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UNIQUENESS OF RENORMALIZED SOLUTIONS
TO NONLINEAR ELLIPTIC EQUATIONS
WITH A LOWER ORDER TERM
AND RIGHT-HAND SIDE IN L!()
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Abstract. In this paper we prove uniqueness results for the renormalized solution, if it exists, of a
class of non coercive nonlinear problems whose prototype is

{—div(a(m)(1+|Vu|2)pT2Vu)+b(m)(1+|Vu|2) —f in 0
u=0 on 09,

where Q is a bounded open subset of RY ) N > 2, 2—1/N < p < N, a belongs to L*°(Q), a(z) > oo > 0,
f is a function in L'(Q), b is a function in L™ () and 0 < XA < \*(N,p,r), for some r and \*(N,p,r).
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INTRODUCTION

In the present paper, announced in [2], we prove uniqueness results for renormalized solutions of a class of
problems whose prototype is

A
2

{div(a(:c)(l+|Vu|2)p22Vu)+b(x)(1+|Vu|2) = f—div(g) in 9, 0.1)

u=20 on 09,
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where € is a bounded open subset of RV, N > 2,2 —1/N < p < N, a is a function belonging to L>(2) such

, N
that a(z) > ap > 0, f belongs to L*(Q) and g to (Lp (Q)) , b belongs to some Lebesgue space L"(€2) and

0 <A< M(N,p,r) for some \*(N,p,r) which is specified in Theorems 1.7, 1.11 and 1.16 below. We also prove
comparison results.

We have proved in [3] an existence result for this type of problems when 1 <p < N and 0 < A <p—1.

Problem (0.1) presents two difficulties: the first one is due to the term f € L'(£2) in the right-hand side,
which leads one to consider renormalized solutions; the second one is due to the term b(z)(1 + [Vu|?)2, which
produces, in some sense, some non coerciveness in the operator.

Note that we confine ourselves to the case of an elliptic operator in divergence form with L>(Q) coefficients,
which implies that the natural space (at least when f =0 and 0 < A < p—1) is the Sobolev space VVO1 P(Q). Note
also that the problem under consideration is strongly related to maximum principle properties (or more exactly
comparison properties) for solutions which belong to this type of Sobolev spaces. When smooth solutions are
considered, there are a lot of uniqueness results, for C>® or W2P? solutions, but we will not try to give even a
selected bibliography of them. On the other hand, there are few results in the framework we consider here.

When b = 0 and g = 0, the difficulty of the problem comes from the fact that the right-hand side belongs
to LY(Q).

In the linear case (where p = 2), Stampacchia defined in [18] a notion of solution of (0.1) by duality, for
which he proved existence and uniqueness; he proved in particular that this solution belongs to WO1 1(Q) for
every q < % and satisfies equation (0.1) in the distributional sense. Stampacchia’s duality arguments have
been extended to the nonlinear case when p = 2 (see [15]), but not to the case p # 2.

In the general case where p # 2, three equivalent notions of solutions for problems of type (0.1) with b = 0
have been introduced: the notion of entropy solution, in [1, 5], the notion of SOLA (solution obtained as limit
of approximations) in [7], and the notion of renormalized solution in [13-15]. Those three notions turn to be
equivalent in the case where the right-hand side belongs to L'(Q) or to L*(Q) + W1 (Q). In the above
mentioned papers the authors proved the existence and uniqueness of such solutions (see also [12] for recent
uniqueness results in the case where the right-hand side is a measure). Note that usual weak solutions are not
well suited for this type of problems, since the solution does not, in general, belong to VVO1 P(Q) when f € L1(Q),
but only to the space Wy4(Q) for every ¢ < stlp:ll), and since a classical counterexample ([17], see also [16])
shows that, in the linear case, such a solution is not unique.

Let us now pass to the case where f = 0 (and therefore where the right-hand side belongs to W‘l’p/(Q)7 SO
that usual weak solutions are well suited for the problem) but where b # 0. In such a setting the only uniqueness
result we know is the result of Bottaro and Marina [6], which states that in the linear case (where p = 2 and
A = 1), there is existence and uniqueness of a solution of (0.1) for every b € L™ (Q), even with [|b]| v (q) very
large (it is easy to see that the linear operator defined by (0.1) is coercive when ||b]| ,~(q) is small, and in this
case existence and uniqueness are immediate consequences of Lax—Milgram lemma).

In the present paper we face both difficulties (f € L*(Q) and b € L"(Q) with ||b]
uniqueness for some r and for A satisfying

L) large). We prove

0 S >\ < A*(]\7’p77ﬂ)7

where A*(N, p,r) is a complicated expression of N, p and r, which in general does not coincide with p — 1.
Since in [3] we proved the existence of renormalized solutions for problems of type (0.1) with b in the Lorentz
space b € LN1(Q) and 0 < A < p — 1, the uniqueness results of the present paper are both surprising and
unsatisfactory: in some cases, we have proved existence and uniqueness, but in other cases, existence but
not uniqueness, and finally in some other ones, uniqueness but not existence. Let us however emphasise that
these difficulties are not primarily related to the fact that we are dealing with a right-hand side in L!(£2)
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and renormalized solutions, but that the same difficulties appear in the case where one deals with usual weak
solutions for a right-hand side in W‘l’p/(Q): we will prove uniqueness results in this more classical framework
in [4].

The difference between the restrictions on A concerning existence and uniqueness results is mainly due to the
fact that we work in a framework with p—coerciveness as far as existence is involved, while for uniqueness we
are dealing with weighted quadratic coerciveness. Let us explain this in the simple case where u; — uy can be
used as test function in the difference of the equations satisfied by u; and us. This provides a formal estimate
of the type

c/ 1+ |Vur| + [Vua|)P~2| Vs — Vaus|? g/ a() [(1 [Vl )5 Vg — (14 |qu|2)”T’2vu2} (Vs — Vo)
Q Q
2\ 2 2\ 2
< 0@)|(A+ [Vur][7)2 — (14 [Vue|7) > [Jur — ug|
Q
gc/ b(z) (1+ |Vur| + [Vue )Y [Vug — Vug||ug — ugl.
Q
We then use Holder inequality to make the weighted norm
/(1 + [Vur| + [Vua | )P 72| Vur — Vug|®
Q

appear in the right-hand side, which explains the various cases which appear according to the values of p. This
leads to computations which are sometimes technical and are not completely satisfactory.

The previous computation also explains why we considered a non degenerated operator —div(a(z)(1 +
|Vu|2)p772Vu) in place of the (more classical) p—Laplace operator —div(|Vu[P~2Vu). Indeed the weight
(1 + |[Vus| + |Vug[)* =1 naturally appears in the right-hand side of the previous estimate, and this leads to
the operator considered here. However in the case where p < 2, the weight (1 + |Vui| + [Vus|)P™2 can be
replaced by (|Vui| + |Vusa|)P~2, which explains why we can consider the usual p—Laplace operator (which is
not degenerated in 0) in this case.

Let us finally say a few words about the two Appendices of the present paper. In the first one, we establish
a new property concerning the difference of two renormalized solutions when p < 2: while it was known ([8],
Theorem 9.1) that, when p > 2, the difference of two renormalized solutions satisfies Ty (u1 —uz) € WO1 P(Q) for

every k, no similar result was known for the case p < 2. When g%:f < p < 2, we prove here that the difference

2N (p—1)
N—(2—-p)°
In the second Appendix we revisit the result of [1] which asserts that

of two renormalized solutions satisfies Ty (u1 — ug) € Wy *(Q) for s <

/Q VT (u)|P < Mk,  Vk >0, (0.2)

implies

IV ulP Ml xr o @) < CoM.
We generalize this result in two different ways: first to the case where in (0.2) Mk is replaced by Mk with
0 < 6 < p, and second to the case where (0.2) is replaced by

/ v(@)| VT (u)|P < Mk, VEk > 0,
Q

with a weight v(z) > Ay > 0.
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1. DEFINITIONS AND MAIN RESULTS

In this section, we recall the definition of renormalized solution for nonlinear elliptic problems with right-hand
side in L(2) + W17 (Q) (¢f. [1,5,7,8,13-15]), and we state our uniqueness results.

1.1. Assumptions and definition of a renormalized solution

For 1 < r < oo, the Lorentz space L™°(12) is the space of Lebesgue measurable functions such that

£l o () = sup' meas{z € Q : [f(z)| > t}]]"/" < +oo, (1.1)

endowed with the norm defined by (1.1). Recall that for every 1 < s < r < oo, one has

L7(Q) € L™(Q) € L*(Q). (1.2)

For k > 0, denote by T} : R — R the usual truncation at level k, that is

_ ) |s| <k,
Ti(s) = { k sign(s) |s| > &, Vs € R.
Consider a measurable function u defined almost everywhere on €2 which is finite almost everywhere and
satisfies Ty (u) € W,*(Q) for every k > 0. Then there exists (see e.g. [1], Lemma 2.1) an unique measurable

vector function v defined almost everywhere on €2 such that
VTi(u) = vX{ju<k} almost everywherein €, Vk > 0. (1.3)

We define the gradient Vu of u as this function v, and denote Vu = v. Note that the previous definition does
not coincide with the definition of the distributional gradient. However if v € (L ()N, then u € W,"!(Q)

loc loc

and v is the distributional gradient of u. In contrast there are examples of functions u ¢ Li (2) (and thus for

which the gradient in the distributional sense is not defined) for which there exists the gradient Vu defined in
the previous sense (see Remarks 2.10 and 2.11, Lemma 2.12 and Example 2.16 in [8]).

In the present paper we consider a nonlinear elliptic problem which can formally be written as

(1.4)

—div(a(z, Vu)) + H(z, Vu) + G(z,u) = f —div(g) in Q,
u=0 on Of.

Here Q) is a bounded open subset of RV, N > 2, p is a real number with 1 < p < N, and a : Q@ x RV — RV
is a Carathéodory function satisfying

a(z,€)¢ = alglP, >0, (15)

la(z, )] < c[|€P + ao(z)], ao(z) € LP(Q), >0, (1.6)

for almost every x € Q and for every ¢ € R,
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We assume that a(z,€) is strongly monotone?®, i.e.

(a(:c,g) - a(xﬂ])af - 7’) 2 6 (A(l‘) + |§| + |77|)p72 |£ - 77|2a

(1.7)
B>0, Ar~le LN'>(Q), A(z) >0,
for almost every = € Q and for every ¢ € RV, n € RV,
Moreover H : Q x RV — R is a Carathéodory function with
H(z,0) € L'(Q) (1.8)
such that H(x,&) is locally Lipschitz continuous with respect to &, i.e.
|H (x,8) — H(z,n)| < b(x) (Ao + [¢] + [n)7* (B(x) + €] + )77 1€ —l,
(1.9)

be L"(Q), b(x) >0, g4, >0, o5 >0, Ay €R, Ay >0, BP~1 € LN'>°(Q), B(x) >0,

for almost every = € © and for every £ € RN, n € RV, where o Ay, 0B and r are constants to be specified in the
statements of Theorems 1.7, 1.11, 1.16 below.
We also assume that G : 0 x R — R is a Carathéodory function such that

(G(z,s) — G(z,t)) (s —t) >0, (1.10)

for almost every z € 2 and for every s € R, t € R.
Finally we assume that

feLy(Q), ge LX)V (1.11)

Remark 1.1. The model case for a(x, &) satisfying assumptions (1.5)—(1.7) is

{ a(z,€) = v(z)(D(x)? + €*) "€,
(1.12)

yeL®(Q), ~(x)>v >0, TelL>®), I(z)>To,

I

in which we will assume I’y > 0 when p < 2, and I'g > 0 when p > 2. Similarly, the model case for H(x,¢§) is

H(r,€) = b(a) (A@)? + €2/ (B(@)? + A + €P)"?, (1.13)
1.13
be L"(2), b(x) >0, Ae L), Ag> A(I) >0, Brlec LN’,OQ(Q)7 B(z) > 0

for which one easily proves that

]%—fu,g)\ < € ba)(Alx) + €)1 (B(a) + Ao + €]

Therefore taking o4, = A — 1 and op = p, H defined by (1.13) satisfies (1.9) when A > 1 and p > 0.

€ — n)?

5When p < 2 and A(x) = 0, the term
(A(@) + €] + Inl)?~P

is not defined for £ = n = 0. We make the convention that this

quantity is 0 in that case.
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Remark 1.2. Observe that two different functions Ag and B(z) appear in the right-hand side of hypothe-
sis (1.9). Of course replacing Ay and B(xz) by Ao + B(x), one can assume hypothesis (1.9) with only one
function in the right-hand side, namely hypothesis (1.9) with b(z)(Ao + B(x) + ] + |n])740 795 |¢ — 5| as right-
hand side, but hypothesis (1.9) is a little bit more general and will be used in this form in the proof.

Remark 1.3. In the whole of the present paper we assume that N > 2 and 1 < p < N. The first assumption,
N > 2, is dictated by the second one, 1 < p < N. The latest follows from the fact that we consider here the
case where the right-hand side is in L' (€): when p > N, one has L'(Q) ¢ W~1#'(Q), which implies that the
right-hand side belongs to the dual space W~1#'(Q). This case will be considered in [4], and thus is excluded in
the present paper. Actually we also exclude the case p = N because in that case the Sobolev embedding does not
hold and has to be replaced by the Trudinger—-Moser embedding, which leads to very technical problems. When
p = N, existence and uniqueness results of a solution in the distributional sense have been proved in [9-11] in
the case where H = 0.

Definition 1.4. We say that u is a renormalized solution of (1.4) if it satisfies the following conditions:

u is measurable on , almost everywhere finite, and such that Tj(u) € Wy P(Q), Vk>0; (1.14)

[P~ € L¥5°(Q); (1.15)
the gradient Vu introduced in (1.3) satisfies:
|VulP~" belongs to LN (), (1.16)
. 1
lim —/ a(x,Vu) - Vu = 0; (1.17)
n—toon n<|ul<2n

and finally

/Qa(x, Vu) - Vuh'(u)v + /Q a(z, Vu) - Vo h(u)

+/(2H(:E,Vu)h(u)vJr/QG(:E,u)h(u)v (1.18)

:/th(u)v—l—/gg-Vuh'(u)v-i—/ﬂg'vvh(“),

for every v € WHP(Q) N L>°(Q), for all h € WH°(R) with compact support in R, which are such that h(u)v €
WP ().

Since h(u)v € Wol’p(Q) and since supp(h) C [—2n,2n] (for a suitable n > 0 depending on h), we can
rewrite (1.18) as follows

/a(:c, VTon(w)) - VTop(u) b (u)v +/ a(x, VT (u)) - Vo h(u)
Q Q

—i—/QH(x,VTQn(u))h(u)v—|—/QG(30,T2n(u))h(u)v (1.19)

:/th(u)er/Qg~VTgn(u)h’(u)er/Qg-Vvh(u).
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Let us observe that every integral in (1.19) is well defined in view of (1.5)(1.11) since Ta,(u) € Wy (Q).

Remark 1.5. As already said in the introduction, the notion of renormalized solution was introduced in [13-15]
when H = G = 0. This notion is equivalent to the notion of entropy solution introduced in [1,5] and to the
notion of SOLA introduced in [7]. In the case where H = G = 0, it is proved in these papers that there exists
such a solution, which is unique.

The definition given above is a natural extension to the case H # 0, G # 0 of this three equivalent definitions.
The goal of the present paper is to prove the uniqueness of such a solution for H # 0 satisfying some local
Lipschitz continuity condition (see (1.9)). Recall that we proved existence of such a solution in [3] when H
satisfies the growth condition

|H (2,€)] < bo(2) [P~ + b1(x),
(1.20)
bo € LNY(Q), b € LY(Q).

Remark 1.6. If u is a renormalized solution of (1.4), if 1 + %‘T,B—H < 1 and if G(z,u) belongs to L}(Q),
then u is also a distributional solution in the sense that u satisfies

/Qa(:c,Vu)-V¢+/QH(:C,VU)¢)+/QG(:E,U)¢):/Qfngr/Qg-Vd), (1.21)

for all ¢ € C§°(Q).

Indeed if u is a renormalized solution of (1.4), we know that u is measurable and almost everywhere finite in €2,
and that Ty (u) € W,P(Q) for every k > 0, which allows one to define Vu in the sense of (1.3). We also know
that |[Vu[P~! then belongs to LY'>°(Q) so that |a(z, Vu)| belongs to LN () by the growth condition (1.6).
Moreover H(z, Vu) belongs to L'(Q) in view of (1.8), (1.9) and of 1 + %‘T,B—H < 1. Taking ¢ € C5°(Q2)
and h,, defined by

0 |s| > 2n
2n —

ho(s) = 1% sl s| < 2n (1.22)
1 Is] <n

and letting n tend to infinity, we obtain (1.21).
Observe also that when p > 2 — %, one has N'(p — 1) > 1; in this case, the gradient Vu, defined by (1.3),

satisfies (1.16), and then u belongs to Wol’q(Q), for every ¢ < %, while Vu is now the distributional
gradient of u (see [8], Remark 2.10). In such a case the renormalized solution u belongs to the Sobolev space
W, %(£2), and satisfies (1.21), i.e. (1.4) in the sense of distributions. Nevertheless we have to use the notion of
renormalized solution, since it is well known that even in the linear case where p = 2 and H = 0, the solution

u of

weWyiQ), Vg<-—,
N-1 (1.23)

—div(A(x)Vu) = f in D'(Q),
is in general not unique (cf. [17], see also [16]).

1.2. Uniqueness results

Under the assumptions stated above, we will prove three uniqueness results (Theorems 1.7, 1.11, 1.16) for

some values of o4, and op, according to the values of p (2 — % <p<2,2<p< 2]@[:34, and 2]<]v:34 <p<N).
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These uniqueness results correspond to proofs which use different techniques. We did our best to optimise the
various parameters which enter in these proofs, and we hope that we obtained the best possible results, i.e. the
largest sets of parameters o4, and op for which uniqueness holds.

Observe that we do not have any uniqueness result when 1 < p < 2 — % However this restriction on the
values of p is not related to the (same) restriction p > 2 — % which appears as a sufficient condition for the
renormalized solution of (1.4) to belong to some Sobolev space (see Remark 1.6 above).

Theorem 1.7. Let N > 2 and p be such that

1
27N<p<2, if N=2,

(1.24)
1
2-5<p<2  if Nz3.
We assume that (1.5)-(1.11) are satisfied with
A(z) > Ag >0, (1.25)
Np-1)
_— < 1.2
1_N(Q_p)<7’_+oo, (1.26)
0< 04, <" (N,p,7), (1.27)
0<op <o"(N,p,r)— 04, (1.28)
where
] _1-N2-p) Np-DI1
B e I o (1.29)
Let uy and ug be two renormalized solutions of (1.4) such that
G(z,u1) € LY(Q), G(x,u) € LY(Q). (1.30)

Then u; = us.

Remark 1.8. Under the assumptions of Theorem 1.7, we also have the following comparison result: if wu,
and ug are two renormalized solutions of (1.4), which correspond to two functions f; and f2 (with the same g)
such that

fi < fy ae. in
then

u < up a.e in Q.

Remark 1.9. Since we assumed 1 < p < N (see Remark 1.3 above), we have to restrict to % < p < 2 in the
case where N = 2, while p = 2 is possible when N > 3.

Observe that when 2 — 3 < p (which is equivalent to % > 0) and when r satisfies (1.26), then
o*(N, p,r) defined by (1.29) satisfies c*(N,p,r) > 0. Figure 1 shows the set (a triangle) of the values (c4,,0p)

for which hypotheses of Theorem 1.7 holds true. This set is not empty.
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FIGURE 1. Values of (04,, op) for which Theorem 1.7 holds true. The horizontal axis gives
the values of o4, and the vertical axis the values of 0. Theorem 1.7 holds true when the
values of (04,, op) are inside the triangle defined by the vertical axis 04, = 0, the horizontal
axis op = 0, and the oblique line 04, + op = o*.

Remark 1.10. Let us compare the hypotheses of Theorem 1.7 with those of the existence theorem we proved
in [3]. For that we consider the model case where

H(z,6) = (Ao +[€)2 Ag=0,  Ax0.
It is easy to see that in this case, equation (1.9) holds with b = constant, r = co, A9 > 0 (and also Ag = 0 if

A>1),04,=(A—1)" =max{\— 1,0}, B=1 and op = 0. In this case, Theorem 1.7 implies the uniqueness
of the renormalized solution when

(A= 1) <" (Nopoe) = g o,

On the other hand, we proved in [3] that there exists a renormalized solution when
0<A<p-1.

Therefore we have proved uniqueness for A in the interval where we proved existence, but also in the interval

p—1l< A< NJE,p:ll), in which case existence is not proved.




248 M.F. BETTA ET AL.

Theorem 1.11. Let N > 3 and p be such that

2<p<3, if N =3,
1.31)
2N — (
2 if N > 4.
<P<y—5 W Nz
We assume that (1.5)-(1.11) are satisfied with
A(z) > Ay > 0, (1.32)
2N(p—1)(N+p—2)
<7r < 400, 1.33
(N+p—2)[N(p—2)+p|—plp—2)(N —1)? (9%
0< 04, <" (N,p,7), (1.34)
0 <op< min {O'*(N7p,’r) - UA07U*(N7par) - p*(N,p)}, (135)
where
. _Np-2)+p N(p-11
N = SN N—1 r
(1.36)
. plp—2)(N -1)
N,p) =P R~ 1),
Let uy and uz be two renormalized solutions of (1.4) such that
G(z,u1) € LY(Q), G(x,u2) € LY(Q). (1.37)

Then ui = us.

Remark 1.12. Under the assumptions of Theorem 1.11, we also have the following comparison result: if u;
and wus are two renormalized solutions of (1.4), which correspond to two functions f; and fo (with the same g)
such that

f1 S f2 a.e. in Q,
then

u <wup a.e. in Q.

Remark 1.13. Observe that 21<,V:34 < N when N > 4, so that (1.31) implies that 2 < p < N.
Observe also that (N +p—2)[N(p—2)+p| —p(p—2)(N —1)? > 0 when p satisfies (1.31), and that r satisfies

(1.33) if and only if

Np-2)+p Np-DI pp-2)(N-1)
2(N — 1) N—1r 2(N+p-2) '

Therefore, when (1.33) is satisfied, one has

p*(N,p) <o (N,p,r), (1.38)

and Figure 2 shows the set of the values (04,, o) for which hypotheses of Theorem 1.11 hold true. This set is
not empty.
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FIGURE 2. Values of (04,, op) for which Theorem 1.11 holds true. The horizontal axis gives
the values of o4, and the vertical axis the values of 0. Theorem 1.11 holds true when the
values of (04,, op) are inside the trapezium defined by the vertical axis o4, = 0, the horizontal
axis op = 0, the horizontal line o = ¢* — p*, and the oblique line o4, + op = o*.

Remark 1.14. Let us compare the hypotheses of Theorem 1.11 with those of the existence theorem we proved
in [3]. For that we consider the model case where

H(z, &) = (1+ €)M, x>0,

for which it is easy to see that (1.9) holds with b = constant, r = oo, A9 = 1, 04, = (A —1)", B =1 and
op = 0. In this case, Theorem 1.11 implies the uniqueness of the renormalized solution when

()\_1)+ <o (N,p,OO)— Q(N*]_) ’
- (N+1)p—2
DA TEN-T

On the other hand, we proved in [3] that there exists a renormalized solution when
0<A<p-1.

But when (1.31) holds, one has
(N+1)p—2
2N —1)
and therefore we have proved uniqueness for A in the interval where we proved existence, but also in the interval

p—1<A< %, in which case existence is not proved.

p—1<
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Remark 1.15. In this remark we consider the case where N > 3 and p = 2, which is a borderline case between
Theorems 1.7 and 1.11.

In Theorem 1.7, *(N, p, r) is defined for 2 — %+ < p < 2, while in Theorem 1.11, 0*(N, p,7) and p*(N, p) are
defined for 2 < p < 2]@[:34. But when p > 2 tends to 2, formula (1.36) show that

o*(N,p,r) — o*(N,2,1),

p*(N,p) =0,
which means that the results of Theorems 1.7 and 1.11 match when p = 2.

Theorem 1.16. Let N > 5 and p be such that

<p<N. (1.39)

We assume that (1.5)-(1.11), are satisfied with

A(z) > Ao > 0, (1.40)
N <r < 400, (1.41)
0<o04, <o*(N,p,r), (1.42)
0<op <o"(N,p,r)—0a,, (1.43)
(N=1op[2(p—1) —op] <oa, 2(p —1) = (N = 1)oa,], (1.44)
where
" 2p—1) 2N(p-11
N — _ . 1.4

N =N TN ST (1.45)

Let uy and us be two renormalized solutions of (1.4) such that
G(z,u1) € LYQ), G(x,u) € LY(Q). (1.46)

Then w1 = us.

Remark 1.17. Under the assumptions of Theorem 1.16, we also have the following comparison result: if wu
and ug are two renormalized solutions of (1.4), which correspond to two functions f; and f2 (with the same g)
such that

f1 S f2 a.e. in Q,

then
u < up a.e in Q.
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Remark 1.18. Observe that (1.39) implies that N > 4.
Observe also that, when r satisfies (1.41), i.e. N <r < 400 , one has

o*(N,p,1) = % <1 - g) > 0.

On the other hand, inequality (1.44) is equivalent to

2 2(p—1)

op —2(p—1)op — o3, + N1 o4, >0,

which means that the part of the boundary of the set of admissible values of (c4,,0p) defined by (1.44) is a
branch of the hyperbola

H = {mo,aB) (op— (p—1))° - (UAO - j@—_i) — (-1 - <§—_11>}

Note that (0,0) € H and that
{(JAoaUB) EH:0< 04 < O'*(N,p,T')} C {JB > 0}

Figure 3 shows the set of the values (c4,, op) for which hypotheses of Theorem 1.16 hold true. This set is not
empty.

Remark 1.19. Let us compare the hypotheses of Theorem 1.16 with those of the existence theorem we have
proved in [3]. For that we consider the model case where

H(z, &) = (1L+ M2 x>0,

for which it is easy to see that (1.9) holds with b = constant, r = oo, 49 = 1, 04, = (A —1)", B =1 and
op = 0. In this case, Theorem 1.16 implies the uniqueness of the renormalized solution when

2(p—1)

A —1)*" <o*(N,p,00) = N1

i.€.
2p+ N -3
N -1

On the other hand, we proved in [3] that there exists a renormalized solution when

0< A<

0<A<p-1.
But when (1.39) holds, one has
2p+ N -3
B TS L
P=2="N"1
(with a strict inequality when p > QJQV:;), and therefore we have proved existence for A in the interval in which

Theorem 1.16 implies uniqueness, but also in the interval % < A < p-—1, in which case uniqueness is not
proved.
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FIGURE 3. Values of (04,, o) for which Theorem 1.16 holds true. The horizontal axis gives
the values of o4, and the vertical axis the values of 0. Theorem 1.16 holds true when the
values of (04,, op) are inside the curvilinear triangle defined by the horizontal axis o = 0, the
2
oblique line 04, + o5 = o*, and the branch of the hyperbola (o5 — (p — 1))° — (O’AO - %) =

2
(p—1)2— (1{’[;_11) which contains the origin.

Remark 1.20. In this remark we consider the case where p = 2]@[:34, which is a bordeline case between

Theorems 1.11 and 1.16.
There is a discrepancy between these two Theorems in this limit case. In Theorem 1.11, o*(N, p, r) is defined

for 2 < p< 2]6]:34, while in Theorem 1.16, o* (N, p,r) is defined for 2]@]:34 < p < N. But when p < QJf,V:34 tends

to 2822 formulas (1.33) and (1.36) show that

r — 400,

2
(N - —
J( 5p7,r) N_35
2

Therefore the set of admissible values defined by Theorem 1.11 tends to the line segment

2
{(UAoaUB):O<UA0 < m,dB ZO},

when p tends to 2]6]:34. In contrast, the set of admissible values defined by Theorem 1.16 for p = 219[_’34 is a

curvilinear triangle, and therefore the admissible sets are very different. The sole matching point is the fact
that the basis of the curvilinear triangle of Theorem 1.16 is the line segment

L/ 2N-—4 2 2N 1
{(O'AO,O'B)IO<O'AO<O' <N,N7_3,7’>N—_3N—_3;,UBO}
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which coincides with the line segment defined above when r = +o00. Fortunately this covers the case of the

model example H(z,&) = (1 + [£]2)*2, X > 0, considered in Remarks 1.14 and 1.19 since (];1&1)_;71;2 = 2”;71_3
2N—4

N-3 "

when p =

1.3. Final remarks

Remark 1.21. Roughly speaking, the hypotheses which we assume in the uniqueness Theorems 1.7, 1.11 and
1.16 are the strong monotonicity of a, the local Lipschitz continuity of H, the monotonicity of GG, and the fact
that f € L1(2); while in [3] we proved an existence result under the more general assumptions that a defines a
pseudo-monotone operator, H and G satisfies natural growth conditions, G satisfies a sign condition, and f is a
Radon measure with bounded total variation. Unfortunately, we were not able to prove an uniqueness result in
such a generality and we had to make further strong restrictions. However, this is not due to the fact that the
right-hand side is a measure, since even in the case where the right-hand side is an element of the dual space
wLe' (Q) (and where the solution is an usual weak solution), we have to make analogous strong restrictions
in order to obtain uniqueness results (see [4]).

Remark 1.22. Theorems 1.7, 1.11 and 1.16 prove the uniqueness of the renormalized solution of (1.4) under
suitable hypotheses. As usual, such uniqueness results imply some continuity result.

Consider, under the hypotheses of Theorem 1.7, 1.11 or 1.16, the unique renormalized solution wu. of (1.4)
corresponding to the right-hand side

fe— div(ga)7
and assume that
f- — fin L'(Q) weakly,

ge — g in (L' ()" weakly.
We also assume that, further to the uniqueness hypotheses, one has
04, +top+1<p—1,
which in particular implies that
|H(z,)| < b(x) (Bla) + Ao + €))7 + [H(,0)],

where b € LN1(Q), Ag € R, BP~! € LN'°°(Q) and H(z,0) € L'(Q). Moreover we assume that, for some p with
N(p=1)

O§p<ﬂ,onehas

|G(z, )| < ba(2)]s]” + bs(2),

(1.47)
by € L71(Q), bg € L1(Q),
for almost every = € 2 and for every s € R, where
Np-1)1 11
R —p =1 1.48
N-p p’ PR (1.48)

Therefore the hypotheses under which existence is proved in [3] are satisfied and there exists a unique
renormalized solution of (1.4). Moreover the existence proof of [3] also proves that

Tr(ue) is bounded in Wy P(Q). (1.49)
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A proof which is very similar to the proof of the existence result of [3] then shows that
T (ue) — Tr(u) in W, P(Q) strongly,

where u is the unique renormalized solution of (1.4) corresponding to the right-hand side f — div(g).

2. PROOFS OF THE UNIQUENESS RESULTS

2.1. Proof of Theorem 1.7

Preliminary remark

In the steps 1 to 4 below, we will prove the uniqueness of a renormalized solution of (1.4) under assump-
tions (1.5)—(1.11), (1.25), (1.26), (1.29) and

0Ay = 0,
{ 0<op<o*(N,p,r). (2.1)

This is sufficient to prove Theorem 1.7. Indeed, when o4, and op satisfy (1.27) and (1.28), we can reconduce
ourselves to the case (2.1), since every function H which satisfies

[H(x,8) = H(z,m)| < b(x) (Ao + [€] + [n])7* (B(z) + €] + [n]) 7" 1€ = n]

also satisfies
|H(x,€) — H(z,n)| < b(x) (Ao + B(@) + || + [n)7* 7" € |
and taking 64, = 0, 65 = 04, + op and B(z) = Ay + B(x) we are reconduced to (2.1).

First step. Observe that under the assumptions of Theorem 1.7, and more specifically using (1.8), (1.9), (1.16),
(1.26), (1.28) (or (2.1)), and (1.29)
every renormalized solution of (1.4) satisfies H(z, Vu) € L'(€). (2.2)

Observe also that Theorem 1.7 is concerned with the case p < 2, but that from now on, the proof made in this
first step will be exactly the same also when p > 2, since in this step we will no more use the hypothesis p < 2
but only (2.2).

Define for m > 0 the “remainder” S,,, of the truncation T;,, that is

Sm(s) = s —Tn(s) Vs € R,
or in other terms

0
(Is| —m)sign(s)

VOIA

_ |s| < m,
Sm(s) = { Is| > m, (2.3)
and recall the definition (1.22) of the function h,. Since u; and ug are renormalized solutions of (1.4), the
functions

v1 = R (u2) Ti (S (T2n (u1) — Ton(u2))) (2.4)
V2 = Ry (u1) T (S (T2n (1) — Ton(u2))) ’

belong to W, (Q) N L>®°(2). We can therefore choose v = v; and h = h,, in the equation (1.18) (or more
exactly (1.19)) satisfied by w1, and v = vy and h = h,, in the equation (1.18) satisfied by us. We obtain by
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difference
/Q la(ar, Vur) — ale, Vo)) (Var—Vaus) x5, (us -y <ty i (1) (112)

+ /Q a2, Vur )V i, (2 Yo (112) T (S (1 — )

- /Q a2, Vus) Vg h (1 )1, (13) T (S (11 — 1))

+ /Q a2, Vur)Vatgh ()1, (3) T (S (11 — 1)) (2.5)
- /Q a2, Vus) Vs i, (1 Yo (t2) TSy (1 — 1))

+/Q (G 1) — G, uz)] (1) (2 T (Som (11 — 112))

_ /Q [H (2, Vr) — H (1, Vug)] T (12 Vo (12) T (S (11 — 2)),

where, by an abuse of notation, we wrote u; and wus in place of Ta, (u1) and Ta, (us2).
We now let n tend to infinity for fixed k& and m.
Since
[a(x, Vur) — a(x, Vug)] (Vur = Vuz)x{s,, (ur—us) <k}
is a measurable function which is non negative, and since h,(u1)h,(u2) tends to 1 a.e. in Q, Fatou lemma
implies that

xJMQVmeaaanamlvanﬂ%m_W»w}

< lim inf/ [a(x, Vur) — a(x, Vug)] (Vur — Vua) X{|s,. (ur—usz)| <k} Pn (U1) hn (u2).
Q

n

In view of the definition (1.23) of h,, the absolute value of the second term of (2.5) is easily estimated by

k
- / a(z, Vui)Vuq
N Jn<|ui|<2n

which tends to 0 by (1.17).
Similarly, the third term of (2.5) tends to zero.
In view of the growth condition (1.6) on a, the absolute value of the fourth term of (2.5) is estimated by

1 1

k

—C

1 (1 g
/ [IVur [P~ + ao(a)] | Vuz|< ke —/ [Vua]? —/ |Vusf”
- Jin<|uz|<2n}n{|ui|<2n} " J{|us|<2n} N J{n<|uz|<2n}

1 1
1 AP (1 r
) (oo
nJjo N J{n<|uz|<2n}
1

—/ |VUQ|p—>O
" J{n<|uz|<2n}

which tends to 0 since
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by (1.17), and (1.5), while

1
—/ |V [P — 0; (2.6)
" J{|ui|<2n}

indeed (2.6) can be easily proved by using in (1.18) the test function v = Tb,(u1) and h = h;, and letting j
tend to infinity for n fixed.

Similarly the fifth term in (2.5) tends to zero.

In view of hypothesis (1.10), the last term of the left-hand side of (2.5) is non negative.

Finally, since H(z,Vu1) and H(z,Vuz) are in L'(2) thanks to (2.2), Lebesgue dominated convergence
theorem implies that the right-hand side of (2.5) tends to

/Q [H(x,Vuy) — H(z, Vu2)] Tk (Sm(u1 — uz)),
the absolute value of which is estimated by
k/Q |H (z, Vur) — H(x, Vua) | X{ju,—us|>m}-
Passing to the limit in n in (2.5), we have proved that
/Q [a(x, Vuy) — a(z, Vua)] (Vur — Vuz)xqs,, (w1 —us)| <k} < k/Q |H(z, Vur) — H(x, Vua)|X{ju,—us|>m}- (2.7)

Up to this point, we used hypothesis p < 2 only to say that H(x, Vu;) and H(x, Vuz) are in L'(Q). Let us
explicitly observe that, when p > 2, hypotheses on 04, and op made in Theorem 1.11 and Theorem 1.16 will
again insure that H(z, Vu1) and H(z, Vusg) are in L'(Q). Therefore (2.7) also holds for p > 2.

Second step. Using hypotheses (1.7), (1.9), and (2.1), we deduce from (2.7) that

|VU1 — Vu2|2 /

_ <k /[ b B 7B — _ .

B/Q A LV £ [Vaug)er X{ISmum—ua)l<k)y S K | (2)(B(@)+[Vui|+|Vuz|)7? [Vur = Vua X {ju; —us|>m}
(2.8)

We now consider some s such that
2N(p—1)

1<s< = Sy} 2.9

N—-(2-p) 2.9)

we will actually choose s very close to ]2\,1\1((’;:;)) . Observe that such a number s exists in view of hypothesis (1.24),

2
and that s < 2 since p < 2. Using Holder inequality with the exponent —, we obtain
S

) |VTk(Sm(u1 - UQ))|S (2-p) 3
VTi(Sm(ur — u2))|’= —(A(z) + |Vuy| + |Vu )3
[ 9Tt = = [ o RO () 4 [Vin + Vi)

< ([ el ) ([« s v ) T

From (2.8) we obtain

/Q O Th(Sm (1 — )| < M, (2.10)
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where M is given by

1 ’ s(2=p) T
M=— / b(x)(B(x) + |Vui| + |Vuz|)?2 |[Vus — Vug| (/ (A(z) + |Vur| + [Vus|) 7= ) .
ﬁz {lui —uz|>m} Q
(2.11)
From (2.10) and Lemma 4.1 of Appendix 2 below with 6 = 5, we deduce that
IV Sm(ur —u) 2l v .. < CN,s)M,
LN=537 ()
which implies, when ¢ satisfies
1<gc N (2.12)
)
that
I19Sm (11 = u2) 2 [l o) < C(N, 5,0, |2)M, (2.13)
where C(N, s, q,|€|) is a constant depending only on N, s, ¢ and |Q].
Since s satisfies (2.9), a simple calculation shows that (2.12) is equivalent to
N-(2-p
1< — = (. 2.14
A q (2.14)

Third step. In this step, we estimate M.

As in the proof of the existence Theorem in [3], we introduce a set Z in the following way: since |Q] is finite,
the set of the constants such that |{z € Q,|u1(x) — uz(z)| = c}| > 0 is at most countable. Let Z C Q be the
union of those sets such that [{x € Q, |ui(z) — u2(z)| = c}| = 0; its complementary Z¢ = Q — Z is therefore
the countable set, union of those sets such that [{x € Q, |ui(z) — uz(z)| = c}| > 0. Since for every ¢

V(up —uz) =0 a.e. on{z€Q, |ui(z) —uz(x)| = c}, (2.15)

we obtain that
V(ug —ug) =0 a.e. on Z°

Using Holder inequality in the first integral of (2.11), we have

/ b(2)(B(z) + [Vua| + [Vus|)°% Vg — V|
{|u1—uz|>m}

52
2

_ / b(2)(B(z) + |Vui| + |[Vus|) 78 [V Sy (w1 — uz)
{lur—uz|>m}INZ (2.16)

<ol 2r(flur—ua>minz) |1 B + [V | + [Vua|[[75q)

s 3 1
X[V Sm(ur = u2)|2 (| Lo () 19217

whenever we are able to find p, s, ¢ and ¢ such that

St =+ =+ =1, (2.17)
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Np-1)

1<p<—2———p,, 2.18

Sp<—QT71 =P (2.18)
2N(p—1)

1<s< = S, 2.19

S < N—@—p) (2.19)
1<t<4o00 (2.20)

where ¢ satisfies (2.14) (some of those requirements are dictated by previous hypotheses).
Setting

1 oB 2
F(/%&Q):;'f‘?'f‘s—q—l,

we observe that hypothesis (2.1) reads as F'(px, S«, ¢«) < 0, so that we can choose p with 1 < p < p, and close
to p. such that

F(p, s+,q+) <O.
We now choose s with 1 < s < s, and close to s, such that

F(p,S,q*) < 0.
Finally, we choose ¢ with 1 < ¢ < ¢, and close to g, such that
F(p,s,q) <0.

From now on we consider these values of p, s and ¢ as fixed; observe that (2.14), (2.18), and (2.19) are satisfied.
Setting F(p, s,q) = —+ defines ¢ which satisfies (2.20) and (2.17). Therefore the above use of Hélder inequality
is licit.

We explicitly observe that for these values of p, s, ¢ and ¢, M is a finite number, which implies that the
left-hand side of (2.13) is finite.

Fourth step. From (2.13), (2.11), and (2.16) we deduce that

s C N75, 5 Q
1V S ot1 — )|y < S50 1)

< G5 Il —uaismpn | B+ [Vl + [Vuslll7o 6

2

s s(2—p)
NS ey ([ (A + [Tl + [T 5
Q
Since every term in this inequality is finite, we obtain that

s
2

(1 — Co||p] i"({|u1—U2\>m}ﬂZ)) IV S (u1 — uz) La) <0, (2.21)
where Cj is a constant which depends only on |Vuy|, |Vus|, A, B, op, 8, p, N, |9, s, ¢ and p, and will therefore
be considered as fixed; in particular this constant does not depend on m.
We want to deduce from (2.21) that u; — ug = 0. We argue by contradiction, assuming that u; — ug # 0.
In view of the definition of Z (see third step above), the function

m — [|b] z7'({\u17u2|>m}mz)
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is a continuous function which tends to 0 when m tends to infinity and to ”b”g(z) > 0 when m tends to zero.
Therefore either

1

Collblf ) < 5

and (2.21) with m = 0 implies that Sp(u; — ug) = 0, a contradiction; or

Y

|~

COHb”zr(z) >

and we can choose m = mi > 0 such that

. 1
CollblZr (glus —wal>minzy = 3 (222)

Then (2.21) implies that Sy, (u1 —uz) =0, i.e. |ug — uz| < my a.e., a contradiction with (2.22).

This completes the proof of Theorem 1.7.

The proof of the comparison result stated in Remark 1.8 is very similar: it is indeed sufficient to use the test
function Ty (S, (Tan(u1) — Ton(uz2))h) in place of Tk (S (T2n(u1) — Ton(uz))) in (2.4) in the above proof.

2.2. Proof of Theorem 1.11

Preliminary remark. In the steps 1 to 4 below, we will prove the uniqueness of a renormalized solution
of (1.4) under assumptions (1.5)—(1.11), (1.32), (1.33), (1.36), and

p*(Nap) <04, < o* (Nap7 T)7 (223)

0<op <c"(N,p,r)— 04, (2.24)

This is sufficient to prove Theorem 1.11. Indeed, when o4, and op satisfy (1.34) and (1.35), either o4,
satisfies (2.23) or o4, satisfies

0< o4, <p (2.25)

In the first case, i.e. when (2.23) holds true, (2.24) is equivalent to (1.35) (see Fig. 2) and Theorem 1.11 will
be proved in steps 1 to 4 below. In the second case, i.e. when (2.25) holds true, (1.35) is equivalent to

OSUB <0*(N,p,7”)*p*(N,p) (226)
(see again Fig. 2), and we will reconduce ourselves to the first case. Indeed when a function H satisfies
|H (2,€) — H(x,m)| < b(x) (Ao + [§] + [n) " (B(x) + €] + In[)7" [€ = nl,
with (1.32), i.e. Ag > 0, it also satisfies

b oA oB
H(.&) ~ el < 52 (Ao 1+ )™ (BL&) + 1+ )™ I =

for every 6 > 0, and taking 54, = 04, + ¢ and 65 = op, we are reconduced to the case where (2.23) and (2.24)
hold true if we can choose some § > 0 such that

{ p*(N,p) <G4y =04, +6 <0*(N,p,r),

(2.27)
0<op=o0p<o*(N,p,r)—0Ta, =0*(N,p,7) — 04, — 0.
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But (2.27) is equivalent to
p*(N,p) —oa, < <o*(N,p,7) — 04,
0<os,
§ <o*(N,p,7) — 0B — 04y,

i.e. to

0<op
< ) 2.28
{ p*(N,p)—o‘AO<5<U*(N,p,7“)—0'B—O'AO, ( )

and choosing some § > 0 satisfying (2.28) is possible when (2.25) and (2.26) hold true.

First step. Observe that H(z,Vui) and H(z, Vuy) belong to L'(Q) thanks to (1.8), (1.9), (1.16), (1.33),
(1.36), and (2.23). But, as said at the beginning of the proof of Theorem 1.7, the first step of its proof holds
also for p > 2, whenever H(z,Vu1) and H(z, Vusy) belong to L!(Q2), therefore (2.7) holds in the present case.

Second step. Using hypotheses (1.7), (1.9), and (1.32), we deduce from (2.7) that

/(Ao + [V | + [Vug| )P 2|V Tk (Sm (w1 — u2))|?
Q

= / (Ao + [Vur| + [Vua|)P72[Vur = Vua* X (15, (uw—un) <k} < MF, (2:29)
Q
where M is given by
1
M== b(z)(Ao + |Vui| + [Vug|)70 (B(z) + |[Vui| + |[Vusa|)?2|Vus — Vus|. (2.30)
B J{us —uz|>m}

We now apply Lemma 4.2 with v = (Ag + |[Vui| + |Vug|)P~2. Observe that v > Ag > 0 a.e. in  and that
v € L*(Q) with s < %%; since %g—:é > % when p satisfies (1.31), we can apply Lemma 4.2 with s and ~
such that

Nip-1)
—<s<
2 (N=1p-2)
(2.31)
l<n< 2N(s—1)
TSN -—1)s—N
A simple calculation shows that the second line of (2.31) is equivalent to
2(N+p—-2)
lay< B2 2 2.32
p(N —1) (232
We deduce from (2.29) and Lemma 4.2 that
/(Ao + |V | + |Vauz| )P 2|V Sm (ur — u2)|[? < CoM?, (2.33)
Q

where Cj is a constant which only depends on N, s, v, Ag, |||Vu1|P~?]

LS(Q) and |||VUQ|| LS(Q).

Third step. In this step, we estimate M.
As in the proof of Theorem 1.7, we introduce a set Z in the following way: since || is finite, the set of the
constants such that |[{z € Q,|u1(z) —uz(z)| = c¢}| > 0 is at most countable. Let Z C €2 be the union of those
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sets such that |[{z € Q, |ui(x) —uz2(z)| = c¢}| = 0; its complementary Z¢ = {2 — Z is therefore the countable set,
union of those sets such that [{z € Q, |ui(x) —uz(z)| = c}| > 0. Since for every ¢

V(up —uz) =0 a.e. on{z€Q, |ui(z) —uz(x)| = c}, (2.34)
we obtain that

V(ug —uz) =0 a.e. on Z°.

Using Holder inequality, we have

1

M= —
6 {lui—uz|>m}NZ

b(x) (Ao + V| + |Vus|) T [VSym (w1 — uz)|

p—2
X (Ao + [Vur| + [Vug|)7% ™5 (B(z) + [Vur| + [Vue|)7”
1 ) (2.35)
< Sl snioming ([ (Ao + 9l + 921953, 00 = o))
op+o —p=2 1
x|| Ao + B+ [Vaur| + [Vual| 5™ 7 197,
whenever we are able to find v, p and ¢ such that
—2
oA, — 22 >0, (2.36)
0
1 1 op+os -2
S+ e (2.37)
ooy P
N(p-1)
l<p< L= _,. 2.
SP< T =P (2.38)
1<t < +oo, (2.39)

where «y satisfies (2.32).
Since by hypothesis (2.23) one has o4, > p7—:2, there exists some vy, 0 < 79 < 7«, such that

p—2

Yo

A, >

On the other hand, setting

1 1 -2 +
F(’Yap);+;<1pp )+UAOPUB17

we observe that hypothesis (2.24) reads as F(7, p«) < 0, so that we can choose v with y9 < v < 7, and close
to 7. such that

F(v,p:) <0.
We now choose p with 1 < p < p, and close to p. such that

F(v,p) <O0.

From now on we consider these values of v and p as fixed; observe that (2.36) and (2.38) are satisfied. Setting
F(v,p) = —1 defines ¢ which satisfies (2.39) and (2.37). Therefore the above use of Holder inequality is licit.
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We explicitly observe that for these values of v, p and ¢, M is a finite number, which implies that the left-hand
side of (2.33) is finite.

Fourth step. From (2.33) and (2.35) we deduce that

_ 1
/Q(Ao + V| + [Vuz P72V S (ur — ua)|” < CoﬁHb”zr({|u17u2\>m}02)

X /(AO + |VU1| + |VU2|)p_2|VSm(U1 — U2)|’YHAO + B + |VU1| + |VUQ|H(L(:?;;)UAo)’Yi(pi2)|Q|%.
Q
Since every term in this inequality is finite, we obtain that
(1= CIB (s aatomnz) /Q(Ao V| + Va2V Sy (11 — )] <0,

where C' is a constant which depends only on N, s, p, |||Vuy[P~2| L#(9)5 [ Vuz|P—2] Ls(Q)> Ao, B, 04,, 0B, B, 7,
p, 19|, and ¢, and will therefore be considered as fixed; in particular this constant does not depend on m.
Arguing as in the end of the fourth step of the proof of Theorem 1.7, we obtain that uy; = us, i.e. the desired
result.
The proof of the comparison result stated in Remark 1.12 is very similar: it is indeed sufficient to use the
test function Tk (S (Ton(u1) — Ton(uz2))™) in place of Tk (Sm(Ton(u1) — (T2n(us2))) in (2.4) in the above proof.

2.3. Proof of Theorem 1.16

First step. Observe that H(z,Vui) and H(z,Vuy) belong to L'(Q) thanks to (1.8), (1.9), (1.16), (1.41),
(1.43), and (1.45). But, as said at the beginning of the proof of Theorem 1.7, the first step of its proof holds
also for p > 2, whenever H(z, Vu1) and H(z, Vusy) belong to L!(Q), therefore (2.7) holds in the present case.

Second step. From hypothesis (1.39), we deduce that

2(p—1)
N_1

<p-—2

and, hence, from (1.43) that
oA, +0B <p—2.
This yields
(Ao + [Vur| + [Vua| )P~ > C (Ao, p) (Ao + [Vur| + [Vug|) 74072,

where C'(Ayp, p) is a constant depending only on Ag and p.
On the other hand, using hypotheses (1.7), (1.9), and (1.40), we deduce from (2.7) that

[ (Aot 9+ Dy 22 9T (S0 = )
Q

) (2.40)

= 60(140,]))

where M is given by

/Q(Ao + | Vur| + [Vua|)P 72 Vur — Vs PX{i8, (1 —us) <k} < ME,

1
M= b(z)(Ao + |Vui| + [Vug|)74e (B(x) 4+ |Vui| + |Vuz|)?2 |Vur — Vus|. 2.41
BC(AO’p)/{Ul—u2|>m} ( )( 0 | 1| | 2|) ( ( ) | 1| | 2|) | 1 2| ( )
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We now apply Lemma 4.2 with v = (Ag + |Vui| + [Vug|)740 195, Observe that v > Ap > 0 a.e. in Q and
that v € L*(Q) with s < %; moreover WASLM > & since o4, + 05 < 2(p 1) when (1.43) is
satisfied. Hence we can apply Lemma 4.2 with s and ~ such that

N N(p-1)

2 SN _D(oa, ton)
2N(s—1)

N(2s—1)—2s

(2.42)
1<y<

A simple calculation shows that the second line of (2.42) is equivalent to

2(p— )N —2(N —1)(04, +0B) _
LY SN TR - D (oa to)] (243)

We deduce from (2.40) and Lemma 4.2 that

/(Ao + V| + [Vua|) 740 78 |V S, (ug — uz)|” < CoM?, (2.44)
Q

where Cj is a constant which only depends on N, s, p, 04,, 08, 7, Ao, |[Vu1[P72||1:(0) and [||Vug|P~2

Third step. In this step, we estimate M.

As in the proofs of Theorems 1.7 and 1.11, we introduce a set Z in the following way: since |Q?] is finite, the
set of the constants such that [{x € Q,|u1(z) — ua(x)| = ¢}| > 0 is at most countable. Let Z C Q be the union
of those sets such that [{z € Q, |ui(x) — uz2(x)| = c}| = 0; its complementary Z¢ = 2 — Z is therefore the
countable set, union of those sets such that [{z € Q, |u1(x) — u2(z)| = ¢}| > 0. Since for every ¢

V(up —uz2) =0 a.e. on{z e, |ui(r) —uz(x)| = c}, (2.45)

we obtain that
V(up —uz) =0 a.e. on Z°.
Using Holder inequality, we have

oy
M= ——F— b( (AO + |VU1| + |VUQ|) |VS (u1 - U2)|
BC(A(),[J) {|ur—uz2|>m}NZ
B
X (Ao + [Vua| 4 [Vug|)740 ™ (B(x) + [Vus| + [Vug|)7?
" L (2.46)
bll L7 ({jur —us|>m}nz) kK
< . A \Y Vug|)740 78|V S, (ug — v
< Sl ([ (4 T+ [Val) 2022 95,01 — o)
op+o
X[\ Ao + B + Ve + [ Vusl |y 7,
whenever we are able to find v, p and ¢ such that
<1 1> > 78 (2.47)
TA - — = —, .
’ gl gl
1 1 (op+oa)1-2) 1
—+—+( o) 7)+—=1, (2.48)
ooy p t
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N
1§P<(p*1)m:l)*, (2.49)

1<t< +oo, (2.50)

where v satisfies (2.43). Since by (1.44), one has o4, (1 - %) > &, there exists a 1, 0 <71 < 7sx such that

On the other hand, setting

1 1 (op+oa)(1—1)
F(%P)Z;‘f’;‘i‘ ; s

we observe that condition (1.43) reads as F'(y.x,px) < 0. Therefore, as in the third step of the proof of
Theorem 1.11, we can choose the values of p, v and ¢ such that (2.47)—(2.49) and (2.50) holds true.

We explicitly observe that for these values of v, p and ¢, M is a finite number, which implies that the left-hand
side of (2.44) is finite.

-1

)

Fourth step. From (2.44) and (2.46) we deduce that

Collbll7-
A op+oa, m — T < {lu1—u2|>m}NZ)
/Q( o+ [Vui| + [Vuz|) [V Sm (w1 —u)|" < (BC(Ao,p))

X / (Ao + |VU1| + |VUQ|)JB+UAU|VSm(U1 — UQ)P/
Q

x| Ao + B + [Vur | + [Vusl| 5070 0 Va7

Since every term in this inequality is finite, we obtain that

(1-cipl

z7'({\111—112|>711}F‘|Z)) /Q(AO + |VU1| + |VU2|)UB+JAO |VSm(u1 - UQ)|’Y <0,

where C'is a constant which depends only on N, s, p, |||[Vu1[P~2| 1=, [ Vug|P—2| Ls(Q)> Ao, B, 04,, 0B, B, 7,
p, 19| and ¢, and will therefore be considered as fixed; in particular this constant does not depend on m.
Arguing as in the end of the fourth step of the proof Theorem 1.7, we obtain that u; = wus, i.e. the desired
result.
The proof of the comparison result stated in Remark 1.17 is very similar: it is indeed sufficient to use the
test function Tk (S (Ton(u1) — Ton(uz2))™) in place of Tk (Sm(Ton(u1) — (T2n(us2))) in (2.4) in the above proof.

3. APPENDIX 1: A PROPERTY OF THE DIFFERENCE OF TWO RENORMALIZED SOLUTIONS

In this section we consider renormalized solutions of equation (1.4) in the case where

H(I7£) =0, G(:L',S) =0,
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that is renormalized solutions u; and us, in the sense of Definition 1.4, of the problems

—div(a(z,Vui)) = 1 in Q,

{ u; =0 on 01}, (3.1)
—div(a(z, Vuz)) = pe  in Q,

{ ug =0 on 01}, (3.2)

, N
where p; = f1 —div(g1) and po = fo — div(ge), for given fi, fo in L*(2) and g1, g in (Lp (Q))
The following theorem is proved in [8] (Theorem 9.1) in the more general case where py and ps are Radon
measures with bounded total variation.

Theorem 3.1. Assume that a satisfies (1.5)—(1.11) and that u; and ug are renormalized solutions of (3.1)
and (3.2). Then for every k > 0, we have

(a(x, Vur) — (a(z, Vuz)) - (Vur — Vuz) X{ju, —us| <k} € L'(9), (3.3)

and

/{I - Kk}(a(x, Vuy) — (a(z, Vuz)) - (Vur — Vug) < [[pua|(Q) + |p2|(2))]k- (3.4)

In the case where p > 2 and where the strong monotonicity condition
(a(z, &) = (a(z,&2)) - (61 — &) = af&y — &7, @ >0, (3.5)

holds, estimate (3.3) implies that Ty (u; — ug) € Wy P(Q) for every k > 0 and that

o /Q VT (w1 — )P < (2] () + [ (Q)]h (3.6)

(see [8], Theorem 9.2, where it is assumed, more in general, that pq and po are Radon measures with bounded
total variation).

The goal of the present section is to give an extension of the previous result to the case p < 2. We assume
here that

3N -2
2N -1

<p<Z (3.7)

(observe that the case where p is close to 1 is not covered).

Theorem 3.2. Assume that the hypotheses of Theorem 3.1 are satisfied, that p satisfies (3.7), and that a(x, )
satisfies the strong monotonicity condition (1.7).
Then for every k > 0 we have

s . 2N(p-1)
Tk(ul — ’LLQ) S Wol’ (Q) with s < m, (38)
and
@-ps s 1 o=
@S558 [ (VT = )l < O, 190) [all A7 ey + pal(@) + il @)] 77 k5, (89)
Q

where C(N, p, s, |Q]) is a constant depending only on N, p, s and |Q].
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N(p-1) 3N -2
— ¥ 7 < 1wh - -
N7(2fp)> Wenp>2Ni17

constant C(N,p, s, |2|) which appears in (3.9) tends to infinity when s tends to

Remark 3.3. Note that as we assumed in (3.7). On the other hand, the

2N(p—1)
N—-(2-p)
one could actually prove, by a proof similar to the proof below, that under the assumptions of Theorem 3.2,
M and

N—-(2-p)

. Note also that

|VT(u1 — u2)| belongs to the Lorentz space L%2(Q), with § =

3, (2-p)s
2T =1

VT (u1 — u2)| k2. (3.10)

o2 < C(N,p, 5,19 aHAP*IHLNaw(Q>+¢u1KfD‘+|uﬂ(Q)}

Proof of Theorem 3.2. The proof is based on the use of Holder inequality and of the strong monotonicity

2 2N(p—1 2
assumption (1.7). Using Hélder inequality® with the exponent =, s < % (note that — > 1) we have
s —(2-p s
Vu; — Vugl® 5(2-p)
/ Vo~ Vual'= [ Vo = Veal'(A(a) + [V + [Vua])
{lu1 —uz| <k} {lur—uz|<k} (A(x) + |Vur| + |[Vua|) 2z
V|2 :
< L/ [Vin = V| . (3.11)
{ur—us|<k} (A2) + [Vur| + [Vug|)?~P

s(2—p) 2;
X (/ (A(z) + |[Vur| + |[Vus|) 2= )
Q

By the strong monotonicity assumption (1.7) and Theorem 3.1, we have

|VU1 — VU2|2 1
< = ) + Q)]k. 3.12
/{|u1u2<k} (A(ac) +|Vu1| +|Vu2|)2_p = ﬁHNlK )+ [12|(€2)] ( )
2N(p—1
On the other hand, when s < L, one has
N—-(2-p)
(2—p) % 1
<A¥A+|Vuﬂ+|Vuﬂ)ﬂs)> g(XSJQMMA+¢Vuﬂ+¢VuﬂW*H§;xMQy (3.13)
2 — 2N(p—-1 2 —
ndeed, it s > 2(p — ,tensiz ; moreover when s < ——————, one has 287.
Indeed, if 5 > 2(p — 1), th Chat) 1 h (1) has N/ Chat)
2-s)p—-1) N—-(2-p) 2-s)(p—-1)
Therefore since 2 is bounded,
LV'(Q) © Le=96o (),
and inequality (3.13) holds true.
s(2—p) . . . . . 2-5(p-1)
If s <2(p—1), then —————— < 1; using Holder inequality with the exponent ———————= > 1 we
2=s)p-1) s(2-p)

get again (3.13).

6 Actually one has to exclude the set {x € Q: Vui(z) = Vuz(z) = 0} in the integrals which are considered in this computation.
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From (3.13) we have

(2—=s)

s2-p) =@=p)
([ vl +1vu) &)

< C(s,[9,p) (HA”_IIILN'MQ) + IV [P~ oo () + |||vu2|p_1HLN"°°(Q))

1

p—1

(3.14)

From the estimate

which holds for every renormalized solutlon of (3.1) (this estimate is nothing but (3.4) in the case where
ug = po = 0, since a(x,0) = 0 in view of (1.5)) we deduce, using Lemma 4.3 of Appendix 2 below with L = 0

that
lpa () .
a

192l ey < OV, )
A similar estimate holds true for us and therefore we deduce from (3.14) that

1

s)

@0 O(N, s, |9, _ 7T

(A@LHVMFHVW|@”) s—i——#L@(MMPHuwmmy+mMQ%+mM90 L B15)
ar-1

Combining (3.11), (3.12) and (3.15) we have

s(2—p)

QT 7 /{ gy |V el < O, 1) (A7 e+ (D) + () 7 5.
up—u2|<
(3.16)

Estimate (3.16) is very similar to the result (3.9) of Theorem 3.2, but there is still a difficulty. Indeed, since
uy and wug are renormalized solutions of (3.1) and (3.2), their gradients Vu; and Vug are defined by (1.3) and
this does not allow one to write V(u; — uz) = Vu; — Vug (actually we do not know yet that the V(u; — us)
exists). To solve this difficulty, we proceed like in [8], Proof of Theorem 9.2. It is easy to see that for n > k

/lVTk (n) — To(u))|* g/ |Vu1—Vu2|s+/ |Vu1|s—|—/ Vs
{lur—uz|<k} {n—k<|ui|<n} {n—k<|uz|<n}
(3.17)

For each k fixed, the right-hand side of (3.17) is bounded independently of n in view of (3.16) and of the
following result (see (5.10) of [8]):
1

E/ Yl <e,
n<|uy|<n+k

1
—/ [Vusl® < ec.
k n<|uz|<n+k

Therefore the function Ty(Ty(u1) — Th(uz2)) is bounded in W, *(Q) uniformly with respect to n. Since this
function converges to Ty (u1 — uz) almost everywhere in  as n tends to infinity, we conclude that Ty (u1 — u2)

"This result is formally obtained by using Sp—k,n(u1) as test function in (3.1) and using the coerciveness. This proof becomes
correct, thanks to (1.17), if one uses the test function S,,_j »(u1)h;(u1), with h; defined by (1.22) and let j tends to infinity
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belong to W, *(Q) for every k > 0. Using Lemma 2.12 of [8], we have
(Vur — Vo)X {jus —us <k} = V(U1 = U2) X {juy —us| <k} = VTk(u1 — u2),

which allows us to deduce (3.9) from (3.16).

4. APPENDIX 2: SOME EXTENSIONS OF A RESULT OF [1]

In this section we extend in two different ways a result of Bénilan et al. ([1], Lemmas 4.1 and 4.2) and we
recall an extension of it (Lemma 4.3) which we have proved in [3] .

Lemma 4.1. Assume that Q is an open subset of RN with finite measure and that 1 < s < N. Let u be a
measurable function satisfying Ty (u) € WOI’S(Q), for every positive k, and such that

/Q VT (u)]® < ME® Vk >0, (4.1)

where M is a given constant and 0 < 0 < s. Then |u|*=% belongs to L%"X’(Q), |Vul*=% belongs to LNL*?"X’(Q)
and

Nl e < C(N. )M, (42

(@)

IVal =l ey < CN.8)M, (4.3)

(@)

where C(N, s) is a constant depending only on N and s.

Proof of Lemma 4.1.

Proof of (4.2). From Sobolev inequality, there exists a constant Sn , which depends only on N and p, such
that for every open set @ C RN and v € Wol’p(Q), one has

[[]

ip*(g) < SN,P”VUH;ZP(Q)' (4.4)

Therefore we have, for every k > 0

SLZ(Q) < Sn.o(ME?)S, (4.5)

k" meas{z € Q: u] > k} < / T ()* < Snol[VTk ()]
Q

or equivalently, for every h > 0

*
5

hio meas{z € Q: [u|*"? > h} < SMS(Mhﬁ) e

We deduce that

meas{z € Q: [ul*"? > h} < SJ\LSM%h(%_l)Ssjf?7
and
N-—s N-—s
N

h (meas{z € Q : Ju*=% > h}) N < Sy M,
for every h > 0. This yields (4.2).
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Proof of (4.3). From (4.1) we deduce that for every A > 0 and every k > 0

A% meas{x € Q:|Vu| > X and |u| <k} < / [Vul® = / VT (uw)|* < MK,
{lul<k} {lul<k}

i.e. for every p > 0 and every k > 0
pomeas{z € Q: |Vul|*~% > p and |u| < k} < M. (4.6)

From (4.6) and (4.5), we obtain that for every A > 0 and every k > 0

meas{z € Q: |[Vul[*"? > p}<meas{z € Q: |Vu|*"? > pand |u| <k}

4meas{z € Q: |Vu[*~? > p and |u| > k} (47)
MK MT .
S C(N; S) S + ) ‘
pns=0 k(l—g)s*
Choosing
1 N—s
k= M~ N=-006=0
(this value minimizes with respect to k the right-hand side of (4.7)), inequality (4.7) yields
» M~
meas{z € Q: [Vu|*~? > u} < C(N,s) )
Mﬂ
that is
Noo
p (meas{z € Q: |Vu|*~? > u}) ¥ < C(N,s)M,
which proves (4.2). O

Lemma 4.2. Assume that Q is an open subset of RN with finite measure. Let u be a measurable function
satisfying Ti(u) € HE(2), for every positive k, and such that

/ v(2)| VT (u))?> < Mk, Yk >0, (4.8)
Q

where M is a given constant, and v is a function such that

v(x) > Ag >0, ae. inQ, (4.9)

veL*(Q), with s> N/2>1. (4.10)

Then it results

/ (@)|VulY < CoM?, (4.11)
Q
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where

2N (s — 1
1<~ < (s -1

< m, (4.12)

and Cy is a positive constant depending only on Ay, N, s, v and ||v|

Lb(Q) .

Proof of Lemma 4.2. For every € > 0, we have:

/u(:cwun:/ v(x)|Vu|7+Z/ o(@)| V. (4.13)
0 {lul<e} = Janecui<anticy

We begin by estimating the first integral in the right-hand side of (4.13). Using (4.8) and Hélder inequality we
have

IR ( / W@}vu)mﬁ) ( .. U(@)l% <(/ v<x>|vn<u>|2)% P

1-3 el
< ol (Me)?

Now we estimate the integrals / v(x)|Vul|".
{2ne<|u|<2ntle}
Setting k = 2"¢, Holder inequality and (4.8) give

2 1-
/ v(z)|Vu' < </ ’U(I)|VU|2> </ ’U(I))
(k< ul<2k} {k<lul<2k} {k<lul<2k}

J
2

1)%

3 (1=2)% (4.15)
<([o@mrmwp) ([ o
Q {k<|u|<2k}
x|[{k < Ju] < 26} OB F <23 (ME)? [ol|s™? |{k < Ju] < 28}~
On the other hand, using Sobolev inequality, and hypotheses (4.8) and (4.9), we have for every k > 0
2" 2% 2 z SN 2%
= {k < ul <2k} < | |Te(u)]” <Sn | [ IVTk(u)| < — (Mk)=, (4.16)
Q Q AZ
where Sy = Sy 2 is a positive constant depending only on N.
Therefore from (4.15) and (4.16) we have
g -3+
7 4
/ v()[Vu|” < < iV) lolls ™2 2% Mok=7, (4.17)
{k<|u|<2k} Az

where
=5+ (1-3)5e =3+ (-3)3
= 1i(1-1)= L1y,
f=—g+ 2) 25 “T 27
Since ~ satisfies (4.12), we explicitely observe that 3 > 0.
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Combining (4.13), (4.14), and (4.17), we get

(-3

J
2

—nB prec—~h

12
[olls *2

1-2 ¥ > SN
/Qv(z)wuwg lollpioyM3e® + 3 | =
n=0 0

A (4.18)

< CIM2e? + M%7,

where C' is a constant depending only on Ag, N, s, v and |[v||11(q)-
Choosing

o3
£ = Mm
(this value minimizes with respect to e the right-hand side of (4.18)), inequality (4.18) gives (4.11).

Finally we recall the following lemma, that we proved in [3]:

Lemma 4.3. Assume that Q is an open subset of RN with finite measure and that 1 < p < N. Let u be a
measurable function satisfying Ty (u) € Wol’p(Q), for every positive k, and such that

/ IVTi(w)|P < Mk+ L, Vk>0, (4.19)
Q

where M and L are given constants. Then |u[P~! belongs to L'7 (), |Vul|P~! belongs to LN'>°(Q) and

™Mo e ) < CONop) [M 4 [0 L7 ] (4.20)
VUl ey < C(N,p) [ M+ |Q) 5 Lo | (4.21)
. . 1 1 1
where C(N, p) is a constant depending only on N and p and where — = — — N
p p
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