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THE DYNAMICAL LAME SYSTEM: REGULARITY OF SOLUTIONS,
BOUNDARY CONTROLLABILITY AND BOUNDARY DATA CONTINUATION

M.I. BELISHEVY* AND I. LASIECKA2T

Abstract. The boundary control problem for the dynamical Lame system (isotropic elasticity model)
is considered. The continuity of the “input — state” map in Le-norms is established. A structure of
the reachable sets for arbitrary 7' > 0 is studied. In general case, only the first component u(-,T) of
the complete state {u(-, T),u¢(-,T)} may be controlled, an approximate controllability occurring in the
subdomain filled with the shear (slow) waves. The controllability results are applied to the problem
of the boundary data continuation. If Ty exceeds the time needed for shear waves to fill the entire
domain, then the response operator (“input — output” map) R uniquely determines RT for any
T > 0. A procedure recovering R* via R*™° is also described.
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1. INTRODUCTION

1.1. About the paper

This paper deals with the issue of boundary approximate controllability and related unique continuation
property for a system of dynamic elasticity governed by the Lame model.

Our goal is to provide a description of sets which are approximately reachable by the actuation on an arbitrary
(possibly small) portion of the boundary within an arbitrary (possibly short ) time — in the system which has
variable (in space) coefficients. As such, this problem is very different from a large body of papers dealing with
exact controllability for constant coefficient Lame models with seizable portion of the boundary accessible to
control action for a sufficiently long time (see, e.g. [2]).

In 1993 Tataru extended the classical Holmgren—John theorem on uniqueness of the continuation across non-
characteristic surfaces to solutions of PDE’s with nonanalytic coefficients [20]. In particular, for the case of time
independent coefficients the required smoothness of the coefficients in [20] is rather minimal (C'). One of the
corollaries of this remarkable result is that the boundary controllability of the dynamical system governed by
the scalar wave equation: on any finite time interval such the system turns out to be approximately controllable
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in the subdomain filled by waves. This last property plays the key role in the BC-method that is an approach
to inverse problems based upon their relations with the boundary control theory [4].

In 1998 the Holmgren—John—Tataru theorem was generalized to a class of hyperbolic systems which are
principally weakly coupled [9]. This class includes Lame systems with C? coefficients which are space dependent.

Our paper draws on further consequences of this generalization in the context of boundary controllability
of the Lame system. Indeed, the unique continuation result in [9] is one of the main tools used in providing
characterization of reachable sets. These results should lead to a variant of the BC-method for inverse problems
formulated in the context of dynamic elasticity theory.

We dedicate this paper to memory of J.-L. Lions who’s contributions, impact and influence on the field has
been and will be everlasting.

1.2. The Lame system
In a bounded domain ¢ R? with the smooth enough (say C®) boundary I' consider the dynamical system

u — Lu =0 in Q7 (1.1)
ult=0 = utlt=0 =0 in Q; (1.2)
u=f on %7, (1.3)

where Q7 :=Q x (0,T); £ :=T x [0,7]; L is an operator acting on R>-valued functions defined by:

3
(Lu)z = p71 Z ajCijklaluk 1=1,2,3
Jkd=1

(05 = %); cijkl is the elasticity tensor of the Lame model:
Cijkl = AijOnr + p(dirdj1 + a1l );

ps A, i are smooth functions depending on spatial variable only and satisfying the usual ellipticity condition:
p>0,1>0,3\+2u > 0in . Vector function f = {f;(v,t)}3_, is the Dirichlet boundary control given on X7
w=ul(z,t) = {u (x,t)}3_, is the solution (wave).

1.3. Metrics and domains of influence

The hyperbolic system (1.1-1.3) has two families of the characteristics o(z,t) = const in Q7 determined by
the equations

dp ? 2 2
E - ca|v90| =0, a=p,s, (14)

where

1 1
2 A 2 2
cp . ( ‘LL: > ’ CS . <%>

are the velocities of pressure and shear waves, p — characteristics being ordinary whereas s — characteristics
being of multiplicity 2.
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The velocities determine two Riemannian metrics in §2:

|d?

2 I
Ca

ds? = a=p,s;

we denote dist,, the corresponding distances.
For an open subset o C I' define the domains of influence of o

Q7T = {x € Q|disty(z,0) < T}, T >0
and the times of filling

TS :=inf{T > 0]|Q37 > Q}

(03

The relation ¢s < ¢, implies Q77 c Q3T,  TZ > T7.
Introduce the space H := Ly ,(€2; R3) (with measure pdz) and its subspaces

HST = {y € H|suppy C QIT}, a=p,s;
with the following obvious relation HZT C HZ’T.

1.4. The results
Our first result concerns the regularity of the “input — trajectory” map.
Theorem 1. The map f — u' is continuous from Lo(XT; R3) into C([0,T]; L2(Q; R?)).
We shall discuss next reachability properties. To this end we introduce: %7 := & x [0, T]. The sets of waves
Ut = {uf (-, 7)| f € Loy(XT; R3); suppf € 27T},
ug™ = {u! (1) f € C(3"; R®); suppf € o x (0,T)}

play the role of reachable sets. Due to hyperbolicity of the system (1.1-1.3) and the above regularity result
one has

o, T o, T
U’ c 1o (1.5)

In the space H introduce the projections:

Xg"Ty — y in QZ,T;
“ 0 in Q\QT;

so that X2 TH = HZT, «a = p,s. The following result clarifies the character of the embedding (1.5).

Theorem 2. For any T > 0 the equality
closy XZTuY>t = 1ot (1.6)

holds. In particular, when T > T?, clospU”T = H.

This equality is interpreted as an approximate controllability of the system (1.1-1.3) in the subdomain Q27
filled by s—waves at the moment ¢ = T'. Simple examples (for small enough T') demonstrate that in the wider
subdomain Q;‘;T such the controllability does not occur. Notice, that the theorem deals with controllability
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with respect to only the first component of the complete state {u,u;}. This is natural: as we show, for times
T <Tg uf(-,T) determines ul (-, 7).

The next result concerns a completeness of waves in the Sobolev classes for large enough T connected with
geometry of ).

Theorem 3. If T > T? the relation
closg> U = H*(R?) () Hy (% R?) (1.7)

holds.
Our last result concerns to the response operator (“input — output” map) R%T : Ly(XT; R?) —

Ly(277; R?); DomR>" = C5°(£77; R3),

3
T Z f T
(Ra’ f)Z = V;Cijkl 0lufk on X% s
Jik,l=1

where {Vj}?zl are the components of the outward normal, the control f in the right hand side is the continuation
of f from X7 to X7 by zero.

Theorem 4. The operator R%?T given for a finite firxed T > TS determines the operators RoT for all T'
€ (0, 00).

In other words, dynamical boundary measurements (data) given on X%?T with a fired T > T may be
uniquely continued onto 7% without resorting to the evolution equation (1.1). We also describe at the end of
the paper an effective procedure for the continuation.

Remark. Just for simplicity it is assumed in this paper that the coefficients of the system are C*°. A more
detailed analysis shows that C3-smoothness of I', A\, i, p is enough to preserve all of the results. The last
requirement is motivated by applicability of unique continuation results in [9]. On the other hand, other
arguments in the paper do not require that much regularity (C! suffices). Thus, if any further progress is made
in relaxing regularity for unique continuation results, our results will apply as well.

2. THE LAME SYSTEM

2.1. Spaces and subspaces

Unless otherwises stated, we assume I', A, up to be C*°—smooth. Everywhere in the paper ¢ C T is a fixed
open subset of the boundary.
The space of controls

Fol .= {f € Ly(ST;R?)|suppf € 277}
plays the role of external space of the system (1.1-1.3); we denote
MoT = {f e FOT () C™(E"; R?)|suppf C o x (0,T)},

so that each f € M7 vanishes near I' x {¢t =0} and I x {t = T'}.
The inner space is H := La ,(£2; R?); as above, we select its subspaces

HOT .= {y € H|suppy C QIT}, a=p,s.

Everywhere below, simplifying the notations, we omit ¢ in the case of ¢ =T': FU'T .= FT; MDT .= MT etc.
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2.2. Operator representation of Lame system

We will find convenient to provide operator— in fact spectral— representation of solutions to Lame system:

ug — Lu =0 in Q7 (2.1)
u|t=0 = Up, Ut |t:0 = U1 in Q; (2.2)
u=f on X7T. (2.3)

To accomplish this we introduce the following spaces and operators. H? := H?(Q;R3), H} = H}(Q;R3).
H~t:= (H})'. The operator Lo; H — H, DomLo = H2NH}, Loy := Ly is self-adjoint, negatively defined with
Dom (—LO)% = Hé. Therefore, it generates sine and cosine operators [19] with the properties:

S0) € L1 — OO TEH)): C(1) = S8(0) € L0 — M)

d C(t)u = LoC(t)u; u € Dom Ly. (2.4)

d
L()S(t)’u, = EC’(t)u, u € H(l), @

It is well known that S(t), C(t) commute with Ly and they obey the following trigonometric relations
S(t—s5)=S5t)C(s) —C(t)S(s); C(t—s) =C(t)C(s) + LoS(t)S(s). (2.5)

Since Lg has discrete spectrum, we can write down spectral representation for sine and cosine operators: Let
e}y 0 > A > X > .. and {pr}72; denote eigenvalues and eigenfunctions of Lo: Loyk
= Mek; (0k, 1) = 0. The existence and continuity of LO_1 follows from the fact that A\p # 0. With
the above notation we have

—— Wyer)ner, 0<t<T; (2.6)
k=1 Ak
(oo}
C(t)y =" cos\/=Mt (y,pr)mpr, 0<t<T. (2.7)

k=1

We also introduce the so called Green’s map G given by Gy := v iff Lv =0inQ;v = on[I. It is well known
from standard elliptic theory that G is bounded from L?(I", R?) to H.

With the help of Green’s map we introduce the operator W : ' — Lo((0,T); H™') (“input — trajectory”
map) defined by

(WF)(t) := Lo /O S(t — s)Gf(s)ds. (2.8)

From (2.4) we clearly have: W € L(FT — C([0,T}; H™!)). Moreover, W € L(HZ(ZT;R3) — C([0,T); H)),
where this last assertion follows from the representation of W which is valid for with any f € H}(Z7;R3)
(W)(t) = =GF () + Jy Ot = 5)GFs(s)ds.

With the above notation, the solution u(t) to Lame system (2.1-2.3) with f € HZ (X7, R3) can be written
as (see Sect. 3 in [13])

u(t) = C(t)ug + S(t)uy — (W f)(1).

For f € FT', ug € H,u; € H~! the formula above provides a definition for “ultra-weak” solution to (2.1-2.3),
which resides in C([0, T]; H™1).
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Our first goal is to show that this “ultra—weak” solution is, in fact more regular by one spatial derivative.
This is the regularity statement which amounts to proving that the operator W : F¥ — C([0, T]; H) is bounded.

2.3. Regularity of solutions

If f € C°(X7T; R3) vanishes near I' x {t = 0} then the problem (1.1-1.3) (subject to appropriate regularity
of the coefficients) has the unique classical solution uf € C(QT; R?), the relations

uwftt = u{t — Luf, (29)
and
suppu’ (-,t) C Qg’t, 0<t<T, (2.10)

being valid due to time-invariant coefficients and hyperbolicity. In what follows we shall not need so much
regularity and we shall show that u/ € C([0,T];H) for f € FT, which in turn allows to define function u/ a.e.
in ). Indeed, the above assertion follows from

Theorem 1. The map W is continuous from F7 into C([0,T);’H). Moreover, the map %W is continuous
from FT into C([0,T); H™1).

Proof.

Step 1: Preliminaries

We begin with some notation. An R3- valued function y = {y;(x)}3_,, z € Q is said to be a field; the

term “function” is reserved for scalar functions. We use the summation over repeating indexes and denote

y-v=yv;, (o) = a;;B;, the scalar products of vectors and matrices; |y| = (y - y)%; [le| := <a,a>%.
The product ay is the vector a;;y;. If y is a field we denote Vy the matrix (Vy);; := 0y; (0; := %)
and set (dive); := O0jaj;. Finally, 7 is the matrix conjugation: (a”);; = ¢ ;. The elastic moduli tensor

C= {Cijkz}ij,k’lzl is considered as a “matrix — matrix” map: (Ca)i; = ¢ijrou, the moduli ¢;jx; are smooth
functions in Q satisfying the symmetry relations

Cijkl = Cjiki = Cijlk = Cklij- (2.11)
The Lame model corresponds to
Ca=p(la+a™)+Atral (2.12)

where [ is the unit matrix, tra := agg. Simple calculations with regard to 3A+2u > 0, p > 0 allow to establish
positivity of C: for any o = o” one has

(Ca,a) > colal? (2.13)
with a constant ¢y > 0. Introducing the strain tensor
e(y) = % [Vy + (Vy)']
the basic operator L may be written in the form

L=p tdivCe(') (2.14)
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or, by components, (Ly); = p~19;[2ueij(y) + Aekr (y)di5], where the density p is a positive function in (2. Denote
H = Ly, (% R3) (with measure pdz), G := Lo(T; R?) and recall Green’s formula

(L’U,, U)H - (U’a LU)H = (NU, D’U)g - (DU,, N’U)g (215)
where D and N are the trace operators:
Du :=ul|r; Nu:=Ce(u)v|r,

V= {l/j}?zl is the outward normal, so that (Nu); = cijmer (u)v; = CijrOiugy;.
By using formula (2.15) we easily establish the following representation

G*Lou = Nu, u € Dom Ly. (2.16)
Indeed, it suffices to apply formula (2.15) with w € Dom Lo, v = G, ¢ € G, which leads to

(G*Loua 1/))9 = (Loua Gw)H = (’U,, LG'Lp)H + (Nua DG?/))G

implying the conclusion in (2.16).
Step 2: The bound for G*LS(+)

We shall consider composition operators G*LoS(-), and G*(—Lg)2C(-) as (potentially) unbounded but
densely defined operators : H — F' given by:

(G*LoS()u)(t) :== G*LoS(t)u; u € Dom Ly
(G*(=Lo)2C()u)(t) := G*(—Lo)?C(t)u u € Dom Ly.

Similarly, W* which is originally defined as an element of £(L2((0,T);H{) — FT), can be considered as an

unbounded operator (denoted by the same symbol): Lo((0,7); H) — FT.
The lemma stated below shows that these operators are in fact bounded.

Lemma 1. The operators
G*LoS() : H — FTy G*(—=Lo)2C(-) : H — FTs W* : Ly((0,T);H) — FT
are bounded.

Proof. To prove the lemma we shall follow the same strategy as in [13] with support of computations performed
in [14] for the von Karman system.

The main task in proving the lemma is establishing the appropriate bound for elements in the domains of
respective operators. By virtue of (2.16) the result of the Lemma 1 follows from the following proposition:

Proposition 1. Let a,b € Dom Lo, g € L2((0,T); H}) and let w(t) := C(t)a + S(t)b+ fot S(t—s)g(s)ds. Then
the following estimate holds

[ aratliet)lP < e [lalfg + 1B+ ol om0 ] (2.18)
»T
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Proof. Follows the same strategy as in [13].

Step 1. Integrating by parts the equation wy — Lw = g satisfied by w and accounting for boundary conditions,
leads to the following variational equality

/ dadt [pwys -1 — pg - 1+ (Ce(w), £(n)] /dthCs(w)u =0 (2.19)
QT ZT

for any test field n € H'(QT; R?). In what follows we choose and fix n = (Vw)7h, so that n; = d;w;h;, with a
smooth field h = h(z).

Step 2. Introduce the tensors e(w) and m(w):
1
ew(w) = 5[(9wn)dhs + (Oiwk)Orhil;

[(0Z.wi)hi + (O3wp)hi]

N =

muy(w) =
where 9% := 9;0;,. Using the symmetry of tensor C (2.11) it is straightforward to show that
e((Vw)"h) = e(w) +m(w), (2.20)
and
div[(Ce(w), e(w))h] = (Ce(w), e(w)) div h + 2(Ce(w), m(w)) + ((OkC)e(w), e(w)) - (2.21)

Step 3. In order to simplify notations we omit differentials in integrals. Inserting chosen 7 in (2.19) yields:

o:3/@@m—m-wmrh+wdw@«vwvm}
QT

— /CE(M)I/ - (Vw)"h = (see (2.20))

= /pwf(Vw)Th =0 — %/Vlwtl2 ph*/ g- (Vw)"h
Q QT T
+ /{(Cs(w)7 e(w)) + (Ce(w), m(w))} — /Cs(w)u (Vw)"h. (2.22)
QT =T

Applying the divergence theorem and taking into account w|r = 0 one has

/wwﬁm=/mﬁmm;
QT QT
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using (2.21) one obtains

/ (Ce(w), m(w))
QT
1

»T
Inserting in (2.22) gives

_r 1
0= /pwt-(Vw)Th =T +—/|wt|2divph7/ g (Vw)h
2 Qr
Q QT

1 .
+/ {(Ce(w),e(w)> ~5 [(Ce(w),e(w)) div h + ((akC)E(w),E(w»hk]}

QT

+ [ {5zt stp v - cstwp- (Furn}-

Step 4. By exploiting the fact that w vanishes on I', we shall show that
Ce(w)v - (Vw)"h = (Ce(w),e(w))v-h onT.
Indeed, w|r = 0 implies O;w; = d,w;v; onT, (9, = %); therefore, denoting Ce(w) =: o one has
Ce(w)v - (Vw)™h = qivi (05w hj = vk (Oyw;)vih;.
On the other side, due to symmetry of o
(Ce(w),e(w)) = ai]é [Oiw; + 0jw;] = a;j0;w; = (O w;)v;.

Comparing (2.25) with (2.26) leads to (2.24).

Step 5. Taking h parallel to v on I, and using (2.24) one transforms (2.23) to

[ iectw)cwn = [ pwe (vornit - [ g (vuyh
Q

=T B

+/ {% lor[2 div ph + (Ce(w), e(w) — % (div h) e(w)) — %«akC)g(w),g(w»hk}-

QT

Since only the 1%t-order derivatives of w enter the right hand side we easily get

/(Cs(w),s(w» <cesup e ||l D)l + [l Ol + ||9||%1<<0,T);m] :
=T

%/{diVKC&(w),E(w»h] — (Ce(w), e(w)) div h = ((kC)e(w), e(w))hx }
QT

=5 [ (st ey~ 5 [{ieet), ) divh+ (@)=(w), sw)hn)
QT

151
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(2.26)

(2.27)
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On the other hand, by (2.4)

llw (-, B)[[5 + [lwe (S 0)I1F, < ¢ [HaH?{é+||b||$1+||g||%1((0,T);H) ;

whereas positivity (2.3) allows to transform (2.20) into (2.12). The Proposition is proved. O

Let ¢ = 0. Since Dom Lg is dense in ‘H and H}, the Proposition 1 yields continuity of the map {a,b}
— g(w)|yr from H§ x H into FT. Thus, each H}(QT; R?)-solution w of Lame system with finite energy initial
data possesses the trace e(w)|sr in Lo sense. The result of Proposition 1 when applied with a = 0,b and then
a,b = 0 implies, via principle of superposition and (2.16) the result stated in Lemma 1.

Step 3: Completion of the proof of Theorem 1

To complete the proof, we proceed as in [13] Section 3. We define the following operators as elements of

LFT = Loo((0,T); H ™).

(Jof)(t —Lo/ S()G () ds; (1)) / C(s)G (s

From Lemma 1 and duality it follows that Jo and J; are bounded: FT — L. ((0,7);H). Indeed, the above
assertion follows via Riesz Representation theorem from the following estimate valid with an arbitrary test field

¢ € L1((0,T); Hp):

T T
/0((JOf)(t)v(b(t))H*l,H})dtS||f||7—'T||G*LOS(')||E(H—>7—‘T)/O [|(8)] [ dt.

Analogous estimate applies to the second operator Ji.

Moreover, by standard density argument one shows that Jy and J; are bounded: FI — C([0,T];H) see
Corollary 3.2 in [13]. To complete the proof it suffices to use trigonometric identities in (2.5) along with
properties of sine and cosine operators in (2.4)

(WF)(t) = LoS(t) /0 C(s)Gf(s)ds — LoC(t) /O S(s)Gf(s)ds

LO/S )G f(s)ds + (—Lo)? %/c )G (s
= (=Lo)2S(t)(J1 f)(t) — C)(Jo f)(1). (2.28)

The requisite boundedness of W follows now from the continuity of Jy, J; as operators: F1 — C([0,T]; H), and
continuity of (—Lo)zS(t) and C(t) as operators: H — C([0,T]; H). The same argument applies to the velocity
component:

<%Wf> (t) = ~Lo / C(t = 5)Gf(s)ds = ~(~Lo)*[CO )(1) + (~Lo) 2SN (S S)(B)]  (2:29)

where, again, we have a composition of continuous operators acting on respective spaces such that the product
is in C([0, T]; [Dom (—Lg)2]')- as desired of the final conclusion. The proof of Theorem 1 is thus completed.

Remark. An alternative way of completing the proof of Theorem 1 is to use the fact that W* a-priori in
L(L2((0,T);H') — F7T) is bounded: Lo((0,7T);H) — FT. (This last assertion follows directly from Lem. 1.)
The above implies, via duality (see Sect. 3 in [13]), the boundedness of W : FZ — Ly((0,T); H). Final conclusion
can be then reached by appealing to “lifting theorem” in [16] which allows to boost Lo time regularity to C' for
time reversible dynamics.
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Remark. The Ly — Lo regularity of solutions of the Lame system is the same as of the scalar wave equation [13].
This is in contrast to the Maxwell system where the map f — «/ is not continuous in Le-norms.

Remark. Extending the map f — u/ onto FT by continuity we consider its images in C([0, T']; H) as generalized
solutions of Lame system.

Theorem 1 implies the continuity of the control operator W' : FT' — H,

WTf = (WF)(T)= LO/O S(t —s)Gf(s)ds = uf (-, T).

Its reduction W71 := WT |z, = is understood as an operator from F%7 into H. Also, taking the adjoint of
WT (see Sect. 3 [13]) one obtains (WT)* € L(H — FT) is given by:

(WT) y=G*"LoS(T — ) y. (2.30)
2.4. Boundary control problem

Introduce the reachable set
U>" ;= RanWo" = wor For,

Taking into account the relation (2.10) the following statement of the boundary control problem (BCP) appears
relevant: given T' > 0 and a € HZ’T, find f € FoT such that

uw (- T)=a (2.31)

holds. In the lemma below we shall show that, at least for small T, the reachable set is rather poor, and the
BCP is not solvable in general.

Lemma 2. Let T < T} and nonzero a € Hg’T are such that the set Q\ suppa is connected and contains a
neighborhood of o in Q. Then a € UTT.

Proof. We are going to show that the conjecture a € U%7T leads to a contradiction.
Step 1: Let f € F%T be such that u/(-,T) = a. As one can check, the field

0 in X (—00,0];
w(ot) = uf (z,1) in x (0,T];

—uf(2,2T —t) in Qx (T,2T];

0 in x (2T, 400)

belongs to the class C(R\ {t = T'}; H) and satisfies (in the sense of distributions D’(2 x R) ) the equation
uy — Lu = —20"7uf (,T) = —28'7a in Q x R.

Here §'7(t) := %6(75 —T) is the dipole supported at t = T. This easily implies that, for each k the field

[ee]
/ e Rty (z, t)dt, (x,k) € QAxR

— 00

a(x, k) =

51 -
3



154 M.I. BELISHEV AND I. LASIECKA
satisfies the equation
(L + EYa(-, k) = 2ike ™ *Ta in Q

as a D'(Q))-distribution. B
Since suppuf(-,t) C QZ’T for all ¢ € [0,T], one has suppu(-,t) C Q;‘;T for all ¢ € R. The latter obviously
implies that its Fourier transform satisfies

a(k)=0 €\’ (2.32)

Step 2: Thus, the field @ satisfies the homogeneous equation (L + k?)i(-, k) = 0 in the open set Q \ suppa
and vanishes on its open subset (2.32). By the well known unique continuation principle for the Lame operator
L [21] (see also [17]) one has (-, k) = 0 everywhere in Q\ supp a, and, in particular, in a neighbourhood w? C §2
of o.

Step 3: The last fact implies

o0

=

ul (z,t) = ez, k)dk =0, (z,t) €w’ x[0,T];

hence f = uf loxc0,71= 0. Consequently, a = uf (-, T) = 0, which fact contradicts a # 0.

Remark. Taking a = 0 in (2.31), and repeating all the steps of the proof we can easily obtain f = 0 that
is equivalent to Ker W71 = {0}. Therefore, in the case of T < T;7 the BCP can have at most one solution.
The injectivity of W7 means that on the time interval (0, ry ) velocity is determined by displacement. Indeed,
consider the set of pairs {{u/(-,T),uf (-, T)}| f € FT}; if uf (-,T) = WoTf = 0 then f = 0 by injectivity of
WoT | that yields u{(, T) = 0. Thus, the set is the graph of a linear operator expressing u{(, T) trough uf (-, T).
This means that only one component of the complete state {u’; u{ } may be controlled at times ¢ < 7). This
phenomenon should be contrasted with the case when the time is large enough (see e.g. [2]).

2.5. Comments

e An analog of the result stated in Theorem 1 in the case of the scalar wave equation with constant coefficients
was first shown in [15] and later generalized to various topological levels in [13]. Thus the Lo-regularity
of “control — state” map is extended from the scalar case to the case of systems of dynamic elasticity.
We note, that as in the case of the wave equation, the regularity result has no analogue for the Neumann
problem. This is to say that Lo tractions prescribed on the boundary do not produce H' solutions.

e By using the result in Theorem 1 along with semigroup methods one can prove higher (or lower) level
optimal regularity of solutions with respect to various levels of regularity of controls. In fact, this can be
done in the same way as in [13] where scalar wave equations are treated.

e The proof of Lemma 2 follows the scheme of the paper [1] (see also [7]).

3. CONTROLLABILITY IN SUBDOMAIN Q%7 — PROOF OF THEOREM 2

3.1. The dual system
We recall from (2.30) and (2.16) that with y € H we have

(WT) y = G*LoS(T — )y = NS(T — )y € F*
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where we recall (Nu); = vjciju0iu, |r; PDE interpretation of this is that for a solution v = v¥(x,t), y € H
of the dynamical system

v — Lv =10 in Q7; (3.1)
V=1 =0, v¢ft=r =y in
v=0 on X7 (3.3)
we have the following representation
(WoT) y = No¥ [gor . (3.4)

The rest of Section 3 is devoted to the proof of Theorem 2.

3.2. Odd continuation and Cauchy data

We are going to show that existence of h € H satisfying:
(@) hLu™t; (8) supphnQT # {0}

which statements will lead to a contradiction.
Let v" be the solution of (3.1-3.3) with y = h; in accordance with («) one has

0= (WTf7 h)'H = <see (34)> = (f7 th)]:T
for any f € F19; hence
Nuv" =0 on o x [0,T]. (3.5)

Fix v € T and choose the coordinates so that v = v(y) = {0,0,—~1}. From (3.3) we have ;0 = 0 for
j=1,2i=1,2,3, whereas equality (3.5) takes the form of the system

Ciskz O3l =0, i=1,2,3
with diagonal matrix c;sps = udir + (A + ©)d;3d3k. Solving this system, one gets 831}2 = 0 and, finally,
v =0, 9,0" =0 ono x[0,T],

so that the solution v” has zero Cauchy data on %7
As is easy to verify, due to v|;=7 = 0 the odd continuation

_ [ ) 0 (0,7);
w(x,t) := { —vP(z,2T —t)  Qx[T,2T)

turns out to be an H'-solution of the problem

wy —Lw=0 inQx(0,2T); (3.6)
w=0, dw=0 onox][0,27].
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3.3. The extension Q'

Let €’ be a domain with smooth boundary such that €’ > €. Continue the Lame parameters in )’ preserving
smoothness and conditions p > 0, > 0,3\ + 2 > 0 in .

Continue the solution w in £’ x (0,27 putting w = 0in [\ ] x (0, 2T). Due to (3.6, 3.7) this continuation
turns out to be an H'— solution of the equation

wy — Lw =0 1in Q' x (0,27 (3.8)

vanishing near one side of the smooth surface o x (0,27). Since the surface is noncharacteristic with respect
to both speeds s,p (time-like), by virtue of the uniqueness theorem [9] one has w = 0 in an open set Kg’2T
C Q x (0,2T) such that dKJ?" > o x [0, 27T).

Let us show that the solution w is continued by zero from Kg 2T onto the domain

K72 .= {(2,t) € @ x (0,2T)| |t = T| < T — dist,(2,0)}
bounded by characteristics of equation (3.6).

3.4. Paraboloids

Fix a point 79 € Q27; choose a point 79 € 0. Let I C Q be a smooth curve connecting o with zg, of the
s-length less than T', transversal to o. Such a choice is possible due to dists(zg,0) < T.

Continue [ smoothly across beyond o in '. On this continuation fix a point a close enough to o so that the
s-length of the segment [a, ] is less than T. Parametrize this interval putting s(m) equal to the s-length of
[a,m], so that s(zg) =:Tpo < T.

Consider a (small) tube neighborhood w of the segment [a,x0] C I in €’ determined by the condition: each
x € w is connected with [ by unique shortest s-geodesic orthogonal to [. Let m, be the point on [ s-nearest
tor € w.

In w introduce the “cylinder coordinates” r(x) := dists(z,1), s(x) := s(m,); notice the inequality s(x)
> dists (z,0), and the relations

[t

Vs-Vr=0 inw; |Vs?=— onl (3.9)

easily following from the definitions.
Taking € > 0 small enough one can ensure in the “tube” w. := {z € w|r(x) < e} the inequality

(T0+T

2
2 2>1 . 1
T, ) (@) |Vs(x)|*>1, z€ew (3.10)

which is valid due to Ty < T' and the second of the relations in (3.9).
Choose r9 > 0 so small that the subdomain (paraboloid)

! s(z) (@)’
ﬂf{?:go’ = QL'EWEQQMQTO(T—O) >0

for any x € (0,1] is contained in Q77 whereas the components awffg;go’l N and angg;go’l N o of its boundary
are smooth surfaces. We call these paraboloids admissible; notice that wf(?;,zo’l extends as Kk grows.
Varying parameters of admissible paraboloids one can verify that they exhaust the subdomain Q7
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3.5. Lense-shaped domains

Denote

ox,t) =

and consider the “lense-shaped” domain

ool .= {(z,t) € Q x (0,27)| p(z,t) < 0}-

T0,R

The component of its boundary

yrool .= {(z,t) € Q x (0,2T)| p(z,t) = 0}

T0,R
is a smooth surface; calculating its characteristic form with regard to (3.9) we have

dp ? 2 2 4 t 2(TT;TTOO) & 2 2f T ? 2 4 & 2
0

Thus, Ef{‘)’y’,’j“’l is noncharacteristic (time-like).
The cross-sections of Hgfg;gwl by planes ¢t = const are admissible paraboloids. Let (x,t) € Hffg;,zo’l. By virtue
of the inequality s(x) > dists (x,0) mentioned in Section 3.4 one has the estimates

()] r g e e ()

Ty +T
:T—( ot )s(x)gT—s(ac)gT—dists(ac,a)
270

t—T|<T

which imply the inclusion Hf{‘)’;;j“’l C K927 1t is easy to show that the domains Hfg,’g"’l extend as xk grows and
exhaust the entire K727,

3.6. Completing the proof of Theorem 2

Choose g € supp h N Q2T Since w(-,T) = h one has (z9,T) € K*T N supp w.

Construct the domains Hf{;’y’,’jo’l, k € (0,1]. For small enough £ the obvious inclusion ijg;,zo’l C K 2T holds, so
that w = 0 in TIZ0;701. At the same time, if x = 1 then ﬁfg”fo’l 3 x9; hence, by necessity suppwﬁﬁfé’y’fo’l # {0}.

Define

Ko :=sup {k > 0| suppw N ﬁfg:;’"’l = {0}},

so that kg < 1. The surface Efg;gg’l contains points of supp w. On the other hand, it bounds the domain Hfé’yﬂgvl
where w = 0. Since this surface is noncharacteristic, we reach contradiction with the theorem on uniqueness of
continuation [9].

Thus, the conjectures («), (3) (see Sect. 3.2) lead to contradiction that proves Theorem 2.

If T > TC one has Q77 = Q, HST = H, and the equality (1.6) takes the form

clospd”" =H. (3.11)
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3.7. Comments

e The scheme of the proof of Theorem 2 is taken from Russell’s paper [18] who first used the Holmgren—
John uniqueness theorem in a study of controllability for hyperbolic problems. Otherwise, the author
mentions “the germinal idea” of J.-L. Lions. The trick with “lense-shaped” surfaces comes from the
classical paper [11]: our paraboloids is just a modification of John’s construction.

e Theorem 2 shows that approximate controllability always occurs in Q%T. At the same time, if T < T?, a
simple example of 2 = Ri with constant A, u, p demonstrates that it does not occur in the subdomain
Qg’T \ Q2T Therefore the components u{ of solution are connected (not independent) in this subdomain.
The interesting and important to inverse problems question is to clarify this connection.

e One more question coming from inverse problems is the following. Assume T' < T?7, let e; () be the field
in Q identically equal to the coordinate vector e; = {d;jx}2_; (j =1,2,3). Does the cut off field X77e;
belong to the reachable set 4/7°7? Notice that the corresponding question is still open even in the case of
the scalar wave equation in dimension n > 1.

e Due to density of Z/lg’T in 72T and the boundness of W7 one can replace U%7T by Z/lg’T in (1.6, 3.11).

4. CONTROLLABILITY FOR TIMES T > T7-PROOF OF THEOREM 3

4.1. Regularization

Recall that the classes of fields H?, H{, the operator Lo, the corresponding sine- and cosine- operator
functions, and the relations between them were introduced in Section 2.2.
The solution of the dual problem (3.1-3.3) has the well-known representation in 2:

v, t)=8t-T)y, 0<t<T. (4.1)

In what follows it is convenient to extend v¥ from [0, 7] to the entire time axis defining v¥ via the right hand
side of (4.1) for all t € R. Thus we have v¥ € C(R;H).

o

Choose and fix an even function n € C§°(R) such that n > 0, suppn C [-1,1]; [ n(t)dt = 1. For ¢ > 0
define

Due to evenness of 7(t) and oddness of S(t) one has

/ Ne(s) vV (-, t —s)ds = (see (4.1)) = / Ne(s) St —T — s)yds
= (see(2.5))=St—-T) /775(3) C(s)yds = v¥e, (4.2)

—&

where

€

Ye ::/776(3) C(s)yds.

—&
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The properties of 7. easily lead to the corresponding properties of y.:
) Myelln <llyllr;  limye =y inH;
(ii) y- € () Dom Lj.
j>1 3 B
The latter implies y. € C®(; R3), v¥= € C®(Q x R;R?). It is also easy to see that v¥s — v¥ as ¢ — 0 in
C([0,T); H) with any T > 0. Thus y. and v¥s can be viewed as special regularizations of y and v¥.

4.2. A lemma

Fix a positive ¢ < T', choose ¢ € (g, T) and denote
o, T o, T =
Fgh ={feF> |suppf Cax[§T]}

For f € FJ'" the control f. € FoT,

N =

T
fe(t) = /[775(75 —8)—n:(2T —t —98)]f(,8)ds, 0<t<T
0

is well defined. As is easy to check, f.(-,t) vanishes near t = 0. Note the equality (f:)iu = (fit)e which holds
for sufficiently smooth f € Fg'".

Lemma 3. Fory e H and f € f(‘;’T the following relation takes place:

(WTfEa y)H = (WTfa yE)H' (43)

Proof. Let y € () Dom Lg) so that v¥ is smooth. Since 7 is even whereas v¥ is odd with respect to t = T one has
j=1

0o T

o (1) = /m(zsfs)vy(-,s)ds: /[ns(t*S)*ne(2T*th)]vy(~,S)ds,

—00 —00

|~

which gives

Nv¥e (-, t) = Me(t —s) —n(2T —t — s)] Nv¥(-,s)ds, te€R. (4.4)

N
|
8 ~—~—n
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The equalities

(W for ) = (fer W) ) = (500 (3.4)) = / drdt f.(7,1) - No¥(7,1)

ox[0,T]

T
[oavards [l -9 - ner-t- ol N0
o x[0,T] 0

T

= / dl'ds f(v, s) %/n6 s—1) —n(2T — s — t)|Nv¥(~,t) dt
ox[8,T) 0

(taking into account of the supportsof f, fe, n.)

T T
= / dI'ds... / ..dt = / dI'ds... / ..dt = (see (4.4))
o x[8,T] —o0 o x[0,T] “o0

= (f,Nv")zr = (see (3.4)) = (W f,ye )

establish (4.3) for a given y. By virtue of density of chosen y’s in H and continuity of the map y — y. (see (i),
Sect. 4.1) this result is extended on all y € H.

4.3. Completing the proof
Recall that U5 T = WT MoT. We argue by contradiction. Let T' > T?, and assume that equality (1.7)

does not hold. Since L is an isomorphism from H? N H} (with H 2fmetrlcs) onto H, the violation of (1.7) is
equivalent to existence of a nonzero y € H orthogonal to the set Loldy T in H.

Choose 6,6 : 0 < e < d<T, f € fg’T N M%7 and let f. be defined as in Section 4.2. The equality
f-(-,T) = 0 implies u’<(-, T) |r= 0; the latter shows that u/=(-,T) € Dom Lj.

For taken y and f one has the relations:

= (Low* (-, T),y)n = (see (2.9)) = (W (f)et, y)n

= (W' (fu)esy)n = (see (4.3))

(W feesye)r = (LOW foye)n

= (see (ii), Sect. 4.1) = (WT f, Loye)n. (4.5)

Now let us take €,0 such that 0 < e <6 < T —T7;

75 in this case, due to time invariancy of the Lame system,
we have

T o, T __ T—6 o, T—6 __ 940,T—9
WIFST = wT=0Fol=5 _yoT=5

Since T'— § > T, by virtue of density of controls f € fg’T N MT in féT’” and continuity of W7 : FT' — H
one obtains

closy WT{FIT N MPTY = clospd™ T =0 = (see (3.11)) = H. (4.6)

Therefore, by (4.5) and (4.6) we conclude that Loy. = 0; hence y. = 0 because KerLy = 0. Passing through the
limit € — 0; property (i), Section 4.1 implies y = 0 which contradicts the conjecture y # 0 proving Theorem 3.
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4.4. The Lame operator on waves

Here we discuss a corollary of Theorem 3 which will be used later. We denote by A the closure of operator A.

For T > 0 introduce the operator LZT : H — H; Dom LS7T = Z/lg’T,LZ’Ty := Ly and notice the evident
relation LT C Lo. If T > T¢ this operator is densely defined in H whereas existence and continuity of
(LZT)~1 c Ly" easily lead to the following result:

Lo = L, T>T7C. (4.7)
5. CONTINUATION OF THE RESPONSE OPERATOR

5.1. Free dynamics

Consider the system

Wt — Lw=0 in QOO, (51)
w|t:0 =a, wt|t:0 =b in (5 2
w=0 on X%

with a,b € H; let w = w*®(x,t) be its solution. Our goal here is to obtain a representation of the trace Nw®?®
on X°°.
Evolution of the system (5.1-5.3) is governed by the operator Lg:

1

{COSt(*LO)%} a+(—Lo)"? {Sint(—Lo)%} b
=CWa+ SO w1 =Cit)a+ Sit)b; 20, (5.4)

wa’b('at)

Introduce the inversion Y7 : FI' — FI' (YT f)(.,t) == f(,T —t),0 < t < T and take in (5.2) a,b

€ N Dom L?, so that w™ is a classical solution. Comparing (3.1-3.3) with (5.1-5.3) one easily obtains
720

w*?(-,t) = f%[va(-,T — )] =, T—t)] inQ, 0<t<T,
implying
Nuw®(-t) = —%N’UQ(-,T —t) = NV'(,T—t) onl, 0<t<T
that is equivalent to
Nu*® =y7T % W a—WT)*b| onx” (5.5)

in line with (3.4).
Denote ZJT =T x [T, +1)T], 5 =0,1,... (so that 5 = X7) and introduce the operators 7}, transferring
functions on ¥f into functions on X7 by the rule

The relation (5.5) and a shift with respect to time lead to the representation

9 " *
Nuw®’|gr = TYT E(WT) w (-, 5T) — (WE) wp (L 4T)|, §=0,1,... (5.6)
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In order to write it in a final form, let us insert (5.4) into (5.6). After simple transformations, we get

Nty =Ty | ZvTyeun) - Ty e a

+ [%WT)*s(jT) — (Wﬁ*&(ﬂ)} b} , J=0,1,.. (5.7)

5.2. The Lame system with T = oo

Consider the system

ug — Lu=0 in Q% (5.8)
u|t=0 = ut|t:0 =0 in Q; .
u=f on X (5.10)

with controls f € F> := LP¢(X°°: R?) and the response operator
R¥®f:= Nu' |g=
defined on smooth controls vanishing near I x {¢ = 0}. Notice the relation
(R¥f) |lgr=R"(f |[gr) T >0, (5.11)

following from the definitions.
Fix a finite T > 0; let f € C5°(T' x (0,00); R?), supp f C ' x [0, T]. For times ¢t > T the control vanishes and
we have free evolution described by (5.1, 5.2), so that

w (1) = w(,t=T), t>T (5.12)

with a = uf(-,T) = WTf and b = u{(, T) = WT f,. Applying the trace operator N in (5.12), using represen-
tation (5.7), and denoting

0

Pl = o WY (i —1)yT)W' — (WD) Cy((j — )T)WT;
QF = | (W) (G~ D)W - (W)’ 86 - vTw | £

with regard to (5.11) one obtains the representation

o0 RQTf on Eg U E?,
s = {EYT{PJ-T +QTHf onxT, j=23, .. (5.13)
Considering a control with arbitrary supp f, represent f = 3 f, with smooth f, such that supp f, C T
p

X [tp, tp + T with some 1, to, ... Denote fp(~, t) :== fp(-, t+1p), so that suppfp c XTI Each Roofp may be written
in the form of (5.13); then, combining

R¥f(,t) =) (R®f) (st —t)

p

one can obtain a representation of the form (5.13) which determines R> through R*? and the operators PjT7 Q]T.
In what follows we’ll show that for T is large enough both of the operators PjT, QJT are also determined by R?7.



THE DYNAMICAL LAME SYSTEM WITH BOUNDARY CONTROL 163

5.3. The connecting operator

With reference to the system (2.1-2.3); the map CT : FI' — FT,
T .= (WTywT
is called the connecting operator. This is a continuous nonnegative operator determined by the relation
(CTf,9)pr = (W (- T),u?( T))n- (5.14)

The connecting operator may be simply and explicitly expressed via the response operator. Introduce auxiliary
operators ST : FI' — F2T

_ I, 0<t<T;
(STH(t) = { —f(,2T—t), T <t<2T;

and 1?7 : 72T — 72T,
t
(T (1) ::/f(-,s)ds, 0<t<ol,
0

Note the inclusion STC5° (T x (0,7); R?) C Dom R?*” and the relation
(ST Nt = ft) = f(,2T =), 0<t<T.
Lemma 4. The representation
ot = %(ST)*IQTRQTST (5.15)
holds on C§°(T x (0,T); R?).

Proof. Take f,g € C°(T x (0,7); R?) and denote f_ := ST f; let u/~ and u9 be the solutions of the prob-
lem (1.1-1.3) with the corresponding final times 27 and 7.
The Blagovestchenskii function

B(s,t) = (uf*(~,s),ug(~,t))H, (s,t) € 10,2T] x [0, T

satisfies the relations

0? 0?
(@ - @)ﬁ (57t)

I
D O

da p[ul= (2, s) - ufy(w,t) — uly (z,5) - u?(z,1)]

dz [uf= (z,s) - Lud(z,t) — Lu'~ (z,5) - u9(z, 1))

—

see (2.15))

dr [Du’=(v,s) - Nu?(y,t) = Nul=(7,5) - Du? (7, 1)]

T— T —

AU [f-(v,8) - (RTg)(7. 1) — (BT f-)(7.5) - 9(7,1)] (5.16)
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and the conditions
B(s,0) =0 (s,00=0, 0<s<2T. (5.17)
Integrating the wave equation (5.16) by the D’Alembert formula, taking into account (5.17), and putting
s =t =T one gets
2T—n

sty =3 [an [ a¢ fariro.0- ' g6

—(R*f_)(7,€) - 9(7,m)] = (by oddness of f_)

2T —n
- / dr dy / AE(R*T £)(7,)| - 9(r.m)
I'x[0,7] n
_ (%(ST)*IQTR2T8Tf’g> . (518)
FT

On the other hand, the definition of § gives

B(T,T) = (u= (1), u? (-, T))w = (! (-, T), w9 (-, T))ne
= (see (5.14)) = (CT f, g) rr. (5.19)

Comparing (5.18) with (5.19) one obtains (5.15). O

So, possessing R one can recover C7 on smooth controls and then extend CT onto FT by continuity.
The connecting operator enters the polar decomposition (see e.g. [8]) of the control operator:

W’ =BT [(wT)’ WTF = BT(CT)}

where ET : FT' — H is an isometry mapping Ran (CT)z onto Ran W7 = ¢7.
In the case of controls acting from o C I, define the operator Co7T : FoT' — FoT,

CO’,T — (WU,T)* Wo’,T
and recall that the “partial” response operator R%??" was introduced in Section 1.4. The representation

ool — (ST)* 12T Ro2T QT (5,20)

N~

easily follows from (5.15) and the definitions.
For the control operator W77 one has the decomposition

wol = gt (C"vT)% (5.21)

1
with an isometry E%7T : F°T — H mapping Ran (C"”T)2 onto Ran W7 = Y*T. The adjoint operator
(W"’T)* :H — FoT takes the form

(WT)" = (CoT)* (B77)". (5.22)
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5.4. Operator EZ’T

Recall that the Lame operator on waves L9T was introduced in Section 4.4. As is easy to see, the set of pairs

{{worf,wolfuy | feM?Ty Cc HxH
forms its graph.

(5.23)
Introduce the operator LZ7T : FoT — FoT  Dom L3T = (CcoTyz Mo T,
LG = (B7TY LT BT
where by (5.21-5.23) its graph is
{{@oTyzf.(CoNYsfy} | fe MOTY ¢ FOT x FoT. (5.24)
In the case of T > T, by virtue of the controllability (3.11) one has

closy Ran E@T = clospy U™ = H

so that E°T may be extended up to isometry from F°T onto H. The relation (4.7) and the definition of EZ’T
easily lead to the equality

=o,T
Lo=E>"L, (E°T)*. (5.25)
5.5. Completion of the proof of Theorem 4

Let 0 C T be a given open subset. The corresponding “partial” response operator of system (5.8-5.10)
RO . Fo,00 _ th'cr,oo’

RO f = Nu |go

is defined on smooth controls supported on 37°° and vanishing near I' x {¢ = 0}. Considering R as a
reduction of R™ one can easily obtain the direct analog of representation (5.13):

Rcf,2Tf on ZJ,T U EO',T.
RO>®f = o o Op -1 5.26
! {'Z}YT{PJ- ’T—l—Qj’T}f on Ej’T, ji=2,3,.. ( )
where

o 9 o, T\* . o o, T\* : o

Pyt = o (wenh oG — HTyWoT — (WoT) Cy((j — HT)Wo T,
o 0 o * . o o * . o

Q5" = [ (o) s - TweT - (o) s - e B

Fix T' > T?. Introduce the operator-valued functions

~ =o,T % ~ =o,T _% =o,T %
C(t) := cost (—Lu ) ; S(t) = (—Lu ) sint(—Lu )

91
—
N
Il
\
/T\
[l
Q
S
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and
Ho 9 o % ~ . o % o % ~ . o %
Pyt = ot (€T C(G-1T)(C7T)* = (C7T)* Cu((G -1 T) (C7T) 7
~No 0 o 3 &/ o 3 o 3G . o 3 9
Q7T = 57 (C7T)2S(G=1T) (™) = (C7T)* S (G -1 T) (C7T)* | = (5.28)
Under the assumption T' > T we have the equalities
(W”’T)* CHyWoT = (see (5.22)) = (C"’T)% (E”’T)* cost(—Lg)2 EOT (C"”T)%
— (C”’T)% cost [— (E”’T)* LOEJ’T} > (CU’T)%
= (see (5.25)) = (C"’T)% C(t) (C"’T)% ;
and, analogously,
(Wa,T)* Ct(t)W”’T _ (CU,T)% ét (t) (Ca,T)% :
Wy swr = (C7T)28(1)(C7T)E;
(WoT) S, (WoT = (CT)2 §,(t) (C°T)* | (5.29)
implying
o, T _ po,T, oT . Ao, T,
Pj = Pj ) Qj = Q]’ )
and, finally, with regard to (5.26), leading to the required representation:
oo s ) RS on 23T UnoT;
R = {TjYT{PJ?’T +Q7TY o7, j=2.3, . (5.30)

The operator R%> is determined by the operator R%2”. Indeed, if the latter is given, one can
(i) find C°7T by (5.20);

~ =o,T
(ii) determine the operator L7 through its graph (5.24) and find its closure L, ; find the operator-functions
(5.27), and then (5.28);
(iii) for control f with supp f C o x (0,T") recover R7>° f by the representation (5.30).

In the case of arbitrary supp f, by means of the trick described at the end of Section 5.2, the reconstruction of
R”* f may be reduced to the same procedure (i-iii).
Recalling (5.11) we conclude that R%?T T > T? determines R°T with any 7 > 0 that proves the theorem.

5.6. Comments

o The continuation R?T — R goes back to the classical problem of the extension of the Hermitian positive
functions [12]. The positivity of the connecting operator C* = (W7T)*W7 holding in our case plays the
role of a natural analog of the positivity by Krein-Bochner in the case of scalar functions.

e The procedure of continuation (i-iii) in fact repeats the scheme of the paper [5] which, in its turn, follows
the approach using the models of dynamical systems [3, 6].

e The use of the boundary data continuation is a well known device in inverse problems (see, e.g. [10]). In
his talk at the conference (IMA, Minneapolis, Minnesota; July 2001) Isakov announced an approach to
the problem of recovering the parameters of the Lame system based upon the continuation R?7 — R>
described above.
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e The authors would like to thank the Referee for very attentive and careful revision of the paper: his
remarks have allowed us to avoid a number of misprints and inaccuracies.
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