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ON THE STABILIZABILITY OF HOMOGENEOUS SYSTEMS OF ODD DEGREE

HaMADI JERBI!

Abstract. We construct explicitly an homogeneous feedback for a class of single input, two dimen-
sional and homogeneous systems.
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1. INTRODUCTION

Asymptotic stabilization of low dimensional non generic nonlinear systems is of much interest in nonlinear
control theory since such systems occur naturally as the system evolving on a center manifold (see [1,3], etc.).
Within this class, those systems with non vanishing quadratic part are generic, and there in lies our principle
interest in the asymptotic stabilization problem for homogeneous systems. It has been established that in a
system of ordinary differential equations if the leading homogeneous part is asymptotically stable, then the
overall system is locally asymptotically stable (see [6], and [7] in the weighted homogeneous case).

In this paper we address such a problem for systems of the form

[i,9]" = P(z,y) +uQ(z,y) (1.1)

where (7,y) € R?, uw e R, P(x,y) = (Pi(z,y), P2(z,y))T (the notation MT stands for the transpose matrix
of M); P, and P, being homogeneous polynomials of degree 2k + 1 (i.e. P(\z,\y) = A1 P(x,y) VA € R)
Q(x,y) = (Q1(x,y), Q2(z,y))T; Q1 and Q2 are homogeneous polynomials of degree p. Here, we wish to find a
feedback function (z,y) — u(x,y), which is homogeneous of degree 2k+1—p and which asymptotically stabilizes
the control system (1.0). If such a feedback exists, we will say that system (1.0) is globally asymptotically
stabilizable (GAS). If there exists control law u such that tgrgo(z(t), y(t)) =0 ((x(t),y(t)) denoting the solution

of [,9]T = P(x,y) +u(.)Q(x,y), (x(0),y(0)) = (x0,y0)) for all (zg,y0) € R?, we will say that system (1.0)
is asymptotically controllable to the origin. Obviously, to be asymptotically controllable to the origin is a
necessary condition for the asymptotic stabilizability.

We give a necessary and sufficient conditions, algebraically computable, for the global asymptotic stabilization
of (1.0) when @ and Q2 have no linear common factors and the equation G(z,1) = Q1(x,1) — Q2(z, 1)z =0
has at most two solutions.

Our study generalizes the stabilizability of a large class of bilinear systems in R? considered in [4].

Our analysis here is built upon some of the recent work on the stabilizability of low dimensional systems.
In particular, some topologic conditions for stabilizability which were derived by Brockett (see [2]), and later

Keywords and phrases. Asymptotic stabilization, nonlinear systems, homogeneous systems, stabilizability.

1 Department of Mathematics, Sfax University, Faculty of Sciences, Tunisia; e-mail: hjerbi@voila.fr
© EDP Sciences, SMAI 2003



344 H. JERBI

extended by using a well known index theorem due to Krosnosel’skii and Zabreiko (see [8]) by Coron (see [5]).
In this paper we will use as our principal tools some necessary conditions (Ths. 2, 3, 4 and Prop. 1) for the
stabilizability of homogeneous systems.

We recall the following theorem, which will be used to prove the stabilizability of some classes of planar
homogeneous systems:

Theorem 1 (For the proof see [6]). Consider the two dimensional system

21, 2] ="f1(21, 22), fa(z1, 22)]

where Y[ f1, f2] is Lipschitz continuous and is homogeneous of degree p. We define the function F

‘7:(1‘7?/) = yfl(x’y) - .ﬁfg(I,y).

The system is asymptotically stable if and only if one of the following is satisfied

(i) the system does not have any one dimensional invariant subspaces and

df <0

I /27r cos 0 f1(cos 0, sin @) + sin 6 f5(cos 8, sin )
~Jo  cosOfs(cos@, sinf) — sin b f;(cos b, sin 0)

or

(1) the restriction of the system to each of its one dimensional invariant subspaces is asymptotically stable, i.e.

If the point (£1,&2) satisfies F(&1,82) = 0 then ((f1(81,82), f2(§1,62)) | (€1,€2)) <O.

In the remainder of the paper, we use essentially part (ii) of Theorem 1 to verify the stability of the closed
loop system under consideration.

2. ASYMPTOTIC STABILIZATION OF HOMOGENEOUS SYSTEM

We consider the system
{i:Pl(xay)""qu(xay) (2.1)
szg(x,y)—i—qu(ac,y) .
where P; and P, (respectively Q1 and Q2) are two homogeneous polynomials of degree 2k + 1 (respectively p).
We define the following real functions, which will play an important role in our study

O (z,y) = det (]Iz;g:z; i) =yPi(z,y) — zPa(x,y)

_ Pl(xay) Ql(m7y) _ _ T T
Flay) = det (P00 D) — by 0)Qalinn) - Palo 1))

_ Ql(xay) ry _
G(z,y) = det (QQ(%y) y) =yQ1(z,y) — 2Q2(x, y).

In this section we give a necessarily and sufficient condition for the stabilizability of the homogeneous sys-
tem (2.1), when the equation G(z,1) = Q1(x,1) — Q2(z, 1)z = 0 has at most two distinct solutions and Q

and ()2 have no linear common factors.
The closed loop system (2.1) with the homogeneous feedback u(x,y) of degree (2k + 1 — p) is

{‘i' = Pl(x’y) + u(x’y)Ql(Iay) = Xl(xay)
y = Pa(z,y) + u(r,y)Q2(7,y) = Xa(z,y).
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Letting F(z,y) = yX1(x,y) — xXa(z,y), it is easy to see that F is an homogeneous polynomial of degree 2k + 2.
To prove that the feedback u(x,y) stabilizes the system (2.1), it is important to establish the following:

Proposition 1. If F(m,1) = 0 then the straight line D : my — x = 0 is invariant for the system & = X1 (z,y),

y = Xa(x,y) and we have ((m, 1)](X1(m, 1), Xa(m, 1)) = — £ (1 +m?).

Proof. If (m,1) is such that F(m, 1) = 0 then there exists ¥ € R such that

(X2 (m, 1), Xa(m, 1)) = (vm, ).
(Pt Gnen)) Cum) =7 (1)

(u(ni@)) - F(nl;,l) (Q}%(?;;,ll)) _gémﬂ?i;)) (T) ’

It follows that:

Then one can write:

SO

Proposition 2. We define v = p(cos@,sinf) and © = p(cos 6, sin é) two vectors of R?. We suppose that p > 0
and p > 0.
If det(v,0) < 0 then angle(v,7) = 0 — 0 &), 27 (.

If det(v,v) > 0 then angle@ =60—-60¢€)0,n(.

Proof. The proof is rather simple and follows from

- pcosf [)cosé L
det = det ~ ) = 0—0).
et(v, 9) = de <psin9 ﬁsin@) ppsin( )

Under the assumption that the equation G(z,1) = 0 has at most two distinct solutions, we can assume that G
takes one of these forms

(i) G(x,y) = (x — ary)(x — c2y) f(z,y), where f(x,y) is a definite homogeneous function (i.e. f(z,y) #0
for all (z,y) € R*\ {(0,0)});

(ii) G(z,y) = (z — cy) f(z,y), where f(x,y) is a definite homogeneous function;

(iil) G(z,y) = HQl(z, y), where Q; are a definite quadratics forms.

2

2.1. Case where G(z, y) = (z — c1y)(x — c2y) f(z, y)

We consider the equation

y = Q2(Zay)

where Q1 and Q)2 are two homogeneous polynomials of degree p. We recall the function G

{iﬂ = Q1(z,y) (2.2)

G(z,y) = (x — cy)(z — c2y) f(z,9)

with f(z,y) # 0 for all (z,3) € R?\ {(0,0)}. Without loss of generality, one can suppose that the function f is
definite negative (i.e. f(z,y) < 0V(z,y) € R?\ {(0,0)}). In these conditions, one necessarily has p = 2¢q + 1.
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We define A = Qa(c1,1), p = Q2(ca,1). The representation of system & = Q1(x,y), ¥y = Q2(x,y) in polar
coordinates is

7 = 1P (cos 0Q1 (cos b, sin 0) + sin Q2 (cos 0, sin b)) = rPg(0)

0 = rP~1 (cos 0Q2(cos 8, sin §) — sin Q1 (cos @, sinf)) = —rP~1G(cos 0, sin 6).

If we introduce a new time s via % = rP~! then the above system becomes

i=rg(0) E6=—G(cosh,sinb).

According to [6] one can see that the straights lines D;: x + ¢y = 0 and Dy : & + coy = 0 are invariant for (2.2)
and the orbits of the equation (2.2) take one of the following forms:

p<0 A>0 p>0 A>0

O’Q S A

FIGURE 1. R2\ {(0,0)uU

i FIGURE 2. R2\ {(0,0)U
Oaguyo)} = At U AL A \{(0,0)

d A . rod Ozo,y0)t = A2 U A2 Az FIGURE 3. We have the
and A1 are two cornecte and Aj are two connected same figure when A < 0
sets. sets and p < 0.

For the stabilizability of system (2.1), we need some results guaranteeing the existence of the homogeneous
feedback. Let us define a = ®(cq1,1), 8 = ®(c2, 1).

With this notation, one can easily verify that:

Fl(e1,1) = Q2(c1, 1)®(c1, 1) = Aa and F(cz,1) = Qa(c2,1)P(c2,1) = pp.

Theorem 2. If aff < 0 and the system (2.1) is GAS then there exists some m €]cy, ca| such that F(m,1) > 0.

Proof. Tt is easy to see that if A\ > 0 and p > 0 (respectively A < 0 and p < 0) then F(c1,1)F(ca,1) = prafB <0
and there exists an m €]ey, o such that F(m,1) > 0.

In the case where A > 0 and p < 0, for all m €]ey,ce[ we have F(m,1) < 0. Since F(m,1) =
det (]]Z; EZ: B g; EZ: B) < 0, and according to Proposition 2 we can deduce that angle(P,/a) €)m, 27 ( and it
follows that the subset .4; is invariant for the open loop system (2.1) (see Fig. 1). So it cannot be asymptotically
controllable to the origin.

In the case where A < 0 and p > 0, for all m €]cy,c2[ we have F(m,1) < 0. Since F(m,1) =

det (]]Z; EZ: B g; EZ: B) < 0, and according to Proposition 2 we can deduce that angle(?,\Q) €)m, 27( and
it follows that the subset As is invariant for the open loop system (2.1) (see Fig. 2). Using the fact that if
any equation p = Y(p) is GAS on the manifold M then M must be simply connected. We can assume that
system (2.1) cannot be GAS.
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Theorem 3. If a = 0, Clp_ﬁ'@ < 0 and the system (2.1) is GAS then there exists some m €|c1, ca| such that
F(m,1) > 0.

Proof. Clearly if A > 0 and p > 0 (respectively A < 0 and p < 0) then F(c1,1)F(ce,1) = pAaf < 0 and there
exists some m €|cy, cz[ such that F(m,1) > 0.

In the case where A > 0 and p < 0 (respectively A < 0 and p > 0), for all m €]eq, c2[ we have F(m, 1) < 0.

. o Pl(m,l) Ql(m,l)

Since F(m,1) = det Po(m.1) Qa(m.1)
loop system (2.1) (see Figs. 1, 2). So it cannot be asymptotically controllable (respectively stabilizable) to
origin.

We can also prove the following theorem:

) < 0, then the subset A; (respectively Ag) is invariant for the open

Theorem 4. If a = 5 =0, pA < 0 and the system (2.1) is GAS then there exists some m €]cy, ca| such that
F(m,1) > 0.

We consider an homogeneous feedback u(x,y) of degree 2k + 1 — p which makes the system (2.1) globally
asymptotically stable. We denote X1 (z,y) = Pi(z,y)+u(z,y)Q1(z,y) and Xa(z,y) = Po(z, y)+u(z, y)Q2(z,y).
It is clear that X3, X5 are homogeneous polynomials of degree 2k + 1. Let F(z,y) = yX1(z,y) — 2X2(z,y), a
simple computation gives

F(z,y) = ®(z,y) + ul(z,y)G(z,y).

From Theorem 1 the function F play an important role in the stabilizability of the vector field (X7, X5).
Moreover to determine the feedback u(x,y) which stabilizes system (2.1) we must choose the function F such
that

(T'1) the functions (z — ¢;y) divide the homogeneous function F(z,y) — ®(x,y) for i € {1,2};
(T2) if the point (m, 1) is such that F(m,1) = 0 then ((X1(m,1), Xa(m,1)) | (m,1)) < 0;
(T'3) the function F(x,y) must be an homogeneous function of degree 2k + 2.

Here it is important to show that from Proposition 1, the condition (T'2) is equivalent to

If the point (m, 1) satisfy F(m,1) = 0 then géfn@i)) > 0.
F(mi,l)

Theorems 2, 3, and 4 guarantee the existence of the set of points M; : (m;, 1) such that Gmid) > 0.

Theorem 5. If there exists a function F(x,y) satisfying the conditions (T'1), (T's) and (I's) then the feedback

g(x,y)

u(z,y) =
is C*° on R?\ {0}, homogeneous of degree 2k + 1 — p and stabilizes the system (2.1).

Proof. Since the function F satisfies (I'1), we can establish

F(x,y) — ®(z,y) = (x — cry)(x — cay) F (2, ),

this implies

Flz,y) — (z,y Flz,y

s y) - F@) —2y) _ Flry)
g(z,y) fz,y)

which is C> on R? \ {0} and homogeneous of degree 2k + 1 — p. The proof of the theorem follows from the fact

that the closed loop system with the feedback u(x,y) is homogeneous of degree 2k + 1 and it satisfies to the

condition (ii) of Theorem 1.
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Theorem 6. If A\p > 0 then for n > 0 large enough, the feedback
u(a,y) = —nA(@? +y*)*1
stabilizes the system (2.1).
Proof. The proof is rather simple and requires only to show that the vector fields —\(z? + y?)*~PQ(x,y) is

GAS and using the same argument as in the proof of Theorem 5 one can deduce that for n > 0 large enough
the feedback

u(z,y) = —nA(z® +y%)* 1
stabilizes the system (2.1).
Theorem 7. In the case when Ap < 0, the system (2.1) is GAS if and only if the following holds.
(S) There exist mq €]cy, co| and mg €] — 00, ¢1[U]ea, 0o[ such that F(1,m1) > 0 and F(1,ms) < 0.

In this case there exists an homogeneous feedback of degree 2k — 2q which stabilizes the system (2.1). Stabilizing
feedback control laws are given in the following table.

case The feedback
a(z —m1y)?(a(z — cay)? + b(x — c1y))E — ®(z,y)
(z — c1y) (e — cay) f (2, y)

) ) 1/k ) 5 1/k
where a = and b = .
(c1—2)? <(01 - m1)2) (c1—2)? <a(02 - m1)2>

(52 ) (@ = miy)(@ = may)(ale — cap)?® + bla — e1y)?) — (e y)
(z — c1y)(z — c2y) f (2, 9)

1 1 1/k 1 B 1/k
where a = 5 ( ) and b = 5 ( Bler —mo) ) .
(c1 —2)? \eg —mq (c1 — 2)? \afca —my)(ca — ma)

B(z — c1y)(x — myy)(a(x — cay)? + b(x — e1y)?)* — (2, )
(= c1y)(x — c2y) f (2, y)

afB >0 u(z,y) =

af <0 u(z,y) =

a=0; A\>0 u(z,y) =

1 1 1/k
where b = (2 — 1)’ <(02 T m1)> and a > 0, large enough.

Bler —ma)(x — ery)(@ — may) (a(z — eay)? + bla — e1y)?)" — ®(z,y)
(x — ary)(x — cay) f(z,y)

1 1
(c2 —c1)? ((02 —c1)(ca —ma

a(z — coy)(x — myy)(alx — cay)? + bz — c1y)?)F — @(z,y)
(x = cry)(@ — cay) f(2,y)

1 1

(2 —c1)? <(01 — ca)(

a=0; \6<0 u(z,y) =

1/k
where b = ) and a > 0 large enough.
ez — 1)

B=0ap>0 u(z,y) =

where a =

1/k
> and b > 0 large enough.
c1 —my)
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—afes - ma)(z — cay)(x — may) (ala — cay)? + b(w — c1y)?)" — Bay)
(z — cry)(z — c2y) f (7, y)

1 ( 1

(ca —c1)? \(c2 —c1)(e1 —ma

B=00p<0 uley) =

1/k
where a = ) and b > 0 large enough.
)(c2 — m2)

Az —ma)(z—cry) (@ —coy) (@ —my) (x—may) (a(e—coy) 2 +b(@—c1y)?) "L d(a,y)

(z —ay)(z — c2y) f(z,y)

f=a=0  ulzy) =

where a > 0 and b > 0 are large enough.

Proof. The condition (S) follows from Theorems 2, 3 and 4. Suppose that there exist m; and mga € R such
that F(1,m1) > 0 and F(1,mz2) < 0. We consider the closed loop system (2.1)

{Jb = Pi(z,y) + u(z,y)Q1(z,y) = X1(z,y)
y = P2(:Ca y) + U(I’,y)QQ(l‘,y) = Xg(l',y)

to determine the stabilizing feedback of the system (1.2), we construct an homogeneous function F(x,y) =

det (;lg’zg i) witch satisfies to the conditions (I'1), (I'2) and (T's). It is clear that F(z,y) = ®(z,y) +
2\4,

u(x — cry)(x — coy) f(x, y) and

u(z,y) = (x — ary)(z — ch)f(x,y).

Here we investigate some cases and all other cases can be treated similarly.
In the case when a3 > 0 we choose

Flx,y) = ale —m1y)? (a(e — ca9)? + bz — e1y)?) ",

a = ﬁ(l/(cl —my)?)Y* and b = (szCI)Q (a(Crml)?)l/k. For this choice of a and b we can assume that
(x — e1y)(z — cay) divides F(z,y) — ®(z,y), and it follows that the function F satisfies to the conditions (T'y),
(Fg) and (Fg)

For 8 = a = 0 we construct

Flo,y) = =Aes —ma)(z = e1y)(@ — ea9)(z — may) (@ — may) (a(z — c9)? + bz — e19)?) 7
Straightforward calculations yield that
(c2 —ma)(e1 — c2)(er —ma)(er — ma)(aler —c2)®)* P (c1,1)
Xo(c1,1) = Po(c,1) — P
(e 1) = Brfer, 1) (c1 —c2) fle1, 1) (c1 —c2)f(e1, 1)

and

(c2 =ma)*(c2 —ci)(ca —ma)(b(er —e2)*)*,  ®l(ez,1)
(ca —c1)f(ca, 1) A (ca—en)flea, 1)

For a > 0 and b > 0 large enough we obtain X3(c1,1) < 0 and Xa(c2,1) < 0. F satisfies to the conditions (I';),
(T'2) and (I's) hence the system (2.1) is GAS.

XQ(CQ, ].) = PQ(CQ, ].) —
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2.2. The case when G(z, y) = (z — cy) f (x, y)

Where f(z,y) is definite negative. Under these hypothesis we have necessarily p = 2q. We set A = Qa(c, 1).
According to [6] one can see that the straight line D :  + cy = 0 is invariant for the equation

{:C = Ql(xay)
Y= Q2(1’7y)

and the orbits of this equation take one of the following forms:

A>0
FIGURE 4. RQ\{(OLO)UO(%,W)} = FIGURE 5. RZ\{(0,0)UO(44.40)} =
As U Ay Ay and Ay are two con- Ai U A; A; and A; are two con-
nected sets. nected sets.

Theorem 8. The system (2.1) is GAS if and only if there exists m € R such that (¢ —m)F(m,1) > 0 (S), and
if the condition (S) holds then, in the case when ®(c,1) = a # 0 the homogeneous feedback

a(z —my)*((x — cy)® + by®)* — ®(x,y)
(x —cy)f(z,y)

u(z,y) =
where b = (¢ —m)(=2/%) stabilizes the system (2.1), and in the case when o = 0, one has for b > 0 large enough

the homogeneous feedback

e —m)(z — cy)(z — my)(2® + by*)* — D(x,y)
(x —cy)f(z,y)

u(z,y) =

stabilizes the system (2.1).

Proof. The property (S) follows from Theorem 2 (with p = —X). Conversely, we suppose that there exists
m € R such that (¢ —m)F(m,1) > 0. The closed loop system (2.1) with the feedback u(.) is

{a'c = Pi(x,y) + u(z,y)Q1(z, y) = X1(z,y)
y = PQ(x’y) + u(x’y)QQ(Iay) = X2($,y).

In these conditions one has
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From Theorem 1 the function F plays an important role in the stabilizability of the vector field (X7, Xs).
Moreover to prove that the feedback u(x,y) stabilizes system (2.1) the function F must satisfies to the following
conditions:

(T"}) if the point (&,1) is such that F(£,1) = 0 then ((X1(£, 1), X2(&,1)) | (€,1)) < 0;

(T'}) the function F(x,y) is an homogeneous function of degree 2k + 2.

Here it is important to show that from Proposition 1, the condition (I'}) is equivalent to

If the point (&, 1) verify F(£,1) = 0 then g((gi)) > 0.

The condition of the stabilizability guarantee the existence of a point M : (m, 1) such that g((zi)) > 0.

For a # 0 we found F(z,y) = a(z — my)?((x — cy)? + by?)* witch is misspelled to the conditions (I'})
and (T%).
In the case a = 0 we found F(z,y) = Ac — m)(z — cy)(x — my)(az? + by?)* and Xa(c,1) = Po(c,1) —
: 24k e
(C_?zif;'b) A2 — (I}*(Sll)))\ For b > 0 large enough, one has Xs(c1,1) < 0 and the system (2.1) is GAS.

2.3. Case when G(z, y) is definite

Without loss of generality, one can suppose that G(z,y) is a positive definite function (i.e. G(z,y) > 0
V(z,y) € R2\ {(0,0)} ), we denote
Foo Ql(l, 5)
—oo G(L,s)
If I # 0 then the orbits of the vector fields Q(z) = (Q1(2), Q2(z)) will be spirals. Moreover, if 1Q2(1,0) > 0
(respectively 1Q2(1,0) < 0) then —@Q (respectively @) will be globally asymptotically stable (GAS).

If I = 0 then the orbits of the vector fields Q(z) = (Q1(z), Q2(2)) are periodic and (0, 0) is a center. We have
Qs(1,0) = —G(1,0) < 0.

I = ds.

I>0 I1<0 I=0

U,
NN
N, - /LJ\&

&,

FIGURE 6 FIGURE 7 FIGURE 8

Theorem 9. In the case when I # 0 one has for n > 0 large enough the feedback

1

u(z,y) = ne(z? +y*)F "9 where e =

stabilizes the system (2.1).

Proof. Since the vector fields e(z% + y%)*~9 Q(z) where ¢ = ‘—ﬁ are GAS and are homogeneous of degree 2k + 1,
then from [9] there exists £ > 0 such that for all vector fields & definite on R? and verify ||h(z,y)| < &||(z,y)||?**1,
one has that e(2? + y?)¥=7 Q(2) + h(2) is locally asymptotically stable.
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‘2k+1

The function P(z,y) is homogeneous of degree 2k + 1, so ||P(z,y)| < A|/(z,y)] where

A= sup [P(z,y)l
(z,y)€S?

It is clear that for 7 > 0 large enough the vector fields P(z) + ne(x? 4+ y?)¥~9 Q(z) are locally asymptotically
stable, and since it is homogeneous then the vector fields is GAS.

Theorem 10. In the case when I =0 one has:

The system (2.1) is GAS if and only if it holds the following properties (S)
(S) there exists some m such that F(1,m) > 0.
In this case the homogeneous feedback

(z — my)*(2®* + y?*) — D(z,y)
G(=,y)

u(z,y) =

stabilizes the system (2.1).

Proof. We define z(t) the solution of the equation 2(t) = Q(2(¢)), 2(0) = (1,1). Let O = {z(t) Vt € R}. It is
clear that R? — {0} = A3 U As where A3 and Aj are two connected open sets. Without loss of generality, let
(0,0) € As.

If the system holds the condition (§) then for all z, y € R

_ Pi(z,y) Qi(z,y)
(v, y) = det (Pg(x,m Q2<w,y>) <0

it follows that the angle (P(z(t), Q(z(t)) lie in |m, 27| and for such control u(.) the subset A3 is invariant for the
system Z = P + uQ (see Fig. 8). The system (2.1) is not asymptotically controllable to the origin hence it can
not be stabilizable.

Conversely, suppose that there exists some m such that F'(1,m)>0. We define u(z, y)

and the system z = P(z) + u(2)Q(z) =Y (2). If F(x,y) = yYi(x,y) — 2Ya(x, y) straightforward

_ (z—cy)? (= +y?F) —B(z,y)
- G(z,y)

Flx,y) = (z —my)?* (#2 + ).
From Theorem 1 and Proposition 1, the vector fields Y (z) are GAS.
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