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EKMAN BOUNDARY LAYERS IN ROTATING FLUIDS

JEAN-YVES CHEMIN!, BENOIT DESJARDINS?, ISABELLE GALLAGHER! AND
EMMANUEL GRENIER?

Abstract. In this paper, we investigate the problem of fast rotating fluids between two infinite plates
with Dirichlet boundary conditions and “turbulent viscosity” for general L? initial data. We use
dispersive effect to prove strong convergence to the solution of the bimensionnal Navier-Stokes equations
modified by the Ekman pumping term.
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INTRODUCTION

In this paper, we investigate the problem of fast rotating viscous fluids between two plates with Dirichlet
boundary conditions. We present the model with so called “turbulent” viscosity. More precisely, we shall study
the limit when e tends to 0 of the system involving the velocity field u* and the pressure p®

€ : € € € 2 e, €3X u® &
Awu® + div(u® @ u®) — vApu® — feAzu’ + . = —Vp
(NSC.) divut =0
: Uaog = 0
[AQ =
Ufy_g = Up € ()

where Q = R? x]0,1[. We shall use the following notation: if u is a vector on R* we state u = (u', u?,u?)

= (u",u?), and we will note A;, = 97 + 92. Moreover, if f is a function on Q, Ff (and also f) will denote the
Fourier transform with respect to the horizontal variable z,. Finally in all that follows, the space L? (with no
argument) will denote the space L?(().

These equations arise in physical contexts when one studies oceanic or atmospheric motions. In general
geophysical flows can be considered as incompressible, and with the length and time scales considered, the
rotation of the Earth can not be neglected and on the contrary plays a major role. Basically under high
rotation, a three dimensional fluid tends to behave like a two dimensional one, and to become invariant in
the direction of the rotation. This well known phenomena, called Taylor Proudman theorem is detailed in the
monographs [7] and [11]. The part of the initial data which depends on the vertical component creates waves,
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called inertial waves, which propagate with a high speed. Moreover, keeping in mind this anisotropy, it is usual
to consider an anisotropic viscosity like in (N.SC;), the horizontal “turbulent” diffusion being larger than the
vertical one. In the periodic case we refer to [1,6,8] for mathematical studies. In the presence of horizontal
boundaries, boundary layers called Ekman layers appear to match the Dirichlet boundary condition with the
tendency of the fluid to become independent on the third variable x3. It turns out that these layers are always
stable in the case of anisotropic viscosity. For previous studies we refer to [5] and [9]. The aim of this paper
is to combine the study of these layers with the study of the dispersion of the inertial waves (we consider an
unbounded domain).

In the sequel, we shall assume that ug - n = u8’3 =0 on AQ, and divu§ = 0. This condition u8’3 = 0 implies
the following fact: for any L? divergence free vector field u, the function d3u® is L2(]0, 1]) with respect to the
variable z3 with value in H~'(R?). Hence by integration, we get

1
ud(xn, 1) — ud(xn,0) = f/ divy, u”(p, v3)das = 0.
0

So the vertical mean value of the horizontal part on the vector field is divergence free as a vector field on R?.
Of course, a quantity will play a key role: this is (twice) the energy defined by

t t
def \
£:w)(®) % o(t) 122 + 200, / IV ()2t + 28 / 10s0(t") |22

The reason why we choose the vertical viscosity of the form (e will be explained in Section 1 where we shall
recall the properties of the “well prepared” case. The relation between this choice and the Ekman pumping will
be studied in detail in that next section. First of all we shall study the linear problem in the well prepared case,
which means that the function uy does not depend on the vertical variable x3. Then we shall investigate the
more delicate case when the initial data ug does actually depend on the vertical variable 3. We shall compute
explicitly approximate solutions for the linear problem.

To study the real problem we have to deal with non linear terms. In the well prepared case, we have strong
convergence in L?, as well as in the case when the domain is T2 x]0,1[ (see [9]). The precise theorem proved
in [9] is the following:

Theorem 1. Let u® be a family of weak solutions of (NSC:) associated with a family of initial data u§ of
divergence free vector fields such that

lim u§ = (7o,0) in L2,
e—0

where g is a divergence free vector field in L2(R2). Denoting by u the global solution of the two dimensional
Navier—Stokes type equations

A4 divy (T @T) — vART + /26T = —V''p
(NSE,,yg) divp,iuw =0
U

U|t:0 =

(V)
we have
||’U,E - (E,O)HLOC(R+;L2) -+ th (ue - (ﬂ, 0)) ||L2(R+;L2) — 0 when ¢ — 0.

Here we shall prove the following result:

Theorem 2. Let ug be a divergence free vector field in L? such that ugwg = 0. Let u® be a family of weak
solutions of (NSC:) associated with ug. Denoting by @ the global solution of the two-dimensional Navier—Stokes
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equations
Ai+divy (@@ W) — vAR T+ Vip+ /281 =0 in D'(RT xR?), (0.1)
1
divp,u =0, and Upy—o = / uo(xp, r3)das, (0.2)
0
we have

[u® = @, 0)l o~ Ry 522, (R2 xj0,1D) + [V" (u — (7,0)) 2R sz2, (R2 xj0,11) — 0 when € — 0.

This result is specific to the domain R? x]0, 1[. The key point for the proof of this theorem is that the dispersive
phenomenon studied in [4] and [3] is not affected by boundary layers. Let us notice that this result is also true
when the family (u¢) is associated with a family of initial data u§ which converges to some ug strongly in L2.
The case when the domain is T2 x]0, 1] has been investigated in [10].

To conclude this introduction, let us state some definitions and notations. As the phenomenon studied here
is obviously anisotropic, it is natural to introduce the spaces H*° which are defined as the closure of smooth
compactly supported functions on {2 for the (semi) norm

1/2
f
||f||HSv0d=e </ |ff(§h,$3)|2d§hd$3> :
R? x]0,1]

In this spirit we shall introduce

¢
Er(v) def sup {|’U(t)||%2+/ ||th(t')||%2dt'} and
0

0<t<T

t t
— def
Br(v) {|v(t>||%z+ / IV 0t |24t + / |v<t'>|i2dt'}-

sup
0<t<T

1. THE LINEAR PROBLEM IN THE WELL PREPARED CASE

The goal of this section is to recall some results and methods of [9]. The purpose is to have information on
approximate solutions of

X €
040" — VARV — B3 + ©rv —VpE+f5 in R xQ
€
(FRFE) divevf =0 in R+ x )
£ £ 3 €,3
Vg = ¥o  With vy =0
Vg = 0
with
lim f* = f in L*Ry;H M%)  and lim v§ =T in L?
e— £—s

where f belongs to L?(R™; H~'(R?)). In all that follows, we shall denote

e3 X v

Lfv def 0w — VAR — Bediv +
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In [9], it is proved in particular that

lim v = (7,0) in L®RY; L) NLART; HYY),

E—
where v is the solution of

T — VAT 4+ /20T = -V"5+f in R'xR?
(LE) divpi7=0 in R"xR?
Um0 = Do with T3 =0.
To simplify notations, we shall note in the following 7 = (7, 0).

In fact, much more is done in [9]. We can sum up those results in the following lemma:

Lemma 1. Let T be in R and let T be a time dependent divergence free vector field in the space L*°([0,T);
L*(R?)) whose gradient belongs to L*([0,T] x R?). Let us assume that its Fourier transform is supported in the

ball of center 0 and radius N. Then a family of smooth divergence free vector fields (v
on the boundary of Q) exists such that

pr)

LE'U;pp = 0T — VALT + 2ﬁﬁ+ON(E%) in L2([0,T];H_1’0).
The vector field vapp tends to v in the following sense: a constant Cn exists such that

Er(vS,, —7) < Cye? Ep(D).

app

Moreover the family (v satisfies the following estimates

app)

T
/ sup V080 (6 2)||2a ey dt < O B (0)
0 136]0,1[

T r1
vpe[z,oo],// d(w3)[|05v5p (¢, -, 23) |12, (raydtdas < ONEr(7)  and
0o Jo

T r1
/ / A3 2110505 (1 75) |2 ez A5 < Cre B (D)
0 Jo

where d(x3) denotes the distance from xg to the boundary of 10, 1].

e>0 whose value is 0

For the reader’s convenience, let us recall briefly the proof of this lemma. The approximate solution is

defined by

0= (3 -n)e) (0 55) o (555) -l
w3 ((oo(-p) s (- 155 oo (- )
T3 1— 23
() -1(55) - ( 7))?)
22(0 (o0 (- ) o (- 155) 020
+e(e1/25) ( — 6z3(x3 — 1)RT, x3(xs — 1) (223 — 1)w>

@l

S

(- m))7)
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with

My(Q) def Mo(Q) = —e“R_¢, f(C) def f%efc(sin( +cos¢) and w fef curl,v.

Q.

The function e(e/203) is exponentially decreasing and can be computed explicitly. From this formula, the proof
of estimates (1.2, 1.3) is straightforward.

2. THE LINEAR PROBLEM IN THE ILL PREPARED CASE

This case is more delicate. The reason why is the following. There is no hope that the term vg jnt does not
depend on the vertical variable x3, so we have to deal with very fast time oscillations of the interior solution.
This will lead us to consider the equation in a different way. The goal of this section is to construct approximate
solutions to

Ov° — VAR — Bediv® +v <% _ —Vp® in Q
(FRF*) dnfv =0 in Q
Vfi=o = Y0
U|€6§2 = 0.

Without loss of generality, we can suppose that vy € L(2); this will be useful in the proof of Strichartz estimates
in Section 4.

First of all, we shall rewrite the system (FRF<) in terms of the Fourier transform of the horizontal di-
vergence and vorticity. To do so, let us decompose the horizontal part of the initial data on the Hilbert
basis (cos(kmz3))ken of L2(]0,1[). We can write for any horizontal vector field v",

o (on, x3) = Z o™ (1) cos(kmas). (2.1)
keEN

Note that the fact that v is divergence free implies that

vg (xh, 23) Z divy, vb"(xp,) sin(kmzs). (2.2)
k>1

Let us make some preliminary remarks. As the set of functions whose Fourier transform (on R2) is supported
in rings is dense in L?, we can assume that the Fourier transform of the initial data is of this type. Moreover
for L? functions, boundary values do not make any sense. However, as v is divergence free, we have v €
C([0,1] ; H~*(R?)), so the quantity v|389 has a meaning.

The case when k& = 0 corresponds to well-prepared case and has been recalled in the previous section. The
choice of the basis (cos(kmxs))ren for the horizontal component ensures that the boundary condition 113‘ 90 =0
is satisfied since the vertical component is a linear combination of (sin(kmzs))ren thanks to the divergence free
condition. But the terms of type cos(kmx3) will produce time oscillations. As we shall see later on, the situation
is therefore a little bit more complicated than in the well prepared case.

For reasons which will appear clearly when we deal with dispersive phenomena, we need to avoid extreme
horizontal frequencies. So we approximate any divergence free vector field v (resp. time dependent) of L? (resp.
of L>([0, T}; L?) N L2([0, T} H0)) by

N
UN def p—1 Z (1CN (&)™ " (&) cos(kmas), — kl 1cy (&n)F divy, ’UO "(&n) sm(k:ﬂxg))
k=0
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where Cy denotes the set of all &, in R? such that |&,| € [N~!, N]. It is obvious that Nlim vy = vg in L? (resp.
—00

in L2([0, T); H'9)).

It is in that situation of boundary conditions that the Rossby operator has a good spectral representation;
let us be more precise on that point, before stating the key lemma.

The first step of the construction of the approximate solution consists in writing the system (FRF€) in a
simpler way, in fact in terms of the horizontal divergence and horizontal curl of v”. Let us state the following
notation:

h def

@ Fdiv o, o Fouly®, 5E Fp and W (@5 Fv?).

For the sake of simplicity in the notation, we drop the ¢ in c?‘, oM, p" and W. In the following II; denotes the
projection on the first coordinate (recall that the first coordinate of W is the horizontal Fourier transform of
the horizontal divergence of the vector field v). Then for vectors of the type

1

(Wk’h(t) cos(kmxs), — =

m,wk (t) sin(kmaxs )) ,

writing Wk = (Wk1 Wk2) and pressures of the type p* cos(kmz3) the rotating fluid system is equivalent to
the following ordinary differential system

d 1
SWEL G PWET 4 Be(km)2 W — SR = g, 254

d 1
VI 4 Be(km)* W2 4 —WEE = 0

d ,
EW“ + v|&h|PWE2 4 Be(kn)?WH3 = knph
Wk 4 kaWh3 = 0
Wlt:() == WO.

As usual the divergence free condition (which here turns out to be W*1! 4+ knW*3 = 0) determines the pressure.
Here this gives

P 1 k,2

eGP+ (km)?)
The rotating fluid system can now be written

d 1
G WE VG PWR - Be(km PWEY — R = 0

(FREY) -
Wk,hltzo — WO7

with

_(0-x aef [ (bm)> \?
R’“(l 0) and A’f‘(|sh|2+<imr>2 '

1

Now in order to find the interior solution at order zero, and to get rid of the e~ terms in the equation, let us
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write
W= é (gk <£> W (t) cos(kmas), fkinlz:k <€> Wt )sin(k:mcg))

where Ly, is a function from R™ into £(R?) and W is a function from R into C?, to be determined.
Then looking at the terms of size ! in the above equation (FRF}), we get

Li+ RiLy =0 with L£(0)=1d,
which gives

COSTEr Ak SinTg
ﬁk(T) = 1 (2.3)

——sinT7; COSTk
Ak

with, as in all that follows, 7, = A;7. Let us remark that when k& = 0 (this corresponds of course to the well
prepared case studied in the previous section), we get £ = Id because in this case A\, = 0.

To state the approximation lemma in the general case, we need to define the following family of opera-
tors (L£(7))rer: for any vector v of the form (2.1) and (2.2),

(L)) (@, a5) S (0O (24),0) + F~ lz( (E0) L0 (F) A~ (€T (€0) cos(hmas),

6 A C(r)A™ )0 (&) sinlma) ) (2.4)
where Ly, is defined by formula (2.3) and with

def (&1]€n]72 —€2|€h|_2)
Alh) = <§2|«sh|—2 NAEDE

Let us note that (£(7)),er is bounded in £(H*?) for any real number s. Moreover, the restriction of £(7) to
functions which do not depend on the third variable (which corresponds to the well prepared case) is Id. This
operator £(7) is the Rossby wave operator.

Similarly we shall need the definition of the following “Ekman operator”:

(Ev)(an. z5) & /2B (0" ( +flz< (€n) BrA™H(€)0"" (€) cos(kmzs),

L6 A8 BeA (6)7 (@) sin m3> (2.5)

with

e e = —MO +%)
ef (1 )\k))\k .
= ry]j +'Y]; and Wlth

- +
A Yk

+ def 1 20
L .
i ( + )\k) 1+ A
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Let us notice that the restriction of £ on functions which do not depend on the third variable (which again
corresponds to the well prepared case) is /26 1d. The key lemma is the following:

Lemma 2. Let (vy)nen be a (time-dependent) bounded sequence of divergence free vector fields in the space
L>([0,T]; L*) n L*([0,T); H)
of the form

N
def ~ 1 ~ .
oy = FL ,;_O (va’h(«fh) cos(kmxs), —%gh ‘ va’h(gh) s1n(kﬂ'x3)>

with Supp ﬁ\}k’h(ﬁh) C Cn. A sequence of families (ngp,N)NeN of smooth divergence free vector fields whose

value on the boundary of 2 is O exists, such that

t
afugpp,N =L (g) <3t’UN —vApuN + EUN) — VPpr,N + R%
where RS, tends to 0 in the following sense:

Vn, ANy, VN > Ny, ElEO/ Ve < g9, HR‘:]EV||Loo(R+;H—1,O)mLoo(R+;L2) <n. (26)
t
The vector field vy, n converges to £ (—) vn in the following sense: a constant Cn exists such that
’ €

t
ET (vZPPJV - L <E) UN) § CNEET(’UN). (27)

Moreover the family (ngp,N) satisfies the following estimates

T
/ sup |‘vhvspp,N(t7 '7$3)||%2(R2)dt < OnEr(vn) (2.8)
0 Ige]o,l[
T 1 .
Vp € [2,00], / / d(x3)]|03v5,, N (T, ',Ig)H%p(Rz)dtd.fzg < CnyEr(vy) and (2.9)
o Jo
T pl t 2 —
/ / d(303)2 O3 (vjpp N—L (—) ’UN) dtdzs < CyeEr(vn). (2.10)
o Jo ’ € L (R2)

Remark. In the proof, we shall forget the part associated with ’ﬁ?\}h because this case is nothing but the
previous lemma (i.e. the “well-prepared” case).

The proof of this lemma is one of the key points of the paper. In horizontal divergence and curl formulation,
the system (FRF€) becomes

1
AW +v|&PW! — BeiW! — —W? = ||
IW? + |6, PW? — BedZW? 4 —W! =0

(FRF) 03 4 |6 |PW — BeORW® — —05p
wt+ 83W3 =0
Wit=o = Wo

Wisa = 0.
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From now on, we shall only consider the above system. Let us search for an approximate solution of the form

W = Woint + Wo,Br, + Wi int +eWi Br +--- and

1 1. N N
p= gp—mnt + EP—LBL + Po,int +Po,BL + -

where each component of (vj,int,Pj,int) is a function of the form

(o)

and each component of (vj r,pj,B1) is a function of the form

t 1— z-
() (i)
€ € €
In all that follows, we shall denote 7 = t/e. First we have to determine the form of Wy jnt and p_1 int. Considering
the decomposition of the initial data, we look for Wy in¢ of the form

i <z:k (é) (1) cos(hmzs), — T £y ( ) Wt )sin(kmcg))

where L}, is the function from R" into £(R?) defined above in (2.3), Wéﬁint is a function from R into C?
and recall that II; denotes the projection on the first coordinate. The vector Wok,inc must be understood as the

image of W(i ’igt through the “filtering” operator Lg.
Now let us write

t 1
W0 int, N dffz (Ek < ) WO int COs(kmxs), fk—Hlﬁk <€> WO int sm(k7rz3)> (2.11)
k=1

We now have to determine the boundary layer of size €. As the third component of the interior solution at
order 0 is identically 0, then the vertical component of the boundary layer of size € vanishes. This implies
that 83]3@17 g = 0. We recover the well known fact that the pressure does not vary in the boundary layer.

Now let us study the term of size ¢! for the horizontal component of the boundary layer. As cos(kr) = (—1)*
we look for the boundary layer of the form

def 1—x3 t\ =
WOkgL = M, ( c ) ‘Ck( )WO int +( )kMk( - )‘Ck (g) WOk,int'

The term of size €1 of

k,h
O Wo B — BeO5W, 0 BL + RWO,BL
must be equal to 0. So we infer that

Mkﬁk — ﬂM Ek + RM Ly, = 0.
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Let us notice that in the case when k& = 0, we have L = Id. Now let us assume that k > 1. As Ek = —Ri Lk,
it turns out that the equation on the boundary layer is

—BM;! = MRy — RMy
Mi(0) = —1d
Mk(—i—oo) = 0.

This is a linear differential equation of order 2 with an initial and a final condition. The solution is

M(Q) = — 3 gui exp(—GEIME(GE)
+

with
4+, def [ cos@ FApsind
M7(9) = <—sin9 T, cosf
and
+def ¢ 4 def 4 def 1
= ; = and =1F—
k 25 A = T Pe = 2% 5,
So stating
Ef def 223
we infer by definition of £ that
1 T T At \ =
kh + 3 + 3 k k
Wo'sL = _52/% exp | — n M, n + = Wi int
+ \/ Ep \/ Ep
— 1 At | =
- (71)16_ Zuki exp | — s Mki = _k WOkmt

Let us remark that the eigenvectors of M ;t and those of L, are different. Moreover, time oscillations introduce
a phase shift in the boundary layer.

As in the well prepared case, the fact that the boundary layer must be divergence free implies that we have
to introduce a vertical component of the boundary layer of size €. It is given by the following formula:

k,3 k,h
583W1,BL = _H1WO,BL'
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So we get
1 T T Akt )
k,3 3 3 k k1
€Wy g = 3 Zuf exp | — — cos — F — W int
+ \/ By \/ By
I3 )\kt o
FA sin F | Woin
VEE €
1 1— 23 1—xz3 Mt | =
+(71)k5 Zuf exp | — - ) cos = F— Wok,’iim
+ v/ By \/ B

So with the notation
cst def costsin and fyfct def uf\/Qﬁki ,

we get by integration,

1 Z3 _ T3 Akt | Sk
Wig, =—7> reexp | - 5 T | Wo
19 JEE JEE €
I3 )\kt o
FAresT F Wi
VEE €
1— 25 _f1=23 _ At ) =
+(—1)k1 Z%@t xXp | T cs =¥ Orimt
+ \/ Ep \/ By
1 I3 )\kt k.2

It is clear that this boundary layer is a sum of a rapidly decreasing function of 23 /e and of a rapidly decreasing
function of (1—x3)/e. But it is obvious that those two functions do not vanish respectively in 23 = 0 and x5 = 1.
More precisely, up to exponentially small terms, we have, stating again 7, = A\,

t
k,3 — kyprk,3 —
WLBL\:E;:,:() B 7(71) WLBL|9:3:1 B 7fk <g>
with

+

f _ _

filr) Y7 L (s (m) Wi F AeesT () Wi, ).
+

Q.
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Now, let us have a look at the terms of size ¥ in the interior system. The system of equations is the following.

25,
(8,5 + V|§h|2)WOh:int,N + 67'VV1h,int,N + RWlh:int,N = ( |£h| p(())’mtyN)

(0 + VIER )W v + O- Wi v = —3D0,int, N
1 3 _
Wiinen T03Wiien =0

_ k,3
W Lint,N|pQ — 7W1,BL|3Q'

As usual, we are going to reduce this problem to a problem with a homogeneous Dirichlet boundary condition.
To do so, let us first define the function r; where

re(xs) =1 when £is odd, re(x3) =1—2x3 when ¢ is even.

Then let us state
def al
Wi 3 Jelr) (00,0, re(ws))  with 8 = 1+ (1)"

and let us look for Wi jnt, v of the form
Wiint,N = Wiine, N + Wy jne v

Now the above system can be written

(at + V|§h| W(Jhlnt N + (a + R)Wl int,N — (|£h| Zi)o nt N) (8 + R)Wl ,int, NV

(at + V|£h| ) 1nt N + a Wl Jint, N — aSﬁO,int,N a Wl ,int, N
Wl ,int, N + 83W1 ,int, N — =0

Wl ,int N‘ag =0.

Still as usual, the original boundary condition appears through a forcing term. Considering this boundary
condition on Wy int,n, it is natural to look for Wi int v and po ins, v of the form

N

— 1

Wiine,. N = (Z VV1 “nt.v COS(ETT3), Z T 1 it Nsm(kmc3)> and
k=0 k=1
N

~ k
Po,int,N = E P0,int CO8(kT3).
k=0

Now let us decompose the forcing term in a low and a high vertical frequency part. This part will be small
when N tends to oo. Let us notice that in L?(]0, 1[), we have

= ZT”“ sin(krxs) with 7y def kl (14 (=1)%5). (2.12)

k>1

So, we write that

N
Wiy =Fn+ Ry with Fy d—efog(T) (5¢,0, ka sin(kzmcg)).
k=1
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Obviously, RS satisfies the property (2.6). Now let us project on cosine and sine functions, which yields

N df
(— +R) o { 4e5,.0 >+fe<r><o,6e>}
/=1
—0,3
Ewl,int,N =0

and, when k # 0, considering the form of Wy in, v given by (2.11)

d d —k,h 25k
£4(r) ( 6l ) W+ (1 + ) WDy = ()

d ) d —k3 dfe g
_Hl Hﬁk(T) (dt + V|§h| ) WO int + d,,_Wl,int,N = _K;vrevkg + kﬂpofint'

—=0,3 . e —0,1
Let us solve first the system when k£ = 0. As W ;. y = 0 the divergence free condition implies that W', n = 0.
So the system becomes

0,2 N df

T L 20

“Wiinen = — Z 10 |7 D0,int, N
=1

Thus we get
N 7:‘: N .
Wit = (0, >0 1 (FesT () W + Mees™ ()Wo't ) ,o> -
+

We also get an explicit formula for pgyint’ y Whose computation is left to the reader.
Let us notice that those terms do not depend on the variable x3 and are bounded in time and time oscillating.
Now let us study the case when k # 0. As usual, the divergence free condition will determine the pressure by

ﬁ(’j,int 2 4 Z kﬂrl k_ + Wl int, N
[€n]? + (km)? <N

So now the system becomes

d d e kmrek|€n® dfe
£ur) (57 7162 Wit (37 + 80) Wit = X [ P+ P ar | =0 (213
0

(<N
Now we have to remember that the f, are linear maps of W({int whose coefficients oscillate in time with the

A
frequency 2L . This leads to the following lemma whose proof is a series of straightforward computations left to

the reader.
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Lemma 3. We have the following identity:

kmre g|€nl? dfe
-3 TP+ g ar | =
0

(<N

N
Bi+ Y Bk,e(T)) Wiint

(=1

where By ¢(T) are matrices whose coefficients are cosine or sine functions of (A £ Xe)T for £ # k and of A\gT

when ¢ = k and where

a6 T MO
— |
Ak

By =
- +
Tk

Thus the system splits into the two following ones

d —
(dt + v|é,|? +Bk) Wi =0 and

d —k,h N
(E + Rk) Wiy = —Lr(T (Z By o(T ) W(;iint'

Immediately we have that

. , cos Ot A sindyt .
Wi ®) = exp(—vlnPe—Pa) | L o ") W(©) with

k
def (1 = A2\ _
g def L2 4k)k(vk++vk),
def (1 = A2\ _
Pt 2 n

N
t t\ =
Wit = 0 (£) 3 Cur (2) Wil
=1

where Cj ¢ are (2 x 2 valued) smooth bounded functions of 7 whose derivatives are the By g.

(2.14)

(2.15)

So applying

the usual procedure for the higher order terms for boundary layers, we find the complete expression of the

approximate solution.

As far as estimates (2.9) and (2.10) are concerned, the worse terms are obviously Wok ’g .- As the support

of ]'—Wok,gL is included in C(N~1, N), it is enough estimate then L? norm on R2.
From the above formula, we have that

1— 3 Tk
+exp | — [Woins (£

C T

k,h k 3

||83WO,BL(ta 'a$3)HL2(R2) < = Z exp _71[
+ ev/ 20},

So we infer that

1 1
W W A(rs) , (o)
k,h k,h 3 3
[ a0 ) By < O sy [ S exp (-2

kI
< Ck”Wo nln;( HL2(R2)

M z2(r2)-

) dIg
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Moreover, exactly along the same lines, we have that

1 1 2
d I3 d I3
[ a1 sy < O sy [ S enp (29 )
k,h
< CkEHWO 1nt( )HL2 (R2)*
The result follows.

3. THE NON LINEAR ESTIMATES

This section consists in proving Theorem 2. Let us first cut off the initial data in the frequency space. To
do so, let us define

1

def
< | uo(xn, xs)des,

ﬂo(l’h) =

S—

k h def 1 !
uy” (zn) = uo(xp, x3) cos(krrs)des ,
0

DO |

Uo, N d_ef F- (1cNi0) and

k,h def _ ~k,F
O]i/' =F (1CN Ug L)'

For any positive real number 7, an integer Ny exists, depending of course on 7 and on the initial data ug such
that

lluo — To,N — aO,NHLz<g with

s

1
Ug,N = Z <u0 ~(xn) cos(kmas), T divy, ulgﬁ,(mh) sin(kmcg)) .

Let us define uy as the solution of

Ay — vARTUN + /28N = —VDy — F ey F(divy (u @ 1))
(LEV,Q) divp,auy =0
UN |t=0 = Uo,N-

A basic energy estimate implies that, for any positive 7, an integer Ny exists such that, for any ¢ in R* and
any N greater or equal to Ny, we have
2

||a(t)—ﬂN(t)|\%2+2/O (quh(ﬂ( —n ()72 + V28 [u(t)) — 2w ( )||2L2>dt < 717—6 (3.1)

Sobolev embeddings also imply that @ belongs to L4(RJr X R2) and uy converges to w in the space L4(RJr X RQ).
Thus we have

Jim F ey F(divy (@@ 1)) = Jimdivy, iy @ Ty) = div, (7 @ 7) (3.2)

in the space L>(R™; H~'(R?)).
Now we shall use Lemmas 1 and 2 to define the (sequence of) approximate solutions of the system. Let us
define (ufm ~)e>0 as the families given by Lemma 1 applied with vy = ux solution of (LE, g); it represents the
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“well prepared” part of the solution. The so-called “ill prepared” part is defined as (ujp, ~ ), the families given
by Lemma 2 applied with vy equal to the solution of the linear problem

ooy — vVARUN + Evn —Vopn
divoy =0 (3.3)
UN|t=0 = ao,N.

Of course, we state

def
£ 1€] £ £
Uapp,N = Uuwp,N + Uip,N - (34)

Let us derive the equation satisfied by ug  n. Using Lemmas 1, 2 and (3.2), we get that
“Uppn N = Ry + Vpe + divy (Un @Un). (3.5)

Using energy estimates, we get that
t t
||u2pp,N(t)H%2 + 2”/0 ||vhu3pp,N(tl)||2L2dtl + 2ﬁ€/0 ||a3u2pp,N(tl)H%2dtl
t
< Jluol| 22 */ (diva(@n @ Un ) () [ugpp n (1)) L2dt’ + oy
0
where, as in all that follows, p%; denotes generically a scalar quantity such that

Vn, INo, VN > Ny, Jeo/ Ve < eo, piv <1

In fact, pf; will be the sum of a series which tends to 0 uniformly in € when N goes to oo and of terms bounded
by Cnye® for some positive a. Thanks to Inequality (2.7) of Lemma 2 we have

t
u‘;ppyN - L (g) VN

So, as divy,(Ty ® Uy ) belongs to L2(RT x€Q), we have

1
< Cpez H'LLOHLz.
L2(R+;HL.0)

/O(divh(ﬂN ®EN)(t’)|upr,N(t’))L2dt’:/0 (divy(uny @ un) () |[un (') p2dt’
¢ . — p— ! tl ! !/ £
+/O (dlvh(uN ®@un) ()L (g> un(t ))L2dt + piy-

But ux (and thus divy,(uy @ uy)) is a horizontal vector field, and since divy, uy = 0, we have

/0 (divy(uny @ un)(t")[un (")) g2dt’ = 0.

Moreover, by definition of vy and L(7), we have

(divh(ﬂ]\] ®ﬂN)(t)|,C (2) ’UN(tl))Lz
N

Z /Q div,(Ty @ un)(t) - FLA(EL) L (é) A_l(gh)ﬁk’h(«fh)(t') cos(kmxs)dapdes.

k=1
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1
But as / cos(kmxg)des =0, if k # 0, we have
0

/Ot(divh(ﬂzv ®an)(t)|L (t—l> N (1) r2dt" = 0,

9

so finally

t
/ (divi(Tn © T ) ()]s () 2t = piy.
0

As an immediate consequence, it turns out that

t t
lugpp, v N7z + 21//0 IV g n () 172" + 256/0 105ugpp, v ()12t < JluollZ: + piy- (3.6)

Equation (3.5) can be rewritten as

Lsu;ppyN + u;pp,N . Vu;ppyN = ?V + Vpe + Fﬁ[ (37)
with
def _ _
Fy = ugpp, v - Vg, v —UN - V.

Now, we use the classical method to prove weak strong type estimates. We are exactly in this situation because
we consider a weak solution u® without any additional regularity and a regular (approximate) solution u¢

app,N*
Let us denote by ¢° the difference u® — ug,, n, we write that

() & I Ol + 20 [ RS Bt + 202 / o0 (¢ [t
~ IOl + 20 [ P2 + 22 / s (1) 2t
a1 + 20 [ ISy ()t + 202 / sty ()t
2O D)z — 4 [ (P (T ()27
—ape | (O (1) sy (1) 2

As u€ is a Leray solution of (RF.), it satisfies the energy inequality. So thanks to inequality (3.6) we get

t
E°(t) < 2|luollz> — 2(u|uzpp v)r2 — 41// (V' () [V ugpp (1) 2t
0

t
~ 482 [ (@) (¢ 120t + .
0

As ug, v is a smooth function such that u Oy = 0, the function

g — €
app,N |9 app, N |90

t = (u () ugpp, v (1) 2
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is C1, so we can write, using (3.7) and the fact that a X e3-b+b x e3-a = 0,

d
E(uﬂugppw)p = (uAhuE + Bediu® — uf - Vu® — Vp©lu

)

uE)
L2

€ 2,.€ € € 5
+ (VAhuappyN + Be03Uapp, N — Uapp,N * VUapp,N ~ VPapp

By an integration by parts allowed by the fact that u® and u __ 5 vanish at the boundary, we have

app,
d €1,, _ h, e|x7h ) )
E(u |U’app,N)L2 - _QV(V |V app N) Qﬁ{;‘( 3U | 3U’app N)L

- (U‘E - Vus |uapp,N)L2 - ( app,N * vuapp N|u )L2 + (FN|U’ )

The fact that ug,  is a smooth function and that u® and ug,,  are divergence free vector fields that vanish
on the boundary imply that

(ue ! vu€|ugpp,N)L2 + (u;pp,N ! VU‘pr,NhI‘E)L2 = ( v5€|uapp N)L

Using again the fact that ug, n is a smooth function and that u® and ug,  are divergence free vector fields
that vanish on the boundary, we infer that

d €|, € € € €l,,€ € [,,E
E(u |ua,pp,N)L2 = 72V(Vh |Vh Uapp, N) 268(83& |a3uapp N)L (5 Vo |ua,pp,N)L2 + (FN|U’ )L2

By integration and using Lemmas 1 and 2 we get that
(W [ugpp, )22 (1) = Jluollzz + oy

Y / (Vs ()| Vs, () 2t — 25 / (B ()9 () 2t
0 0
t t
= [ @) VI n OVt + [ (FR () o
0 0
So we infer that
t t
Ef(t) < 2/ (65(15’).V(Se(t’)|u§pp7N(t’))det’+2/ (B ()| uf (') p2dt’ + p5y- (3.8)
0 0

Now let us state the lemmas which will enable us to conclude the proof of Theorem 2.

Lemma 4. Let u (resp. v) be any vector field (resp. divergence free vector field) in H?(Q) (resp. HE(Q)). If
we define

1
N s ) e+ / A(3) [05tu(-, )20 e L,
T3

then we have
v C
(v-Volu)pe < ZthUHQL2 + ;N(U)Qllvl\%z-

In the following lemma, and subsequently, we note O N(E%) a quantity of the order of magnitude 5%, depending
on N.
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Lemma 5. We have
t 1
/ (FR()|uf (') p2dt’ = On(e2).
0

The proof of this lemma uses in a crucial way dispersive estimates which are summarized in the following lemma;:

Lemma 6. Let p € [1,400] be given, and let us denote by

ug,int,N dzefﬁ (é) UN (3.9)
where uy is the solution of
Ouny — vVARpuny +Eun =0
with the initial data v n. Then we have

_ 1_ 1
146, int, n — TN || Le(m+;00(0)) < OnEZ™ 3 [[ugl| 2.

The following corollary is the result of an easy interpolation.

Corollary 1. For any p € [1,+00], any a > 0 and any q €]2,4+00], we have
10%(ug int, v — TN Lo R+ L9(2)) = PN-
Let us postpone the proof of those lemmas to the next paragraph and to Section 4. They imply that
v [t on 2 c [ 2 2
() < 5 [ IV @130+ 5 [ Nl (015N + v

But Lemmas 1 and 2 imply in particular that there is a constant C'y such that for any e,

/0 N(uS, x(0)2dt < Coy ug]|2-

So a Gronwall lemma implies that

sup lu(t) — ugpp N (ONIZ2 + 21//0 IV (e (t') = ugpp v (#))I[72d8" = oy (3.10)

Now we can conclude the proof of Theorem 2. From (2.7) we infer that

oo
sup [|us(t) — U ine, v (D72 + 21//0 IV (0" = e, ) ()12 = Py

Thanks to the above corollary, we infer that for any compact subset K of €2, we have

o0
sup lus () = an (D172 + 21// IV" (u® = aw) () l|dt" = py.
2 0

The result follows from the fact that uy converges towards w in the energy space, as N goes to infinity.
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Now let us prove the lemmas we have admitted above, starting with Lemma 4. We have to estimate
— / V7 (2)0" (2)Op? () daz.
Q

The case when k # 3 is easier. Let us write that

1
2,k S/O [o( 23) [ 71 me) | V"0l 23) || L2(me)yds.

Using the fact that ||a||%4(R2) < lallz2wr2)lIV"al| L2 (r2), We have by definition of N (u),

1
12,k S/O [o(- 23) || L2 (m2) V"0 (-, 23) | L2 (m2) | V(s 23) || L2 (m2yds
1
< N(u) / 10 23) 2y IV 28) | p2qrey s
< N()lloll 9" .

So Lemma 4 is proved for I which k # 3. When k = 3, we shall use the following lemma:

Lemma 7. Let v be a divergence free vector field in HE(Q)). Then we have for almost every xj, € R?

v3(zh, x ,
sup M < || divp, Uh(xh, N z2qo,p-
zselo1  d(x3)?

Let us prove Lemma 7. As v is a smooth divergence free vector field whose value on the boundary is 0, we have
3
v (p, x3) = / 93v* (xp, y3)dys
0
3
= - / divp, v (zh, ys)dys.
0

Using Cauchy—Schwarz inequality, we have

1
03 (n, 23) 2 < 3 / | divi o" (2, y3) Pedys.
0

As the same is true for the upper boundary, Lemma 7 is proved.

Lemma 7 implies that
Vas €]0,1[, [[v(,23)l|p2rey < d(x3)? || divy o"|| 2.
Now let us write that
1
13| < /0 o, 23) [l ey 07 23) | 22y 1050, 23) | o (m2y s

1
< ooz [ o) oy dtas) Owut,za) s e o
0
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Using Cauchy—Schwarz and Sobolev inequalities, that inequality implies that

1
2

17,31

IN

1 3 1
faive "l ([ o) Baeydan) ([ alan)lonut o)l uoydos)

Vh % %N
IV |20l 72V (w).

IN

Using a log-concavity inequality, Lemma 4 is proved.
Now let us prove Lemma 5. To begin with let us decompose Iy, as

F§ = Fi,+Fg, with

def
Fi, =

def
£ P € € — —
FN,2 = Ug,int,N ° VUO,int,N —un - Vun.

I 1> I 1>
Uapp,N v’u’app,N — U0,int,N ° v’U’O,int,N and

These two terms will be estimated in two different ways. The estimate on F ; does not use any dispersion
estimates but the one on Fy , does indeed. To estimate F , let us write

5 _ e, h e,h £,3 £,3 .
Fy, = Fyq +Eyo+ Fyo + Fyqp  with

e,h dEf e,h e,h h, e
FN,ll - (uapp,N - uO,int,N) -V Uapp, N

e,h def ¢h h(, e €
Fyia = g N \ (Uapp,N - uO,int,N)

d_ef ( £,3

£,3 £,3 €
Fyin = (Wapp v _UO,int,N)83uapp,N and

c,3 def 3 c c
FN,12 = uO,int,Na3(uapp,N _Uo,int,N)-

As usual, terms which do not contain vertical derivatives are easier to deal with. Using Cauchy—Schwarz and

Sobolev inequalities, we get

< sup ||thgpp,N||L2(R2)

(FRhluf)
Ige]o,l[

1
X/O [(Uapp, v = 40,ine,N) (5 23) [ La(me) [[u” (- 23) [ La(m2) das

L 1
< Nlippn) [ 19" W = 06 )l e

1 1 1
[ 08 e 23) | B gy V0% ) B gy I 23) e .

Using estimates (2.7) and (2.8) of Lemma 2, we have that

o0
/0 |(FR51(0)u® (1)) 2]dt < Owe? Jluo 7.
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Note that E(T') is bounded uniformly in time. The estimate about F]i]}b will be proved following the same
lines. We have

(FRhalu)rel < sup (4§ e v (- 23)l| L)
136]0,1[

1
h
X/ v (ugpp,N - uaint,N)('ax3)||L2(R2)||UE||L4(R2)d=T3
1
< CN||UO||L2N(UO int, N)7 ||Vh( Uapp,N — ug,int,N)||L2||vhuE”z2'
So it turns out that

o0
/0 (PR (0w (8)z21dt < Cwve® ol

As it is now usual, terms which contain vertical derivatives are estimated in another way. Using Lemma 7, we
have

3 3
||(uzpp,N u(s) int, N)( x3)||L2 (R?) < d(l‘3)2 ||V ( Uapp,N — ug,int,N)”Lz'
So we have
1
h
(PR3 u) 2] < V" (g v — ug,int,N)||L2/O d(3)? [|05uspp v (> 23) | e (2 [0 (- 23) | 12 (2 .

By Cauchy—-Schwarz inequality, we have that

1
2

1
(PS8 1) 2] < 9" (S — 206 ) 22 (/ m)nauapp,N(-,x3>||Lx<Rz>dx3) .

So applying inequalities (2.7) and (2.9) of Lemma 2 we get that
o0 3 1
| 100 O)e it < Cvet ol
0

To estimate the term FZ%,SIW let us observe that

N

1
ug ?nt N xha 1'3 Z k_ divy UO mélN(CL'h) SlIl(kT(l‘3)
k=1

So it turns out that

)3
||“(E),int,N('a r3) ||L2(R2) < Cnd(z3) ||VhU8,int,N 22

So we find

1
|(FRalu) 2] < 119" thIILz/O d(@3) (103 (wapp, v = 10 ine,n) (5 T3) [ Lo m2) [u” (- 3)[| L2(m2) da.

So by Cauchy—Schwarz inequality, we get

1
|(Faluf)re] < IIVhUB,im,NIIHIIUEIIm/O A(3)[105(uzpp N = U§ ine, ¥ (5 73) | Lo (r2) d-
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The estimate (2.10) allows to conclude that

o0
/ [(FR ()] () p2|dt < Cne?|lug|2a.
0
So we have that
/ (Fg 2 (8)]u (£)) 2 |dt < Cve®[|uol|3.
0

Let us notice that no dispersion effects have been used to prove this estimate. But we shall use them to estimate
o0
| ol @)

As U} =0, let us write that

Fyo = FJ@21+F§/22 with

def —j —
FN21 = E 95( “olmN Oth UpnTUn) and

def —3
Fro = 283 “0 th UN ) UG int, N )-

As u§ ;v is a (finite) sum of products of a function of the horizontal variable those Fourier transform is
included in the ball of center 0 and radius N by a function cos(kmxs) or sin(kmas) we have, for j € {1,2},

1N 25 ()]l 2 < On 14 ine, v = @) ()] oo (146 e, v ()| 22 + ([N () ]| 20)-

So using Lemma 6 and of course the conservation of energy for (NSE) and the fact that £(7) is uniformly
bounded on L?, we can write that

o0
_ 1
/ [(F2(0)|uf (1) 22|dt < ONI[U ne, v — TN | 1wt snoe) luoll 72 < OnetlluolZe.
0
Lemma 5 is now proved and thus Theorem 2 also.

4. PROOF OF THE STRICHARTZ TYPE INEQUALITY

In this final section, we shall prove Lemma 6, stated in the previous section. This type of estimate in the case
of rotating fluids has been investigated in [3] and [4] in various situations. For the convenience of the reader,
we give here a self contained proof. Thanks to the definition of £ (see (2.4)) we have that

N
1
UG it N — UN = Z (Ak * I (t, xp) cos(kmxs), T divy Ag N * Zp(t, xp) sin(sz;;)) with
k=1

£ i(zh|&n)+i—5EE——m L—vt|€, |
Ti(t, ) def /261(1” M T e D1 & ® A (En)dER
R

where A is a L' function on R? and g is a linear function of Ek and @r. Now let oy be a radial function
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in D(R?\{0}) whose value is 1 near Cy. We have

t
c = Kk <E7t,~> *vr  with
. ! )i kT —ut ’2
Ki(r,t, zp) dzef/Qel(mhlgh) CmrrienmrE TV o (&n)dEp.
R

As usual in the proof of Strichartz type estimates, we start by proving a so called dispersive estimate which
here is the following:

Lemma 8. There exist constants Cy and cy such that for any k < N, we have
Cn _
||Kk(7',t7 ')||L°°(R2) § T—%e CNt.

Let us prove Lemma 8. Using the rotation invariance on R?, we may assume that zj, = (21,0). So we have to
estimate

t(€74€3)
IC 7- t 1.1’ / ’Lfblfl/ e ((k‘ﬂ')2+§ +€3 )1/2T Vi1 Tes N(£1’§2)d£2d£1.

Now let us define the function aj by

) d:ef km &k

k(62 2((kﬂ_)2 +§% +€§)1/2 - ((km)? +€% +§§)3/2'

‘We notice that

lak(&2)] = Cn|&2l. (4.1)

Similarly we define the vector field Xy by
(1 + iak(fg)a&a).

This vector field acts only on the £ variable and satisfies obviously

T )2 k; 3.1/2 T o 2 kg 2\1/2
Xpe ((km2+e+ed)l/? _ o (km2+e3+e3)1/2
An integration by parts allows us to obtain

Kt 0) = [ oo [ CTTREETT (0) (py (6, e D) déade,

But easy computations yield

t 1+82)) — 1 ] L - ra(s)
e (ot e 449) = (s~ 0no ey )

iag(€2)

- —vt(€} +€3)
1+ Tozi(&)a& (‘/’N(El’ f2)e ) :
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Using (4.1), it turns out that

e—CNt

ty ( —ut<§%+s§>)’ <Ov—S
‘ K (on (&1, &2)e = N1+T|§2|2

so going back to i, we get

_ d&1dé
Ku(rt,20)| < C CNt/ _derdba
Kalr bl < Ove™ [ e

< CN e*CNt
= 11/2 )

which proves Lemma 8.
Now let us finish the proof of Lemma 6. As an immediate corollary of the result above, we have

t CN€1/2 —c
I (£) ey < e s, (4.2

Now we shall use a duality argument, otherwise known as the T7™ argument. Once we have observed that

||a’||L1(R+;L°°(R2)) = Sup/ a(t,.fh)(,@(t, Ih) dxpdt
peEBJRT x R2

with B %' {p € D(RT xR?), ol Loe(m+;01 (r2)) < 1}, We can write

t t
1k (—vt, ) * Yl 1 (R Lo (R2)) = sup/ Kr (—at,x - y) Yi(y)p(t, ) dedydt
€ peBJRT x R4 €

t
= Sup/ Y (y) (/ Ky (—’t,x - y> p(t, ) dfv) dydt.
peBJRT x R? R2 €

A Cauchy—Schwarz inequality then yields

t - t
1k (—,t, ) *’kaL1(R+;Lm(R2)) < H’)’k”L?(Rz) sup H/ K <—7t, > * pp(t, )dt
€ veB||/rR+ € L2(R?2)

By Fourier—Plancherel, we have

H/ Ky <f,t, > % (t,-)dt
R+ €

and we can write
= ([t R
H/ K:k (—at, ) * (p(t, )dt
R+ e

But by definition of K, we have

~ t = /s ~ t—s
ICk <_’t7 gh) ICk <_787€h) = ICk < it + S, Eh) .
e g g

2 2

~ (2n)*

= /[t
[ <t ) B, )t
Rt €

L2(R2) L2(R2)

2

—~ t R = /8 .
< C/ K (—,72 —Eh) o(t, &) Kk (—, S,Eh) P(s,&p)dEpdtds.
L2(R?) Rt x Rt x R? € €
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It follows that

H/ K (E,t, ) * o(t,-)dt
R+ 1>

Now we use Fourier—Plancherel again to get

H/m K (ét ) xp(t,)dt

2

<C F (Iék (t — s, ) * o(t, -)) P(s, &p)dEpdtds.
L2(R2) Rt x Rt x R? €

2

<C (Iék (t—_s’t + s, ) * o(t, )) (2)o(s, —x)dxdtds
(R2) R x Rt x R? €

SC/
Rt xRt

Using the dispersion estimate (4.2), we get

H/m K (ét ) xp(t,)dt

L2

lle(s, ')||L1(R2)dtds.
L (R2)

. t—
Kk <?S’t + s, > * Sa(tv )

2 1/2
3
e e () o, st
L2(R?) N /R+ <R+ (t—38)1/2 et Lz (s )l w2

SO

2 ech(tJrs)

< Onell? 2 . / — dsdt
< One 7@l Lo (mo+i21 (m2)) R+ xR+ (t— 8)1/2

H/ K (f,t,-) * o(t,-)dt
Rt g

Lemma 6 is proved.

L2(R2?)

< CNeY2||oll} e (met i1 (m2))-
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