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EQUI-INTEGRABILITY RESULTS FOR 3D-2D DIMENSION
REDUCTION PROBLEMS

MARIAN BOCEA! AND IRENE FONSECA!

Abstract. 3D-2D asymptotic analysis for thin structures rests on the mastery of scaled gradients
(VQUEEV;),UE) bounded in LP(Q;R?), 1 < p < 4oo. Here it is shown that, up to a subsequence, uc
may be decomposed as we + z., where z. carries all the concentration effects, i.e. {|(Vaw5|éV3wg) |p}
is equi-integrable, and w. captures the oscillatory behavior, i.e. z. — 0 in measure. In addition, if
{uc} is a recovering sequence then z. = z.(z.) nearby 9.
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1. INTRODUCTION

The treatment of nonlinear 3D-2D dimensional reduction has been undertaken successfully in recent years
via asymptotic analysis in the Calculus of Variations (e.g. see [3,7-9,11,12,15,18,24,25,32]). Consider a
homogeneous thin 3D domain with reference configuration Q. := w x (—¢,¢), where w is a bounded domain
in R?, and whose elastic energy density is a continuous function W : M3*3 — R satisfying the p - growth and
coercivity condition

éI\AHp —C<W(A) <CA+[A]P) (1.1)

for some 1 < p < 400, where C' > 0 is a real constant and M>*3 denotes the space of real 3 x 3 matrices
endowed with the usual Euclidean norm || A|| := 4/tr (AT A). The total energy of the film under a deformation
u: Q. — R3 is given by

Bu(u) = / W(Va(y)) dy - / F5(y) - uly) dy.
Q. Q.

where f¢ € ¥’ (92, R3) stands for an appropriate dead loading body force density, and p’ is the conjugate
exponent of p, i.e. % + % =1.

We assume that the (quasi-static) equilibrium states of the film correspond to minimizers of E. over the space
of admissible deformations. To study the effective behavior of a very thin film, we consider a sequence {e,,} of
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positive real numbers (thickness) converging to zero and we rescale the problem by an 1/e,-dilatation in the
transverse direction 3 in order to recast energy functionals over varying domains (). into functionals with a
fixed domain of integration. Precisely, performing the change of variables

1
1 =Y, T2 = Y2, T3 = E_yda (12)
n
and with v(z) := u(y(z)), we obtain
1 -~
E_Een (u) = En(v),

where

E,(v):= /W (Vav(x) ngU(I)) dz — /fE”(xa,En$3) ~o(z) da,
Q Q

Q:=w x (—1,1), Vv is the 3 x 2 matrix of partial derivatives g;‘;, i€{1,2,3},a € {1,2}, and (Ala) denotes
a 3 x 3 matrix whose first two columns are those of the 3 x 2 matrix A and the last column is the vector a € R3.

As explained in [18], the simplest assumption on the rescaled body force density f"(z4,e,23) S0 as to be
of order O(1) and, together with the total bulk energy, to entail a nonlinear membrane behavior in the zero

thickness limit is that f(x,e,23) be independent of n. Thus, the study of the effective energy of the limiting

1 . .
—V3v,, | dx, where v,, is a minimizer of F,,.
En

system rests on the limit of the energies I, (vy) = /W <Va’un
Q

In view of (1.1), for energy bounded sequences we have the a priori bound

1
sup/ ‘ <Vavn —ngn)
neNQ En

and, up to a subsequence, Poincaré-Friedrichs inequality entails the weak convergence in WP(Q; R?) of the

P
(To, x3)dzodrs < +00,

sequence { vy, — /vn(y)dy to a deformation v € WHP(Q; R?), where v = v(z,). Due to the possible presence
Q
of oscillations in the sequence of scaled gradients {(Vavn | %ngn)} , it may happen that

n—00

1
lim | W (Vavn E—ngn) da # /W (Vqv|0) d.
" Q

The characterization of (oscillatory) limits of nonlinear quantities in the Calculus of Variations has been analyzed

in several contexts by means of Young measures. Young measures were introduced in Optimal Control Theory

by Young in connection to nonconvex problems, thus providing the appropriate framework for the description

of generalized minimizers in the Calculus of Variations (see [33,34]). Later Tartar developed the use of Young

measures in the PDE framework (see [29-31]). For a detailed study of Young measures, we refer the reader

to [4-6,17,20-23,27], among others. It turns out that the ability to determine lim w (Vavn %ngn) dzx
n

n—-+o0o

in terms of parametrized probability measures is restricted to the case where it is apriori known that the sequence
{W(Vavn‘ %ngn)} is equi-integrable, or, in light of (1.1), that {‘ (Vavn‘ %ngn)

P
} is equi-integrable.
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While this cannot be guaranteed in general for the original sequence {v,}, we are able to show that, up

to a subsequence (not relabelled), it is possible to decompose {(Vavn|$V3vn)} as a sum of a sequence
{ (Vawn | %szn) } whose p-th power is equi-integrable and a remainder that converges to zero in measure. We

may say that {(Vawn|€$V3wn)} carries the oscillations, while the remainder accounts for the concentration
effects. The main objective of this paper is to prove this decomposition result, controlling the uniform smallness
of {(Vawn‘aiv;;wn)} on small sets by means of the initial sequence only. An alternative argument using

De La Vallée-Poussin criterion has been recently communicated to the authors by Braides (see [10]).

Theorem 1.1. Let Q :=wx(—1,1), where w C R? is an open, bounded Lipschitz domain, let {e,} be a sequence
of positive real numbers converging to zero, and let {v,} be a bounded sequence in WHP(Q R3) (1 < p < +00)

satisfying
1
sup Van|—V3v,
neN e En

Suppose further that v, — v in WLP(Q,R3) and %ngn — b in LP(Q,R3). Then there exists a subse-

n

quence {vn, } of {vn} and a sequence {wy} C W1°(Q,R?) such that
(i) klim L3 ({z € Q:wi(x) # v, (2)}) = 0

P
(Ta, 23)daodrs < 400.

(ii) {(Vawk‘iV3wk)} is p-equi-integrable;
(iii) wy — v weakly in WHP(Q,R3);
(iv) ==Vswy — b weakly in LP(Q,R?).

ng

The corresponding decomposition result for the case of unscaled gradients has received much attention in recent
years, due to the central role that it plays in a number of key results in the Calculus of Variations, among them
the celebrated lower semicontinuity result of Acerbi and Fusco [1], the characterization of W1? Young measures
by Kinderlehrer and Pedregal [20,21], as well as numerous relaxation results for nonconvex integrands. While the
technique needed to establish the decomposition property was essentially used in [1], the result was first isolated
only ten years later in [22]. The proof in [22] is based on estimates for perturbed Hodge decomposition [19], and
more recently Fonseca et al. [17] proposed another proof using LP estimates for maximal functions, Lipschitz
extensions of WP functions off small sets, and Young measures. We follow a similar argument, although the
degeneracy of the coercivity condition in the x3 — direction leads us to repeat v,, periodically on an infinite strip
of copies of €2 in the x5 - direction, thus obtaining non-degenerate uniform bounds for the resulting vertically
periodized sequence. De Giorgi’s slicing method will now come into play to help us selecting, via an averaging
process, one of these layers with small energy concentration. Up to a subsequence, the restriction of v, to this
copy of 2 will eventually become the new w,,.

As a first consequence of Theorem 1.1, we show that the Dirichlet problem on an arbitrarily large cylinder
for fixed affine lateral boundary conditions

min / W(Vov)dz : v € W'P(w x (=L, L); R®),v = vp on 0w x (=L, L) p,

wx (—L,L)

admits p-equi-integrable minimizing sequences energetically prefering thinner and thinner reference domains.
Precisely, after changing variables as in (1.2),
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Corollary 1.2. Let Q) := wx(—1,1), where w C R? is an open, bounded Lipschitz domain. Letuy € WP (w;R?)
be an affine mapping (1 < p < +0o0), and let W : M3*3 — R be a continuous function satisfying (1.1). Define

QIW (ug) := inf

VRO /W(Vau|LV3u)dm 1L >0,u€ WP (QR?), wjgwx(—1.1) = o

Q

Then
QLW (uo) = QW (&), (1.3)

where W (€) := m]iRr% W (€|2), for all € € M3*2, and ug(za) = & for some & € M3*2. Moreover, given any
zE

sequence {en} of positive real numbers converging to zero, there exist a subsequence (not relabelled) of {e,}, and
a sequence {un} C WhP(Q;R3) such that

(i) Jim s £3 /W (V Un Vsun) de = QW (&);

(i) Tim {lu, — U0||Lp (@rz) = 0;
n—oo

(iil) Unjpux(-1,1) = Y05
(iv) {(V Un‘ Vgun)} is p-equi-integrable.

Note that in view of (2.5) below, the inequality

QLW (ug) <

/ W (Vauo(za))dza,

w

is valid for any ug € W1P(w;R?) not necessarily affine. However, in general the opposite inequality may fail.
Indeed, as an example consider W (£) := [£|2, let ¢o be any function in W12(w) and set ug(7a) = (¢o(z4),0,0).
Here QW (Vauo) = |Vagpol?, and if

QW () = gz [ QT (Tao(wa))dre

was satisfied then ¢y would need to be harmonic in w.

Finally, in the last part of the paper we prove that energy recovering sequences {(vn,e,)} (see Def. 2.3) may
be modified on a small set (up to a subsequence) so as to obtain a new recovering sequence which depends
only on z, nearby 992. We view this result as a first step towards matching recovering sequences to their limits
ug nearby 02. This strategy (two-step matching) was previously introduced by Conti et al. in the context of
second-order phase transitions (see [13]). The ability to match recovering sequences {(vn, e, )} to their limiting
configurations ug, would enable us to periodize (v, — up) on a cylindrical cell and, as a consequence, the
additional symmetry hypothesis W (F,|F3) = W (F,| — F3) considered in, say [8], would no longer be needed.

Corollary 1.3. Let Q := w x (—1,1), where w C R? is an open, bounded Lipschitz domain. Let ug €
WP (w;R3)(1 < p < 4+00) be given and let W : MP*3 — R be a continuous function satisfying (1.1). Con-
sider {(vn,&n)} to be a recovering sequence in the sense of Definition 2.53. Then there exists a subsequence {vy, }
of {vn} and a sequence {wy} C WHP(Q;R3) such that

(i) nlingo L3({z € Q:wi(x) # vny (2)}) = 0;
(ii) {(vawk‘ -~ ngk)} is p-equi-integrable;
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(iil) wg = wg(zq) nearby xs = £1;

(iv) {(wk,en,)} is still a recovering sequence.

2. PRELIMINARIES

We first recall some well-known facts about maximal functions (see [28] for details). Given a Borel measurable
function u : RN — R?, the mazimal function of u is defined by

M(u)(z) := ?g%m / u(y)|dy.

B(z,R)
If u € LP(RN;R™) with p > 1, then |u(z)| < M(u)(z) for LY a.e. z € RN, and

1M ()| o @ry < C(N,p)[ull Lo @y mom).- (2.1)
We will make use of the following decomposition result:

Proposition 2.1. ( [17] Lemma 1.2) Let Q € RY be an open and bounded set and let {w,} be a bounded
sequence in WP (Q;R™). There exists a subsequence {wn, } of {wn}, and a sequence {z,} C WHP(Q; R™) such
that

kli»r-ir-loo LY ({z e Q: zp(x) # wn, (2)}) =0,

and {|Vzp P} is equi-integrable. If Q is Lipschitz (or, more generally, an extension domain), then each z; may
be chosen to be a Lipschitz function.

The following Poincaré-type inequality is well known (see, e.g. [35]). We include a proof for the convenience
of the reader.

Lemma 2.2. Let Q C RY be an open, bounded, Lipschitz domain. Then for every a > 0 there exists C(a) > 0
such that

/ lu(2)[Pdz < C(a) / Vu(z)Pdz,
Q Q

for all uw € WHP(Q,RY) satisfying
LY {z e Q:u(x) =0}) >

Proof. Without loss of generality, we may assume that £V (Q) = 1. If the result was false, then there would
exist a > 0 and a sequence {u,} C W1P(Q, R?) such that LY ({z € Q : u, () = 0}) > o and

/|un(m)|pdx > n/|Vun(:c)|pd:c. (2.2)
Q Q

Define

Up
Wn, = )
HunHLP(Q,Rd)
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and note that |lwn | rrre) =1, LY({z € Q: w,(x) = 0}) > a. By (2.2) we obtain that

/|an(x)|”dx — 0 asn — oo,
Q

and thus the sequence {w,} is bounded in W1?(Q, R). Up to a subsequence (not relabelled) we have w,, — w
weakly in W'P(Q,R%) and w, — w strongly in LP(Q,RY), for some w € WP(,R?). We deduce that
Vw =0 LY ae. inQ, and since ||w||prqre) = 1 we have that w = ¢ LN a.e. in Q, where [¢[ = 1. Since
wy, — w in measure, we have

1
lim £V <{x €0 |wp(z) — | > 5}) =0,

and thus
1
0 <a <liminf LY ({z € Q: w,(z) =0}) < lim £V ({x €0 |wp(x) — | > —}) =0.
n— 00 n—00 2
We have reached a contradiction. O

Let W : M?*3 — R be a continuous function satisfying (1.1). We define the two-dimensional energy density
W : M3*? = R, by

W) = min W(¢lz), & € M>2. (2:3)

The function W is continuous and satisfies growth and coercivity estimates similar to (1.1) (see [24]). We will
denote by QW the quasiconvex envelope of W, precisely

QW (n) := inf 52;(0)) /W(n + Vop(xg))dzs : @ € WOI’OO(w;R3) . m e M3*2 (2.4)

where we have used the well known fact that quasiconvex envelope of W is independent of the domain of
integration in (2.4) (see [14]).

Using I' - convergence techniques, it has been shown by Le Dret and Raoult [24] (see also [8,9,11,12,15])
that QW is the effective two-dimensional asymptotic thin film energy for the family {I.}. Indeed, if uy €
Wlm(w;RB)a ug = uO(Za)a then

—1 W . .. 1 1
£2(w) /QW(V()/U/O(IO())dxa = inf { hnrrigf —Es(ﬂ) /W (Vaun avsun> dz :
¢ Q
En — O+7'U/n S Wl,p(Q;R3), nlLH(;lo HU’TL — U;O”LZJ(Q;RL}) = 0, u’ﬂ|6w><(71,1) — UQ}- (25)

Definition 2.3. A sequence {(vn,&,)} C WIP(;R3) x (0,+00) is called a recovering sequence if &, —
0%, Vnjowx(~1,1) = Uo, Jim(jon, — uol|Lr(ore) = 0, and if

lim w <Va’un

n—oo

Eiv;gvn) dz = Q/QW(Vauo(xa))dma.
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Remark 2.4. Using the definition of the infimum in (2.5) and a standard diagonalization argument, it can be

shown that a recovering sequence in the sense of the Definition 2.3 always exists.

3. PROOF OF THEOREM 1.1

In what follows, and without loss of generality, we assume that &,, € (0,1/12). Also, C' > 0 denotes a generic

constant which may vary from line to line and expression to expression within the same formula.

Step 1: For every n € N, set S(") =wx((2i — 1)ep, (2i+ 1)ey,), with ¢ € [-=L(n), L(n)]NZ, where the number

L(n) € N of layers is given by

1 1
2_, if 2_ e N7
L(n) := E’i &n
] + 1, otherwise.
2e,
Note that
1 1
— <2L(n) <2+ —-
En En
Define u,, : S(n) 3 as un (T, x3) == vy, (:L'a, %ms) . We have, changing variables,
/ |Vun |pd$_/‘( aUn V3’Un) (y) dya
S(")
and thus,

1
sup — / [Vu,(z)Pdz < 4o0.
neN €n

S(()'n.)

Define Fi(") : Si(") — S(()") by
F (20, 23) = (2, (—1) 123 + 2(=1)""iey,),

set y, :=w x (—(2L(n) 4+ 1)ey, (2L(n) 4+ 1)e,) , and let F,, : ,, — S(()") be given by

L(n)
Z Xs(m F( )( )ifxe U Si(n),
i=—L(n) i=—L(n)

where F,, is extended continuously to €2,,. We consider now the vertical periodization of u,,, precisely u,, :

R? defined as
Using the fact that for every n € N and i € [-L(n), L(n)| N Z,
10 0

vE® =101 0 | in 8™,
00 (—1)

(3.1)

(3.2)
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by (3.1) we can estimate

L(n)

[Vin@ra = 3 [ Vu O @)pds
Q

i:*L(")SEn)mQ

L(n)

> [ Wuwray< (3+$) [ 19uatyeas

i=—L(n)

IN

S(()") Sén)

By virtue of (3.2),

sup/|Vﬂn(:c)|pd:c < +o0.
nENQ

A similar computation gives

5
sup/ |t (2)|Pde < = sup/ |vn (2)|Pde < 400,
neN ) 4 neN J

and thus,

Sup ||y [|w1.p(o,r3) < 4-00. (3.4)
neN
In view of Lemma 2.1, there exists a subsequence {i,, } of {i,}, and a sequence {zx} C WH>(Q;R™) such

that the sequence {|Vzx|P} is equi-integrable and

lim £ (Ey) =0
L L7 (Eg) =0,

where

By = {$ € Zk(x) # ’U’nk(x)}

Define A : (0,t) — (0, +00) by
A(t) :=sup /|Vzm(ac)|”dx :meN,AecB(Q),L3(A) <t,,
A

where B(€2) denotes the class of Borel subsets of Q. We note that the equi-integrability property of {|Vz;|P}
ensures that

lim A(t) = 0. 3.5
Jim A(t) (3:5)
Step 2: Set I := [~L(ng), L(ng)]NZ and I, := [—L(ng) +2, L(ng) — 2] N Z. Note that if i € I, then 5™ C Q.
By (3.1) we have
1 1
— —3< cardl, < — —1. (3.6)

Eny, Eny,
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If for an infinite number of indices k& (not relabelled), we have that £3(Ej) = 0, then given any Borel subset A
of Q and setting Ar :={y € Q: Yo, y3) = (Ta,en,x3), T € A} C S(()"’“) we can estimate

1

/‘(Vavnk E—ngnk) Z / |V, |P dz
Nk :

A )

=2 / |V |P dz < 2A(L3(A)),
U (F") " (an)

<y

p
dx

1
—/|Vunk|” dr <2
Eng
Ag

—1
where we have used (3.3, 3.6), and the fact that £3 ( U (Fi(n’“)> (Ak)> < £3(A). In this case we conclude

i€l
that wy, := v, satisfies (i, ii).

Consider now the case where £3(E})) > 0 except maybe for a finite number of indices k. In what follows we
will assume, without loss of generality, that £3(Ey) > 0 for all k& € N. Define

I, = {z el :L? (Ek N ank)) < 2€nkﬁ3(Ek)} :

We have

L3(Ey) > L° <U (Ekms§"k))> > 3 (Ek mSi(”k)) > 26, L3(Ey) (2L(ng) — 3 — card I,),

i€l 1€l \Iy

and since £3(Ey) > 0, by (3.1) we find

card I, > - 3.

Eny,

Without loss of generality, we may assume that all indices ¢ € I}, are even and we replace now the above lower
bound for card Iy by

card Ij, > % < L _ 3> . (3.7)

2en,

For each i € Ij, define G*F) . Q,, — Si(”’“) by

GUR () .= ZXS@,C)(I)G;M) () if x € U S](-n’“),

jer jer

where G;i’k) : Sj(-n’“) — SZ-(n’“) is given by

G () o= <<Fi<nk>)‘1 OFJ{m)) ()

and G(**) is extended to the whole Q,, by continuity.
Also, for each i € I}, set

k) {x €Q:2(z) £ 2 (G(i,k) (I))} :
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Claim 1: For each k € N, there exists an index 19 € I, and a nonnegative real number ay such that

Z / |Vzi(z)Pde < ag, and klim ar = 0. (3.8)

el — 400
ISEk (ig k) i0 k) o(mE)
el (X< 0:K)NS! )

We postpone the proof of Claim 1 until after Step 3 is completed.
Step 3: Assuming that the Claim 1 holds, define wy, :  — R3 by

wnla) = () (oszaun))

for each k € N, where the index ip € I has been selected according to (3.8). We will first show that this
sequence satisfies (i) and (ii).
For every z,y € ) we have

|wi(2) — wi(y)| =

2k ((Fz-(onk)>1 (xavﬁnkxz)) — zk ((Fz-(onk))l (yavﬁnkyz)ﬂ

(o)) ! ()
(E-O ) (xa,enkxg)f(Fio ) (Yo €nyY3)

< Lip(zx)|z - yl,

< Lip(zx)

and thus wy is still a Lipschitz function and we have
Lip(wg) < Lip(2x). (3.9)
To prove (i), define
My = {z € Q: wi(x) # vy, (2)} (3.10)
We have

L3 (My) = L% ({x € Q: wy(za, 23) # tn, (Ta,en3)})

s <{:c €0z ((FJ”)_1 (wm&?nk%)) 7 Uy <<Fi(onk))_1 (x“’s"km3)> })
(o) ) o ) )

1 -1
- L ({y e s s (FM) () € Ek}) = L ((1«;@"“) (5™ n Ek)

Eng Eny,

1
= 3 (sf:“ N Ek) < 203(By) — 0 as k — oo, (3.11)

Eny,

where we have used the fact that ig € I, C I,.
P
In order to prove (ii), i.e. the equi-integrability of {‘(Vawﬂ%ngk)‘ } , let A be any Borel subset of (2,
"k
and set

Ay = {y € Sén’“) DYoo = Ta, Y3 = En, T3,% € A}
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and

10

_ —1
Ak = (F(nk)) (Ak)
Changing variables, by (3.3) and (3.7) we have
b 1

d = /|Vzk(x)|pdx <5} / Vi () Pz

Eny, .
JEIkAk

1
—V3wk) (T, x3)

f[f
Eng
A

V2 (65 W) [ .

Il
g
—

453

, -1 .
Splitting the last integral into a sum of two integrals over (Ggm’k)) (Ag) N (Q\(X(“)’k) ﬂS](-n’“)))

. -1 , ,
and (G;zo’k)) (Ap)N (X(“”k) N Sj(-n’“)> respectively, using the definition of X (%) and the fact that

. -1 _
Y (agw) (A1) | < (card I)en, £3(A) < £3(A)
JEIk

we have

2 / va(etw)ws [ IvawPra

" U (eim)
AR

< A(L3(A)),

ig k) "1, 1 i n
gl >) (Ak)m(Q\(Xm,kms; k)))

and in view of (3.8) we obtain

pd:c <8 (A(LP(A)) +a) .

1
—szk> (T, x3)

/ ‘ <Vo¢wk
Enk
A

P
The equi-integrability of {‘(Vawﬂ%ngk)‘ } now follows from (3.5).
ng

Step 4 (Proof of Claim 1). The selection of ig € I will rest on De Giorgi’s slicing argument to identify
a layer of small energy concentration via an averaging process. We start by proving that for each £k € N

and ¢, € I,
X605 ¢ (Bons) o ((Gg@w)‘l (Bir sgnw)) .
Indeed, if z € (X0 08" )\ (B0S™)), then

i, () = 21(2) # 26(GYF (@),

and

Un,, (l’) = Up, (G§i7k) (l‘)),

(3.12)
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where we have used the vertical periodicity of @,, and the fact that 7, j € I, are even. Thus
n, (G (2)) # 21(GV (@), dce. GSF (2) € B S,

and we conclude that
k) g (1) oM. ()
(X“ 'ns; ’“)\(EkﬂSj * ) C (Gj ) (EkﬂSi ’“)
thus proving (3.12). By the definition of Iy, and in view of (3.3), we have
s <U ¢ (Bin S§"k>)> <> £ (Bens™) < 2L3(B) = 0 as k- +oo,
i€l i€l
and
c <U (Ek n Sﬁ”“)) <2L3(E)) — 0 as k — +00.
i€l

‘We obtain

>y [ mawrasyy / V)P

i€l jelr . i€l jeli
Gk (i (nk) (i.k) (ng) (ng)
G (xGmns(™e) G (Bens{™ Yu(Bens(™)

<> 1> / Vep(@)Pdz | + 3> /|Vzk(x)|10dx

jeI) i€}, N n Jjel i€l
G (Buns{™)

1
< E / |Vzp(z)|Pda + — / |V 2z (z)|Pda
JEly i (ng) e (ng)
y G§P (Bensy™) Y (Bxns™))

Ekﬁsfnk)

i

< lA(zﬁ(Ek)). (3.13)

Eny,
Define ay := 16A(2L3(Ey)). In view of (3.13), we deduce the existence of an index iy € Ij that satisfies (3.8).

Note that by (3.5) and since £3(E;) — 0 as k — +oo, we have that ay — 0 as k — +o0, thus proving our
Claim 1.

Step 5: The remaining of the proof is dedicated to establishing (iii) and (iv). By (ii) it follows that
{Vwy} is bounded in L? (Q,R?) , (3.14)

so in order to ensure the weak convergence of (a subsequence of) {wy} in WP(Q, R?) we first need to prove
that

sup/ |wg (z)|Pde < 4o00. (3.15)
kel J
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Since £3(My) — 0 as k — oo (see (3.11)), there exists k1 € N such that

£Q)
5

Lz € Q: (wp —vn,) () =0}) 2

for all k > k1. By virtue of Lemma 2.2 there exists a constant C'(2) > 0 such that

/|wk — vy, (2)[Pdz < C(Q /|Vwk x) — Vg, (z)|Pdex for all k > kq,

and thus, using (3.14) and the fact that {v,} is bounded in W?(Q, R?) we obtain (3.15).

Since the sequence {wy} is bounded in W1P(Q;R3), up to a subsequence (not relabelled) it converges weakly
in W1P(Q;R3) to some function w € WP (Q;R3), and (i) entails (iii), i.e. w=1v L3 a.e. z € Q (note also that
the full sequence {wy} must converge weakly to v).

It remains to prove (iv). In what follows we will denote by [a]g, 3 € {1,2,3} the components of a € R3. Let
¢ € LP'(Q) be given.

We have
%ngk(x) o(z)dz = %ank(ﬂ?) p(x)dx
o - ™ A o, - 7
n M/ Vet ptwas
:![ngvnk(x)}ﬁgo(x)dx

Since -V3uv, — b weakly in L?(Q,R?), we have

1

/ L—ngnk(ac ] x)dz —>/ x)dr as j — oo.
ng

Q

P
On the other hand, by (ii) the sequence H [%V;gwk}ﬁ } is equi-integrable, hence bounded in L!(Q), and by
Tk

Holder’s inequality we obtain

Nk
k

1 1/p/
» /p /p

@de| | [ le@)rds

1/pr

/|ga )P'dx — 0as j — o0,

IN
<|
w

g
>

\

<|
w

<
5

Lr(Q)
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where we have used (3.11). We conclude that

1

/ L—ngk(x)} x)dx — / x)dx as j— oo
n

Q

for every ¢ € LP'(Q) and each 8 € {1,2, 3}, and the proof of (iv) is complete. O

It is possible to prove the relative weak compactness of the sequence {wy} in WP(£;R?) without making
use of Lemma 2.2 (see Step 5 above). We will use a different approach, following closely the construction of the
sequence {z} in Step 1. To this end, we recall a proof of Proposition 2.1 hinged on the two propositions below.

Proposition 3.1. ([16] Cor. 3.3.3) Let Q € RN be an open and bounded set and let {u,} be a sequence of
functions uniformly bounded in L'(2). For A > 0 consider the truncation 7» : R — R defined by

z if |z] <A,
™a(2) = |—z|A if 2] > A

Then there exists a subsequence of {u,} (not relabelled) and an increasing sequence of numbers A, — 400 such
that the truncated sequence {Tx, o un} s equi-integrable and

lim £V ({x € Q: u,(x) # (1, 0 un)(x)}) = 0.

n—00

Proposition 3.2. (see [1,2,26]) Let p > 1 and let w € WHP(RY R™). Given A\ > 0 there exists a Lipschitz
function z in RN such that w = z LN a.e. on {zx € RN : M(Vw)(x) < A} and the Lipschitz constant of z is
bounded by C(N)A, where C(N) is a constant depending only upon dimension.

We now turn to the construction of the sequence {z;}. As € is a bounded, Lipschitz domain we can extend
the functions u, (see Step 1) to R3\ Q in such a way that the extensions U,, € W1P(R? R?) satisfy

[Un w1 s rsy < Clltn||wir@,rs),

for some C' > 0. Therefore, by (3.4) and (2.1) we have

sup / IM(VU,)Pdz < +o0. (3.16)
neN
R3

Since the sequence {|M (VU,)|P} is uniformly bounded in L!(£2), Proposition 3.1 now guarantees the existence
of a subsequence {|M(VU,,)|P} of {|M(VU,)?} and of an increasing sequence {\}, with A, " 400, such that
the truncated sequence {7y, o |[M(VU,,)|P} is equi-integrable and

lim £° ({2 € Q: [M(VU,)IP(x) # (7x, © | M(VUn,)I")(2)}) = 0.

k—oo

By Propos1t10n 3.2, for each k € N there ex1sts 2, € WH(R3; R3) such that zx = U, £3 a.e. on R®\ Ry, and
Lip(zx) < C)\p (and thus |Vzi(x)] < C)\p for £3 a.e. x € R3), where

Ty =

Ry = {:c €R3: M(VU,,)(z) > X
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and C > 0 is a constant. Note that

Ep = {I eN: Zk(I) # Un, (I)}a

where the set Ej, has been defined in Step 1. The definition of Ry and (3.16) imply that

1
L3(Ey) < L3RLNQ) < " / |M(VU,,)(z)|Pdz — 0 as k — oo. (3.17)
Q

To prove that the sequence {|Vzx|P} is equi-integrable, note that for £3 a.e. x € Q\ Ry we have

IVa(@)]P = |VUn, (2)]" < [M (VUy,) ()”
= (T/\k ° |M (VUTUC) |p) (l‘),

while for £ a.e. z € QN Ry,
[Vzp(z)|P < CPA, = CP (1, © | M (VU,,) ) (x).
Thus,
|V2i(x) [P < max{1,CP} (1x, o |M (VU,,)|P) (z) for £ a.e. z€Q,

and the equi-integrability of {|Vz[P} follows from the equi-integrability of {7y, o|M (VU,,) |P}. For each k € N,
define the Lipschitz function wy and the set My as in Step 3.
To assert the relative weak compactness of {wy} in WP (Q;R?) we first need to prove that

sup/ |wy,; (z)[Pdz < +o0 (3.18)
jeNQ

for some subsequence {wy; } of {wy}. To this end, we claim that there exists a subsequence { My, } of { M} } such
that

£ () @\ My,) | >o0, (3.19)
JEN
where the sets M}, have been introduced in (3.10).

Since £3(My) — 0 as k — oo (see (3.11) and (3.17)), there exists k1 € N such that £3(2\ My) > & for
all £ > kq, and thus

L£3(Q\ My,) — L£3(My,) > 0. (3.20)
Let ko > ky be such that £3(My,) < % Since @\ My, C Mg, U ((2\ My,) N (2\ My,)), we have
£3(M,,
£ (@ Mi) N @\ My,) > £7(@\ y,) — S0,

Inductively, we construct a sequence k; — oo such that

I 1
9i”

i=1

(ﬁ (Q\ My, >>£3(Q\Mk1 — L3(My,)
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“

which, together with (3.20), establishes (3.19).

and letting 7 — oo we obtain

DY

(Q\ Mm)) > L (Q\ My,) — L3(My,),

Since vy, — v weakly in WLP(Q;R?), there exists a subsequence (not relabelled) such that Uny, () — v(x) L3
ae. €. Set N:={zxeQ: Uny, (z) does not converge to v(x)}. By virtue of (3.19) and since £3(N) = 0 we

deduce that

D(Q\Mkj) N(Q\ N) #0,

and we choose an element of this intersection, say zg. Note that
Wi, (20) = vny, (30) — (o) a5 j — ox.
Since wy,; is a Lipschitz function and Lip (wy;) < C)\Il%/_p (see (3.9)), we have
i, (2)] < lwr, (w0)| + CN/ | — wo| for all = € Q,
and thus

/ lwi, (z)|Pdz < 2P~ wy, (20)[P L3 (My,) + 2071 CP Ay, / |z — zo|Pda
Mkj Mkj

< 2p’1|wkj (IQ)|p£3(Mkj) + C)\kjEB (Mkj)

< 2l (o) PL (B + C [ 01 (VU ) @) s
Q

where we have used (3.11) and (3.17). By the definition of Mj,, we have

/|wkj (z)Pdz = / |Unkj (x)|Pdx + / |wk,~ (2)|Pdzx < ankj ||I£p(Q;R3) + / |wkj (z)[Pde,
Q Mkj

Q\ My My,

(3.21)

which, together with (3.16) and (3.21), asserts (3.18). Thus, taking into account (3.14), the sequence {wy,} is

bounded in W1P(Q; R3) and therefore {wy} is relatively weakly compact in W1P(Q;R3).

4. PROOF OF COROLLARY 1.2

To show that Q* W (uo) = QW (&), let (u, L) be admissible for Q* W (ug). Using a density argument and in
view of (1.1), without loss of generality we may assume that u € WP (;R?) N C>(Q; R3). The very definition

of W (see (2.3)), equation (2.4), and Fubini’s theorem yield

1 —
m/W(vaU|LV3U)dI’ Z QW(E()),
Q
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and thus,
QLW (uo) > QW (). (4.1)
Conversely, let us fix § > 0. In view of (2.5), there exist €2 — 0% and {u®} ¢ WHP(Q;R?), with un|6w><( 1,1) = Uo

and u% — wug strongly in LP(Q;R3), such that

QW (&) +0 > liminf s /W (v ug)| 5V3u )

> Q:W(Uo),
and letting § — 0% we obtain
QW (&) = QLW (ug).

This, together with (4.1), asserts (1.3).

Step 1: We will first treat the particular case where w = Q' := (—¢/2,¢/2)?, with ¢ > 0 fixed. Let {(v,, n)} C
WP(€;R?) x (0, +00) be an infimizing sequence for Q¥ W (ug), and extend v,, —ug by periodicity to R?x (—1,1).
Now let {e,,} be any sequence of positive numbers converging to zero. Define vy, : @ — R3 by

Un k() 1= €Ly (vy — o) ((skL ) :L'a,l‘;g)
By the Riemann-Lebesgue lemma, we have that

lim hm lvn.kllLe(re) = 0,
n—o0 k—

and

lim lim /W ( alo + Vatn k‘—ngn k) dz = QX W (up).

n—o00 k—oo L‘,B

Using a diagonalization argument, we can construct an increasing sequence {k(n)} C N, with k(n) 400 as
n — 400, such that

Jim [0n ]| L) = 0, (42)

and

. 1 1 §
nan;o m / w (Vauo + VaUn 5V3vn) dz = QW (uyp), (4.3)
Q

where Uy, := vy, p(n) and &, := €g(n). Thus, in view of (1.1),

sup || Un || rs) < 400,
neN

and up to a subsequence (not relabelled), by (4.2) we have that ,, — 0 weakly in W17 (Q;R?). By Theorem 1.1
we deduce that there exist a subsequence {o,, } of {,,} and a sequence {wy} C Wb °°(Q R3) such that
lim £3(Mj) =0, (4.4)

k—o00
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1' P . = 4.
i [wr]| e oms) = 0, (4.5)
and
1 . ..
{(Vawk g—V3wk>} is p-equi-integrable. (4.6)
n

By (1.1) we have that

1 ~
~_V3'Unk) dz
Nk Enk

1 -
/W (Vauo + Vawg ~—V3wk) dx < /W (Vauo + Vatn,
Q Q

+ / w (VQUO + Vawg

My,

1 —~
~—V3wk) dz + CL3 (M),

Nk

and thus, in view of (4.3, 4.4) and (4.6),

;ngk) dz < QW (ugp). (4.7

k—oo Nk

1
lim sup m / W (Vauo + Vawk
Q

For each j € N define w; := {:c € w:dist (z,0w) < %}, and consider cut-off functions 6; € C2°(w;[0,1]) such

that 6; vanishes in a neighborhood of dw, 0; =1 in w\ wj, and ||V;|| Lo (w;r2) < Cj, for some constant C' > 0.
Define wy, j : 2 — R3 by

W, j (T, 23) = uo(Za) + 05 (za) Wk (2o, 23).
Since by (4.5) we have that

lim lim Hwa — UOHLP(Q;Ri’») = 0,

j—00 k—o0
a diagonalization argument provides an increasing sequence k(j) /' +o0o as j — +oo such that
Jim [l — woll Le(ame) =0,
and
1

lwnei) 1 2o upey < 55 (4.8)
@R = 5

where we have denoted wy ;) ; by u;. Set £ :=¢&,,, . Note that we have
Vauj(ra,r3) = o + VOj(2a) @ wij) (Ta, 23) + 0j(2a) VoW (Za, 23),
and

Vsu;(Ta,r3) = 0j(2a)Vawy) (2o, 3).
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Thus,

1 p
VQUTVU
/K |5 s J)
A

for all Borel subsets A of ©, and by (4.6) and (4.8) we deduce that (iv) holds (after relabelling). It remains to
prove that (i) is satisfied. To this end, let us define

Tj = {2 € Q:uj(z) # wy (2) + uo(za) }

P
dz |,

. . 1
de <C |§0|p£3(A)+]p/|wk(j)|pdm+/}(Vawk(j) ;V3wk(j)>
J
A A

and note that

L£3(Ty) < £3(wj) — 0 as j — oo. (4.9)

1
_—Vguj) dx
€j

We have,

1 1

/W (VQUj‘EVzg’Uj) dr = /W (Vauo + Vawk(])‘g—V3wk(j)) dx + /W (Vau]
J J

Q Q T;

,/W <VQU0 + Vawk(j)

T;

1

—ngk(j)) dl‘,

€j

and since the last two integrands are equi-integrable (use (1.1)), equations (4.7) and (4.9) imply that

hmsup /W ( auj‘ V3UJ) dz < QI W (up).

j—o0

As (uj, %) is admissible for Q* W (ug), we conclude that

1 1 .
]EIEO m/w <Vau]' E_jVBUj) dz = QWW(U()),
Q

thus asserting (i).

Step 2: In this part of the proof we remove the restriction of w being a cube. Set Q' := (—1/2,1/2)?, and let

N(m)
w(m™ .= U (a; + L;Q') CCw
i=1
be a union of pairwise disjoint cubes such the £3(w\ w(™) < L where m € N, and L; >0 (i =1,--- , N(m)).

Since the definition of QW (up) is invariant under translations of the projection w of the domain of integration,
given a sequence {&,} of positive real numbers converging to zero we can repeatedly apply Step 1 to each cube

a; + L;Q’, thus finding a subsequence {e,,m} of {e,} and sequences {ugf)} CWhP((a; + LiQ") x (=1,1);R3) (i =
1,---,N(m)), such that (i-ii) hold (with w, wu, and €, replaced by a; + L;Q’, ut? and €n,m, Lespectively).
Define uy, ., € WHP(;R3) by

Up,m(Ta, T3) Z ) (Tas 23)X (a4 £:0) % (—1,1) (Ta, T3) + U0 (Ta) X (o\wm) x (—1.1) (T, T3)-
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Note that wy, m|swx(—1,1) = o, and that we have

N(m)

lim lim ||Un,m - uOHip(Q;RZS) = lim lim Z ||u’l(’7,l) - U‘OHip((aiJrLiQ’)><(*1,1)§]R3) =0.

m—o0 n— o0 m—o00 n—oo 4
=1

In view of (1.1) we obtain

1
s@ /v <Va“””" :
Q

n

1
Vgun7m> dx
m

N(m)
1 1 .
= F 3 / w <vau§;> —vgusp) dz + / W (&|0)dz
( ) =1 En,m
(ai+LiQ")x(—1,1) (@\w(m)x(=1,1)
N(m)
1 a1 : 2C(1 + [&o|7)
< W Vould | —Vaul® ) dp 4+ == 1501 2
- ﬁg(Q) Z / < Un En,m 3tin T m ’

= (@ LiQ) % (~1,1)

and thus,

m—oo0  M—00 En,m

lim sup lim sup ﬁ / w <Vaun,m‘iV3un,m) dr < QW (&).
Q

By the usual diagonalization argument we may find n(m) /" +oo as m — 400, such that

Bm ||ty (m),m — vol| Lr(irs) = 0,
m—00

and

1

]
1. < W nim),m
asup D‘(Q)/ (V‘*“ (m).m | 2
Q

n(m),m

Since (1.3) holds and as (un(m) ) is admissible for Q*W (ug), we obtain that

1
M (m),m

VB“n(m),m) doe = QW(&O)

) 1
Jm gy W (Vo
Q
It remains to prove the p-equi-integrability required in (iv). While at this stage this is not necessarily satisfied, we
can nevertheless mimic the arguments used in Step 1 (first apply Th. 1.1 to get a p-equi-integrable sequence, then
modify the new sequence near the lateral boundary dw x (—1,1) ) to construct a sequence {u,} C W1P(Q;R?)
and a subsequence of {e,} such that (i-iv) hold simultaneously. The details of this construction are identical
to those of the construction performed in Step 1, and we will not repeat them here.

5. PROOF OF COROLLARY 1.3

The proof is strongly motivated by that of Proposition 6.3 (Step 1) in [13]. Theorem 1.1 implies that there
exist a subsequence {v,} of {v,} and a sequence {wy} C WH>°(;R?) such that lim L£3({z € Q : Wi(z) #
n—oo
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Un(ry(7)}) = 0, klim l|wr, — uol|Lr(o;rs) = 0 and the sequence {(Vaﬁk ngk)} is p-equi-integrable. Thus,
— 00

En(k)
taking into account (1.1) and using the fact that {(v,(x),€n))} is a recovering sequence, we obtain that

hmsup/W (Va@k
k——+oo o

Repeating the arguments used in the proof of Corollary 1.2, we may modify wy appropriately near the lateral
boundary dw x (—1,1) so that we obtain subsequences {;} and {7;} of {€, )} and {v,@)} respectively, and
a sequence {u;} C WP(Q;R3) such that

5 L Vg@k) dz < 2/QW(VO¢UO($&))dxa. (5.1)
n(k)

lim £*({o € Q: uy(x) #7,()}) = 0, (5:2)
]HOO
Jim [l — woll Lo(me) =0, (5.3)
1 . ..
{ (Vauj ‘ gV3uj) } is p-equi-integrable, (5.4)
J

and
Ujlowx (—1,1) = U0, (5.5)

hold. Moreover, in view of (2.5, 5.1) and (5.4), we have that

lim [ W (vauj‘givguj> de = Q/QW(Vauo(ma))dxa. (5.6)
J

J—00

Let us define QZ‘ =w X (1 — %, 1) , Qp =wX (—17 -1+ %) , and put Q = Qg U, . Changing variables, we

obtain that
1 1 1
/ W (vauj‘_—vguj) do = (1 - _) /W vauj,k‘ﬁij,k da, (5.7)
€j k 2 €j (1 — E)

O\Q

where v; : Q — R3 is defined by Vjk(Za, T3) = U (:ca, (1 — %) 1’3) . Note that by (5.5) we have v, kjawx (1,1
= ug, and also

1
||Uj,k _UOHIEp(Q;n@) = ( T / |U’J Yo, ¥3) — U0 (Ya )P dyadys
Q\Qk

N\
< (1 - E) l[uj — UOHLI)(Q;]RE))'
Thus,

lim |vjx — UOHL;D(Q;]RE)) =0 for all k£ > 2,
j—oo
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and we deduce that for each integer k > 2 fixed the sequence {(vj,k, (1 — %) Ej)} is admissible for the infimum
n (2.5). This implies that we have

J—00

Q

1
hmmf/W (va’ljj7k‘WV3UJ k) x > 2/QW a’U;Q(Ia))d.ﬁa,
Tk

and in view of (5.6) and (5.7), we obtain that

1
limsup/W (Vauj‘_—VP,uj) dx
Jj—o0 €5
Qp
. 1 1 1
= lim sup /W (Vauj‘_—V3uj) dx — (1 — —) /W Vavik‘ﬁngj,k dx
j—00 5 €j k 2 (1 — E) €j

7o d . 1 1
S 2/QW(V(XU/O(I(X))dxa — hjlgggf (1 — E) /W (va’Uj’k‘mV?,’Uj,k) dx

Q

< %/QW(Vauo(za))d:ca.

Taking into account (1.1), we deduce that
1 p
1imsup/‘(vauj‘_—V3uj)
Jj—oo €j
Qp
for some constant C' > 0.

Partition €2, and Qg into k horizontal layers of helght 77, denoted by L, , and L; ; respectively (indexed in
a symmetric way with respect to the plane z3 = 0;¢ =1,--- , k). In view of (5.8), for each integer k > 2 there
exists J(k) € N such that

2 [ ()

LUL

C
dz < % for all k > 2, (5.8)

p
dz < %, for all j > J(k).

Thus, for each k > 2 and j > J(k), there exists an index i(k,j) € {1,---,k} such that

[ [liom)

Lo UL
Put L ;g ) == w X (—ck,j, —bk,j) and Lk i) =W X (bk,j, ck,j). In particular, (5.9) yields

p
2

k,i(k,j) k,i(k,5)

by, J+fk j

[ il

—Ck,j

2C
dx Sﬁa
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and

dr < 4C, (5.10)

and

dz < 4C. (5.11)

1

/‘( ally Iaaazj)‘gvi%uj(xaaa;j))
J

w

Consider smooth cut-off functions ¢ ; = ¢k ;(x3) such that

_ R T
(ka:lOD ak’j—k@,akd—@ 5

br ) br )
vk,; =0 on (—oo, kg TR ;ck’]> U (7]” ;ck’],+oo) )

1 slloo < ck?,
and define wy ; € WHP(Q;R3) by
W (Ta, 3) = Pk (T3)uj (Ta, 23) + (1 = k5 (23))u; (Ta, @) )Xo (Tas T3)
+(1 = on,j(23))u; (Ta, a;j)XQ; (Tasx3).

It can be easily seen that

Wk, jlowx (—1,1) = U0, (5-12)
and
hm limsup £3({z € Q : wy, ;(z) # u;j(2)}) = 0. (5.13)
—00  j o0
Claim: The following identities hold:
lim sup [|wg,; — vol|zr(r3) = 0 for all k > 2, (5.14)

Jj—o0

and

dz = 0. (5.15)

hm hmsup/‘( aWk,j|= ngk,])
k—o0 j—o00
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Assuming that the claim holds, the usual diagonalization argument provides an increasing sequence j(k) /' 00
as k — oo, so that we have

lim £°({z € Q: wi(z) # ujgy(x)}) =0, (5.16)

k—oo

leII;O ||wk — UOHLP(Q;]RB) = 0, (5.17)
and

p
dz =0, (5.18)

—ngk)

1
lim /‘(Vawk
k—o00 €
Qp

gk

where we have denoted wy := wy, j(x) and e,, := ;). Note that the corresponding subsequence {vy, } of {v,}
is obtained by taking vy, := Uj). Clearly (see (5.12)), we have that

Wk|dwx (—1,1) = U0- (5.19)

In view of (5.2) and (5.16) we deduce that (i) holds, while (iii) follows from the particular way in which we have
constructed the sequence {wy}. To prove (ii), let A be an arbitrary Borel subset of {2. We have

P 1
dx = / ‘(Va’w ‘_—V U, >
3 (k) Ei(h) 3Wj(k)

AN\ Q)

1 p
+ / ‘ (Vawk‘—V3wk)
Eny
ANQy
S /
A

1
<Vauj<k> ‘ . ij(k))
—szk>

1
Jr/‘(Vawk
€
Qp

p

—ngk) dz

3
A

Nk

dx

p
dx

P
dz,

Nk

and (ii) follows by (5.4) and (5.18).
We have

oot

—ngk) dz

1
>dx—/W< k) ‘ Vit ik >dx+/W<Vawk
Eji(k) K €

Nk
k

f/W <V uj(k)‘ Vsuj(k)) dl‘,

Qy,

and thus, in view of (ii), equations (1.1, 5.4) and (5.6), we obtain that

lim | W (v wk‘—v3wk> x—Q/QW (Voo (2a))dza.

k—oo

Taking now into account (5.17) and (5.19) we deduce that (iv) holds.
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Proof of Claim. We have

s = 03l zey < [ 50 2) = 0,0 )P+ [ i) = s P

- +
Qk Qk

and by Holder’s inequality we obtain that

a+ p
k,j d
/|uj(:ca,:c3)fuj(ma,a:,jﬂpdxadmg :/ /g(uj(:ca,s))ds dz,das
QF Qf |®s
1 / d p
< P / / ‘g(u](xa,s)) ds | dz
Qf \l-%
1 P
= F |V3U](I)| dz.
of
Thus, in view of (5.8) we have that
i o 1 L[] P
imsup [ |uj(za,23) — uj(Ta, ay ;)|Pde < — 7 limsup | & —Vsu;(z)| dz
J—00 kp’ J—00 E_]
QF QfF
1 /. ) s 1 P
< — =7 |limsup?] | limsup [ | =Vsu,(z)| dz =0,
kv’ Jj—oo Jj—oo i €j

Q;

for each k > 2 fixed. Similarly, we obtain that

limsup/ [uj(Ta;23) — uj(Ta; ay ;)|Pde = 0 for all k > 2.
j—o0 ’

Q
Hence

limsup [[wp,j — u;7,ms) = 0 for all k > 2,

j—oo

which together with (5.3) yields (5.14).

467
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It remains to prove (5.15). To this end, we first note that we have

Ep/‘gak] 1’3)| |uj(@a,z3) — (:ca,ak J|Pdaydes

Q+
af |
Ck*
+
< = [uj(Za, 3) — uj(2a, ay ;) [Pdrades
J + 1 w
i T oRZ
+ + P
) akyj akwj
Ck=P d
< — T (uj(za,xs3))ds| dzadzs
£ s
+
ammz © 1
a;j a+
Ck2p p
< — —u;(xq,8)| ds | dzades
22 _ d
kv el
J 1w +
kT 2kZ AT

where we have used again Holder’s inequality. Thus, in view of (5.8) we deduce that

hm lim sup = 7 / ‘cpk] :c3)‘ |uj(Ta,x3) — (:ca,akj)| dzodzs =0,

k—o0 j~>00

Q+

and also
khm lim sup — Z / |<pkj 1’3)| [uj(Tas 23) — uj(Tas ay ;)|Pdzadrs = 0.
— 00 _]—N)O
k
We have
1 P 1 P NT
/ VoW, j gv3wk,j dz < C/ Vauj‘gVyuj d:chC’/‘Vauj(:Ea,ak,j) dz,dzs
QF ! QF ! QfF
C / 4 \p
+? (Ig)‘ [uj(Za, 23) — uj(2a, ay ;) [Pdzadzs,
JQ;

and therefore, by virtue of (5.8, 5.11) and (5.20) we obtain that

p
dx = 0.

. . 1
lim hmsup/ <Vawk,j‘_—vswk,j
k—oo j 00 €j

of

(5.20)

(5.21)
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Similarly, invoking (5.8, 5.10) and (5.21) we find

p

1
lim 1imsup/ ‘ (Vawk,j _—V3wk,j)
k—oo j—00 €j
Q

thus asserting (5.15).
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