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SYSTEMS WITH HYSTERESIS IN THE FEEDBACK LOOP: EXISTENCE,
REGULARITY AND ASYMPTOTIC BEHAVIOUR OF SOLUTIONS*

HARTMUT LOGEMANN! AND EUGENE P. Rvan!

Abstract. An existence and regularity theorem is proved for integral equations of convolution type
which contain hysteresis nonlinearities. On the basis of this result, frequency-domain stability criteria
are derived for feedback systems with a linear infinite-dimensional system in the forward path and a
hysteresis nonlinearity in the feedback path. These stability criteria are reminiscent of the classical
circle criterion which applies to static sector-bounded nonlinearities. The class of hysteresis operators
under consideration contains many standard hysteresis nonlinearities which are important in control
engineering such as backlash (or play), plastic-elastic (or stop) and Prandtl operators. Whilst the main
results are developed in the context of integral equations of convolution type, applications to well-posed
state space systems are also considered.
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1. INTRODUCTION

Consider the feedback system shown in Figure 1, where G is a convolution operator and r; and 79 are real-
valued input and disturbance signals, respectively. In the special case of static nonlinearities ® = ¢, if the
feedback system is stable for every locally Lipschitz ¢: R — R satisfying the sector condition

aw?® < p(w)w < bw?, VweR, (1)
then the system is said to be absolutely stable (with respect to the sector determined by a and b). There is a
rich literature on absolute stability theory: see, for example, Curtain et al. [4], Gripenberg et al. [6], Hahn [7],
Vidyasagar [19] and the references therein. In the context of static nonlinearities, the circle criterion and the
Popov criterion are two fundamentally important criteria for absolute stability. In the present paper we develop
absolute-stability-type criteria for the system shown in Figure 1 in cases wherein ® belongs to a certain class of
hysteresis nonlinearities. A substantial literature on the mathematical theory of hysteresis phenomena exists,
see for example Brokate [1], Brokate and Sprekels [2]: of particular importance in a systems and control context
is the pioneering work of Krasnosel’skil and Pokrovskii [8]. A hysteresis nonlinearity is simply a causal and
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FI1GURE 1. Feedback system with nonlinearity.

rate-independent operator mapping the space of continuous functions defined on Ry := [0, 00) into itself. In
Section 3, we introduce a class of hysteresis operators which contain many standard hysteresis nonlinearities
such as backlash (or play), plastic-elastic (or stop) and Prandtl operators. Our treatment of hysteresis operators
in Section 3 has been strongly influenced by Chapter 2 in [2].

To provide a framework for the later stability analysis, we first investigate, in Section 2, existence, uniqueness
and regularity of solutions of the integral equation

u(t) = r(t) */0 g(t = 5)(@(u))(s)ds, (2)

where we assume that g is locally integrable, ®: C(R;) — C(R;) is a causal operator and r is continuous.
We show that (2) has a unique maximal continuous solution provided that ® satisfies a local Lipschitz-type
condition in the space of continuous functions. Under the assumptions that ® satisfies a local Lipschitz-type
condition in the Sobolev space W11(R ) and 7 is locally absolutely continuous, we show that (2) has a unique
maximal locally absolutely continuous solution.

In Section 4, we consider the feedback system shown in Figure 1, where G is a convolution operator mapping
L?(R,) boundedly into L?(R, ), ® is a hysteresis operator, 7; and ro are input and disturbance signals, respec-
tively. Assuming that G has a convolution kernel g in L*(R,), the feedback system in Figure 1 translates to
the integral equation

y(t) = / gt — $)r1(s)ds + ra(t) — / g(t — 5)(®(y)(s)ds,

which is of the form (2). If certain natural conditions on g, ®, r; and ry are satisfied, we show that the solution y
exists on Ry (no finite escape-time), y and ®(y) are bounded and y(¢t) and (®(y))(t) converge to finite limits
as t — oo, provided that

iréFRRe G(iw) > —1/A, (3)

where G denotes the Laplace transform of g and A > 0 is a Lipschitz-type constant associated with ®. Moreover,
we give estimates of the supremum norms of y and ®(y) in terms of the signals 1 and ro. We prove a
similar result for the feedback system obtained if, in Figure 1, G is replaced by the operator H given by
(Hov)(t) = fOt(G’U)(S)dS (that is, if an integrator is introduced into the forward path), a situation which is
of major importance in control theory. Note that the operator H is usually “unstable” in the sense that it
does not map L?(Ry) boundedly into L?(R). We mention that (3) is reminiscent of the frequency-domain
condition posited in the classical circle criterion (in the context of feedback systems with exponentially stable
linear system and static nonlinearity satisfying (1) with a = 0).
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In Section 5, we apply the results in Section 4 to the case where the convolution operator G is realized
by a well-posed linear infinite-dimensional state-space system. The class of well-posed state-space systems is
widely documented in the literature, see for example [5,14,15,20]. We remark that the class of well-posed,
linear, infinite-dimensional systems is rather general: it includes most distributed parameter systems and all
time-delay systems (retarded and neutral) which are of interest in applications. We emphasize that the results
in Sections 4 and 5 are new even if the underlying linear system is finite-dimensional.

Notation and terminology. Let I C R, be an interval, where R} := [0,00). The space of continuous
functions I — R is denoted by C(I). If I is compact, then, endowed with the supremum norm ||v|lc(r) =
sup;e; [v(t)|, C(I) is a Banach space. For a > 0, let W11([0,a]) denote the Sobolev space of absolutely
continuous functions v: [0,a] — R, equipped with the norm [[v|y1.1((0,)) = [v(0)] + [y [v/(¢)|d¢. This norm is
readily shown to be equivalent to the usual norm on W1([0, a]) given by |lv|[11 = ||v]l1 + ||v/||1 (where | - []1
denotes the L! norm). Note that lvllw1.1(j0,q)) i equal to the total variation of the function v. For 0 < 8 < oo,

we denote, by Wl’l([O,ﬁ)), the space of locally absolutely continuous functions v: [0,53) — R, that is v €

loc

w0, 8)) if and only if 10,01 € WH([0, ) for all 0 < o < 6.

For a = 0, C([0,a]) = W11([0,qa]) := R. Let 7,6 > 0. For w € C([0,a]) (with a > 0), let w,, denote the
function in C([0, a4+ 7]) given by

w(t), tel0,a]
w(a), te(a,a+7].

b w,y(t) == { (4)

Obviously, if w € W1([0,a]), then w., € W([0,a +7]). We define

Clw;d,7) = {ve0([0,a+)): vlga =w, [[v—wlloqoar) <9}
= {U € C([0,a+7)): vlg,a =w, sup |o(t) —w(a)| < 5}
t€[a,at+r]
and
W(w;d,7) = {veWHH([0,a+9]): vl = w, [[v—wyllwii(o,atq)) <0}
atry

— {vewlﬁl([O,a%ﬂ): vl[0,a] = w, /

[e3

[o'(#)]dt < 6} :
Equipped with the metric

(1)1,’02) = ||’U1 - vQ”a

where | - || denotes the norm on C([0,« + 7]) or on WH([0,a 4 7]) as appropriate, C(w;d,v) and W(w;6,7)
are complete metric spaces.

Let Z be a Banach space and let 3 € R. We define the exponentially weighted LP-space Lg(R_HZ) =
{f: f()exp(=p) € LP(R4, Z)} and endow it with the norm || fl|.r, z) = (Jo° llePtf()|[Pde) /P, Setting
Cg:={s€C : Res> g}, let H*(Cg, Z) denote the space of bounded holomorphic Z-valued functions defined
on Cg and let H%(Cg, Z) denote the usual Hardy-Lebesgue space of square-integrable Z-valued functions defined
on Cg. For simplicity, we write Lg(R.ﬁ in place of L’ﬁ’ (R4, R), H*(Cp) in place of H*(Cg,C) and H?(Cp) in
place of H?(Cg,C).

The space of bounded linear operators from a Banach space Z; to a Banach space Z5 is denoted by £(Z1, Z2);
we write £(Z) in place of L(Z,Z). Let A: dom(A) C Z — Z be a linear operator, where dom(A) denotes the
domain of A; the resolvent set of A is denoted by o(A). Finally, an operator ®: C(R;) — C(Ry) is causal if,
for v1,ve € C(Ry) with v1(t) = ve(t) for all ¢ € [0, a], it follows that (®(v1))(t) = (®(v2))(t) for all ¢ € [0, af.
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2. A CLASS OF INTEGRAL EQUATIONS

Let ®: C(R4) — C(R4) be a causal operator, g € Ll .(R1) and r € C(Ry). We consider integral equations
of the form

u(t) =1t~ [ glt =~ @(w)(5)ds, )
0
which we also write concisely as
u=r—g*o(u). (6)

In the following, let I be an interval of the form I = [0, ] (with 0 < a < o0) or I =[0,3) (with 0 < § < 0).
In order to define the concept of a (local) solution of (5), we need to give a meaning to ®(v) if v € C(I) (recall
that ® acts on continuous function defined on the half-line Ry). For v € C([0, o), we interpret ®(v) as the
element of C([0,a]) given by (®(9))(¢) for all t € [0,a], where ¢ is any continuous extension of v to R;. By
causality of @, the function ®(v) € C([0,a]) is invariant with respect to the choice of the extension ¥. For a
continuous function v: [0,5) — R (0 < 8 < c0), we interpret ®(v) as the continuous function [0, 5) — R with
the property that (®(v))(t) = (®(v][0,q)))(t) for all ¢ € [0,a] and for all « € (0, 3). Causality of ® guarantees
that ®(v) is well-defined.

By a solution of (5) on an interval I we mean a function v € C(I) that satisfies (5) for all t € I. A
solution u € C(I) is mazimal, if u has no proper right extension that is also a solution. A function u € C(I) is
called a mazimal locally absolutely continuous solution, if u is a is a locally absolutely continuous solution and
there does not exist a locally absolutely continuous proper right extension that is also a solution.

Our goal is to establish existence and uniqueness of solutions of (5). To this end, we introduce the following
local Lipschitz-type assumptions:

(LC) for all & > 0 and all w € C([0, @), there exist constants A, d,y > 0 such that
[@(v1) = @(v2)llc(o.atv]) < Allor = valle(oatq)) ¥ 01,02 € C(w;0,7); (7)

(LW) o(W (R, )) € Wb (Ry) and, for all @ > 0 and all w € W([0,a]), there exist constants \,d,~y > 0
such that

[®(v1) — @(v2)[|lwri(o,a4+]) < Mo — v2llwia(o,atq)) Y v1,v2 € W(w; 6, 7). (8)

We first present a technical result which underpins the subsequent existence and uniqueness theorem.

Lemma 2.1. Let ®: C(Ry) — C(Ry) be causal, g € L _(Ry), r € C(Ry), a > 0 and w € C([0,a]) with

loc

w(a) = (r—g* (®(w)))(a). Let 'y, parameterized by n > 0, denote the operator defined on C([0,c + n]) by

w(t), te [Oa a]
(I (2))(2) := { (r—g*(®(@)))(t), t€ (a,a+n.

The following statements hold.

(a) If (LC) is satisfied, then there exists § > 0 such that, for all n > 0 sufficiently small, T, (C(w;d,n))
C C(w;0,m) and Ty is a strict contraction on C(w;d,n).

(b) Let r € WM (R, ) and w € WH([0,a]). If (LW) is satisfied, then there exists & > 0 such that, for all n > 0

loc

sufficiently small, T'y(W(w; d,n)) C W(w;d,n) and Ty is a strict contraction on W(w;d,7).

The proof of the above lemma can be found in the Appendix.
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The following existence and uniqueness theorem is the main result of this section.

Theorem 2.2. Let g € L (R}), r € C(Ry4) and let : C(R4) — C(Ry) be causal.
(a) Assume that ® satisfies (LC). Then equation (5) has a unique maximal solution u € C([0,t*)), where 0 <
t* < oo. Ift* < oo, then imsup, [(®(u))(t)| = co. If r € Wli’cl( 1) and g s locally of bounded variation,

then the mazimal solution w is locally absolutely continuous, i.e., u € I/Vli)cl([O t*)).

(b) Assume that ® satisfies (LW) and r € W,"'(R,.). Then equation (5) has a unique mazimal locally absolutely

loc
continuous solution u: [0,t*) — R. If t* < oo, then fg |u'(s)|ds — oo as t T t*.

Proof. (a) We proceed in several steps.

Step 1: Extending solutions defined on compact intervals.

Assume o > 0 and w € C([0,a]) is a solution of (5). By Lemma 2.1, there exists § > 0 such that, for all
sufficiently small n > 0, T'y: C(w;d,n) — C(w;d,n) is a strict contraction and so has a unique fixed point .
By definition of Ty, uljg,q) = w and u(t) = (I'y(u))(t) = (r — g * (®(u))(t) for all t € (a, o + n]). Therefore,
the function u is is a proper right extension of w and u is a solution of (5) on [0, a + n]. Moreover, if v is any
other proper right extension of w solving (5), then v € C(wj;d,n) for sufficiently small n > 0. It follows from the
uniqueness of u in C(w;d,n) that w = v on [0, + 7], provided that n > 0 is sufficiently small.

Step 2: Extended uniqueness.
Let ag,a3 > 0 and let u; € C([0, 1)) and ug € C([0,a2)) be solutions. Set § := min{ay, as}. We claim
that u; = ug on [0, 8). Seeking a contradiction, suppose that the claim is false. Then

o = inf{t € [0,8): ui(t) # ua(t)} < B.

By the uniqueness property at the end of Step 1 (applied to the case & = 0 and w = 7(0)), o* > 0 and we
define w(t) := u1(t) = ua(t) for all t € [0,a*]. Therefore, w € C([0,a*]) is a solution of (5) on [0, a*] and so,
again by Step 1, there exists n > 0 and a solution u € C([O,a* + 1)) with uq(t) = ua(t) = u(t) on [0 o + ).
This contradicts the definition of a*.

Step 3: Existence of a maximal solution.
Let T be the set of all 7 > 0 such that there exists a solution u” of (5) on the interval [0,7]. By Step 1
(applied to the case o = 0 and w = r(0)), T # (). Let t* := sup T and define a function u: [0,t*) — R by setting

uw(t) =u7(t), fortel0,7), where T € T.

By Step 2 the function u is well-defined, i.e., the definition of u(t) for a particular value ¢ € [0,¢*) does not
depend on the choice of 7 € T'N (¢,00). Moreover, it is clear that u is a maximal solution of (5). Uniqueness of
this maximal solution follows from Step 2.

Step 4: Unboundedness of ®(u) if t* < oco.

Assume that t* < oco. Seeking a contradiction, suppose that ®(u) is bounded. Define ¢ € L*([0,t*])
by ¢ljo,¢+) = ®(u) and p(t*) = 0. Then t — (g * ¢)(t) is continuous on [0,#*] and u(t) = (r — g x p)(t) for
all t € [0,2%). Therefore, | := (r — g* )(t*) = limy¢- u(t), and so @ € C([0,t*]) given by i) = u and
a(t*) = [ is an extension of w and is a solution of (5). This, together with Step 1, contradicts maximality of u.

Step 5: Absolute cont1nu1ty
Assume that 7 € Wb (Ry) and g is locally of bounded variation. Let u € C([0,¢*)) be the unique max-

imal solution. Then, ®(u) € C([0,t*)), and by [6] (Cor. 7.3(ii), p. 100) the function t — f(fg(tfs)(fI)(u))(s)ds is
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locally absolutely continuous on [0, ¢*). Consequently, the right-hand side of (5) is locally absolutely continuous
on [0,#*) and hence, u € W,-1([0, t*)).

loc

(b) With some obvious modifications, the proof of statement (a) carries over to part (b) and is therefore omitted.
(|

3. HYSTERESIS OPERATORS

A function f: Ry — Ry is called a time transformation if f is continuous and non-decreasing with f(0) =0
and lim;_, o f(t) = oo; in other words f is a time transformation if it is continuous, non-decreasing and surjective.
An operator ®: C'(Ry) — C(Ry) is called rate independent if, for every time transformation f,

(@(uo f))(t) = (@(u)(f(#), VueCRy), VieRy.

We say that ®: C(Ry) — C(Ry) is a hysteresis operator if ® is causal and rate independent. The numerical
value set NVS @ of a hysteresis operator ® is defined by

NVS @ = {(®(u))(t): u € C(Ry), t € Ry}

A function u € C(Ry) is called ultimately non-decreasing if there exists 7 € Ry such that u is non-decreasing
on [1,00); u is said to be approzimately ultimately non-decreasing, if for all € > 0, there exists an ultimately
non-decreasing function v € C'(R4) such that

lu(t) —v(t)] <e, VteR;.
In later sections, we shall invoke some or all of the following six assumptions on the hysteresis operator ®:
C(RJ’_) — C(RJ’_)
1,1 1,1 .
(Nl) (I)(Wloc (R+)) - I/Vloc (RJF)’
(N2) ® is monotone in the sense that, for all u € W2' (R,),

loc
(®(u)) (t)u'(t) >0, ae. teRy;
(N3) there exists A > 0 such that for all @ > 0 and w € C([0, ), there exist numbers 7, > 0 such that

sup  [((u)(t) — (2(v)(®) <A sup [|u(t) —v@®)], Y u,veEC(w;d,);
te[a,at] tela,a+7]

(N4) for all @ > 0 and all u € C([0,a),R), there exist v1,72 > 0 such that

sup [(®(u))(t)] <1 +72 sup [u(®)], V7 €0,a);
te(0,7] t€(0,7]

(N5) if w € C(Ry) is approximately ultimately non-decreasing and lim;—, o u(t) = oo, then ®(u)(t) and
®(—u)(t) converge to sup NVS @ and inf NVS @, respectively, as t — oo;

(N6) if, for u € C(Ry), limy_oo (P())(t) € int NVS @, then u is bounded.

Note that (N3) implies (LC). If the inequality in (N3) holds for some 4 > 0, then, by rate-independence, it

holds for all v > 0. It is easy to see that if a hysteresis operator satisfies (N5), then NVS ® is an interval.

An important consequence of assumptions (N1-N3) is described in the following lemma, the proof of which
can be found in [9].

Lemma 3.1. If a hysteresis operator ®: C(Ry) — C(R4) satisfies (N1-N3), then, for every u € Wﬁ)’cl (Ry),
there exists a measurable function d,: Ry — [0, A] such that

(®(u)'(t) = du(t)u'(t), ae.teR,.
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An operator ®: C(Ry) — C(Ry) is called Lipschitz continuous with Lipschitz constant I > 0 if

sup [(®(u))(t) — (®())(#)] <1 sup [u(t) —v(t)], Vu,ve CRy).

teER 4 teR 4

Whilst the following lemma (a proof of which can be found in [9]) will not be invoked in the paper, nevertheless
it may be of independent interest as it shows, in particular, that Lipschitz continuous hysteresis operators satisfy
assumptions (N1, N3) and (N4).

Lemma 3.2. Assume that ®: C(Ry) — C(Ry) is a Lipschitz continuous hysteresis operator with Lipschitz
constant I > 0. Then ® satisfies (N1, N3) (with A =1) and (N4). If

lim (®(u))(t) =supNVS® and lim (®(—u))(t) =inf NVS P

t—o00 t—o0

for every ultimately non-decreasing u € C(Ry,R) with lim;—c u(t) = oo, then ® satisfies (N5).

In many situations, hysteresis operators occur in parametrized form, yielding a family {®¢}ecp of hysteresis
operators, where P is a subset of a normed vector space. We assume that 0 € P. Usually, the parameter £ plays
the role of an “initial state” or is related to the initialization of the nonlinear dynamics described by ®¢ (see
examples below). A family {®¢}ecp of hysteresis operators is called continuously unbiased at 0 (or, concisely,
unbiased) if there exists a function ¢: R x P — Ry which is continuous at (0, 0) with ¢(0,0) = 0 and such that

[(®e(u)(0)] < ¥(u(0),8), VueCRy), VEEP.

As an immediate consequence of the definition we have that, if {®¢}ecp is an unbiased family of hysteresis
operators, then (®o(u))(0) = 0 for all u € C(Ry) with u(0) = 0. Of course, a single hysteresis operator ® can
be interpreted as the singleton {®¢}, where &g := ®. We call ® unbiased if {®¢} is unbiased.

Remark 3.3. (a) For each 7 € Ry, define the projection operator @Q,: C(R;) — C(R4) by

(Qru)(t) = { u(t) for0<t<r,

u(r) fort>rT.

An important and well-known property of hysteresis operators is that they commute with @, for all 7 € R,
that is, if ® is a hysteresis operator, then

®Q, = Q. P, V1 eR,. (9)

The commutativity property (9) is an easy consequence of causality and rate-independence.

(b) We remark that there exist causal operators ®: C(R;) — C(R,) satisfying (9), but which are not hysteresis
operators. For example, consider the operator ®: C(R;) — C(R;) defined by

(@(w))(t) = (1 + @(t))u(t) 7/0 ' (s)u(s)ds, t€Ry, (10)

where ¢: R; — R is continuously differentiable. Clearly, ® is causal and a routine calculation shows that &
satisfies (9). However, unless ¢ is constant, ® is not, in general, rate-independent and hence not a hysteresis
operator.

(c) Tt is the commutativity property (9), rather than rate independence, which is used in the proofs of Lemmas 3.1
and 3.2 (see [9]). In the rest of the paper, the arguments relating to hysteresis operators are based on some
or all of the assumptions (N1-N6) and on Lemma 3.1. Consequently, in the results of Sections 4 and 5, the
requirement that ® be a hysteresis operator can be weakened to the assumption that ® is causal and satisfies (9).
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The latter assumption holds, in particular, for the operator ® defined by (10); moreover, provided that ¢’(t) > 0
for allt € Ry, ¢ is bounded and ¢(0) > 0, it is easy to show that ® satisfies (N1-N6)2. However, we believe that
non-rate-independent causal operators satisfying (9) may be of limited physical relevance and so are mainly of
academic interest. For this reason, we assume that the operators under consideration are hysteresis (i.e., causal
and rate independent) operators rather than causal operators satisfying (9).

In the remainder of this section, we describe various classes of hysteresis operators satisfying (N1-N6)
and (LW). These classes, and the properties (N1-N3), (LC) and (LW), have a well-established pedigree (see,
for example [1,2] and the pioneering work in [8]).

Static nonlinearities (Nemitski operators). For a continuous function ¢: R — R, we define the corre-
sponding static nonlinearity (or Nemitski operator) S¥ by

S CRy) - C(Ry), u—pou.

Clearly, S¥ is a hysteresis operator. The operator S¥ is unbiased if and only if ¢(0) = 0. It is easy to see that
if ¢ is non-decreasing and globally Lipschitz with Lipschitz constant { > 0, then S% satisfies (N1-N6) (with the
constant A = [ in (N3)). Under the additional assumption that ¢ is piecewise C! with locally Lipschitz derivative
on the intervals of continuous differentiability, a routine argument shows that S¥ satisfies the condition (LW).
Trivially, we have that NVSS¥ = im .

Relay (passive, positive) hysteresis. Relay (also called passive or positive) hysteresis, has been discussed
in a mathematically rigorous context in a number of references, see for example [9] and [11]. To give a formal
definition of relay hysteresis, let ag,a; € R with ap < a1 and let ¢g: [ag,00) — R and ¢;1: (—00,a1] — R be
non-decreasing and globally Lipschitz with the same Lipschitz constant [ > 0 and such that ¢g(ag) = ¢1(ag)
and @o(a1) = p1(a1). For v € C(Ry) and ¢ > 0 define

S(ust) = w ansan) 1[0.1), vl = { M0 HED 2D

Following Macki et al. [11], for € € {0,1}, we define an operator R¢: C(R4) — C(R4) by

e1(u(t)) if u(t) < agp,
Y8 Tt < (o), 7(08) £ 1 and ()
_ w1 (u(t if u(t) € (ao,a1), 7(u,t —1 and u(7(u,t)) = ao,
(Re(DW = Cotu(e)) ifult) € (aorar), 7(u,t) £ —1 and u(r(u, 1)) = ar
wo(u(t)) if u(t) € (aop,a1), 7(u,t) = —1 and £ = 0,
e1(u(t)) if u(t) € (ag,a1), 7(u,t) = —1 and & =

The number £ plays the role of an “initial state” which determines the output value (R¢(u))(t) if u(s) € (ao, a1)
for all s € [0,¢]. The operator R is illustrated in Figure 2. It is trivial that R¢ is a hysteresis operator.
If 0 < ag (respectively, 0 > ag), then the family {Ro,R1} is unbiased if and only if ¢1(0) = 0 (respectively,
©0(0) = 0). It is clear that R is Lipschitz continuous if and only if g (v) = ¢1(v) for all v € [ag, a1], i.e., if and
only if R¢ “degenerates” into a static nonlinearity. From [9] we know that R, satisfies (N1-N6) (with A =
in (N3)). Under the additional assumption that ¢y and ¢; are piecewise C! with locally Lipschitz derivatives
on the intervals of continuous differentiability, a routine argument shows that R, satisfies the condition (LW).
We note that NVSR¢ = im ¢p U im ;.

2We are grateful to an anonymous reviewer who drew our attention to the operator ® in (10) as an example of a non-rate-
independent causal operator satisfying (N1-N6).
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Ficure 3. Backlash hysteresis.

Backlash hysteresis (play operator). A discussion of the backlash operator (also called play operator) can
be found in a number of references, see for example [1,2,8] and [9]. Let h € R and introduce the function

bp: R? = R, (v,w) — max{v — h, min{v + h,w}}-

Let Cpm(R4) denote the space of continuous piecewise monotone functions defined on R. For all h € R, and
all £ € R, we define the operator By ¢: Com(R4) — C(R4) by

_ [ bn(u(0),8) for t =0,
B0 = { 4ol G )6 for by <0< b 1= 0,12,

where 0 = t) < t1 < t2 < ..., lim, o0 t, = 00 and u is monotone on each interval [t;,t;+1]. We remark that &
plays the role of an “initial state”. It is not difficult to show that the definition is independent of the choice
of the partition (¢;). Figure 3 illustrates how B ¢ acts. It is well-known that B ¢ extends to a Lipschitz
continuous operator on C(R) (with Lipschitz constant { = 1), the so-called backlash operator, which we shall
denote by the same symbol By, ¢. It is also well-known (and easy to check) that By ¢ is a hysteresis operator.
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Ene(u)

FIGURE 4. Elastic-plastic hysteresis.

From [2] (see Lem. 2.3.1, p. 42) we obtain
Bh,e(w)(0)] < [u(0)] + €], VueCRy), VEER, (11)

showing that, for fixed h € Ry, the family {Bj ¢}eer is unbiased. As shown in [9] for example, By ¢ satis-
fies (N1-N6) (with A =1 in (N3)) and it follows from [2] that B}, ¢ satisfies (LW) (see Prop. 2.3.7, p. 47 in [2]).
It is obvious that NVS B, ¢ = R.

Elastic-plastic hysteresis (stop operator). The elastic-plastic operator (also called stop operator) has been
discussed in a mathematically rigorous context in a number of references, see for example [1,2,8] and [9]. To
give a formal definition of the elastic-plastic operator, for each h € R define the function ep: R — R by

en(v) = min{h, max{—h,v}}-

For all h € Ry and all £ € R, we define an operator &, ¢: Com(R4+) — C(R4) by

| en(u(0) =) for t =0,
(En,e(u))(t) = { en(u(t) — u(ts) + (En e()(t) for ti <1< tis1,i=0,1,2,...,
where 0 = tp < t; <2 < ..., lim, o t, = 00 and w is monotone on each interval [t;, ¢;+1]. Again, £ plays the
role of an “initial state”. The operators &, ¢ and By, ¢ are closely related:

5h,§(u) + Bhyg(u) =u, VYuée Cpm(R+), (12)

see, for example [2] (p. 44). The way &, ¢ acts is illustrated in Figure 4. It follows from (12) and the properties
of By, ¢ that &, ¢ extends to a Lipschitz continuous hysteresis operator (with Lipschitz constant [ = 2). This
extension, which we denote by the same symbol &, ¢, is called the elastic plastic operator. For fixed h € R,
the family {&€r ¢}eer is unbiased (this follows from (12) and the fact that {Bj, ¢}ecr is unbiased). As shown
in [9] for example, &, ¢ satisfies (N1-N6) (with A = 2 in (N3)) and it follows from [2] that &, ¢ satisfies (LW)
(see Prop. 2.3.7, p. 47 in [2]). It is clear that NVS &y, ¢ = [—h, h).

Prandtl operators. All the hysteresis operators considered so far model relatively simple hysteresis loops. The
Prandtl operator (also called the Prandtl-Ishlinskii operator), introduced below, represents a far more general
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FIGURE 5. Example of Prandtl hysteresis.

type of hysteresis which for certain input functions exhibits nested loops in the corresponding input-output
characteristics. A Preisach memory curve is a function £: Ry — R which has compact support and is globally
Lipschitz with Lipschitz constant 1. The set of all Preisach memory curves is denoted by II. Furthermore, let p
be a signed Borel measure on R such that |x|(K) < oo for all compact sets K C R, where |u| denotes the total
variation of p. Let £ € II. The operator Pe: C(R4) — C(R4) defined by

PO = [ Brcn@)Oaut), Vue CRLR), ViR

is called a Prandtl operator, cf. [2] (p. 54). It is well-known (and easy to check) that P is a hysteresis operator.
Assume that the measure p is finite. Then it follows from [2] that Pg satisfies (LW) (see Prop. 2.4.11, p. 59
in [2]). The operator P¢ is Lipschitz continuous with Lipschitz constant ||(R) (since the backlash operator is
Lipschitz continuous with Lipschitz constant 1) and, moreover, {P¢}ecrr is unbiased, since

|(Pe(w)(0)] < [ul(Ry) (IU(O)I +sup IE(h)I> , VueCRy), VEell

by (11). Furthermore, if we additionally assume that p is positive, then, as shown for example in [9]
(N1-N6) hold (with A = p(R4) in (N3)). For & = 0 and the measure p given by pu(E) = [, (sin(rh)+1)x(0,10dh
(where xo,109) denotes the indicator function of the interval [0, 10]), the Prandtl operator is illustrated in Fig-
ure 5. It follows from [9] that NVSP: = R, provided that x4 # 0. Finally, we remark that the above class of
Prandtl operators can be generalized to include the so-called Preisach operators (see [2]): a large class of such
operators also satisfy (N1-N6) (see [9]) and (LW) (see [2]).
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4. ASYMPTOTIC BEHAVIOUR OF SOLUTIONS TO FEEDBACK SYSTEMS SUBJECT
TO HYSTERESIS

Consider the feedback system shown in Figure 1, where G is a convolution operator with kernel g, ® is a
hysteresis operator, r; and ro are input and disturbance signals, respectively. Mathematically, the feedback
system is described by the integral equation

y=Gri+ry—GP(y) =g*r1+12 — g*P(y). (13)

Theorem 4.1. Let g € L2(Ry) for some a < 0, ri,m2 € W' (Ry) with v,ry € LA(Ry), and let ®:
C(R4+) — C(R4) be a hysteresis operator satisfying (N1, N2) and (N3) with associated \ > 0. Assume that

im}%Re G(iw) > —1/A, (14)
we

where G denotes the Laplace transform of g (or, equivalently, G is the transfer function of G).

(a) If g is locally of bounded variation, then (13) has a unique locally absolutely continuous solution y defined
on Ry (no finite escape-time) and there exist constants 3 € («,0) and v > 0 (depending only on g and A) such
that y/a (q)(y))/ € L%(RJr);

Iyl oo ryy + 1P Lo ry) + Hy'HLg(Rg + ||(‘1>(Z/))'HL§,(R+)
<Y lzz ey +Ir2llzz @) + Ir0)] + [r2(0)] + [(2(r2)) (0)]) (15)

and y(t) and (P(y))(t) converge to finite limits as t — oo, the convergence being exponential with convergence
rate (3.

(b) If @ satisfies (LW), then the conclusions of statement (a) remain valid.

Remark 4.2. Assume that {®¢}ecp is an unbiased family of hysteresis operators satisfying, for each { € P,
(N1, N2) and (N3) with associated A > 0 independent of £. Inequality (15) shows that, if

(Il 2y + Irsllza e,y + ra ()] + Ira(0)] + lill) = 0,
then
(Il + 12y + 113 + 1@ 3, ) — O

Note that this remark applies in particular to backlash, elastic-plastic and Prandtl operators.
Proof of Theorem 4.1. (a) By the positive-real assumption (14), there exists € > 0 such that

1/A+ReG(iw) > e, VweR. (16)
Setting f(s) := exp(—1/A — G(s)), we have

£ (s)] = exp(=1/A = Re G(s)).
Since G(s) — 0 as |s| — oo in Cy and applying the maximum modulus theorem to f, (16) yields

1/A+ReG(s) > ¢, VseCy. (17)
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Moreover, G € H>*(Cg) for any § > «, and therefore G is uniformly continuous on any vertical strip of the
form oy < Res < ag, where o < a3 < ag (see Th. 3.7, p. 82 in [3]). Consequently, it follows from (17) that
there exists 8 € («,0) such that

1/A+ReG(s) >¢/2>0, Vsec Cgs. (18)

A z 1+éz -
2

1
X+Rez>0 <— 5

Now, for any z € C,

<1

Combining this with (18) and the fact that G(s) — 0 as |s| — oo in Cs and setting v := \/2, we may conclude
that

K= l/sSEu(g) |G(s)(1 +vG(s)) ! < 1. (19)

The operator ® satisfies (N3) and, hence, it also satisfies (LC). Furthermore, g+ r; 4+ 2 € W,2! (R ). Thus, it

loc
follows from part (a) of Theorem 2.2 that (13) has a unique maximal locally absolutely continuous solution y

defined on the maximal interval of existence [0,¢*). Differentiation of (13) shows that, on the interval [0,t*),
y' =(g*r) +ry = (g*2(y)) = gxry 415+ [r1(0) — (2(r2))(0)]g — g * (dyy),
where dy: [0,t*) — [0, A] is a measurable function whose existence is guaranteed by Lemma 3.1. Defining
fri=gxri+ry+ [r(0) — (2(r2))(0)]g € LE(R4) (20)
and setting
o) = f(0)e ", gs(t) = g()e ™, yh(t) =y (t)e™™,
we obtain
ys = fa —gp * (dyys), on [0,t%). (21)
This equation can be written in the form
(00 +vgp) *yjs = fp — ga* [(dy — V)ypl,  on [0,27), (22)
where dy denotes the unit mass at 0. It follows from (19) that

inf |1+ vG(s)| >0,

seCp

and consequently, §y + vgs is invertible in the convolution algebra Rdy + L*(R;) (see Th. 4.1, p. 45 in [6]).
Setting

h:= (80 +vgs)™t, k:i=gs*(d+rgs) ",
we obtain from (22)

y'ﬁ =hx*fz—kx*[(dy — I/)yé], on [0, t*). (23)



182 H. LOGEMANN AND E.P. RYAN

The L?-induced norms of the convolution operators v — h * u and u — k * u are given by

vy == sup |(1+vG(s)) ™ and v = sup |G(s)(1+vG(s)) !,

seCg seCpg

respectively. Since dy(t) € [0,2v] for a.e. t € [0,t*), we have |d, ( —v| < v for ae. t € [0,t*). Furthermore,
fs,95 € L*(Ry) and dyyj; € Ly ([0,1%)), and so (21) shows that yj; € L7, ([0,¢*)). Therefore, we may conclude
from (23) that

1Yl L2 0,y < vall fall 2o + vavllypli2qo, . VE € [0,27).

By (19), vxv = k < 1, and hence
lysll 2oy < = Hfﬁllm(oq), vt e[o,t7). (24)

To show that t* = oo, note that, by (24), ¥’ € L'([0,¢*)), and consequently (®(y)) = d,y’ € L*([0,t*)). It
follows that ®(y) is bounded on [0,¢*), which implies t* = oo (by part (a) of Th. 4.1). Therefore, using (24)
and the fact that |d,(t)] < A for a.e. t € R, we obtain

(14 Nvp
||y/||L§3(R+) + H(‘I’(?J))I||L§3(R+) < 17||f||L6(]R+) (25)

Routine estimates show that for all t € Ry

O]+ 1@ENE] < O] + @O + 51225 + 1@E) e,
< WO+ @O+~ (Wl + 100 lizce,)-

Combining this with (25) and using that y(0) = r2(0) gives
(14 Nvp
)+ 1B | poom,y < [F2(0)] + [(B(r2))(0)] + —— 270 :
1Yl @) + 1RW) Lo @y) < Ir2(0)] +[(2(r2))(0)] a_n 2|B|HfHL%(]R+)

Which together with (20) and (25), yields (15). Since y' € L3(Ry) C L'(Ry), y(t) converges to the finite limit
)+ fo s)ds as t — oo and a routine estimate ylelds

eBtHyIHLg(uh)
V2|8

showing that the convergence is exponential with convergence rate 3. Exactly the same argument applies to
show exponential convergence of (®(y))(t) as t — oc.

|y(t)*y°o|§/ ly'(s)]ds < , VteRy
t

(b) The existence and uniqueness of a maximal locally absolutely continuous solution y: [0,t*) — R follows
from part (b) of Theorem 2.2. We can argue as in the proof of part (a) to obtain inequality (24), which shows
that ¥’ € L'([0,¢*)). This in turn implies that t* = oo, because otherwise part (b) of Theorem 2.2 would yield
a contradiction to the maximality of t*. The claims now follows as in the proof of part (a). O

In Theorem 4.1 it is assumed that the linear system is described by a convolution operator with kernel
in L2 (R ) for some a < 0. This implies that the linear system is input-output stable and, in particular, does not
contain any integrators. In the following we shall derive a result similar to Theorem 4.1 which applies to a class
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F1GURE 6. Feedback system with integrator and hysteresis.

of linear systems containing an integrator. To this end consider the feedback system shown in Figure 6, where G:
L?(Ry) — L*(Ry) is a linear bounded shift-invariant operator. Since shift-invariance implies causality, G can

be extended to a shift-invariant operator mapping L2 (R, ) into itself. We will not distinguish notationally

between G and its extension. We define a shift-invariant operator H: L2 (Ry) — L (Ry) by

loc

Hu = A Gu. (26)

Denoting the transfer functions of G and H by G and H, respectively, we have that G € H>(Cy) and
H(s) = G(s)/s. We assume that

(L) the limit G(0) := lims_.0, sec, G(s) exists, G(0) > 0 and

limsup |(G(s) — G(0))/s| < oc.

s—0,s€Cy

The proof of the following lemma can be found in the Appendix.

Lemma 4.3. Let G € L(L*(R)) be a shift-invariant operator whose transfer function G satisfies condition (L).
Then

(a) GO — G(0) € L3(Ry), where 6 denotes the unit-step function;
(b) the shift-invariant operator K defined on L?(Ry) by

(KU)(t):A ((Gu)(s) — G(0)u(s))ds (27)

is in L(L*(R4)) with convolution kernel in L*(R4);
(c) forue WEHR,) with o' € L2(R,), we have that

loc
Gu = G(0)u + Ku' 4+ u(0)(G§ — G(0)); (28)
in particular, Gu — G(0)u € L*(R,).
Consider the integral equation

y=Hri+ry— HO(y) (29)

which describes the feedback system shown in Figure 6.
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Lemma 4.4. Assume that H is of the form (26), where G: L?*(Ry) — L?(Ry) is a linear bounded shift-
invariant operator. Let ®: C(Ry) — C(Ry) be a hysteresis operator satisfying (LC) and (N4). Moreover,
let 1y € L2 (Ry) and ry € Wli’f(RJr). Then (29) has a unique locally absolutely continuous solution y defined

loc
on Ry (no finite escape-time).

Proof. Let 8 > 0. Since the transfer function H is of the form H(s) = G(s)/s, where G € H>(Cy), it is clear
that H € H?(Cg). Consequently, by a well-known theorem of Paley and Wiener, the inverse Laplace transform
of H, denoted by h, is in L% (R4) C L (Ry). Setting 7 := Hry + 1o € Wéf (R4), (29) can be rewritten in the
form

y(t) = r(t) - / Wt - 5)(®(y))(s)ds, t> 0.

Thus it follows from part (a) of Theorem 2.2 that (29) has a unique maximal solution y € C([0,¢*)). It is clear
that r and H®(y) are locally absolutely continuous and hence so is y = r — H®(y). To show that t* = oo,
suppose, for contradiction, that ¢* < co. Using assumption (N4) and arguing as in [9] (see Step 3 in the proof
of Lem. 14.5, p. 290 in [9]), shows that y is bounded on [0, ¢t*). Invoking again (N4), we may conclude that ®(y)
is bounded on [0,¢*), which, by part (a) of Theorem 2.2, contradicts the supposition that ¢t* is finite. a

Theorem 4.5. Assume that H is of the form (26), where G: L*(Ry) — L2?(Ry) is a linear bounded shift-
invariant operator with transfer function G satisfying assumption (L). Let ®: C(R;y) — C(R4) be a hysteresis
operator satisfying (N1-N5) and such that 0 € closNVS®. Let A > 0 be the constant associated with (N3).
Assume that there exists € > 0 such that

ReH(iw) = Re(G(iw)/iw) > e —1/A, ae. weR. (30)

Then, for all 1 € L*(Ry) and all o € WH(Ry) with v, € L2*(Ry), there exists a unique locally abso-
lutely continuous solution y of (29) defined on Ry and such that (®(y)) € L3*(R.), ®(y) is bounded and
limy oo (®(y))(t) = 0. Moreover, there exists v > 0 (depending only on G, X and €) such that

1Ry + 1@ llL2@y) < v(Irallz2@y) + IrallL2e,) + [(@(r2) ()] (31)

Under the additional assumptions that (N6) holds and that 0 € int NVS @, y is bounded.
For the proof of Theorem 4.5 we need the following lemma which is a special case of Theorem 3.3 in [4].

Lemma 4.6. Assume that H is of the form (26), where G: L?*(R;) — L?(Ry) is a linear bounded shift-
invariant operator with transfer function G satisfying assumption (L). Consider the integral equation

w=r—Hp(,w), (32)
where r € L2(Ry)+R and ¢: Ry xR — R is a time-dependent static nonlinearity satisfying the sector condition
0<o(t,v)v<ar?, YveR, ae tcRy

for some a > 0. Assume that there exists € > 0 such that
ReH(iw) = Re(G(iw)/iw) > e —1/a, a.e. we R,

where H and G denote the transfer functions of H and G, respectively. If w: Ry — R is a solution of (32),
then (i) ¢(-,w) € L2(Ry), (ii) lim— oo fot o(s,w(s))ds exists and is finite, and (iii) there exists v > 0 (depending
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only on G, a and €) such that

/O (s, w(s))ds| <([lr = roll 2y + [rol) s (33)

o, w)llz2ry) + sup
teR 4

where ro € R is such that r —rg € L*(R).
Proof of Theorem 4.5. Since (N3) implies (LC), we may apply Lemma 4.4 to obtain the existence of a unique
locally absolutely continuous solution y of (32) defined on R;. Setting f := Hry + 12 € Wéf (Ry), we have
y = f — H®(y) and hence

y' =f - Go(y). (34)

By Lemma 3.1 there exists a measurable function dy,: Ry — [0, A] such that

(®(y) = dyy' = —dyuw, (35)
where
w = —y'.
Integrating (35) from 0 to ¢ leads to
(@(y)(t) = (2(y))(0) — /Ot dy(s)w(s)ds. (36)
Define
r=G((2(y))(0)0) - f = G((2(y))(0)0) — Gr1 — 15, (37)

where : R — R denotes the unit-step function. Combining (34, 36) and (37) and using the fact that, by
shift-invariance, G commutes with integration, we obtain

w(t) =r(t) - /0 (G(dyw))(s)ds = r(t) — (H (dyw))(?)- (38)

Note that (38) is of the form (32) with ¢ given by ¢(t,v) = d,(t)v satisfying the sector condition 0 < (¢, v)v
< \v? for all v € R and almost all t € R;. Moreover, using the facts that 71,7, € L?(Ry), that G: L?*(Ry)
— L%(R.) is bounded and that, by part (a) of Lemma 4.3, G — G(0) € L?(R;), we conclude that r € L%(R)+
R. We may now apply Lemma 4.6 to (38) to conclude that d,w € L?(R,) and that fot dy(s)w(s)ds converges to
a finite limit as ¢ — oo. Using (35) and (36) it follows that (®(y))’ € L2(R,) and that lim; .. (®(y))(t) exists
and is finite. It follows from (37) and part (a) of Lemma 4.3 that

7= (2(r2))(0)G(0) = (2(r2))(0)(GI — G(0)) — Gy — 75 € L*(R4),

and therefore (31) is an immediate consequence of (33).
Setting I := lim;—,oo(®(y))(t), it remains to show that = 0. To this end write y' = f' — G®(y) in the form

Yy =wi +wz, where wi:=—-G(0)®(y), wa = f — (GP(y) — G(0)®(y)).
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Clearly,

tlim wi (t) = —G(0)L.

Since ®(y) € W1 (R,) with (®(y)) € L3(Ry), it follows from part (c) of Lemma 4.3 that G®(y) — G(0)®(y)

loc

€ L*(R4). Moreover, since also f' € L?(Ry), we have that we € L?(Ry). Seeking a contradiction, suppose
that I < 0. By assumption (L), G(0) > 0, and so § := —G(0)! > 0. We use the splitting y' = wy + w2 and we
further split wy into we = w3 + wy, where

ws(t) := max{wa(t), —d/3}, wa(t) :=wa(t) —ws(t), VteR,.

Thus, ws > —46/3 and wy = xg(w2 + 6/3), where xg is the indicator function of the set E := {t € R |wa(t)
< —4/3}. In particular, since wy € L?(R.), the set E has finite Lebesgue measure, and so, wy € L'(Ry).
Since ws > —§/3 and lim;_, o, w1 (t) = J, by taking 79 > 0 large enough, we have

wi(t) +ws(t) > 6/3, Yit> . (39)

Integrating the equation ' = wy + w3 + wy from 7 > 7 to ¢ gives

y(t) = y(1) +/ (w1(s) + ws(s))ds +/ wy(s)ds > y(r)+6(t —7)/3 +/ wy(s)ds. (40)

Since wy € Ll(R+), for given £ > 0, there exists 7. > 79 such that

/oo 4 (s)] ds < . (41)

=

Defining y. € C(R;) by

R0 for 0 <t <7,
ye(t) = { y(re) + f:a (w1(s) +ws(s))ds for ¢ > 7,

it follows from (39) that y. is ultimately non-decreasing, and moreover, by (40) and (41),
ly(t) —ye(t) <e, VteRy,

showing that y is approximately ultimately non-decreasing. By (40), lim; o y(¢t) = oo, and so we may in-
voke (N5) to conclude that

0>1= tlim (®(y))(t) =supNVS P,
— 00
which is in contradiction to 0 € closNVS ®. Therefore, [ > 0. An analogous contradiction argument shows

that [ < 0. Therefore, I = 0 and so lim;_(®(y))(t) = 0. Boundedness of y now follows immediately, provided
(N6) holds and 0 € int NVS ®. O

5. APPLICATION TO WELL-POSED STATE-SPACE SYSTEMS

This section is devoted to applications of the results in Section 4 to well-posed state-space systems. There are
a number of equivalent definitions of well-posed systems, see [5,13-18,20,21]. We will be brief in the following
and refer the reader to the above references for more details. Throughout this section, we shall be considering
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a well-posed system ¥ with state-space X, input space R and output space R, generating operators (A, B, C),
input-output operator G and transfer function G. Here X is a real Hilbert space with norm denoted by || - ||,
A is the generator of a strongly continuous semigroup T = (T);>0 on X, B € L(R, X_;) and C € L(X1,R),
where X3 denotes the space dom(A) endowed with the norm ||z||; := ||z| 4 || Ax|| (the graph norm of A), whilst
X _1 denotes the completion of X with respect to the norm ||z||—1 = ||(2] — A)~'z||, where 2 € o(A) (different
choices of z lead to equivalent norms). Clearly, X; C X C X_; and the canonical injections are bounded and
dense. The semigroup T restricts to a strongly continuous semigroup on X; and extends to a strongly continuous
semigroup on X _; with the exponential growth constant being the same on all three spaces; the generator of the
restriction (extension) of T is a restriction (extension) of A; we shall use the same symbol T (respectively, A)
for the original semigroup (respectively, generator) and the associated restrictions and extensions: with this
convention, we may write A € £L(X, X_1) (considered as a generator on X_1, the domain of A is X). Moreover,
the operator B is an admissible control operator for T, i.e., for each ¢t € R, there exists oy > 0 such that

The operator C' is an admissible observation operator for T, i.e., for each t € Ry there exists 3; > 0 such that

t
/ Ty, Bu(r)dr|| < aylfull 2oy, Vu € L2([0,4]).
0

t 1/2
(/ |CTTx|2dT) < Bz, Vze X
0

The control operator B is said to be bounded if it is so as a map from the input space R to the state space X,
otherwise is said to be unbounded; the observation operator C is said to be bounded if it can be extended
continuously to X, otherwise, C' is said to be unbounded.

The so-called A-extension Cp of C' is defined by

Cax = lim RC’s(sIfA)*I:E,

§—00, S€

with dom(C}y) consisting of all z € X for which the above limit exists. For every x € X, Tix € dom(Cy) for
a.e. t € Ry and, if w > w(T), then CyTz € L?(R.), where

o1
w(T) = lim = In|[Te],

denotes the exponential growth constant of T. The transfer function G satisfies

1

s —Z

(G(s) = G(2)) = —C(sI —A) " (zI — A)7'B, Vs,z € Cyr), s # 2, (42)

and G € H*(C,) for every w > w(T). The input-output operator G: L2 (R;) — L?

loc i o(Ry) is continuous and
shift-invariant; moreover, for every w > w(T), G € L(L?(R,)) and

(Gu)(s) = G(s)i(s), VseC,, YuecLA(R,),

where the superscript ~ denotes the Laplace transform. In the following, let 2 € C,, (1) be fixed, but arbitrary. For
20 € X and u € LIQOC(R+), let x and y denote the state and output functions of ¥, respectively, corresponding

to the initial condition z(0) = 2° € X and the input function u. Then z(t) = T;2° + fot T;_,Bu(7)dr for
all t € Ry, z(t) — (2I — A)~'Bu(t) € dom(Cy) for a.e. t € Ry and

2'(t) = Ax(t)+ Bu(t), z(0)=2° ae tcR,, (43a)
y(t) = Ca(z(t)— (I — A)7'Bu(®)) + G(2)u(t), ae.t>0. (43b)
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Of course, the differential equation (43a) has to be interpreted in X_;. Note that the output equation (43b)
yields the following formula for the input-output operator G

(Gu)(t) = Ca {/0 T, Bu(r)dr — (2I — A)"' Bu(t)| + G(2)u(t),
Vuec LE (Ry), ae t €Ry. (44)

In the following, we identify ¥ and (43) and refer to (43) as a well-posed system.
We say that (43) is exponentially stable if w(T) < 0. The well-posed system (43) is called strongly stable if
the following four conditions are satisfied:
(i) G is L?-stable, i.e., G € L(L?*(R4)), or, equivalently, G € H>(Cy);
(ii) T is strongly stable, i.e., lim;_,o, Trx = 0 for all z € X;
(iii) B is an infinite-time admissible control operator, i.e., there exists a > 0 such that || [;° TsBuv(s)ds||
< al|v]|2(r,) for all v € L*(R4);
(iv) C is an infinite-time admissible observation operator, i.e., there exists 8 > 0 such that (f;~ ||CTsz|*ds)/?
< B|lz|| for all z € X;.

Obviously, exponential stability implies strong stability, but the converse is not true.
If the well-posed system (43) is regular, i.e., the following limit

lim G(s)=D

s—o00, SER
exists and is finite, then z(t) € dom(Cy) for a.e. t € Ry, the output equation (43b) simplifies to
y(t) = Cpz(t) + Du(t), ae. t>0

and
¢
(Gu)(t) = CA/ T; ,Bu(r)dr 4+ Du(t), VYuec L} (R,), ae tcR,.
0

Moreover, in the regular case, we have that (sI — A)"!BR C dom(C,) for all s € o(A4) and
G(S) :CA(SI—A)ilB-‘rD, VSE(CW(T).

The number D is called the feedthrough of (43).
Finally, for the application of the results in Section 4 to well-posed systems, we need the following two
technical lemmas:

Lemma 5.1. Assume that the control operator B or the observation operator C' is bounded. Then system (43)
is reqular. Moreover, the inverse Laplace transform of the transfer function G, or, equivalently, the impulse
response of (43), is in R + L2 (Ry.) for any w > w(T), where & denotes the unit mass at 0.

The proof of the above lemma can be found in Logemann and Ryan [10], whilst the proof of the lemma below
is given in the Appendix.

Lemma 5.2. (a) Assume that T is exponentially stable, i.e. w(T) < 0 and let 5 € (w(T),0). Then there exists
v > 0 such that, for all z° € X and all u € WL (Ry) with v’ € L3(Ry), the solution x of (43a) satisfies

o+ A7 Bullpz @, 0 < 7 (2% + O] + v/ 2z, -
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(b) Assume that T is strongly stable, 0 € o(A) and B is infinite-time admissible. Then there exists v > 0 such
that, for all 2° € X and all w € W,"H(R) with o' € L*(Ry), the solution x of (43a) satisfies

loc
Iz + A7 Bul| ooy x) < 7 ([12°]] + [w(0)] + [|u'[| 2ryy) -

Moreover, lim;_, ||z(t) + A1 Bu(t)|| = 0.

Application of Theorem 4.1. Assume that (43) is regular with feedthrough D = 0 and consider the feedback
law u = —®(y), where &: C(R;) — C(R) is a hysteresis operator. The feedback system is then given by

t' = Az — B®(Cpz), x(0)=2°¢c X, (45)

Let 0 < 7 < 00. A solution of (45) on the interval [0, 7) is a continuous function z: [0,7) — X such that z(t) €
dom(Cy) for a.e. t € [0,7), Caz € C([0,7)) and

x(t)=x0+/0 [Ax(s) — B(®(Caz))(s)lds, Vi€ [0,7).

Theorem 5.3. Assume that (43) is exponentially stable, that B or C is bounded (hence (43) is regular, by
Lem. 5.1) and that the feedthrough is zero. Furthermore assume that ®: C(Ry) — C(Ry) is a hysteresis
operator satisfying (LW) and (N1, N2) and (N3) with associated A > 0. Assume that

iré%Re G(iw) > —1/A.

Then, for all 2° € X1, equation (45) has a unique solution x defined on Ry satisfying x(t) € dom(C) for
all t € Ry. Moreover, z(t), Cx(t) and (P(Cx))(t) converge exponentially fast as t — oo and there exists a
constant v > 0 (depending only on (A, B,C) and \) such that

2/l = (R x) + 1C2] Lo sy + 1 B(C2) | oo sy < V(1211 + [(R(C2))(0))). (46)

Proof. Let 2° € X1, a € (w(T),0) and let g denote the impulse response of (43). By assumption, (43) is regular
with B or C bounded and with zero feedthrough. Therefore, by Lemma 5.1, g € L2 (R ). Consider the integral
equation

w=CTz" — gx ®(w). (47)

Since CTz° € Wﬁ)’cl (R4) with derivative (CTa") = C,TAz® € L2(Ry), it follows from an application of
part (b) of Theorem 4.1 with 71 = 0 and 7o = C'Ta? that (47) has a unique absolutely continuous solution w:
R; — R. A routine argument then shows that the function z: Ry — X defined by

z(t) == Ty 7/0 T, B(®(w))(s)ds, tecRy (48)

is the unique solution of (45). Clearly, if C is bounded, then z(t) € dom(C) = X for all t € R;. If C is
unbounded, then, by assumption, B is bounded; using the absolute continuity of ®(w) and a standard result
on abstract Cauchy problems (see Th. 2.4, p. 107 in Pazy [12]) shows that z(t) € dom(C) = X; for all t € Ry.
Noting that

Cz = CTz’ — G®(w) = CT2° — g» ®(w),
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it follows that Cax = w. Applying again part (b) of Theorem 4.1 to (47) shows that there exists § € (w(T),0)
such that ®(Cz) € L3(Ry), Cx(t) and (®(Cx))(t) converge exponentially fast (with convergence rate J3) to
finite limits as t — oo and, furthermore, there exists 4 > 0 (depending only on (4, B,C) and \) such that

1O L (g ) + 12(Ca)l| e =y + 1(R(C2)) [l 22R, ) < A(I2°1 +1(2(C2®))(0)]).
Combining this with part (a) of Lemma 5.2 shows that (46) holds and that

lim z(t) = 7‘4713,51220(@(093))@)’

t—o00
the convergence being exponential with convergence rate (.

Remark 5.4. Assume that {®¢}ecp is an unbiased family of hysteresis operators satisfying, for each { € P,
(LW), (N1, N2) and (N3) with associated A > 0 independent of £. Inequality (46) shows that

(Il e g x) + 102 ooy + [ @(Ca)ll L)) — 0 as (%]l +[I€]]) — 0. (49)

In the infinite-dimensional case, equation (49) is of limited use, since 2° is required to approach 0 in the norm

of X7 rather than X. In the finite-dimensional case, however, (49) expresses a Lyapunov-type stability property
of the feedback system. Under the extra assumption that there exists a C-function x (that is, x is a continuous
non-decreasing function from Ry to Ry with x(0) = 0) such that
|(®e(u))(0)] < w([u(0)| + [£]),  VueCRy), VEEP, (50)
it follows from (46) that
2]l ey x) + 102 Lo ) + 1R6(C)l| e my) < B(I2° + €N, Va2 € Xu, VEEP (51)

for a suitable K-function . In the finite-dimensional case this is reminiscent of stability in the large. It follows
from (11) that their exist K-functions & such that the backlash, elastic plastic and Prandtl families satisfy (50).

Application of Theorem 4.5. Consider (43) with the feedback law
u=®), v =-y,
where ®: C(Ry) — C(Ry) is a hysteresis operator. The resulting feedback system is then given by

' = Az + BO(v), 2(0)=2°c X, (52a)
v =—Ch (z— (21 — A)"'B®(v)) — G(2)®(v), v(0) =" €R. (52b)

Let 0 < 7 < oo. A solution of (52) on the interval [0,7) is a continuous function (z,v): [0,7) — X x R such
that z(t) — (21 — A) "' B(®(v))(t) € dom(Ch) for a.e. t € [0,7), Cp(x — (21 — A)"'B®(v)) € Li .([0,7)) and for
all t € [0,7)

£(t) = 2% + / [Ax(s) + B(®(v))(s)]ds,

v(t) =0’ ~ /O [Cal(s) — (21 = AT B((v))(s)) + G(2)(2(v))(5)]ds.
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Theorem 5.5. Assume that (43) is strongly stable, 0 € o(A) and G(0) > 0. Let ®: C(R;) — C(Ry) be a
hysteresis operator satisfying (N1-N5) and such that 0 € closNVS®. Let A > 0 be the constant associated
with (N3). Assume that there exists € > 0 such that

Re(G(iw)/iw) > e—1/\, a.e. weR.
Then, for all (z°,0°) € X x R, there exists a unique solution (z,v) of (52) defined on Ry such that x and

®(v) are bounded, lim;_ o ||2(t)|| = 0, limy_o0 (®(v))(t) = 0, (®(v)) € L3(Ry) and v' + G(0)®(v) € L*(R,).
Moreover, there exists v > 0 (depending only on (A, B,C), G, A and €) such that

]| oo s 300 + 1) ooy + (@) 22y < ¥(12°] +1(2(°)(0))D), (53)

where ®(v°) denotes the application of ® to the constant function t — v°. Furthermore,

(a) if (N6) holds and 0 € int NVS @, then v is bounded;
(b) if limy_oo CATi2° = 0 and limy_(GO)(t) exists (where 6 denotes the unit-step function), then
lims—, oo v'(¢) = 0.

Proof. Let (z°,v°) € X x R. By Lemma 4.4, the integral equation

v(t) =° 7/0 C’ATS:COdsf/O (GO(v))(s)ds (54)

has a unique absolutely continuous solution v defined on R,. Define the continuous function x: Ry — X by

z(t) = Ty +/O T;_sB(®(v))(s)ds.

Then
CaT2" + Ge(v) =y = Cp (z — (21 — A)"'B®(v)) + G(2)®(v)

and a routine argument using standard properties of well-posed systems shows that (x,v) is the unique solution
of (52) on R;. Since 0 € p(A), the transfer function G(s) admits an analytic extension to a neighbourhood
of 0. By assumtption7 G(0) > 0, and it follows that G satisfies assumption (L). Defining r € W' (R} )
by r(t) = v° — fo CAT,2%ds, then, by strong stability, there exists 4 > 0 such that

Il 2@,y = ICATZ"| L2ey) < Blla®], Va° e X.
Therefore we may apply Theorem 4.5 (with ;1 = 0 and ro = r) to (54) to conclude that ®(v) is bounded,

limy o0 (®(v))(t) =0, (®(v)) € L?(Ry) and that there exists ¥ > 0 (depending only on (4, B,C), G, X and ¢)
such that

12 (V)2 ®y) + (@) 22y < A2 +1(2(°)/(0)). (55)
It follows now from part (b) of Lemma 5.2 that z is bounded, lim;_, ||z(¢)|| = 0 and that there exists v > 0
such that (53) holds. Define the operator K by (27). Since v/ = —y = —Cy\Ta2 — G®(v), we obtain, from the
fact that (®(v))’ € L?(R) combined with Lemma 4.3, that

V' = =G(0)@(v) — K(®(v)) — (2(v"))(0)(GO — G(0)) — CxTa’, (56)
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and, in particular, v’ + G(0)®(v) € L?(Ry). Statement (a) follows immediately from Theorem 4.5. To prove
statement (b) assume that lim;_, o, CxTyz° = 0 and that lim; . (G8)(t) exists. Since lim; o (®(v))(t) = 0, it
follows from (56) that lim;_, . v'(¢) = 0, provided that

lim (GO)(t) = G(0)  and  lim (K(®(v)))() = 0. (57)

t—o00 t—o0

The first limit in (57) follows from the facts that GO — G(0) € L?(R.) (using part (a) of Lem. 4.3) and that
lim; o ((GO)(t) — G(0)) exists. Finally, by part (b) of Lemma 4.3, K(®(v)) = k* (®(v))’, where k € L*(R..).
Since (®(v)) € L3(Ry), it follows that (k« (®(v))")(t) — 0 as t — oo, establishing the second limit in (57). O

Finally, whilst Theorems 5.3 and 5.5 might appear vaguely reminiscent of certain (finite-dimensional) results
stated (without proof) in Yakubovich [22], we mention that the class of hysteresis nonlinearities considered
in [22] is very different from the hysteresis operators in the present paper. In particular, we emphasize that the
sector condition imposed on the nonlinearities in [22] is not very natural in a hysteresis context since it excludes
backlash and elastic-plastic operators and hence many other hysteresis operators.

6. APPENDIX

Proof of Lemma 2.1. (a) Assume that (LC) is satisfied. Then there exist A,d,v > 0 such that (7) holds. For
n € (0,v] and v € C(w; §,n) we have

Therefore, for all € (0,7],

[Ty (0))(1) = w(e)| < f(t) /Igt—SII (0))(s) = (D(wy))(s)lds V¢ € o, + 1], (58)

where w,, is defined by (4) and

F0) = r() — (@) - sup | (@(ws))(s)] (/0“|g(ts)g(as>|ds+ / |g<ts>|ds>~

s€[0,a+7]

Writing o1(n) = SUD¢e o, a4 f(t), then, by continuity of r, and since g € L. . and noting that translation is
continuous in the L' norm, we see that 1(n) — 0 asn | 0. In view of (7), [(®(v))(s) — (P(wy,))(s)] < AJ for all
s € [, + 1] and so, for all n € (0,7] and all t € [,  + 7],

/|gt—s|| 0))(s) — (@(wy))(s >|ds<m/ |gts)|dsm/o‘“|g(s)|dsg(s@<n),

where o2(n) := ) |g(s)|ds. Since g € L} (Ry), 02(n) | 0 asn | 0.
We may now conclude that

1T (v) = wylloo.atm) = S [Ty (0))(t) — w(@)] < o1(n) + do2(n) =: o (n).
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Noting that o(n) < ¢ for all n > 0 sufficiently small, it follows that I',(C(w;é,n)) C C(w;d,n) for all n > 0
sufficiently small. It remains to prove the strict contraction property. Let vy,vs € C(w;d,n). Then, again
invoking (7),

[Ty (1)) (#) = (T (v2))(8)] = / g9(t = s)((2(v1))(5) = (P(v2))(s))ds

< ([Tlalae) A swpjorte) < at)

t€[a,a+n]
< Aoa()llvr — v2lleo,arn) Vit E[a,a+n], Ve (0,7]

Therefore,
[Tn(v1) = Th()llcqoatny = sup  [(Ty(v1))(t) — (Fy(v2))()]
t€[a,a+n]
< Aoz2(n)[lvr = valle(o,a4q)y VY1 € (0,7]

and the strict contraction property follows since Aoa(n) < 1 for all > 0 sufficiently small.

(b) Let (W, (Ry)) € W (Ry), r € WEHR,) and w € W1([0,]). Assume that (LW) is satisfied. Then

loc loc loc

there exist A, d,y > 0 such that (8) holds. For € (0,~] and v € W (w; d,n) we have

a+n a+n

nmw%wmwwwﬂma/ mewmmgmw+/‘|@w@wwmm%

[e3 (03

where o1(n) := f5+n(|r’(t)| + |(@(w))(0)||g(t)|)dt. Since r € W, (Ry) and g € LL (Ry), we have oy(n) | 0
asn | 0.
For n € [0,7], define g, ¢1, p2 € L'(R,) by

o = 9glom,  9(t) =0V t € RLA\[0, 7],
e1lj0,0) = (@(w)), @1(t) =0V teRL\[0,q],
V2|[a,atn] = (q)(v))/“a,a-i-n]a w2(t) =0V t € Ry\[a, o + 1)

and note that (®(v))'(t) = ¢1(t) + p2(t) for almost all ¢t € [0, + n]. Since ®(w) € WHL([0,a]), we have
1 € L'(Ry). Recalling that g € LL (R,), it follows that gx o1 € Li (R, ). Therefore, writing

loc loc

o+
) = [ " (g% eI,

it is clear that o2(n) | 0 as n | 0. Moreover,

a+n a+n atn
/‘|mwmma=/ a=/

sA|@mmww$A mma4|www

/O glt = 5)ga(s)ds / ot — s)pa(s)ds| dt

n a+n
:3A|mwm5L (@ () (1) dt.
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Therefore,
a+n a+n
[ s (@i = [ e + (o el
n a+n
<oam+ [ lalat [ @) 0l
n a+n
+ / o / (®(0))'(£) — (D(wy))'(8)] dt .
By (8)
atn a+n a+n
[ @)@ - @)y @< [ e - wolde = [ ol <
Writing

a+n

7
oalmi= [ okt and oatn)i=aut) [ I(@(wy) 0t
0 «
with the properties o3(n),04(n) | 0 as n | 0, we may now conclude that

1T () = wpllwrr o.a4n)y = 01(n) + 02(n) + 03(n) + Adou(n) =: a(n) ¥ n e (0,7].

Noting that o(n) < ¢ for all n > 0 sufficiently small, it follows that I, (W (w;d,n)) C W (w;d,n) for all n > 0
sufficiently small. It remains to prove the strict contraction property. Let vi,vy € W(w;d,n). Define ¢ €
L'(R+) by

Plia,atnm = [(2(v1)) = (2(v2)) ja,a4m,  ©() =0Vt € Ry\[a, a + 1.
Then, again using (8)
a+n

T ) = Py lwrsqun = [ 104 (00)) () = (g0 ()

a
a+n

a+n
- / (g% [(@(01)) — (B(02)) ()]t = / (g% 0)(8)]dt

(03
a+n a+n
) =
« a

o] o] a+n n
< / p(t)dt / 3(1)| dt = / (@ (00)) (1) — (B ()’ (1)] / lo(t)at

[ate=petsras [[ote=s1et50a

dt s/ooo|<gw><t>|dt

a+n n
<3 [0k - w0l [ lglde < sl - valwsagoas ¥ 0 € 0.9
a 0

where o5(n) := A [ |g(¢)|dt < 1 for all > 0 sufficiently small. O

Proof of Lemma 4.3. (a) Note that the Laplace transform of G§ — G(0) is the function s — (G(s) — G(0))/s,
which by assumption (L) is in H2(Cp). Invoking a well-known result of Paley and Wiener shows that G0 — G(0)
€ L*(Ry).

(b) The transfer function of K is K(s) = (G(s) — G(0))/s, and so, by assumption (L), K € H?(Co) N H>(Cy).
Thus, K is a convolution operator with kernel k € L?(R;) and K € L(L*(R4)).
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(c¢) Equation (28) follows from a straightforward calculation. By statements (a) and (b), GO — G(0) and Ku’
are in L?(Ry) and therefore we obtain from (28) that Gu — G(0)u € L?(Ry). O

Proof of Lemma 5.2. Let 2° € X, u € VV&)?(R.F) and assume that 0 € g(A). The solution of (43a) can be
written in the form

z(t) = T(t)x® + (Fu)(t), VteR,, (59)

where F: L2 (Ry) — L

loc

(R4, X) is the shift-invariant operator defined by

(F)(t) :/0 T, Bv(s)ds, ve L. (Ry).

Since F' commutes with integration (by shift-invariance), it follows from (59) that
z(t) + A7 Bu(t) = T(t)2® + (Ku')(t) + uw(0)FO + A~ Bu(0), Vtec Ry,

where K: L2 _(Ry) — L?

loc

(R4, X) is the shift-invariant operator defined by
t
(Kv)(t) = / ((Fv)(s) + A7 Bu(s))ds, v € Li,o(Ry).
0
A straightforward calculation shows that F§ = (T — I)A~'B and
¢
(Kv)(t) = / Ti_sA 'Bu(s)ds, ve L} (Ry).
0
Hence,
¢
z(t) + A7 Bu(t) = T(t)(z° + A~ Bu(0)) + / T, A 'Bu/(s)ds, VteR,. (60)
0

(a) Assume that w(T) < 0 and v’ € L3(Ry) for some 3 € (w(T),0). It follows from (60) and the fact that

the weighted semigroup ¢ — e~ %*T, is exponentially stable that there exists 4 > 0 such that the inequality in
statement (a) holds.

(b) Assume that T is strongly stable, B is infinite-time admissible and u’ € L?(R). Using (60) combined with
the strong stability of T and the infinite-time admissibility of B, shows that there exists v > 0 such that the
inequality in statement (b) holds. To prove that lim; . ||z(t) + A7 Bu(t)|| = 0, note that by (60) and the
strong stability of T it is sufficient to show that

t
2(t) == / T, A 'Bu/(s)ds — 0, ast— oo. (61)
0
For 7 > 0 we have
t
2(t) = Ty—r2(7) + A_l/ T;_Bu'(s)ds, Vt>r. (62)

By infinite-time admissibility there exists a > 0 such that

t 1/2
<a < |u'(s)|2ds) , Vit>ty>0. (63)

to

t
HA_1 / T;_Bu'(s)ds

to
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Let € > 0. Since v’ € L%(R;), we obtain from (63) that there exists 7 > 0 such that

¢
HAI/ T, sBu'(s)ds|| <e/2, Vt>r.

Finally, by strong stability, there exists ¢ > 0 such that

IT2(r)|| < /2, Vt>o.

It follows from (62) that ||z(¢)|| < e for allt > o + 7. O
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