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LOCAL CONTROLLABILITY OF A 1-D TANK CONTAINING A FLUID
MODELED BY THE SHALLOW WATER EQUATIONS

JEAN-MICHEL CORON!

Abstract. We consider a 1-D tank containing an inviscid incompressible irrotational fluid. The tank
is subject to the control which consists of horizontal moves. We assume that the motion of the fluid is
well-described by the Saint—Venant equations (also called the shallow water equations). We prove the
local controllability of this nonlinear control system around any steady state. As a corollary we get
that one can move from any steady state to any other steady state.
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1. INTRODUCTION

During the nineties, J.-L. Lions has drawn the attention of mathematicians to flow control. In particular
in [14-18], he has obtained various important results and has given several conjectures on the controllability of
incompressible fluids. Here we consider a 1-D tank containing an inviscid incompressible irrotational fluid. The
tank is subject to one-dimensional horizontal moves. We assume that the horizontal acceleration of the tank
is small compared to the gravity constant and that the height of the fluid is small compared to the length of
the tank. This motivates the use of the Saint—Venant equations [22] (also called shallow water equations) to
describe the motion of the fluid; see e.g. [7] (Sect. 4.2). Hence the dynamics equations considered are (see [8])

H, (t,2) + (Hv), (t,2) = 0, (1.1)

v (t,@) + (gH + ”;) (t) = —u(t), (1.2)
u(t,0) = v(t, L) = 0, (1.3)

% () =u(t), (1.4)
D=0, (1.5)

where (see Fig. 1),

e [ is the length of the 1-D tank;
e H (t,z) is the height of the fluid at time ¢ and for = € [0, L];
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e v (t,x) is the horizontal water velocity of the fluid in a referential attached to the tank at time ¢ and
for € [0, L] (in the shallow water model, all the points on the same vertical have the same horizontal
velocity);

u (t) is the horizontal acceleration of the tank in the absolute referential;

g is the gravity constant;

s is the horizontal velocity of the tank;

D is the horizontal displacement of the tank.

v

FIGURE 1. Fluid in the 1-D tank.

This is a control system, denoted 3, where
e the state is Y = (H,v,s,D);
e the control is u € R.

Our goal is to study the local controllability of this control system X around the equilibrium point
(Ye,ue) := ((He,0,0,0),0).

This problem has been raised in [8]. Of course, the total mass of the fluid is conserved so that, for every solution
of (1.1) to (1.3),

a4t
&/0 H(t,x)dz = 0. (1.6)

(One gets (1.6) by integrating (1.1) on [0, L] and by using (1.3) together with an integration by parts.) Moreover,
if H and v are of class C!, it follows from (1.2) and (1.3) that

Hy(t,0) = He(t, L) (= —u(t)/g). (1.7)

Therefore we introduce the vector space E of functions Y = (H,v,s, D) € C*([0, L]) x C*([0, L]) x R x R such
that

Hx(o) = HJL(L)v (18)
0(0) = v(L) = 0, (1.9)

and consider the affine subspace ) C E of Y = (H,v, s, D) € E satisfying

/L H(z)dxz = LH.,. (1.10)
0
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The vector space E is equipped with the usual norm
Y[ :=[H[1 + |[vh +|s| + D],
where, for w € C1([0, L]),
lwly := Max{|w(z)[ + |we (z)|; = € [0, L]}-
With these notations, we can define a trajectory of the control system 3.

Definition 1. Let T; and T3 be two real numbers satisfying 773 < T. A function (Y,u) = ((H,v,s,D),u) :
[Ty, T2] — Y x R is a trajectory of the control system ¥ if

(i) the functions H and v are of class C' on [T1,T5] x [0, L];
(ii) the functions s and D are of class C! on [T1,Ts] and the function u is continuous on [0, T7;
(iii) the equations (1.1) to (1.5) hold for every (t,z) € [Ty, T2] x [0, L].

Our main result states that the control system ¥ is locally controllable around the equilibrium point (Ye, u.).
More precisely, one has the following theorem:

Theorem 2. There exists T > 0, Co > 0 and n > 0 such that, for every Yo = (Ho,vo, S0, Do) € YV, and for
every Y1 = (Hy,v1,81,D1) € Y such that

|Ho — Hely + [voly <m, [Hy — Hely + |vi]y <, [s1 = so| + [D1 = soT — Do| <,

there exists a trajectory (Y,u) : [0,T] — Y xR, t — ((H (t),v(t),s(t),D(t)),u(t)) of the control system
such that

Y(0) = Yo and Y(T) = V1, (1.11)

and, for every t € [0,T],

H ) = Bl o @ +Hu )] < Co (/IHo — il Joly 181 = Bl + ol + b = sol 1Dy = sa = Dl ).
(1.12)

As a corollary of this theorem, any steady state Y1 = (H,, 0,0, D1) can be reached from any other steady state
Yy = (H,, 0,0, Dg). More precisely, one has the following corollary:

Corollary 3. Let T, Cy and n be as in Theorem 2. Let Dy and D1 be two real numbers and let k be a
positive integer such that |D1 — Do| < kn. Then, there exists a trajectory (Y,u) : [0,kT] — Y xR, t —
((H(t),v(t),s(t),D(t)),u(t)) of the control system ¥ such that

Y (0) = (H,,0,0,Dy) and Y (kT) = (H.,0,0, Dy), (1.13)
|D1 — Do|

[H (8) = Hely + v ()], + |u ()] < Co—F

vt € [0, kT). (1.14)
Indeed, it suffices to apply Theorem 2 with Yy = (H,,0,0,D¢ + (i/k)(D1 — Dy)) and Y7 = (H.,0,0, Dy
+((i +1)/k)(D1 — Do)) for i € {0,... ,k —1}.

In Section 2 we give the steps of the proof of Theorem 2. This proof relies on two propositions (Props. 6
and 5), whose demonstration are given in Sections 3 and 4 respectively.
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2. SKETCH OF THE PROOF OF THEOREM 2
Let us first point out that by scaling arguments one can assume without loss of generality that
L=g=H,=1. (2.1)
Indeed, if we let

1 Lt 1 Lt
H* (t,x) := FH (ﬁ’[/x)’ v* (t ) = \/H—gv( Hg,Lx),

muyzfiﬂ( Zﬂ)’yﬁ%zv%is(ygﬁ)’*@%:%D( gﬂ)7

with « € [0, 1], then equations (1.1) to (1.5) are equivalent to

:

H; (t,x) + (H™v"), (t,z) =0,
i o)+ (B4 ) () =~ 0,
v (£,0) = v* (£, 1) = 0,

ds* .
(1) =" (1),

dD* .
()= (0),

v

From now on, we always assume that we have (2.1). Since (Y,u) = ((H,v, s, D),u) is a trajectory of the control
system X if and only if ((H,v,s —a,D — at — b),u) is a trajectory of the control system 3, we may assume
without loss of generality that so = Dy = 0.

The proof of Theorem 2 relies on the return method, a method introduced in [1] in order to solve a stabilization
problem, and used in [2,3,5,9711,24] for controllability problems. Roughly speaking, the return method consists
in looking for a trajectory (Y, @) : [0,7] — Y X R of the control system ¥ satisfying

Y(0)=Y(T) =Y.,
the linearized control system around (Y, %) is controllable. (2.3)

If such a trajectory (Y, ) exists, one can often (this is always the case for finite dimensional control system)
prove that, for every Yy and Y; close to Yg, there exists a trajectory (Y, u) close to (Y, a) such that

Y (0) = Y and Y(T) = V5.

Let us point out that, as already noticed in [8], property (2.3) does not hold for the natural trajectory (Y, u)
= (Y., ue). Indeed the linearized control system around (Ye, ue) is

ht + vy = 0,
vp + hy = —u(t),
v(t,0) = v(t,1) =0,
ds

(t)=ul(t),

i
E(t)zs(t)a




CONTROLLABILITY OF THE SHALLOW WATER EQUATIONS 517

where the state is (h,v, s, D) € Yy, with

L
Vo = {(h,v,s,D) € FE; / hdaczO}7
0

and the control is u € R. But (2.4) implies that, if
h(0,1—z) = —h(0,z) and v(0,1 — z) = v(0,z) Vx € [0, 1],
then
h(t,1—x) = —h(t,z) and v(t,1 — z) = v(t,z) Vz € [0,1], V.

Remark 4. Even if the control system (2.4) is not controllable, one can move, as it is proved in [8], from any
steady state (ho,vo, S0, Do) := (0,0,0, D) to any steady state (hi,v1,s1,D1) := (0,0,0, D) for this control
system (see also [21] when the tank has a non-straight bottom). This does not imply that the related property
(move from (1,0,0,Dg) to (1,0,0,D;)) also holds for the nonlinear control system X, but it follows from
Corollary 3, that this property indeed also holds for the nonlinear control system . Moreover the fact that,
for the control system (2.4), it is possible [8], to move from any steady state (ho, vo, S0, Do) := (0,0, s0, Do)
to any steady state (hq,v1,s$1,D1) = (0,0,s1,D1) explains why in the right hand side of (1.12) one has
[s1 = so| + | D1 — soT — Do| and not (|s1 — so| + | D1 — s0T — D0|)1/2.

As in [1-3,5,9-11,24] one has to look for more complicated trajectories (Y, %) in order to have (2.3). In fact,
as in [4], one can require instead of (2.2), the weaker property

Y(0) =Y, and Y(T) is close to Y. (2.5)

and hope that, as it happens in [4], the controllability around (Y, %) will be strong enough to tackle the problem
that Y(T) is not Y. but only close to Y.. Moreover, since as it is proved in [8], one can move for the linear
control system ¥, from y. = (0,0,0,0) to (0,0, s1, D7), it is natural to try not to “return” to Y., but requires
instead (2.5) the property

Y (0) =Y, and Y(T) is close to (1,0, sy, D). (2.6)

In order to use this method, one first needs to have trajectories of the control system X such that the linearized
control system around these trajectories are controllable. Let us give an example of a family of such trajectories.
Let us fix a positive real number 7% in (2,+00). For v € (0,1] and (a,b) € R?, let us define (Y:%b 7) :
[0,7*] = Y x R by

1 t?
Y rab(t x) = (1 + (5 - ac) , 0,7t + a7y +at + b) vt €0, T*], Vz € [0,1], (2.7)

u (t) ==~ Vt €[0,T"]. (2.8)
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Then, (Y7%b 47) is a trajectory of the control system Y. The linearized control system around this trajectory
is the following control system

et (L7 (5-2))v), =0,
ve+hy = —u(t)
v(t,0) =v(t, 1) =0,

ds

dD
=50

(2.9)

where the state is (h,v,s,D) € )y and the control is u € R. As we shall see in Section 4 below, this linear
control system X is controllable if v > 0 is small enough. Unfortunately the controllability of 3., does not seem
to imply directly the local controllability of the control system ¥ around the trajectory (Y7'%? u7). Indeed
the map from Y x C°([0,77]) into Y which associates to any initial data Yo = (Hy,vo, S0, Do) € Y and to any
u € C°([0, 7)) such that

Hom(O) = HOz(]-) = 7u(0)

the state Y(T') € ), where Y = (H,v,s,D) : [0,T] — Y satisfies (1.1) to (1.5) and Y (0) = Y is well-defined
and continuous on a small open neighborhood of (Y, 0) (see e.g. [19]) but is not of class C! on this neighborhood.
So one cannot use the classical inverse function theorem to get the desired local controllability. To take care
of this problem, one adapts the usual iterative scheme used to prove the existence of solutions to hyperbolic
systems (see e.g. [6], pp. 476-478, [12], pp. 54-55, [19], pp. 96-107, [20], pp. 35-43 or [23], pp. 106-116) see
also [2,3,5,9-11] for the Euler and the Navier control system for incompressible fluids): one uses the following
inductive procedure (h™,v", ", D™, u™) — (h"* v+t gn Tl Dl yn 1) g0 that

Ryt oI 4 <1 + <% - z) + h”> vttt — "t =0 (2.10)
o T prL gyt = gL (1) (2.11)

V"t 0) = 0" T (t, L) = 0, (2.12)

dsg:l (t) = "1 (1), (2.13)

dlﬁzﬂ () =s""1 (1), (2.14)

and (A" om L gn L DL 1) has the required value for ¢ = 0 and for ¢ = T*. Unfortunately we have
only been able to prove that the control system (2.10, 2.14), where the state is (R"T!, v, s" 1 D" +1) and
the control is u™*!, is controllable under a special assumption on (h™,v™). (This assumption is that 6, defined
in (4.38), is 0 see Rem. 26 below.) Hence one has to insure that, at each iterative step, (h™,v™) satisfies this
condition, which turns out to be possible. So one gets the following proposition, which is proved in Section 4.

Proposition 5. There exist C1 > 0, > 0 and vo € (0, 1] such that, for every v € [0,70], for every (a,b) € R?
and for every (Yo, Y1) € V? satisfying

Yo — YH0)] < uy? and [Y; — Y1H(T7)] < o,
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there exists a trajectory (Y,u) : [0,T*] — Y x R of the control system ¥ such that

Y(0)=Yy and Y(T™) = Y1,
Y (t) = YT ()] + |u(t)] < Cry VE € [0, T7]. (2.15)

One now needs to construct, for every given v > 0 small enough, trajectories (Y,u) : [0,7°] — Y x R of the
control system > satisfying

Y (0) = (1,0,0,0) and |Y(T°) — Y"b(0)| < ur?, (2.16)

and trajectories (Y,u): [T +T*, T +T* + T1] — ¥ x R of the control system ¥ such that
Y (T°+T"+T%) = (1,0,51,D1) and |Y (T° 4+ T*) = Y70 (T*)| < pv?, (2.17)
for suitable choice of (a,b) € R?, T° > 0, T! > 0. Let us first point out that it follows from [8] that one knows
explicit trajectories (Y, u!) : [0,7°] — Y x R of the linearized control system around (0,0) satisfying Y*(0) = 0
and Y!(T°) = Y7%(0). Then, the idea is that, if one moves “slowly”, the same control u' gives a trajectory

(Y,u) : [0,T° — Y x R of the control system ¥ such that (2.16) holds. More precisely, let fo € C*([0,4]) be
such that

fo=01n[0,1/2]U[3,4], (2.18)
fo (t) =s/2 vt € [1,3/2], (2.19)
/4 fo(ty)dt; = 0. (2.20)

0

Similarly, let f; € C4([0,4]) and f2 € C*([0,4]) be such that

fi=0in[0,1/2]U[L,3/2] and fi = 1/2 in [3, 4], (2.21)
/0 * ) =0, (2.22)
fo=01n[0,1/2] U[1,3/2] U[3,4], (2.23)

/0 " htdn = 12, (2.24)

Let
D:= {(E,D) eR?; |5/ <1, ‘D| < 1} .
For (5,D) €D, let f5 5 € C*([0,4]) be defined by
fs.p = fo+5f1+ Df. (2.25)
For € € (0,1/2] and for v € R, let ug}) : [0,3/€] — R be defined by

ul s (t) ==~ fL p(et) +’yf;,D(e(t +1)). (2.26)

)

o=

5,
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WY () = = Thple(t + @) + Ty plelt +1 - ), (2:27)

0 () = Thsplelt + @) + 2o plelt +1 - ) = Lfs p(e) = Lfiplelt 1)), (2.28)
5% () = Zsplet) + Lfop(e(t + 1)), (2:29)

DI (1) = elegyD(et) + %Fgﬁﬁ(e(t +1)), (2.30)

with
t
Fsp (1) 1:/ fs,p(t1)dt1.
0

In particular, using also (2.18) to (2.24), one gets

e (1 1 er (1 1—2¢

hg}) <E th,:c) =7 <§ - :L'> and vgjj <E +t,:c) =0Vte [0, 2—6} , Va €[0,1], (2.31)

1 Y 1 1 Y, 7,2 1 —2e
(2ot =242 1yt DY (Z4t) =D (= (— —)t T2 vee o, — 2, 2.32
SS,D(GH) 1 T, S,D(€+) S,D(€)+ A (2.32)
her (32) =0and v (3,2) =0vae o1 2.33
sp|lz)=0andvp{—a)= x € [0,1], (2.33)

ey (3 Y. ey (3 Y.,
857% (E) = ES and D§7’YD (E) = 2_65 —+ 6—2D (234)
Let HJ) =14 he and Y1 = (HE3, 00,57, DY ). Consider

7 /7 7 5,D 7 ’7 €, ]-
Qe,y -= lfg,D(l) +—fap(l+e€) =—+7, be:'? = 2o+ 5 Fp(l+e = Dg}) <_> .
€ € e 2 € € ’ €
Using (2.7, 2.31) and (2.32), one has
yver (1Y) 2 yracabi? (0,-) (2.35)
so\¢) = ) :
and, if e € (0,1/(2(T* + 1))],
YE/Y 1 + T ) = Y’Yvae,'yvbf’—? (T*) (2 36)
5D\ ¢ - B : :

The next proposition shows that one can achieve (2.16) with v = ug% for suitable choices of 79, € and ~.
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Proposition 6. There exists a constant Cy > 2 such that, for every e € (0,1/Cy], for every (5,D) € D and
for every v € [0,e/Cs), there exists one and only one map Y;’g : [0,1/€] — Y satisfying the two following
conditions

(Y;’g,u;%) is a trajectory of the control system . (on [0,1/€]),

Y/;g(o) = (1,0,0,0),

and this unique map Y;fg verifies

()~ Y (t)‘ < Coey? V€ [0,1/¢]. (2.37)
In particular, by (2.31),

< Coey?. (2.38)
1

+
1

GIEIORIES

Similarly, one has the following proposition, which shows that (2.17) is achieved with u = uz,% for suitable

choices of T, € and .

Proposition 7. There exists a constant C3 > 2(T* +1) such that, for every e € (0,1/Cs], for every (5,D) € D,
and for every v € [0,¢/Cs), there exists one and only one map Y;g : [(1/e) +T*,3/e] — Y satisfying the two
following conditions
(Y;g,ug})) is a trajectory of the control system X (on [(1/€) +T*,3/¢€]),
3 Yo 5 3
€y _ _ vy
D <‘> = (Lo s g 50) =V (2).

and this unique map ye verifies

>

D)~ Y (t)‘ < Caen? Vit € [(1/€) + T*,3/e]. (2.39)
In particular, by (2.31),
1 “ 1 1
e (= AL (=) =[5 - < Coer®. 2.40
‘5D (6) 1+ S’D(e) 7(2 $) 1 at ( )
Let us choose
. 1 1 p p 1
M (L Ly L 2.41
‘ m<02’03’202’203> 2 (241)

Let us point out that there exists Cy > 0 such that, for every (5, D) € D and for every v € [—e, €],

v

B, + oo Ci, (2.42)

<
C2([0,3/¢€]%[0,1])

)

C2([0,3/¢€]x[0,1])

which, with straightforward estimates, leads to the next proposition, whose proof is omitted.
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Proposition 8. There exists Cs > 0 such that, for every (5, D) € D, for every Yo = (Ho, vo, S0, Do) € Y with
1
|YO*}/;|<_; 80:07 D0:0
Cs
and for every v € [0,¢/Cs], there exists one and only one Y : [0,1/¢] — ) such that

(Y, u?

s

— HOz(O)) is a trajectory of the control system 3,
Y(0) = Y,

o=

and this unique map Y satisfies
Y (0= V55 )] < CslYo — Yel, Ve € [0,1/6],

Similarly, equation (2.42) leads to the following proposition:

Proposition 9. There exists Cg > 0 such that, for every (5,D) € D, for every v € [0,¢/Cs], and for every
Y1 = (Hi,v1,81,D1) € Y such that

‘Yl - (1,0, D

[Vl
_|_
o=

wl]
-

VAN

| —

>

|

|

“CIJ

S

|

|

Vo)

_l’_
Nl

there exists one and only oneY : [(1/€) +T*,3/¢] — Y such that

(Y, ull — Hlx(0)> is a trajectory of the control system %
Y (3/€) = Yi,
and this unique map Y satisfies
Y 0 -V 0| < Cs |- Y73 /0)|, vee(1/e) +T7,3/e)

Finally define

=3 (2.43)
€

: Ep p e e 1 1 yp vp
n = Min D) 2N 0 b} 2 ST A A A Yoy s Y0 -
205(03 + 02) 206(03 + 02) Cy' O3 Cy' Cg’ 2C5 " 2Cs

(2.44)

We want to check that Theorem 2 holds with these constants for a large enough Cy. Let Yo = (Ho, v9,0,0) €
and Y7 = (Hy,v1, 81, D1) € Y be such that

|Ho — 1|1 + |U0|1 <n, [Hi— 1|1 + |U1|1 <, [s1]+|D1| <. (2.45)

Let

2C 2C
v := Max <\/75\/ |H0*1|1+|UO|17\/76 |H11|1+|v1|1,|51|+|D1|), (2.46)

€ — 62 S1
§::—s,D::—<D——), 2.47
v y N7 2 (2.47)
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so that, thanks to (2.34),
= D;. (2.48)
Note that, by (2.41, 2.45, 2.46) and (2.47),
(5,D) € D. (2.49)

By (2.44, 2.45) and (2.46), we obtain that

N e {O,Min (c%c%ﬂ : (2.50)

Then, by Proposition 8, equations (2.44, 2.45) and (2.50), there exists a function Y° = (H°,0% s% D) :
[0,1/€] — Y such that

(YO, uy — HOx(O)> is a trajectory of the control system X on [0, 1/€], (2.51)
Y2(0) = Y, (2.52)
‘YO (t) = V<7 (t)‘ < Cs|Yo — Ye| Vit € [0,1/e]. (2.53)

By (2.46) and (2.53),

1\ ey (1 iy
YO [=) Y2 (=)< =- 2.54
() )]s e
By Proposition 6, equations (2.41) and (2.50),
ey [ 1 e b5 D 9 1>
5.0\ ¢ —YerPen (0)] < Caey” < o
which, with (2.54), gives
1 5,D
‘YO <—> — Y’Yﬁaeyvvbe,—? < Mfy2 (255)
€

Similarly, by Propositions 7 and 9, equations (2.41, 2.43-2.46, 2.48) and (2.50), there exists Y = (H*,v!, s, D) :
[(1/€) + T*,T] — Y such that

(Yl, ué% - Hlm(O)) is a trajectory of the control system ¥ on [(1/€) + T, T], (2.56)
YHT) =Y, (2.57)

Y1) = V23 (0] < Colvi = (1,0,51, Do) Ve € [(1/e) + T°,T), (2.58)

‘Yl (% + T*) _yae T (T € pn. (2.59)

By (2.44, 2.45) and (2.46),

7 <. (2.60)
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From Proposition 5, equations (2.55, 2.59) and (2.60), there exists a trajectory (Y*,u*) : [0,7%] — Y of the
control system ¥ satisfying

Y*(0)=Y" (%) , (2.61)
Y (t) — YTaenbis (¢ )} < Chpy Vit € [0,T7], (2.62)
V(T = v (% 4T ) (2.63)

The map (Y,u): [0,7] — Y defined by

Y (1), u(t) = (YO (t),ulp (t) — Hox(0)) Vt € [0,1/¢],
Y (@), u®) == (1/e),u"(t = (1/e)) Vt € [1/€,(1/€) + T,
(Y (t),u(t) = (Y (t),ulp (t) — Hiz(0)) Vt € [(1/€) + T, T,
is a trajectory of the control system X which, by (2.52) and (2.57), satisfies (1.11). Finally the existence of

Cp > 0 such that (1.12) holds follows from the construction of (Y, u), equations (1.7, 2.15, 2.27) to (2.30, 2.37,
2.3, 2.45, 2.46, 2.53, 2.58) and (2.62).

It remains to prove Proposition 5 and Proposition 6. We do it in Section 4 and Section 3 respectively.

(t

3. PROOF OF PROPOSITION 6

In this section we prove Proposition 6. Let (5,D) € D. Let ;’g = (H6 V ~§D’ 52}), b;%) e’ (1:575, y)
be the (maximal) solution of

(a23) + (A535%) =0, (3.1)
()
(w) (t,x) + | A7 4 28 (t,2) = —u"7 (1) (3.2)
5,D . ) 5, 2 ) - s5,D ’
~;})(t, 0) = 17;}7(@ 1) =0, 3.3
HI3(0,2) = 1, 575(0,2) =0, (3.4)
dg;’YD €,7Y
3 B =up ), (3.5)
dDih
7 =355, (3.6)
575(0) =0, DI(0) = 0. (3.7)

We consider solutions for positive time, so féfjj is a subinterval of [0,1/¢] containing 0. The system (1.1, 1.2) is

strictly hyperbolic if H > 0 and the boundary condition (1.3) satisfies the Lopatinski condition (see e.g. [23],
Vol. 11, pp. 235-236) if v2 < H for x = 0 and x = 1. Let C7 > 0 be such that

(|H — 1|+ |v] < 1/C7) = (v* < H).
For w € CY(K), where K is a compact subset of R", let

|wlo := Max{|w(z)|; x € K}
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For w = (wy, ... ,wy,) € CO(K;R™), where K is a compact subset of R", let
i=m
wlo == [wilo- (3.8)
i=1

Then [19] (Th. 4.2, pp. 96) gives

65,7

(Jze @ -1 + e

(0|, <vCrvtelsy) = Iy = 0.1/, (3.9)

(Moreover the left hand side of (3.9) for one solution implies the uniqueness of the solutions.) So, in order
to prove Proposition 6, it suffices to prove the existence of Cs > 2 such that, for every (5, D) € D, for every
e € (0,1/Cg), and for every « € [0,¢/Cs], we have

YR () - YR ()] < Csey® Ve I, (3.10)
By construction,
6T — &Y DSY — DHEY
Sip=5p Dip=D7p (3.11)

In order to simplify the notations, we omit the indices 5, D, ¢, v. (We write H instead of H;%, H instead of
H ;}7 and so on.) Let us first put the hyperbolic system (3.1, 3.2) in a characteristic form by using the Riemann
invariants. Let us recall that the Riemann invariants of the hyperbolic system (2.54, 2.55) are —v + 2v/ H, with

the speed of propagation v — v/ H, and v + 2/ H, with the speed of propagation v + v H (see e.g. [7], pp. 146).
Throughout this section only, let

R'i=—0+2VH +v—2VT+h — hv, (3.12)
R =0+2VH —v—2VI+h+ho, (3.13)
Ap = —STRI“FRIQ-F’U—\/H—h—hU, (3.14)
Ag = —%1+3TR2+v+\/1+—h—hv, (3.15)
with
hi=H-1. (3.16)

Then, equations (3.1) to (3.4) are equivalent, at least if the L> norm of h, R' and R? are small enough, to

R} + MR = A R + Ao R* + G, (3.17)
RZ + MoR2 = Ao  R* + Ay R* 4+ G2, (3.18)
RY(t,0) = R*(t,0), R (t,1) = R?(t,1) Vt € I, (3.19)
RY(0,z) = R*(0,z) = 0 Vz € [0,1], (3.20)
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with

3
A = T T T bl
22 1 (Uo + T h (hv) )

h? 2h
Gt = —(hv); + voe (v —2hv + + h2v> + hog <v2 + Y + hv2> ,

v1+h vV1+h
G? .= () +v <v + 2hv + h - h%) + h (1)2 + 2ho_ _ hv2)
. t Ox \/H——h Ox \/H——h .

Our first step is an estimate on |R' (¢) [o + |R? () |o, which is given in the following lemma:

Lemma 10. There exists of Cg > 2 such that, for every (5, D) € D, for every e € (0,1/Cy], for every ~ €
[0,¢/Co] and for every t € I,

|RY (1) |o < Coer?, |R%(t)]o < Coer?. (3.21)

Proof. Let us first point out that from (2.27) and (2.28), one gets the existence of C19 > 0 such that, for every
(5,D) €D, for every € € (0,1/2] for every v € [0, +00) and for every ¢ € [0,1/€],

lv(t) 1 < Croey, (3.22)
lvot (t) |o < Cro€>y, (3.23)
|h () |1 < Cio, (3.24)
|hot (t) lo < Croey (3.25)

Using these inequalities one gets the existence of C1; > 0 such that, for every (§, D) € D, for every € € (0,1/C1;1]
for every v € [0, €] and for every t € [0,1/€],

IG* (1) o < C11€%72, |G () o < C11€®?, (3.26)
[A11 () o + [A12 (1) o < Cr1v, [A21 () o + [A22 () o < Cu17. (3.27)
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Let us now prove the following lemma:

Lemma 11. Let e >0, T € [0,1/€], A1 and Ay in C*([0,T] x [0,1]), r*, 72, f1, f2 in C°([0,T] x [0,1]) be such
that

A (t,x) <0V (t,z) €[0,T] x [0,1], (3.28)
Ao (t,x) >0V (t,z) € [0,T] x [0,1], (3.29)
ry 4+ M = f (3.30)
r2 4 Mor2 = f2 (3.31)
ri(t,0) = r2(t,0), r'(t,1) = (¢, 1) Vt € [0,T], (3.32)
r(0,2) = r?(0,2) = 0 Vz € [0,1], (3.33)
IfY () o <€ and |f%(t)]o < eVt e[0,T). (3.34)
Then, for every t € [0,T],
It (1) o < 1 and |72 (t) o < 1. (3.35)

Remark 12. Of course, with ' and r? just continuous, equations (3.30) and (3.31) have to be understood by
using the corresponding system of integrals along the characteristics, that is, if & (resp. &) : [t—,t4+] C [0,T]
— [0, 1] is a solution of

&=\ (t ), (3.36)
(resp. & = Mg (¢, ), (3.37)
then
T1(t,§1 (t)) = rl(t—a€1 (t—)) + \ f1(3;€1 (S))dS vt e [t—a t+]7 (338)
(resp. ra(t, &2 (t)) = ra(t—, &1 (¢2)) + t fa(s,&(s))ds Vt € [t—,t4]). (3.39)

We use this convention until the end of this paper. To prove Lemma 10 from Lemma 11 one could assume in
Lemma 11 that r! and 72 are of class C'. But one needs to consider the case where r! and r? are just continuous
for the proof of Lemma 14.

The proof of Lemma 11 readily follows by looking at the evolution of ' and r? along the characteristics
(see (3.38) and (3.39)). Indeed, let a € (0,1) and 7 € [0,T]. Let £ € C°([0,7];[0,1]) be such that there exist
EeN\{0} and 0 =7 < 11 < ... <71 < 79 = 7T satisfying

¢ € ct ([O,T] \ {7'0,... ,Tk}),
§=M(t,€) on (j,7-1) Vj odd €{1,... k},
€= Xo(t,€) on (15,75_1) Vj even € {1,...,k}
£(7) =a.

The existence (and uniqueness of such a ) follows from (3.28) and (3.29). Then, by (3.32, 3.33, 3.38) and (3.39),

1 (7', a) = / dS + / dS,
Tj T

j odd 6{1,... k} j even 6{1 J
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which, with (3.34), gives
lrt(7,a)| < er.
Similarly one gets
|r%(7,a)| < er,
which ends the proof of Lemma 11.
Let Ci2 > 2 be such that, for every (5,D) € D, for every € € (0,1/C)3), for every v € [0,1/Chy), for every
R! € [-1/C42,1/Ch2] and for every R? € [—1/C12,1/C12], A1 defined by (3.14) and Ay defined by (3.15) satisfy

AL <0< A (3.40)

Let C13 and Cy be such that
013 := Max (012, 2011), (341)
Cg > 013. (342)

We claim that, with such a C9, Lemma 10 holds. Indeed, if this is not the case, there exist ¢ € (0,1/Cy],
v € (0,e/Cy] and T € T satisfying

|RY () |o < Coey?, |R%(t)|o < Coey? Vit € (0,11, (3.43)
|RY(T)|o = Coey? or |R*(T)|o = Coe?. (3.44)

From (3.26, 3.27) and (3.43), one gets
(A R + A R2 + G (1) |o < Ct (cgg n 1) 2 < 201,242 Vit € [0,T). (3.45)
Similarly
|(A21 RY + A9aR? + GY) (1) o < 2C11€2~2 Yt € [0, T. (3.46)

From (3.41, 3.42) and (3.43),

1 1
R'(t) o< = < =— Vte[0,T]. 3.47
|R"(t) o 1S T €10, 7] (3.47)
Similarly
1
|R% () |o < = Vt € [0,T]. (3.48)
012

From the definition of Cy2, equations (3.41, 3.42, 3.47) and (3.48), one gets
A1 <0< Agon [0,7] % [0,1]. (3.49)
From Lemma 11, equations (3.17) to (3.20, 3.41, 3.45, 3.46) and (3.49), we have
IR (t)]o < 2C11€7? < Ci3ey? Vit € [0, T1. (3.50)
Similarly
|R% (t)]o < Cizey® ¥t € [0, T). (3.51)

But (3.42, 3.44, 3.50) and (3.51) are in contradiction. This ends the proof of Lemma 10.
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Remark 13. The term hv in the definition (3.12) to (3.15) of R, R?, A\; and )\ is important even if it is of
order 0(ey?). Indeed if one omits this term in (3.12) to (3.15), one gets, instead of (3.26), the weaker estimates

|G (t) |0 < Crier?, |G2(t) |o < Crien?,

which are not enough to get Lemma 10.

In view of (3.17) and (3.18), in order to have C%-estimates on R}, (t) and RZ (t), it suffices to have C%-estimates
on R (t) := R} (t) and R?(t) := R?(t). Taking the derivative with respect to t of (3.17, 3.18) and (3.19), one
gets, using (3.14, 3.15, 3.17) and (3.18) to eliminate R. and R2,

_ _ _ 1 _, _ _ _ _
R} + MR = fi(Rl)Q +—R'R* + A R' + ApR? + G, (3.52)
4N 4N
_ _ _ 1 _, _ _ _ _
RZ + \oR2 = i(RQ)2 — —R'R?> 4 Ay1R' + ApR? + G?, (3.53)
4o 4N
RY(t,0) = R*(t,0), R'(t,1) = R?(t,1) Vt € I, (3.54)
with
- 3 1
A11 = A11 -+ K(AIIRI + A12R2 + Gl) + )\—(’U —V 1 + h — h,?))t,
1 1
- 1
Ay = Ap — K(AHR1 + A12R* + GY),
1
_ 1
G = AR + AR + G} =~ (AuR' + AR + G0 — VIt h —ho),
1
1 1 1 2 2
Agy = Ao + K(AmR + Ay R* + G7),
2
- 3 1
Agg = Agy — K(AQlRl + Ao R? + G?) + /\—(u +V1+h—ho)y,
2 2
_ 1
G? := Aoy R + Ao R? + G7 — )\—(A21R1 + Ao R? + G*)(v + V1+h — hv),.
2

From (3.17, 3.18) and (3.20), one gets
RY(0,2) = R*(0,2) Vx € [0,1].

Let us first point out that from (2.27) and (2.28), one gets the existence of C14 > 0 such that, for every
(5,D) € D, for every € € (0,1/2] for every v € [0, +00) and for every ¢ € [0,1/€],

lvor () [1 < Crae™, (3.55)
lvoee () Jo < Crae®y, (3.56)
lhot () |1 < Craey, (3.57)
|howe () |o < Crae®y (3.58)

Hence, using also (3.22, 3.24) and Lemma 10, one gets the existence of C15 > 0 such that, for every (§, D) e D,
for every e € (0,1/C)5] for every v € [0,¢/C15] and for every ¢ € I,
G () |o < Cis€™y®, |G? (1) |0 < Crse’y?,
|A11 () o + [Ar2 (£) |o < Crs7, |Aa1 () o + A2z (t) |0 < Chs7.
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Again, proceeding as in the proof of Lemma 10 (one easily sees that the quadratic terms in R', R? in the right
hand sides of (3.52) and (3.53) do not create any problem), one gets the following lemma:

Lemma 14. There exists Cig > 0 such that, for every (5, D) € D, for every e € (0,1/C1g] for every v €
[0,¢/C16) and for every t € I,

[RY (1) o < Croe®y?, [R? (1) o < Croe™,

This lemma, together with (3.14, 3.15, 3.17, 3.18), Lemma 10, equations (3.26) and (3.27) gives:

Lemma 15. There exists C17 > 0 such that, for every (5, D) € D, for every e € (0,1/C17] for every v €
[0,¢/C17] and for every t € I,

|R' (t) |1 < Cirev®, |R? (1) |1 < Crrey™.

But, by (3.12) and (3.13),

- :@fm}, (3.59)
. Ri+R)\> Vi+h
H-H:(%) 0 ; (Ry + Ry). (3.60)

Hence, using Lemma 15, equations (3.11, 3.22, 3.24) one gets (3.10) for every (5, D) € D, for every € € (0,1/Cs],
for every v € [0,¢/Cs] and for every ¢ € I provided that Cy is large enough. This ends the proof of Proposition 6.

4. PROOF OF PROPOSITION 5

In this section, we prove Proposition 5. Since (Y, u) = ((H,v, s, D), u) is a trajectory of the control system 3
if and only if ((H,v,s —a, D —at — b),u) is a trajectory of the control system ¥, we may assume without loss
of generality that « = b = 0. For simplicity we also omit the indices a (= 0) and b (= 0). Let us first put the
hyperbolic system (1.1, 1.2) in a characteristic form by letting

R':= v+ 2VH - 2VH -0, (4.1)
R*:=v+2VH - 2VH + o, (4.2)
>\1::73TR1+RT27@—0, (4.3)
AQ::—RIl+3TR2+\/ﬁ—o, (4.4)
with
o:=s—~t. (4.5)

Then, at least if v and the L>-norm of R' and R? are small enough, equations (1.1) to (1.5) are equivalent to

Rzr + Afi;cr = MlRtr + oM, (46)
R?(t,0) — R'(t,0) = R*(t,1) — R*(t,1) = 20 (1),
do
7 O =w®), (4.8)
dé

T O=00), (4.9)
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with
12
wi=u—y,0 = 777, (4.10)
A1 O
(Pl p2 (M
R:=(R'R?), '(0 AQ), (4.11)
__3 i 0
M, = 4\/7HV 4\3/57 , My = _\/,YHA’ , (4.12)
AHY AVHY VHY
and where, for a matrix M, M denotes the transpose of M. Note that (1.10) is equivalent to
1 1 22
R +R
/ (R'+ R*) VHY + (1+78)dx =0. (4.13)
0
Let Z = (21,22) be defined by
Z"™ := M3R' — M,R"™, (4.14)
with
5
1-— 5—71 0 % *%
M = 4 5y |2 Ma = | (4.15)
0 -—1+-lz T2
4 8 8
From (4.6, 4.11, 4.12) and (4.14) to (4.15), one gets
Z"+ AZF = F, (4.16)

with F = F (z,v, 0, R, R;) defined by

F:= (Fl,FQ)tr = (M3M1 — MgAx + AM31 + M4A — AM4) RZr
+ (M3M13; - M4M1) Rtr + 0o (M3M23; - M4M2) . (417)

From (4.6) to (4.8, 4.11, 4.12) and (4.14) to (4.15), one gets

2w (1) (1 + %) (22 (t,0) — Z* (£,0)) + By = (1+7) (2% (t,1) — Z' (1,1)) + By, (4.18)

with By = Bo (v, R (t,0), Ry (t,0)) defined by

._ [ R'(t,0) + R*(t,0) 2 1 2
s < 4 16+4»y+16m> (Rs (t,0) + R2 (t,0))
g 1 W\, .
5 < T 1- Z) (R' (t,0) + R*(t,0)) (4.19)
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and By = By (v, R(t,1), Ry (t,1)) defined by

[ R GDH+R() -2 oy 2
Bl'_< 4 +16f47+16m 4>(Rz(t71)+Rm(t,1))
J% (% —1- v) (R' (t,1)+ R*(t,1)) . (4.20)

Note that, for some Cjg > 0, one has for every (v,7,7;) € R x R? x R? with |y| + |o| + |r| + |rz| < 1/2,

(IBo| + |B1]) (v, 7,7m2) < Cug (V2 [r| + 22 [l + [l r2]) (4.21)
(|B0T| + |BlT|)(7a r, TI) < C’18("}/2 + |rm|)7 (422)
(IBor, | + [Bur, ) (v, 7,72) < Cis(v? + 7)) (4.23)

Similarly, using (4.3, 4.4, 4.12, 4.15, 4.17) and straightforward computations, one gets the existence of Cy9 > 0
such that, for every (z,v,0,7,7;) € [0,1] x R x R x R? x R? with |y| + |o| + || + |rz| < 1/2,

(IF| + 1)) (2, 7,0,7,70) < Cro (v (lo] + |7l + [ral) + ral (v |0 + 7y 1| + [7a]) (4.24)
|F0'| (xafyao-a T, rw) g 019 (72 + Y |Tx|) 5 (425)
|Fe| (2,7, 0,7, 72) < Cho (V2 + 7 ral) (4.26)
|y, | (2,7, 0,7, 1m5) < Crg (V2 4 |ra| + v o] +v]r]) - (4.27)
Let us point out that one can recover ¢ from Z. Indeed from (4.14) and (4.15), one gets
1 2 5y 1 2 37 (1 2
7+ 7= 1- (Ra.le.)fI(R - R?%). (4.28)

Multiplying (4.28) by (1 — (5yz/ 4))72/ ® integrating the obtained equality and using an integration by parts
together with (4.7), one obtains

1

e
2(1-0-)") P (-0

o(t) = Z'+ 7% (t,z) dz. (4.29)

From (4.29) one easily sees than one can also recover R from Z. More precisely, straightforward computations
(together with (4.29)) give the following lemma, whose proof is omitted:

Lemma 16. There exists vs € (0,1/2] and Cao > 0 such that, for every v € [—vs,7s] \ {0}, the two following
properties hold.

(i) For every Z = (Z',2%) € €°((0,1])* with

1 1
/ 7'+ Z2%de| + | Z], < s, (4.30)

Y 1Jo
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there exists one and only one (RY (Z),87 (Z)) € C* ([0,1])* x R such that, with RY (Z) = (R',R?),

Z'" = M3R!" — MyR™,
R%*(0) — R*(0) = R*(1) — R* (1) = 287 (2),

1 1 2 1 2\2
/ RAR g AR
o 2 16

One has

1

e
2(1-0=-8)"") b (-0

Z'+ 7%) (z) da.

(ii) For every Z = (Z',22) € C°([0,1])* and for every Z = (Z*, Z%) € €°([0,1])* such that

1|/t 1]/t
- / Zt+ Z%dx| + | Z]y < 5y — / 7t + Z%dx| +|Z]y < 755
Y 1Jo Y 1Jo

one has

1 1
R (2),+ 18 (D) < Cun (3| [ 204 2200
0

IRY(Z) 1o < C201Z]

i |Z|o) |

1
R” (2) —RY(2)|,+ |87 (Z2) — 8" (Z)] < Cao <% / Z'+ 27 - 7' - ZPda

0
RY(2), -R"(2),], < Cnl|Z - Z|,.

+|Z_Z‘o)’

For Z = (2',2%) € C° ([0, 7] x [0,1])* with

LIt 2 (.
/O(Z + Z%) (-, x) da

o

+ |Z|0 g 5,
0

and v € [—75,75] \ {0} let us define R7 (Z) in C° ([0, T%];C! ([O,T*]))2 and S7 (Z) in C° ([0, T*]) by
R (Z)(t,)) =R (Z(t,")), S7(2)(t) := 87 (Z(t,")) -
Let (A1, A2) in C°([0,T*];C1[0,1])? be such that

A (t2) <0, Ao (t,z) > 0V (t,z) € [0,T7] x [0, 1]. (4.31)
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Let (TO; 71 ;7—2)\; 7—3)\, T4 ) [0 T*] be such that

=5 -1, (4.32)
(€= ra(t,€) and € (r0) = 0) = (¢ (7)) = 1), (4.33)
(E=nt9andg () =1) = (€(r) =0), (4.34)
(g A (L, €) and € (0) = 1) = (£(7) =0), (4.35)
(6= a(t.&) and ¢ (m2) =0) = (¢ () =1). (4.36)

Note that, by (4.31), if such a (7", 73, 73, 77) exists, it is unique. Moreover (77", 73", 73, 77) indeed exists if
A1+ Leogo, 3¢ 10,1]) + [A2 = Leoo,r+pierfo,1)
is small enough and the map

Cco([0, T*];C0,1])? — R4

4.37

)\:()\1;)\2)'_)(7_%77—377—?)72) ( )

is of class C! on an open neighborhood of (—1,1) € C°([0,7*];C*[0,1])? (for the usual topology on the Banach

space CY([0,T*];C[0,1])?). This can be proved by using classical estimates for ordinary differential equations

(mainly Gronwall’s lemma) together with the implicit function theorem. Let @ : C°([0,T*];C1[0,1])? — R? be
defined by

0 (M, Ae) o= (13 — 10,70 — 13) . (4.38)
One easily sees that 6 (—1,1) (C°([0,T%];C*[0,1])%)) = R? (by the way this property follows from (4.79)
T*

and (4.80) below). Hence there exists a map IT : C°([0, ] CH0,1])% — C°([0,T*);C*0,1])? defined and of
class C! on a neighborhood O of (—1,1) € C°([0,T*];C1[0, 1])? satisfying

foll =0, (4.39)
(B(XN)=0)=(II(\) = X)) YAeO. (4.40)
Let us point out that, at least for v small enough,
0(—vH7,VH) = 0. (4.41)
Indeed, for |y| small enough and for (A1, \2) = (—VH",VH 7, (4.31) clearly holds and, as one easily
checks,
A7 A7 2

e T A G AV (D)
A'Y vy _ 4

3 f'ri\ To + :
VI+0/2)+ V1= (/2)

For v > 0 and v € (0,1/2], let £, -, be the set of A = (A1, A2) € CO([0, T*];C1[0, 1])? satisfying

AL+ VHY[eopo,reier o)) + [A2 = VH|eoo,r+1ic10,1) S ¥
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Let L9 be the set of A = (A1, A2) € £, such that 6 (\) = 0. By (4.39, 4.40) and (4.41), one gets, since 6 is of
class C!, the existence of v € (0,1) and of Cy1 > 0 such that, for every v € [—7s, 6] and for every v € [—~6, V6],

I(Lyq) C Ly, (4.42)

For v > 0 and « > 0 both small enough, let H, -, be the set of (A, o, 3,b, f) satisfying

A=) € L5, (4.43)

a=(a',a?) e’ ([0,1))%, B = ("5 €’ (0,1))%, (4.44)

b= (bo,b1) € CO([0,T*N)*, f = (fr, f2) €C°((0,T7] x [0,1])*, (4.45)

(1 + %) (a?(0) —a' (0)) +bo (0) = (1 +7) (a® (1) — &' (1)) + b1 (0), (4.46)
(1 + %) (82 (0) = 8 (0)) +bo (T*) = (1 +7) (B2 (1) = ' (1)) + b2 (T) . (4.47)

This set H,, is equipped with the topology defined by the usual norm on C° ([0,7*];C" [0, T*])2 x €Y ([0, 1])*
xC° ([0,T7])* % €° (0,77 x [0, 1])”.

For every compact subset K of R™, for every continuous maps f: K = R, g = (g1,... ,9m) : K — R™ and
for every real number p > 0, let

wo(f) :==Max {|f(z) = f(); z € K, 2/ € K, |2 — 2| < p}, (4.48)
wplg) =Y wp(g0): (4.49)

Let us assume that the following lemma, whose proof is postponed to Appendix A, holds.

Lemma 17. There exists Caa > 2 and v7 € (0,7s5] such that, for every v € (0,77], there exists a continuous
map W,
Hoyryy = c([0,7*])
(A7a)/67b7f) = w:W’Y (A’a7ﬁ?b7f))

such that the three following properties hold.
(i) One has

2w (0) = (1 + %) (02 (0) — &' (0)) +bo (0) = (1 +7) (a2 (1) — ' (1)) + by (0). (4.50)

(ii) The unique solution Z = (Z',Z%) € C°([0,T*] x [0,7*))* (which exists by the compatibility condi-
tion (4.50)) of

Z} +MZy = fr, ZF + MZE = fa, (4.51)

(1+7) (22(6.0) = 21 (1.0) +bo (£) = (1 +7) (221, 1) = Z' (6 1) + b (1) = 20 (1), (4.52)

Z(0,") = a, (4.53)
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satisfies

1

Ca
5 (

/01 (Z'+2°) (,z)dz

+1Zo + 1230 <
0

|a|0 + |ﬂ|0 + |b|0 + |f|0) )

1
gl

(1it) The map W, (X, -) is linear.

1
—wp (/0 (2" + 2Z%) (-,2) d:c) +w,(Z2,2%) < % (wWplew, B,b, f) + p(laly + 1Blo + [bly + | 1y) Vo € [0,+00).

Let us recall that (see Rem. 12) the solutions of (4.51) have to be understood by using the corresponding

system of integrals along the characteristics.

Lemma 17 is not sufficient to prove Proposition 5 by means of an iterative scheme: one has to deal with the
fact that 0 = 0 is required at each step and that one wants to steer § from dg to ;. We do it by considering

special explicit (Z L ZQ) which are “almost” (i.e. up to the order 4?) solutions of
Z 4N 2Z, =0, Z2 +X°Z, =0,
(1+7) (Z20) = 2" (1,0) = (1 +7) (22(6,1) - 2* (1, 1),
Z'0,))=2%(0,-) = Z" (T*,") = Z*>(T*,-) = 0.
Let g € C*°(R) be such that
g=0¢€ (—o0,1JU[T* — 1,00).

For v € [—1,1], let 7 = (¢, (72) € C>°([0, T] x [0,1]) be defined by

2 ol 2 ¥
~,1 o 2 2
¢ (75,30)._1 %g(t—1+x——4(x—x)>——1 79(t+x——4(x—x))7
2 ¥ 2 ol
v¥,2 N 2 2
¢ (t,x).—l %g(t—i—l—x—l—z(x—x))——l g(t—x+—4(x—x)>.

Then, by (4.54),

¢7(0,-) =¢7(T7,) = 0.

Moreover,
1
vl <y,1 -0
t 1-3(1—2x)"
1
v,2 7,2
+— =0,
t 1—2(1—2z)"

(147) (€20 = ¢ (1,0) = (1 +9) (26 ) = (B 1) = 2(9 (t+1) —g (= 1).

Note that there exists Ca3 > 0, which does not depend on g and v € (—1, 1), such that

1
/ (€1 +¢72) (o) dz| < Cosglesu vy -
0 0

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

Straightforward estimates, together with (4.57) to (4.60), give the following lemma, whose proof is omitted:
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Lemma 18. There exists vg € (0,1] and Caq > 0 such that, for every \ € 1:277, with (v,v) € [0,7s]? and for

every g € C™ (R) satisfying (4.54), the solution Z = (Z*, Z?%) € C*([0,T*] x [0,1]) of
Zr 4 MZy =224+ X222 =0,
(1+ %) (2°(t,0) = 2" (1,0)) = (1 +7) (2% (t,1) = Z' (t,.1)) =2(g (¢t + 1) — g (t — 1)),
Z(0,-) =0,
satisfies
1Z =], < Coa (v +177) |9le2 (1,7 1)) -
In particular, with (4.57),
1Z/(T*, )y < Cas (v +7°) lgle2 -1 -

Note that, by (4.54),
/T (gt+1)—g(t—1))dt =0, (4.62)
0

_ ’ t Hoeo
5 ;:/O /O (g(t1 4+ 1) — g (t1 — 1)) dbydt = 2/ g () dt. (4.63)

For v € [-1,1], let us denote by L., the map
c® ([0, 7*];C* ([0, 7)) x €° ([0, T*]) — €° ([0, T*];C* ([0, T*]))*
(Rl,R2,O‘) — ()\1,)\2)

defined by
1 2
. N N (4.64)
R'  3R?
)\2 = —I—FT-F\/H’Y—O'. (465)

Let © : R x C°([0, T%];C[0,1])% x C°([0,T*]) — R? be defined by
O (y,R" R* o) :=00L, (R" R*0).

The function © is of class C! in a neighborhood of 0 in R x C° ([0,77];C* ([0, 1]))2 x C°([0,7%]). Let R and
R%* be in C°([0, T*];C*[0,1]). Let ¢* be in C°([0,T*]). Then

0'(0) (0, R™, R*,0*) = (d1, d>), (4.66)
with
1 1 p2 T 1t 2 T t
di=—7 (3R™ — R*") t—t+ o + (R'™ — 3R*) tt—— +1)+80 (t) ) dt, (4.67)
G-l

T*
wn *

+1 T T*
dy = dy — E/T ((SR” — R*) (t, —t+ 5+ 1> + (R" - 3R*) (t,t — 7) + 80* (t)> dt.  (4.68)

2
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Let g € C®(R) and ¢ € R. Consider (7€ as defined by (4.55) and (4.56) with eg instead of g in these
equations. Thanks to Lemma 16, one can associate to (V¢ a unique pair of continuous maps (R"¢,07>¢) with
RY¢ = (RY, R27¢) : [0,T%] x [0,1] — R?, 67¢: [0, T*] — R such that

(¢ = Mz (RY)" — My (R7)™ (4.69)
R¥7€(0) — RV (0) = R (1) — RV (1) = 207, (4.70)
1 p1 2 1,y,e 2,7,€)2
RLe e RLve 4 B2,
Rt RO g (R R 471
2 16
0

at least if v € [—75,75] \ {0} and |e| are small enough. It turns out that, in this special case, such a (RY€,07€)
can be extended by continuity for v = 0 and |e| small enough. Straightforward computations give the following
lemma, whose proof is omitted:
Lemma 19. There exists €, > 0 such that there exists one and only one map of class c?
(_695 _69)2 — C? ([OvT*] X [07 1])2 x C? ([Oa T*])
(7,€) = (B4, 07)

such that, with R"¢ = (RY7¢, R*7¢), one has (4.69, 4.70) and (4.71). Moreover

aRl,O,e
RY (t,2) = < o > (t,z) =2G (t — 1+ ) — 2G (t + x), (4.72)
e=0
aRQ,O,e
R (t,2) == < o > (t,z) =2G (t +1—x) — 2G (t — x), (4.73)
e=0
b Jaks
aﬁ(t);< ) O=G{t+1)—Gt—1), (4.74)
e e=0
with
t
G(t) = / g(t1)dty. (4.75)
From (4.67) and (4.68), one gets
T T 3 [T 3 [
di =3 (G (7) e (7 _ 1)) + 5/%*—2 Gty dt - 5/% G () dt, (4.76)
T* * T*
w=s(o (B )26 () re (L))
g (51 3 5+ 3 2
+—/ G(t)dt - —/ G(t)dt+—/ G (1) dt. (4.77)
2 )z o 2 )z 2z
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Let us now fix three functions ¢°, g', g2 in C* (R) of support included in [~1,7* + 1] such that, with 6, d; and

dy defined by (4.63, 4.76) and (4.77), one has

for g = ¢°, (5, dl,dg) = (1,0,0),
forg:gla (g;dladQ) :(0,1,0),
for g = g2, (5, dl,dg) =(0,0,1).

Let w®, w!, w? in C* ([0, T*]) be defined by

w (t) == (" (t+1) —g° (t - 1)),
wh (t) = (¢' (t+1)—g' (t—1)),
w(t) = (¢°(t+1)—g*(t—1)).

For ¢ € {0,1,2}, A € £, with v > 0 and 7 both small enough, let us define Z; ., =

€ C1([0,7%] x [0,1]) and B; x € C1([0,1])? by requiring

(Zil,k,’v)t +M (Zil,k,’v)x = (Zi%k,’v)t + X2 ( i27>\,’v)1~ =0,

(4.78)
(4.79)
(4.80)

(4.81)
(4.82)
(4.83)

(Zile’ ZiQJw)

(1+7) (222, (1.0) = ZLs, (10) = (1 +7) (220, (61) = ZLs 5 (1)) = 20° (1),

Zz},/\,v(oa ) =0,
ﬂi,)\,'y = Zz},/\,’y(T*a )

For Yy = (Ho,vo,50, Do) € ¥ and v € (—1,1), let us define (Rg,, RE,) € C'([0,1])*, 0o € R, d € R and

oy = (a},a2) € CO([0,1])2 by (see (4.1, 4.2, 4.5) and (4.14))

do := Dy,

00 = 50,

R(lm = —vp + 2\/F0 —2VHY — 0y,
R?m = v0+2\/17072\/ﬁ+00,
5y

1 — L 1
)| )
o3 0 —1+%$ R

Let us point out that, by (1.8-1.10, 4.19, 4.20) and (4.84) to (4.88), one has

co| —oo| ot
|
0| wroo| =

~/
jeu g~y
oNn O
I 3

~

(1 + 1) (a2(0) — a(0)) + Bo(7, Roy(0), Roy2(0)) = (1 +7) (a2(1) — al (1))

4
+ B1 (’}/, R07(1)7 RO'y:c(l))a

R%’y(o) - R(l)'y(o) = R%’y(l) - R(l)'y(l) = 200’

2
R(l)'Y + R(Q)'Y) d

1
/ (R§, + R3,) VH™ + ( z=0.
0

(4.89)

(4.90)

(4.91)
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Similarly, for Y1 = (Hy,v1,51,D1) € Y, we define (R{., R?,) € C'([0,1])?, 014 € R, 61, € Rand 3, = (3}, 32) €
C°([0,1])2 by (see (4.1, 4.2, 4.5) and (4.14))

T*Q
81y = Dy — 1 T (4.92)
o1y =51 — YT, (4.93)
Ry, = —v1 + 2y Hy —2VH" — 015, (4.94)
Ry :=wv1 +2VH, —2VH" + 015, (4.95)
5y 5 1
1 -2 1 S _z 1
3 0 —1 + %x R%’yz g _g R%’y
Again, by (1.8-1.10, 4.19, 4.20) and (4.92) to (4.96), one has
2
(1+2) (820) = B20) + Bo(r, By 0), Riza(0)) = (149) (82(1) = (1))
+ Bi(v, Ri4(1), Riy2(1)), (4.97)
R%'y(o) - R%'y(o) = R%’y(l) - R%'y(l) = 2017) (498)
1 Rl + RQ 2
/ (Ri, + R2,) VH" + %dx = 0. (4.99)
0
We let
X~y = 517 — 50 — UOT*. (4100)

For v € (0,75] and v € (0,7s], let &, (Yo, Y1) be the set of (Z', Z?) in C° ([0,77] x [0, 1))? satisfying

1

v

1
| @+ 22) (ayda| +12%0+12%%0 + 1ol < v
0 0

Z(0,:) =y, Z(T",-)=0,.
For v > 0, let
B, = {a=(¢"a". ") €R% [ +[¢'[ +|¢*| < v}
Let us define a map

F: &, (Yo, Y1) x B, — C°([0,T%] x [0,1])* x R?
(ZaQ) - (ZlaZ27q07q17q2) = (27(i) = (217227(10;@1;@2);

by the following five-steps procedure:
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Step 1. One first define R = (RI,RQ) e ([O,T*] :Ct ([0,1]))2, o€ C(0,T%), f = (fl,fQ) € CY([0,T7
x [0,1])%, b= (bo,b1) € C°([0,7%])* by

(R,0):= (R (2",2%),8" (2", 2?)), (4.101)
by := Bo(v, R(+,0), R.(-,0)), (4.102)
by = B1(77R('70)aRx('a0))7 (4103)
f1 = Fl(l',"}/,O',R,Rx), (4104)
f2 i = Fa(x,7v,0,R, Ry). (4.105)
Step 2. We define A = (A1, Ag) € C° ([0, 7%];C* ([0, 1]))* by
A:=II(L, (R,0)). (4.106)
Step 3. With these A, by, b1, f1, fa, we define w € C° ([0, T*]) by
w =Wy (A ay, 8, =" Bory — ' Biay — @ B2nqn b, ) + 0’ + ¢'w' + ¢Pu’. (4.107)
Step 4. Then Z = (Z',Z?) is the unique continuous solution of
ZE+NZy = f, 2R+ XeZE = fo, (4.108)
(1 + %) (Z2(t,0) = Z*(t,0)) +bo (t) = (1 +7) (Z%(t,1) — Z'(t,1)) + by (t) = 2w (1), (4.109)
Z(0,)) = o, (4.110)
Step 5. Finally, (60,61,62) is defined by
=Xy +4 —/ / (t1) dtydt, (4.111)
(q,q).: (¢'.¢*) -6 (v,\R"(2),87 (2)). (4.112)

From Lemma 16 and straightforward estimates, one gets the following lemma, whose proof is omitted:

Lemma 20. There exists Cas > 0 such that, for every v € [—v5,75] \ {0}, for every Z = (Z*, Z*) € C° ([0, 1])*
with

1
— / 7'+ Z%dz| + |1 Z], < s,
v

0

one has
1 ' 1 2
w, (R7,87) < Cas ;wp (Z'+2%) (,x)da ) +w,(2) +p|Z], ) -
0

From (4.21) to (4.27, 4.61, 4.78) to (4.80, 4.89, 4.97), Lemma 16 to Lemma 20 and straightforward estimates,
one gets the following lemma, whose proof is omitted:
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Lemma 21. There exists v9 € (0,1], and Ca6 > 0 such that, for every v € (0,79], for every v € (0,v] and for
every (Y0, Y1) € ¥ with |Yo — Y (0)] + [Y1 = Y7(T*)| < v*9,

Euyy Y0,Y1) is not empty, (4.113)
F is well-defined and continuous on &, (Yo, Y1) X Bys/2., (4.114)
F (gy,yﬁ(Yo, Yl) X Byz/z,y) C 50261/3/2’)’,’Y X BC26V2’Y (4115)

and, for every (Z,q) € €y (Yo, Y1) X Buy and for every p € [0, 4+00),

1

S (/01 (Z' + Z%) (-,2) dx) +w, (21,27

< Cog (u (%wp (/01 (Z2'+2%) (,2) dx) +w,(Z24,2%) + p) + %w,, (av,ﬁv)) ., (4.116)

where

(Z,q) =F(Z,q).
Let
e (0, Min (o, ——, = (4.117)
Y10 3 Y9, 2026’ 0226 .

Let v € (0,710, and (Yo, Y1) € Y with |Yo — Y (0)| + |Y1 — Y7 (T*)| < 4%,72%. We claim that F has a fixed point
in Ey,gyy X B_a/2 . Let ) € C°(]0,1]; [0, +00)) be such that
10

Q(0) = 0, (4.118)
2C5

Qp) > T2, (0, B,) +p ¥p € [0, +0) (4.119)

and such that the set K of (Zl, Z2, q) € Eyioyy X ng/z7 satisfying
10

Yoo ([ (@4 2) (0as) +,(2,2%) < 20) Vo € 04c)

is not empty. Then, K is a nonempty convex compact subset of C°([0,T*] x [0,1])? x R3, and, by (4.115-4.117)
and (4.119),

F(K) c K.
Hence, by the Leray—Schauder fixed point theorem, F has a fixed point in K.
Let us now check that the existence of a fixed point to F in &£, X 873/2’Y implies Proposition 5. Let
1

0
(Z',Z2,q) be a fixed point of F in &, 4 X BW%QW. Let R = (R', R%) € C°([0,T*];C*[0,1])? and & € C°([0, T*])
be defined by

(R,0) == (R (2",27),8" (2",2?)). (4.120)
Using the fact that one has § = ¢ in (4.112), one gets that

O (y,R,0) = 0. (4.121)
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In particular X\ defined by (4.106) satisfies
A=L, (R,o0). (4.122)

Let w be defined by (4.107). Note that, by (4.111) with g° = ¢°, one has

—
XAy = / / w (tl) dtldt (4123)
o Jo
Moreover (4.107), together with (4.108) to (4.110) (with Z = Z), implies that
Z(Oa ) = Oy, Z(T*a ) = ﬁ’y- (4124)

Let ¢ = (¢',¢%) € C°([0,7%] x [0,1])* be defined by
t
' (t,2) == BY (t,2) — R (0,2) + / (ARY — MyR™ — o My) (t1,z) di. (4.125)
0

Proposition 5 is proved if one checks that

¢t =¢" =0, (4.126)
& =w. (4.127)

(Indeed the estimate (2.15), with C; large enough, follows from Lem. 16 if 419 > 0 is small enough.) From (4.11,
4.12, 4.14-4.17) and (4.125), one gets

oy
1- 2 0 1
17 - <¢z> . (¢;) —0. (4.128)
0 —1+2la) \% ¢

By (4.120), one has (4.7). From (4.3, 4.4, 4.7, 4.11, 4.12, 4.14, 4.15, 4.18-4.20) and (4.125), one gets

| —oo| wt
| croo| =

#2(t,0) — @' (t,0) = p*(t,1) — ' (t,1) =2 (a (t) — o9 — /Otw (tl)dtl) . (4.129)

Define (see (4.1) and (4.2))
Y y Y (4.130)
H:= (]%1%6]%2)2+\/m¥+m. (4.131)

Using (4.3, 4.4, 4.11, 4.12, 4.125, 4.130) and (4.131), one gets

¢ V' R'+R? 1 42
¢ 1 2
T p2 Y p1, 20\ o+
+ /0 ()\1Rlz + A Roy — \/mR + \/ER + \/ﬁ) 3 dt;. (4.132)
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By (4.120) and (4.131),
1
/ (H (t,x) — H (0,z)) dx = 0. (4.133)
0

By (4.7) and (4.130),
v(-,0)=wv(,1)=0. (4.134)

Using (4.132-4.134) and an integration by parts, one gets

1 t 1
/ (o' +¢°) M) (z,t) da = / / ((¢" + ¢*) N) (z,t1) dadt, (4.135)
0 0 0
with
M::@+R1:R2—¢1;¢27 (4.136)

2y o 2y 1 dvyo

VH VH  VH

1
N = _Z ()\1R1x + )\QRQQL-) + (4137)

Straightforward estimates give the following lemma:

Lemma 22. There exists y11 > 0 such that, for every v € (0,711], there exists Cy > 0 such that for every
k€ C°([0,1]) satisfying |k — 1|y < v11 and for every (¢!, 4?) € C* ([0, 1))? satisfying

5
5y 2 — 7 2 -

ool —oo| ot

<
[\v]
—~
—_
~—
\
<
—
—
—_
~—
I
<
[\v]
—~
o
=
<
—
—~
o
=

one has

Let e € C°([0,T*]) be defined by
Note that (4.125)

e (0) = 0. (4.138)
Let us apply (see also (4.128)) Lemma 22 with

1/)1 : ¢1 (ta')a l/}2 = ¢2 (ta')a
k:=DM(t,-).

One gets the existence of C! > 0 such that at least for 719 small enough,

e(t)y<C /Ot e (t)dty. (4.139)

From (4.138, 4.139) and Gronwall’s lemma, one gets e = 0, which, with (4.129), gives (4.126) and (4.127).
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Remark 23. It is in fact reasonable to conjecture that, at least for large enough n, F™ is a contracting map for
the C° ([0, T*]; W=122 (0, 1)) x R3-norm. Indeed such a phenomenon appears in the proof of the existence of the
solution to the Cauchy problem when there is no control; see for example [12] (pp. 54-55) or [19] (pp. 71-72).
If this is the case, F has a unique fixed point, which can be obtained as the limit of the iterative scheme
(Zn+1,qn+1) = F" (Zn, qn). Compare also, for the control of the Euler incompressible inviscid fluids [3], where
the Leray—Schauder fixed point theorem was also used, with [11] where a contraction argument was used.

APPENDIX A. PROOF OF LEMMA 17

For v € (0,1/2], let A7 be the set of o = (at, a?) € C°([0,1])? satisfying

a2(0) =0, — (1 n %) a'(0) = (1+7)(2(1) = (a'(1)).

The set A7 is a closed linear subset of C°([0, 1])2.

Let us first prove the following lemma:
Lemma 24. There exists y12 € (0,1/2] and Car such that, for every v € (0,v12], there exists a continuous
map va

L0 X AT — C%([r0,T*))

Y1277

(A, @) = (A1, A2), (@}, a?)) — w = Wg()\,oz),

such that the following three properties hold.
(i) One has

2w (10) = — (1 + %) al (0), (A1)

and the solution z = (z',2%) € C([r0, T*] x [0,1])? (which exists by the compatibility condition (A.1)) of

2r FMzk =22+ M2l =0, (A.2)
(1+7) (2(,0) = 21(1,0) = (1+7) (2(1,1) = 21 (11)) = 20 (1), (A.3)
A, ) = al, 22(n,) = o, (A.4)
satisfies
A(T*, ) =0, 22(T*,-) =0. (A.5)
/01 (457 (2)de| < ol (A6)
W) (/01 (Z2'+2%) (,2) dx) < Carplalo Vp € [0,+00) . (A7)

(ii) The following inequalities hold for every o = (041, a2) €A

C
lwlo < %|a|0, (A.8)

Coy

wp(w) < == (wp(@) +lalop) Yp € [0, +00). (A.9)



546 J.-M. CORON
(iii) The map WO (X, ) is linear.
Let 7/ € (0,Min (1/2,(T*/2) —1)). Let AT be the set of a = (a!,a?) € ([0, 1])? satisfying
@?(0) — o (0) = a*(0) — o' (1) = 0.
Let k € C1(R) be such that
k=1on (—00,0], k=0 on [/, +00). (A.10)

For v >0 and v € (0,1/2] and A = (A1, \2) € £

v,y?

let 73 be defined by (4.35, 4.36) and let

Y
Py AL — Af
(al,02) — (0}, a2),
and
Wj{y7 c AT = CY([ro, 7 + 7))

(al,02) = wt,

be the linear mappings defined as follows. Let (2!, 22) € C([ro, 73 + 7] x [0, 1])? be the solution of

2+ Mzl =22 4 2% =0, (A.11)

(1+7) .0 =21 0) = (1+7) (2t 1) = ' (1) (A.12)
22(t,0) = 0 Vt € [0, 73], (A.13)

22(t,0) — 21 (t,0) = —k(t — 13) (7'4, ) vt € [r), 4+ 7], (A.14)
21(7_07') :alfa Z2(7_07') :O‘%' (A 15)

It is not hard to see that there exists one and only one such a (2%, 22), at least if v and + are small enough. Let
(al,a2) € €2 ([0,1])* and wt € C° ([0, 7*]) be defined by

(e} (2),0%(2)) := (=" (2 +7',2) 2" (3 + 7', 2)) (A.16)
2wt (1) = (1 + %) (22(,0) — 21(£,0)) (= (1+) (2(t, 1) — 21(£,1))) . (A.17)
Note that, by (A.10, A.12, A.14, A.16) and (A.17),
wh(r} +7) =0, (al,a?) € AT, (A.18)
Similarly, let
Py, AF = (0, 1))
(63,0%) = (BL,82),
and
Wt AT — ([, 73 + 7))
(5L, 83) = w™,
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be the linear mappings defined as follows. Let (y!,4?) € C([r0, 73 + 7'] x [0,1])? be such that

i+ Mys = y7 + Ayl =0, (A.19)

(1+7) (B0 =y (6.0) = (1+79) (1) —y (5. 1), (A.20)

Y2 (t,0) — y*(t,0) =0Vt € [0 + 7,73 + 7], (A.21)

(1+%) (¥3(£,0) — y(£,0)) = — (1+) Kt — 7o)y (2,1) ¥t € [r0,70 + 7], (A.22)
y (i + ) =al, (47 ) =l (A.23)

It is not hard to see that there exists one and only one such a (y!,y?), at least if v > 0 and v > 0 are small
enough — which is always assumed. We let

(8 (), 82 (2)) = (y (o, ), 4 (70, 2)),
207 (1) = (14 2) (A(40) =y (10)) (= 1+7) (At -y (5 D).
Let us point out that
Py Pl (A7) CAS. (A.24)

Indeed, if with the above notations we have (ﬁi, ﬁi) = (ai,o&), then one has, following the characteristic

curves and using the boundary conditions for (y!,4?) and (2!, 22),
y2(7_0ﬂ0) =Y (Tla]-) =Y (Tl a]-) =Y (T4 aO) = y2 (7'2,0) :ﬂi (a’)\) = Oéi (G‘A) :22 (Ti\,O) = 07
where a) is defined by
(€= re(t.&) and () =0) = (¢€( +7) = an) -
Let us assume for the moment being that the following lemma holds:

Lemma 25. There exists Cog > 1, 19 > 0 and y13 € (0,1/2] such that, for every v € (0,10), for every A € L) _,
for every v € (0,113, for every a € A7, for every B € A*, and for every p € [0, 00),

[P alo < Caslalo, (A.25)
wp(P ) < Cis (w0, (0) + wplalo), (4.26)
11y
|P;,yPir,ya|0 < (1 - 1_6 + C2SV) lafo, (A.27)
Wy (P;\,,YPj\rﬁa) <1 -0y C’ng/) w(1+%+02sy)pwp(a) + Cagvp|afo, (A.28)
|W;r,y(04)|0 < Caslalo, (A.29)
wp (W (@) < Cas (wp () + vplalo), (A.30)
W3, (@)]o < Caslalo, (A.31)
wp(W ,(8)) < Cas (wp (B) + vplBlo) (A.32)

Let
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Let us then prove that Lemma 24 holds with Cs7 large enough and
W\, a) <ZW (P PL) —W;WP;V(P;WPL)Z'> aon [, +7], (A.34)
WI(\,a)=0on [r} +7,7"]. (A.35)

Indeed, let v € (0,712], A = (A1, X?) e £, and o € A7 . From (A.25) and (A.33), one gets, for every i € N,

_ i 437’
‘(PAWPj{ﬁ) al < (“H) - (A.36)

From (A.18, A.25, A.29, A.31, A.34) and (A.35), one gets the existence and the continuity of Wg()\, «), as well
as (A.8) provided that

64028
43

Cor > (14 Cag).

Moreover W9 is also continuous from L9 . x A7 into C%([r0,T*]) and WY(],-) is linear. Let us check

that (A.9) holds for Cy7 large enough. Let again v € (0,7v12], A = (AL, \?) € Eglﬂ , and a € A7. From (A.27,
A.28) and (A.33), one gets, for every p € [0, +00) and for every i € N\ {0},

1—1

@ 43y vy 43~ 1 J
- p+t
Wp <(P>\,’YP/\7’Y> O‘) (1 61 > Wty (@) + o7 (1 - a) > (1 + —> plafo
Jj=

43y @ 1 41y !
<(1-2 . “ 1) (1L . .
< (1 =i ) Wi ay (@) + = 1 (1—|— o1 ) (1 32) plalo (A.37)

Let us point out that, for every compact convex subset K of R"”, for every continuous map f : K — R™ and
for every real numbers C' > 1 and p > 0,

weop(f) < ([C] + Dw,(f) < 20w, (f),

where [C] denotes the integer part of C. Hence, from (A.37), one gets (let us recall that Cys > 1 and that

€ (0,1])
w0, <(PMP;7)i a) <2055 (1- %) (@, (@) + plalo) Vp € [0,+00), Vi € N, (A.38)

From (A.25, A.26, A.30, A.32, A.34, A.36) and (A.38), one gets (A.9) provided that Cs7 is large enough.

Finally it remains to check that (i) of Lemma 24 holds. Let v € (0,712, A= (A", X*) € LI, _ and a € A7,

For & € AS and w € C%([ro, 73 + 7'] satisfying

20(0) = (1+ 1) (a%(0) = a'(0)) = (1+7) (a*(1) - a'(1)).

let us define

Oy (@,@) = (2" () + 7)), 22 (1 + 7', ) € C°([0,1])?
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1 2
where (2, 2%) € C° ([r0, 73 4+ 7'] x [0,1])” are such that
Zr 4+ MEL =2+ Mzt =0,

(1 + }) (2%(£,0) = 2'(t,0)) = (1L +9) (2(t,1) = 2'(t, 1)) = 2w (1),

21(7'0, ) =al, 22(7'0, ) = a?.

Then, for every 3 € P;\"ﬁ(A;)
Dy, (WY Py B—-W; 5,0)=3\,(W{ Py 3P 0)—®\,(Wy_ 3,Py 5)=P Py -0

Hence, for every i € N\ {0},

7 1—1
5, (W;7 (Pr.P%,) a- Wi PL (PL,PL,) o)

- P} (P;ﬁPjﬁ) a— P} (P;ﬁPjﬁ) a. (A.39)

Since
D, (W:\"ﬁa, a) = Pj\'ﬁa,
we get, with (A.34) and (A.39),

By, (W, (A a),a) = 0. (A.40)

Let z = (2%, 22) € C%([r0, T%] x [0,1])? be such that (A.2, A.3) and (A.4) hold with w = WY (\,a). It follows
from (A.40) that (A.6) holds. Let

e(t)= /0 (z' +2%) (t,2) dz. (A.41)
Note that by (A.5)
e(T*)=0. (A.42)

Moreover, by (A.8), there exists Cag > 0, independent of v € (0,7v12] and of (A, a) € Eglﬂﬁ such that

Cag
|24, +12°], < - lalg - (A.43)
Taking the derivative with respect to time of (A.41), one gets, with (A.2, A.3) and an integration by parts,
E) = (L4 — Ao (6, 1)) 22 (6, 1) — (L4~ + A (£,1) 2L (£,1) — (1 + % — A (t,O)) 22 (¢,0)
- 1
+ (1 + 1 + A (t, 0)) 21 (t,0) —|—/ (Maz! + Now2?) (t,2) da. (A.44)
0

Increasing if necessary Ca7, one gets (A.6) and (A.7) from (A.41-A.44) and Gronwall’s lemma.

Let us now prove Lemma 25. The estimates (A.25) to (A.32) are obtained by giving explicit expressions of
the linear operators P; - P;y i W;\rﬁ and W; v For simplicity we shall give only the proofs of the two more
complicate estimates, which are (A.27) and (A.28). Let v > 0, v € [0,1], A € L), and a_ = (ol ,0?) € A7,
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Let (21,22%) € C%([ro, 73 + 7] x [0,1])% and (y*,y?) € CO([ro, 74 + 7'] x [0,1]) be such that (A.11) to (A.15,
A.19) to (A.22) hold and

y(r+7,)=z(m+7.). (A.45)

Let us first an explicit expression for z (Tg\, ) One has

2% (m3,2) =0, (A.46)
2N 2 ol
21 (7—2 (1 + 7 > ii";of_ (p2 (2)), (A.47)

where p; (z) and py (z) are the real numbers in [0, 1] such that there exist ¢, (z) € [, 73] and ] (z) € [r9, 73]
satisfying

(=Mt and () =) = (& (t5 () = 1),
(é=2(t,€) and € (t5 () =0) = (& (t7 (=) = 1),
(6= (1,8 and £ (17 (1) =0) = (¢ (m) = p1 (@),
(6= (t,6) and € (17 (1)) =1) = (€ (m) = p ()

Of course, p1, p2, t; and ¢, depend on A so we should write for example Y, po, t ’7 and t . For simplicity
we omit the index )\
Let us also define ¢ = (¢1,4?) € CO([r3, 73 + 7'] x [0, 1])? by requiring

Vi 4+ MYy = U7 4+ Ayl =0, (A.48)
U 1) =0, P + 1) =0, (A.49)
(14 7) W2,0) = 91(8,0)) = (1 +9) (¥2(11) = ¥ (1, 1) = wlt 7). (A.50)

Of course, ¥ depends on A and 7. So we should write, for example, ¥)*7. Again for simplicity we omit the
indices A and . We use this simplification until the end of the proof of Lemma 25. So we write, for example,
; for 7. Tt follows from (A.10-A.12, A.14, A.19-A.21, A.45, A.48, A.49) and (A.50) that

y(to) =z (t2)+ (1+ %) A (74,00 (7)Y (42) € [rayma + 7] % [0,1].
In particular,
y(ra) =2 (m, )+ (1+ %) 2 (74,0) 9 (4, ) - (A.51)
Let (g%, 5%) € C°([r0,74] % [0,1])? be such that

Ui + MGy = Ui + Nafy =0, (A.52)
(% (,0) =" (t,0)) = (¥ (t,1) — " (t,1)) =0, (A.53)
g () =y (14,0), ¥ (14, ) =97 (1) - (A.54)
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Note that, by (A.19) to (A.21) and (A.52) to (A.54),
g=wyon [rg+7,714] x[0,1]. (A.55)

Following the characteristic curves & = A (t,€), € = Ao(t,€) and using the boundary conditions (A.53, A.54),
one gets

§'(r0,2) = y' (ra, @1 (2)), §%(10,2) = y* (14, g2 (), (A.56)

where ¢ () and ¢p () are the real numbers in [0,1] such that there exist (¢, (z),t3(z)) € [10,71]? and
(ta (z),ts () € [11,74)? satisfying

(g o(t, €) and € (o 7z) —1),
(6= 2(t.€) and € (11 () = 1) (€ (t2 () = 0),
(g A (L, €) and € (o 7z) —0),

(6= 2a(t,€) and € (ts (2)) = ®¢@<<» D,
(€= Ra(t.&) and € (t2 (2)) = 0) = (qal) = £ (72))
(§=2(t8) and € (t4 (@) = 1) = (@1 () = § (m).

Let us now define ¢ = (¢*, ¢?) € C%([r0, 70 + 7'] x [0,1])? by requiring

b + Moy = &7 + Ao =0, (A.57)
o (ro+7,)=0, ¢* (0 +7,-) =0, (A.58)
(1 + ) (¢2(,0) — ¢'(t,0)) = (1 +7) (¢*(t,1) — ¢* (£, 1)) = K(t — 70) Vt € [70,70 + T]. (A.59)

It follows from (A.19, A.20, A.22, A.52, A.53, A.55, A.57, A.58) and (A.59) that
y(10,) =7 (70,) = (1+7)y" (14,1) ¢ (70, ) - (A.60)
Note that, by (A.48) and (A.49), one has, at least if v and v are small enough
P (7, 1) =0,
which, with (A.51), gives
y'(14,1) = 2" (74, 1). (A.61)
From (A.47), one gets

1+ 7
1+~

2t (14,1) = (

= <1+7>2a1_(1), (A.62)
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which, with (A.60) and (A.61), gives

y(70,-) =4 (70,") — a+a)y %)2041 (1) ¢ (70,) (A.63)
) ) 1 +7 — ) . .
From (A.12, A.46) and (A.62), one gets
1+73
2 (m,0) = Tl (1) (A.64)

From (A.46, A.47, A.51, A.56, A.60, A.63) and (A.64) one gets

y' (0, 7) = (1+Z) al (p Oql(x)HlJrZa%(pzoql(x))

I+~ 14+~
%al_ (1) (V" (4,1 (2)) — &' (70, 2)) , (A.65)
y2 (7—0 x) — (1;%)2041 (1) (1/)2 (’r4 ¢ (:E)) . ¢2 (7_0 x)) ' (A.66)
) 1 +/Y — 5 ,

Let us assume for the moment being that A\ = (—vH7,vH?) with A small enough so that A\ € £°. Then,
clearly,

d)(TO +t7') :w(7-4+ta') Vi e [077—/]7 (A'67)
and straightforward computations lead to

q1(2) = g2(x) = p1(x) = = Vo € [0, 1], (A.68)

\/1+’y(%—pgoq1(ac)) =\/1+%+\/1—%—,/1+7<%—x) Vo e [0,1). (A.69)

Differentiating (A.69) with respect to  one gets

1+

|(P2OQ1)/}0: T (A.70)

o2

o2

From (A.67, A.68, A.70) and straightforward estimates, one gets the existence of C3y > 1, v1 > 0 and 14
€ (0,1/2] such that, for every v € (0,11], for every v € (0,714] and for every A € E?W

9 (74,91 (1)) = & (70, )|y + ¥ (74,02 () = & (70, )]y < Cov, (A.71)
[(p1oq1)'|, <1+ Caov, (A.72)
[(p2oq)|, <1+ %y + Csov. (A.73)

These inequalities, together with (A.65) and (A.66), give (A.27) and (A.28) provided that Cag is large enough
and 713 > 0 is small enough (let us recall that |a|, = |a'|,+]a?|, and that w, (o) = w, (a') 4w, (a?) (see (3.8)
and (4.49))).
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Remark 26. The proof of Lemma 25 relies heavily on the fact that 6 (A\) = 0. Indeed, let us for example study
the case where 73 < 7. Let ¢ € (T?:\,T{\). Let us define (xq,x1,x2,x3) € (0, 1)4, t, € (T*/Q,Té\), to € (O,Tf‘)
by requiring

(E=N(t.8) and € (t0) = 1) = (¢ (t1) = 0),
(§=2(t8) and £ (1) = 1) = (€ () = o).
(é =2t and £ (to) = 0) = (¢ (t2) = 1),
(§=M(t.9) and €(t2) = 0) = (€ (r0) = 71).
(€= 2a(t.€) and () = 1) = (€ () = 2).

(€= 2a(t,) and € (t2) = 1) = (€ () = w).

For v > 0 and v > 0 small enough such (zg, 21, 22, x3), t1, t2 and t3 exist and are unique. Then, following the
characteristic curves and using (A.11, A.12) and (A.13) one gets

1+2 1+ 2 2 1+ 2 3
AN 1) 2 1 2 (. 1 1
2 (o) = (152 ) @ o+ (132) @ o)+ (T2 ot ), (A7)

which is quite different from (A.47). In particular, (A.74) implies that the norm of the linear map o + z (73)
is at least 3/2 for v small enough. By (A.47) and (A.46) the norm of this linear map is (1 + (v/4))/ (1+7v) <1
when 6 (\) = 0.

Finally, let us deduce Lemma 17 from Lemma 24. Let (A, o, 8, b, ) € Hoypryy with v € (0, v7], where 47 > 0
is small and will be specified later on. Let

((L+7) (8% (1) = 81 (1)) + b1 (T7)) (A.75)

|~

W =

and let Z = (Zl, 22) € €O ([0, T*] x [0,1])* be defined by requiring

Z(T*,) =B, (A.76)
Z+MZy=fY 2R+ 022 = £ (A.77)
(1 + %) (22 (t,0) — Z* (¢, o)) Fbo(t) = (1+7) (22 (t,1) — Z* (¢, 1)) + by (t) = 2. (A.78)

The existence of such a Z follows from the compatibility condition (4.47) and (A.75). Let Z = (2, Z%)
€ C°([0,70] x [0,1])* be defined by requiring

Z(0,-) =a— Z(0,"),
ZE+MZE=0, Z2+ 22 =0,
(14 2) (22 (1,0) ~ 7' (1,0)) = (1 +9) (22 (1.1) - 2" (1,1)),

1
<a2 (0) — Z2 (0, 0)) .

- —t
Z2(t,0) = 2

70
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The existence of such a Z follows from (4.46) and (A.78). Then, as one easily checks, it suffices to choose

52 -2 D)+ if t € [0, 7],
w(t) == ~ B o
W9 (X, (2" (10,-), 2% (10,))) (t) + @ if t € [70,T7].

Remark 27. Instead of Lemma 17, Lemma 25 can be used directly to build another map F which has also a
fixed point and such that the existence of a fixed point to F implies Proposition 5. We have preferred to present
Lemma 25 as an intermediate step just because we thought it was clearer that way.

We thank Pierre Rouchon for having attracted our attention to this controllability problem and for useful discussions.
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