |u|’“d:c+/ﬁudx+/ fyudH”_lzueWI’q(Q)}, (7.7)
Q Q Q 4]

m® (¢, \,r, 5,7) = min {/ s¢” [ (Vu)dz + )\/ u|"da +/ Budzx +/ yudH" u e Wl,p(Q)}’
Q Q Q a

and let {up} C WH(Q) be such that

hlirf (/ f(hz, Vap,)dx + )\/ |t |"dx +/ Bupdx +/ yiupdH ! — i,]lv(q,Q,)\,r,ﬁ,v)) =0.

Then filis convex and satisfies (7.2), {il¥ (q, L\, r, 8,7)} converges to m¥ (q,Q, A\, v, B,7), {in} is compact
in LP(SY), and its converging subsequences converge to solutions of m% (q,Q, A\, 7, 3,7).

Moreover, if ¢ = p and (1.9) too holds, then sc™ fb = fP . for every z € R™ the infimum in the definition of
fr . (2) is attained, problems in (7.7) have solutions, and for every h € N one can take Gy, as a minimizer of
in (4,2 A,7,8,7)

h I y N Ty My .

Proof. The properties of f{.  follow from Proposition 3.1, Proposition 7.1, and Proposition 3.4.
Let 2, A, r, 8, v be as above, and let P(€2,-) be defined by

. 1 Ao lul"dz + [, Budx + [, yudH" ™1 if u € WIP(Q)
P)s ue LR - { o Jo Pude - Jg S T )\ W)

Q

Let us prove that I‘_(LI(Q)) lim {(F(Q,u) + P(Q,u)} (7.8)

{ Josc™ fl n(Vu)dz + X [ [u]"dz + fQ ﬁudx + [oqyudH™ ™t if u e WHP(Q)
+00 if u e Li, (R™) \ WhP(Q)
for every u € L, .(R™),
where, for every h € N, F} (£, ) is defined by (2.12).
To do this, we take u € WP (Q) such that [, sc™ fil, (Vu)dz+X [, [u]"dz+ [, Budz+ [, yudH" ! < +oc.
Then, Theorem 4.4 provides {u} C Wb9(R™) such that uj, — u in L*(2), and

/sc i (Vu)dz = hmsup/ f(hz, Vup)d
Q

h—+o0

Now, by (7.1), the Lipschitz regularity of 92, and the Rellich-Kondrachov Compactness Theorem, it turns
out that up, — win L"(Q) and in weak-W1P(Q) if p € ]1, +00[, or in L>°(2) and in weak*-W1>°(Q) if p = +o0.
Therefore, by taking into account the continuity of v € WHP(Q) fQ Budx + fafz ~odH™ ! with respect to the
weak-W P (Q)-topology if p € |1, +oc[, or the weak*-W1:°°(Q) one if p = 400, we conclude that

D (L () limsup{ B (2, ) + P, ) (7.9)

< limsup{/ f(hx,Vuh)dx—i—)\/ |uh|’“dx+/ ﬁuhdx—i—/ vuhdH"_l}
h—+oo U/ Q Q a0
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= / sc” fil n(Vu)dz + )\/ |u|"dz + / Budz +/ yudH™ ! for every u € WHP(Q).
Q Q Q o9
On the other side, if u € L (R") satisfies T~ (L*(Q)) iminfj,_ 4 oo { Fr(Q, 1) + P(Q,u)} < +00, there exists

loc

{un} C LL (R™) and {hx} C N strictly increasing, such that u, — u in L*(Q), {us,} € W,24(R™), and

loc oc

P (L4@)) lim inf{F (@, ) + P(2, 1)} (7.10)

liminf{/ f(hkx,Vuhk)d:ch)\/ |uhk|Tdm+/ 6uhkdx+/ ’yuhde”I}.
k—+oo Ja Q Q a0

Then, the same coerciveness arguments as above, provide that u € W1P(Q) and that uj, — u in L"(£2) and in
weak-W1P(Q) if p € |1, +o00], or in L>®(Q) and in weak*-Wh>°(Q) if p = +o00. Consequently, (7.10), the above
continuity arguments, and Theorem 4.4 imply that

'~ (LYQ)) Jim inf { Fy, (Q,u) + P(Q,u)} (7.11)

— 400

k——+oo

Zliminf/ f(hk:c,Vuhk)derliminf{)\/ |uhk|’“dm+/ ﬂuhkder/ 'yuhde”_l}
Q h—+00 Q Q a0

> limianh(Q,uh)Jr)\/ |u|Tdm+/ ﬂud:ﬂJr/ yudH™ 1
h—+-o0 Q Q o0

Jose flom(Vu)dz + X [ Jul"dz + [, fudz + [ yudH" ™! if uw € WHP(Q)
400 if ue LL . (R™)\ WP (Q)
for every u € Li. .(R™).

By (7.9) and (7.11), equality (7.8) follows.
We now observe that (7.1) ensures that the functionals u € L{ _(R™) — F,(Q,u) + P(Q,u) are equicoercive
once Li (R™) is equipped with the L!(§2)-topology.

In fact, when p < +oo, by (7.1), Holder Inequality, and Sobolev Imbedding Theorem it is easy to see that
there exists Cq € |0, +o0o[ such that (we denote here by Cq various constants depending only on )

>

Fu(@u) + P(Qu) > 1 /Q VulPde + A /Q " — (18] Lo e Loy — 111l o 1l ooy — 21 (7.12)

> Cl||qu](DLp(Q))n + Al

by = Ca (1812 @ + 17l ooy ) Nullwrogey = 219

2 01||VUH](DLP(Q))7L + AMlullzr ) — Ca (HBHLP'(Q) + H’YHLp'(aQ)) (lullzr@) + [ Vullzo@)yn) — c21€

for every h € N, u € W,29(),

or, when p = 400,

Fr(Qu) + P(Q,u) > Mul

rr@) — 1Bl @llullLe@) = 1Vllz1 0 lull =0 (7.13)

2 Allul

Lr(Q) — (18121 ) + IVl L og)) llullwr.= @)
> Mullfroy = Co (181 + 17l o) (lullLr@) + R) for every h € N, u e Wi (R™),

loc

from which, together with the Rellich-Kondrachov Compactness Theorem, the desired equicoerciveness follows.
Therefore (7.8) and Theorem 2.7 (applied with E = 0) imply that {i}¥(q,Q,\,7,8,7)} converges to
m¥ (¢, A\, 7, 8,7), that {@} is compact in L'(Q), and that its converging subsequences converge to solu-
tions of m& (q,Q, A\, 7, 3,7).
This completes the proof, once we observe that (7.12), (7.13) and the Rellich-Kondrachov Compactness
Theorem entail the compactness in LP(2) of {ay}.
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Finally, if ¢ = p and if (1.9) holds too, the existence of the solutions of the problems in (7.7) follows from
the above coerciveness arguments and Theorem 2.5. (|

We now pass to the case of Dirichlet minimum problems. We start with the one in BV spaces.

Theorem 7.4. Let f be as in (1.1) and satisfy (7.1) with p =1, let ¢ € [1,+00], and let f = be defined in
(1.5). Let C C R"™ be convex such that (1.2)=(1.4) hold. For every h € N, Q € Ay convex, A € |0, +o0],
€1, 1*[, B € L>®(Q), 2z € int(C), c € R let

iE(q,Q,)\,r,ﬂ)inf{/ f(h:c,Vu)d:EJr)\/ |u|Td:c+/6udx:u€uZ0+c+W01’q(Q)},
Q Q Q

dDs?
m2 (¢, \,r, ) = min /scffg (Vu)dx—l—/(scffg ) ,u d|D%ul
Q om Q om d|Dsul

+/ (se™ AL ) ((u = uzy — c)ng)dH™ ™ + )\/ |u|"dx +/ Pudzx :u € BV(Q)} ,
a0 Q Q
and let {n} C uzy + ¢+ Wy U(Q) be such that

h—+o0

lim (/ f(hz, Vap)dx + )\/ |u|"dz +/ Bipdx —iP (g, Q,\, 7, ﬁ)) =0.
Q Q Q

Then fl s convex and satisfies (7.2) with p = 1, {i?(q, Q0 \,r, )} converges to mZ (q, 0, \,r, 3), {in} is
compact in LY(2), and its converging subsequences converge to solutions of mZ (¢, 2, A\, r, 3).
Proof. The properties of f{,  follow from Proposition 3.1 and Proposition 7.1.

The proof of the theorem follows the same outlines of the one of Theorem 6.2. We sketch it by emphasizing

the main differences.
Let Q, A\, 7, 3, z0, ¢ be as above. Then, by using Theorem 5.2 in place of Theorem 4.4, we first prove that

I (LY(Q)) hEr—iI-loo {Fo,h(ﬂ, 0N, uz, + ¢, u) + )\/Q |u|’“dx} (7.14)

fQ Scif}?om(vu)dx + fQ (Scif}?om)oo (dﬁg:m) d|DSu|
- + Joa (8¢ fiiom) ((uz + ¢ —ung)dH" 1 + A fg |uf"dz if u € BV(Q)
+00 if ue LL . (R™)\ BV(Q)
for every u € Li,.(R™),
where, for every h € N, Fy ,(Q,9Q, u,, + ¢, -) is defined by (2.21).
We now observe that (7.1) with p = 1 ensures that the functionals v € Ll _(R") — Fyx(Q,00,

loc

Uz, + ¢, u) + A [, [ul"dz + [, Budz are equicoercive once Li (R") is equipped with the L!(£2)-topology.

Therefore the theorem follows by (7.14), Theorem 2.7, and by the L!(Q)-continuity of the functional u €

L, (R") — [, Budz. O

loc

The following result deals with the case of Dirichlet minimum problems in Sobolev spaces.

Theorem 7.5. Let f be as in (1.1) and satisfy (7.1), let p € |1,4+00|, ¢ € [p,+00], and let f  be defined
in (1.5). Let C C R™ be convex such that (1.2)+(1.4) hold. For every h € N, Q € Ay convez, 3 € LV (Q),
zo € int(C), c€ R let

i?(q,, B) = inf {/ f(hx, Vu)da +/ Budx : u € uzy +c+ Wol’q(Q)} , (7.15)
Q Q

m2 (q,9, 8) = min {/ s¢” fi n(Vu)de +/ Budx i u € uyy +c+ Wolvp(ﬂ)} ,
Q Q
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and let {ip} C uzy + ¢+ Wy U(Q) be such that

lim (/ f(hx,Vay)d +/ Bupdr — ihD(q,Q,ﬁ)) =0.
h——4o0 Q Q

Then f. s convexr and satisfies (6.2), {i?(q,2, 3)} converges to mE (q,9, B), {@n} is compact in LP(SY), and
its converging subsequences converge to solutions of mZ (q,Q, 3).

Moreover, if ¢ = p and (1.9) too holds, then sc™ fb = fP . for every z € R™ the infimum in the definition of
fP (z) is attained, problems in (7.15) have solutions, and for every h € N one can take @y, as a minimizer of

iP(q,9,8).

Proof. The properties of f{.  follow from Proposition 3.1, Proposition 7.1, and Proposition 3.4.

The proof of the theorem follows the same outlines of the one of Theorem 7.3. We sketch it by emphasizing
the main differences.

Let Q, 8, zo, ¢ be as above, and let P(,-) is defined by

Jo Budz i u € WHP(Q)
Yoo ifue LL (RM)\ WhP(Q).

loc

P(Q.): ue LL (R") — {

Then, by using Theorem 5.2 in place of Theorem 4.4, we first prove that
I (LY(Q)) lim {Fo.n (9,00, uzy + c,u) + P(Q,u)} (7.16)
——+o00

| Jose fil W (Vu)da + [, Budz if u € uzy + ¢+ WHP(Q) .
| 4o if ue L1 (R™)\ (uz + ¢+ Wip(Q)) forevery u € Lo (R"),

loc
where, for every h € N, Fy ,(Q, 00, u,, + ¢,-) is defined by (2.21).

At this point, the same inequalities (with A = 0) as those used in the proof of Theorem 7.3, together with
Poincaré inequality, ensure that the functionals u € L .(R™) — Fp (2, 9, u, +c¢, u)+ P(£2, u) are equicoercive
once Li (R™) is equipped with the L!()-topology.

The proof now completes as in the one of Theorem 7.3, by using (7.16) in place of (7.8). O

Eventually, we treat the case of mixed minimum problems.

Theorem 7.6. Let [ be as in (1.1), and let f . be defined in (1.5) with ¢ = 1. Assume that (1.10) holds
with ¢: R™ — [0, +00] convezr and satisfying int(dome) # 0, lim,_, d)‘(j‘) = +00, a € L. _(R™) Y -periodic,

loc

and M > 0. For every h € N, Q € Ay conver, I' C 9Q with H* 1(T') > 0, B € L>™(Q), v € L>=(d9N),
zo € int(dome), ¢ € R let

M (Q,T, B,7) = inf {/Q f(hz, Vu)dz + /Q Budz +/6 YudH" i w € usy + ¢+ W(};FI(Q)} , (7.17)

Q

Q

mé\g(Q,I‘,ﬂ, ~) = min {/Qsc_fﬁom(Vu)dx +/Qﬂudx +/8

and let {@p} C Uy +c+ Wolll (Q) be such that

yudH™ ™ i u € uyy + e+ WOII}(Q)} )
h— 400

lim (/ f(hx,Vah)dx—i—/ﬁﬂhdx—i—/ vﬂhdH”I—i%(Q,F,ﬁ,y)) =0.
Q Q o

Then fi... is convex and satisfies

sc”p(z) < sc” fitn(2) < / a(y)dy + Msc™¢(z) for every z € R, (7.18)
1%
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{iM(Q,T,B,7)} converges to mM (Q, T, 8,7), {an} is compact in L' (), and its converging subsequences con-
verge to solutions of mX(Q, T, 3,7).

Moreover, if (1.9) too holds, then sc™ fl = fi ... for every z € R™ the infimum in the definition of fl () is
attained, problems in (7.17) have solutions, and for every h € N one can take @y, as a solution of th(Q, T, B,7).

Proof. The properties of fl —and (7.18) follow from Proposition 3.1, Proposition 7.1, Proposition 3.4, and
Proposition 3.3.
Let Q, T, 8, 7, 20, ¢ be as above, and let P(f,-) be defined by

Jo Budz + [ yudH"' if u e WHH(Q)

P(Q, ) u € Llloc(Rn) = { lf = L (Rn) \ Wl’l(Q).

loc

Then,
F*(LI(Q)) lim {Fo.n(Q, T, uzy + c,u) + P(Q,u)} (7.19)

Jose™ fl n(Vu)dz + [, ﬁudx + fBQ yudH" 1 if u € uyy +c+ WOIE(Q)
+o0 1fu€LlOC(R”)\(uZO+c+W0111( )

for every u € Li (R"),

where, for every h € N, Fy n(Q, T, u,, + ¢, -) is defined by (2.21).
To do this, we take u € wu,, + ¢ + W(}I}(Q) such that [,sc™ fi (Vu)dr + [, Sudz + [,qyudH™ !
< 400. Then, Theorem 6.1 provides {up} C u,, + ¢+ Wolll (€2) such that u, — u in L*(Q), and

/sc fio o (Vu)da *hmsup/ f(hz, Vup)d
Q

h—+o0

Now, by (1.10) and the de la Vallée Poussin Compactness Theorem, it turns out that u;, — w in weak-W1hH1(€).
Therefore, the continuity of v € WH1(Q) — [, fvdz+ [, yodH" ™! with respect to the weak-W'!(Q)-topology
yields that

D= (L () lim sup{ Fo (2, T, 1z, + ¢, u) + P(,u)} (7.20)
h—+o0

glimsup{/ f(hac,Vuh)dx—i—/ ﬁuhdx—i—/ vuhdHnl} :/scffgom(Vu)dx—i—/ ﬁudx—i—/ yudH"
h—+oo LJa Q o0 Q Q a0
for every u € WHP(Q).

On the other side, if u € L, (R") satisfies I~ (L(Q)) liminfj— 1 00 { Fo n(Q, T, uzy + ¢, u) + P(Q,u)} < +o00,
there exists {up} C LIOC(R”) and {hy} C N strictly increasing, such that up — u in L'(Q), {up, } C uzy +c+
W(}I}(Q), and

'~ (LYQ)) %minf{Fo,h(Q, T, uy +c,u) + P(Q,u)} (7.21)

liminf{/ f(th',VUhk)dl'+/ﬂuhkdx+/ ’yuhdenl}-
k—too (Ja Q a0

Then, the same coerciveness arguments exploited above provide that w € W11(Q) and that up, — u in weak-
W(Q). Moreover the weak-W11(Q)-closedness of Wolll () also implies that actually u € u., 4+ ¢+ Wy ().
Consequently, if for every h € N Fy (2, -) is defined by (2.12), then (7.21), the above continuity argumenté, and
Theorem 4.4 imply that

D= (LY () liminf{ Fy 1, (Q, T, uzy + ¢, u) + P(Q,u)} (7.22)

h—+o0
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Zliminf/ f(hkz,Vuhk)d:ch/ﬂuder/ yudH™ 1 Zlimianh(Q,uh)Jr/ 6ud:c+/ yudH™ 1
k—+oo Jq Q o0 h—+o0 Q o0

o Jose fon(Vu)da + fo Budz + [y yudH* ™" if u € sy + e+ Wy ()
=] 4o if € LL (R™)\ (usz, + c + Wy t(Q)),

loc

for every u € L, . (R™).

By (7.20) and (7.22), equality (7.19) follows.
We now observe that (1.10) ensures that the functionals u € L (R") — Fy (2, T, uz, + ¢, u) + P(,u) are

loc

equicoercive once LL (R") is equipped with the L(Q)-topology.

loc

In fact, by (7.1), Holder Inequality, and Sobolev Imbedding Theorem it is easy to see that there exists

Cq €]0,+o00[ such that (we denote here by Cq a constant depending only on )

Fon(Q,T uz +c,u) + P(Q,u) > /Q¢(Vu)d$ — 1Bl 2@ llullzr ) — IVl L0y lull 1 o5

> /Q¢(Vu)dﬂf —Co (18]l =) + 17| L= a0)) lJullwri(qy for every h € N, u € WL (Q),

from which, together with the superlinearity properties of ¢, (2.20), and the compact embedding of W11(Q) in
LY(9), the desired equicoerciveness follows.

Therefore the theorem follows by (7.19) and Theorem 2.7 (applied with E = 0).
Finally, if (1.9) holds, the existence of the solutions of the problems in (7.17) follows from the above coer-

civeness argument and Theorem 2.5. O
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