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OPTIMAL MULTIPHASE TRANSPORTATION
WITH PRESCRIBED MOMENTUM
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Abstract. A multiphase generalization of the Monge-Kantorovich optimal transportation problem
is addressed. Existence of optimal solutions is established. The optimality equations are related to
classical Electrodynamics.
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INTRODUCTION

Optimal Transportation Theory

The origin of optimal transportation problems goes back to the memoir “sur les déblais et les remblais”
published by Monge near 1780. A new formulation of these problems in terms of infinite dimensional linear
programs was introduced by Kantorovich around 1940 leading to the so-called Monge—Kantorovich problem (see
the book by Rachev and Riischendorf [23] for a detailed review):

Given two probability measures py, p1 on a metric space D, find a probability measure p on the product
space D x D, with projections py and p; on each copy of D, that minimizes the cost

/ cost(z,y)du(z,y),
D2

where cost(x, y) is the “transportation cost” to go from point € D to point y € D, usually defined in terms of
the distance d(z,y) between x and y. In this formulation, u(z,y) should be understood as the probability for
point z € D to be transported at point y € D. In the special case when

d(x, y)?

cost(z,y) =
p

(where 1 < p < +00) the optimal cost raised to the power 1/p defines a distance on the set Prob(D) of all
(Borel) probability measures on D. This distance, called Monge-Kantorovich distance (or Wasserstein distance,
there are many other names) with exponent p, confers a metric structure to the weak-* topology of Prob(D).
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In the case when D is a Riemannian manifold and p = 2, the Monge-Kantorovich distance confers a (formal)
Riemannian structure to Prob(D), as shown by Otto [20].

The discrete counterpart of the Monge—Kantorovich problem belongs to the field of Operational Research
and Combinatorial Optimization (Linear Assignment Problems, in particular, see [24] for an elementary intro-
duction).

A bridge between Optimal Transportation Theory (OT'T) and non-linear PDEs was established by the first
author in [6] (see [7] for more details) where the quadratic OTT corresponding to exponent p = 2 and D = R? was
shown to be directly related to the (real) Monge—Ampeére equation (a fully non-linear elliptic PDE with strong
geometric features [22]). Earlier and more involved connexions with non-linear PDEs were established by Cullen
and Purser in [13], where a variant of the quadratic OT'T was involved in the definition of the semigeostrophic
model for atmospheric fronts, and in [5] (which motivated [6]) where the quadratic OT'T was derived from a
time discretization of the Euler equations of incompressible fluids written in Lagrangian coordinates. Once
the regularity analysis of the quadratic OTT in connexion with the Monge—Ampere equation was achieved
by Caffarelli [12], OTT has became a flourishing field of non-linear PDEs. It has been discovered since that
many other important non-linear PDEs have an underlying optimal transportation structure. In particular the
original Monge problem (which corresponds to exponent p = 1), studied by Sudakov [25] in the Kantorovich
setting, was related to the Eikonal equations by Evans and Gangbo [14] and can be applied to Optimum Design,
as shown by Bouchitté and Buttazzo [4]. A large collection of dissipative equations, such as the heat equation,
the so-called porous media equation, the thin film equations, some granular flow equations, etc. have been
also interpreted as gradient flows for the Monge-Kantorovich (formally Riemannian) metric corresponding to
exponent p = 2 [16, 19, 20] etc.

Optimal Transportation Theory also turns out to be a powerful tool in theoretical Statistics, Functional
Analysis and Calculus of Variations [1,18,21], ...

A different formulation of the quadratic OTT in terms of classical Continuum Mechanics was proposed by
Benamou and the first author in [2] for numerical purposes:

Given a compact convex domain D in R?, and two probability measures py and p; on D, find a nonnegative
time and space dependent measure c(t,z), for t € [0,1] and x € D and a ¢— square integrable vector field
v(t,r) € RY, parallel to the boundary D, minimizing

1 2
/§|v(t,$)| c(dt, dx)

subject to dc + div(cv) = 0 and to initial and final conditions

(We have used notations |.| for the Euclidean norm, div = V. for the divergence operator, where V =
(Ozy, -y Ox,) and - is the Euclidean inner product in R%.)

It was shown that the resulting infimum coincide with the optimal transportation cost corresponding to
cost(z,y) = 1/2|z — y|* (see [10] for a detailed proof). Notice that this minimization problem is no longer
a linear program involving a nonnegative measure p defined on the 2d dimensional product space D x D,
as the Monge-Kantorovich problem is, but rather a convex (homogeneous of degree 1) minimization problem
in the nonnegative and vector-valued measures ¢ and m = cv defined on the d + 1 dimensional product space
[0,1] x D. This alternative formulation has a very simple interpretation in terms of Fluid Mechanics. It amounts
to minimize the kinetic energy of a fluid carrying the density field from pg at time t = 0 to p; at time t = 1.
The optimality condition (at least at the formal level) for the fluid to achieve the infimum is extremely simple.
The velocity field must be potential and the acceleration field must be null

v=Vo, O+ (v.V)v=0.

(See [2] for more details.)
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Multiphase Optimal Transportation theory

The Fluid Mechanics formulation of the Optimal Transportation problem has many possible extensions. One
possible extension is the optimal transportation of currents, instead of densities, as discussed in [10], which
provides non linear models for classical Electrodynamics related to the Born-Infeld theory [3]. The second
possible extension is the optimal transportation of multiple phases in a domain D and in a time interval [0, T].
Imagine that instead of a single phase, described as above by its density and velocity fields ¢(¢, ), v(t,x),
depending on time ¢ € [0,T] and space € D, we rather consider several phases, labeled by a, each of them
having its own density and velocity fields ¢(¢, x, a), v(t, z, a), still subject to

e + div,(ev) = 0,

v being tangent to the boundary dD. Then, we can define the total density

p(t,x) = Z c(t,x,a).

a

It is natural to prescribe p(¢,z) = 1, which means that all the volume available is occupied by the different
phases. (Then c(t,z,a) can also be seen as the concentration of phase a at time ¢ and point z.) A natural cost
is the kinetic energy of the phases integrated in both ¢ € [0, T] and a and weighted by w(a) > 0,

T )
za:/o /D§w(a)|v(t,x,a)| c(t, z, a)dtdz.

Then, given the concentration fields at time ¢ = 0 and time ¢ = T, namely ¢o(z, a) and ¢ (z, a), we may look for
an optimal transportation plan (¢, v). This is still a convex (homogeneous of degree 1) minimization problem in
the concentration fields ¢(¢, z, a) and momentum fields m(¢,z,a) = v(¢, z,a)c(t, x,a). There are many possible
interpretations of this multiphase optimal transportation problem with prescribed total density. For instance,
it could correspond to a continuous version of the following rather realistic network problem for traffic flows
(cars, airplanes, computers,...):

Several groups of individuals (each group being labeled by a) must collectively move from their initial lo-
cation at time ¢t = 0 distributed in space according to the concentration field co(z,a) (each individual being
indistinguishable from the other members of its own group) to their final destination distributed according to
cr(z,a) at time T, through a given network D. During their motion, the different groups are subject to share
all the available room at each time ¢ and each point z of the network D. A particularly relevant situation is
the case when a “void” phase is introduced, say with label ¢ = 0 and w(0) = 0. Then for the other phases, the
constraint

Zc(t,x, a) <1,

a#0

says that there is a saturation rate in the network not to be exceeded, and the total cost to be minimized is just

Z/%w(a”’u(tax,a)|20(t,x,a)dtdx.

a#0

The multiphase optimal transportation problem with density constraint has been first addressed in [8] in the
special case of equal weights w(a) = 1 and related to the Euler equations of incompressible fluids. A more
refined analysis (including the case when the label variable a belongs to a measure space (4, da) which need not
be discrete) was provided in [9]. It is shown that, in the case D = [0,1]¢, w(a) = 1, there are always optimal
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plans ¢(t,z, a), v(t, z,a) that are solutions (in a suitable weak sense) of the following set of PDEs:

e + divy(ev) =0, Zc(t,x,a) =1,

0w + (v.Vy)v+ Vp =0,

where p(t,x), the Lagrange multiplier associated with the density constraint, does not depend on the label
variable a. The later equation implies that all phases a have the same acceleration field (namely Vp) which
does not depend on a. In addition Vp is shown to be uniquely determined by the data co(z,a) and er(z,a). In
other words, in the framework of networks, there is a neutral way of driving particles which does not depend
on the phase they belong to. This property of the multiphase optimal transportation problem might be useful
for some tentative applications. (For instance, in air traffic control, as explained to us by Delahaye, it is
important to use rules that do not discriminate among air companies. In our case, the acceleration field does
not discriminate among phases.)

In the present paper, a similar multiphase optimal transportation problem is addressed where the cost
function is unchanged, but the constraint is no longer on the total density field p(t,x) = >, c(t, z, a) but rather
on the total momentum u(t, z), defined by

u(t,x) = Z v(t, z,a)c(t, z,a).

a

So, we assume that w is prescribed. Notice that p and u are linked by the continuity equation
O¢p + divu = 0.

Thus, if we assume the initial and final values of ¢(¢, z,a) to satisfy the compatibility condition
ZCO(xv a) = ZCT(Za a) =1
a a

and u to be divergence free, then automatically p = 1 will be enforced. So, under these assumptions, we can
see the total momentum constraint as a reinforcement of the total density constraint previously considered.
(Except in the very special case of one space dimension d = 1, when both constraints are merely equivalent.)

As a first “application” of the multiphase optimal transportation problem, we may use the momentum
constraint just to get a suboptimal solution of the problem with density constraint. For instance, if there are
only two phases, a = 0 and a = 1, and the total momentum is prescribed to be null, u = 0, then we can reduce
the optimal two-phase transportation problem to a single phase transportation problem with a modified cost.
Indeed, it is enough to set

m(t,x) =m(t,z,0) = —m(t, x,1), c(t,z) =c(t,r,0)=1—c(t z,1),

to see that the two-phase problem is equivalent to

T
inf/ / l|m(t, z)|? < w(0) + wil) > dtdz
o Jp2 c(t,x)  1—c(t, x)

subject to d:c+ divm = 0, with ¢(t, z) prescribed at ¢ = 0 and ¢t = T and valued in [0, 1]. Such a reduction to a
single-phase problem would not be possible with the density constraint (except in the very special case of one
space dimension d = 1).

More generally, various applications of the “multiphase optimal transportation problem with prescribed total
momentum” to networks and traffic flow are conceivable. Let us just quote an example. In some situations,




OPTIMAL MULTIPHASE TRANSPORTATION WITH PRESCRIBED MOMENTUM 291

it might be desirable to move individuals from their initial position to their final position with zero total
momentum u = 0. Such a motion, for instance, would be ¢nvisible to any observer that is only able to measure
total density and total momentum. (Of course one of the phases could be used as a lure for this furtive motion.)

Optimality equations

Let us now briefly discuss what are the expected optimality equations of the multiphase optimal transporta-
tion problem with prescribed total momentum. To get them, let us first introduce two Lagrange multipliers, the
first one for the continuity equation of each phase, denoted by ¢(¢,z,a) € R, and the second one, denoted by
H(t,z) € RY, depending only on the time and space variables, to enforce the total momentum to be pointwise
equal to u(t,z). So, we get the following saddle-point problem

il:lf sup Z/ {%w(a)h}(t,x, a)|? — 0yp(t,x,a) — (H(t,z) + Voo(t, x,a))v(t, z, a)} c(t,z,a)dtdx

—i—/H(t,a:).u(t,x)dtda: + /(cz)(l,ac,a)cT(x,a) — ¢(0,z,a)co(x,a))dx.

(Indeed, the supremum in H and ¢ is either 0 or 400 depending on whether or not the constraints are fulfilled.)

The formal optimality equations can be obtained by varying this expression with respect to ¢ and v. (Notice

that it would be more correct to use ¢ and m = cv instead of ¢ and v since the optimal transportation problem

is convex in (¢,m) not in (¢,v). However, the formal optimality equations do not depend on such a change of

variable.) Let us derive these equations in the most interesting case d = 3. We get, first by varying v,
w(a)v(t,z,a) = H(t,z) + Vo (t, 2, a),

next by varying c,
Sw(@o(t,z, @) ~ 9o(t, 7,0) — (H(t,2) + Vao(t,2,))0(t,7, ) = 0.

We can eliminate the Lagrange multiplier ¢ by taking the curl of the first equation and the gradient of the
second one, which leads to:

w(a)curlv(t, z, a) = curlH (¢, x),

Or(w(a)v(t,z,a) — H(t,z)) + Va (%w(a)h)(t, x, a)|2) =0.
We can write the second equation as
w(a)(0r + v(t, z,a).V)o(t,z,a) = E(t,x) +v(t,z,a) A B(t,x),
where
E(t,xz) = 0.H(t,z), B(t,x) = —curlH(t,z),
satisfy

divB =0, 0;B+ curlE =0. (1)
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Thus, each phase a is driven by the same “Lorentz force” generated by the fields E and B which do not depend
on labels a. An equivalent formulation is

w(a) (0 (ev) + divy(cv @ v))(t, x, a) = e(t, x,a)(E(t, x) + v(t,z,a) A B(t,x)). (2)

A link with Classical Electrodynamics

In the special case when all the weights are equal, say w(a) = 1, and constraints u = 0, p = 1 are enforced,
we can write (2) in terms of the “phase density” f(¢,z,£) defined by

f(t,2,€) =D 5(& —v(t,z,0))c(t, x,a), R
The constraints become

[ st =1 [ ertadg=o
R3 R3
and the dynamical equation reads

O f +divg(§f) +dive((E+EAB)f) =0. (3)

So we have obtained a system of equations which is very close to the Vlasov equations of Classical Electrody-
namics describing the motion of electrons moving in a uniform background of unit positive charge. The Vlasov
equations involve the “phase density” f(¢,z,£) > 0 of the electrons and the electromagnetic field (E, B). They
include equation (1) and the “relativistic version” of (3), namely

Ouf + dive(£f) + dive((E + A B)f) =0, (4)

where € = C¢ /&% + C2, C is the speed of light and the physical units are chosen so that electrons have unit
mass and charge. However, in the Vlasov equations, there are no density and momentum constraints. Instead,
the inhomogeneous part of the Maxwell equations is used, namely

e divE(t,z) =1— [ f(t,z,dE), e (QE(t,z) — C?curlB(t,z)) = | Ef(t,x,dE), (5)
R3 R3

where ¢ is the electric constant. However, at any physical scale where ¢gC? and C~! are negligible, these
equations can be seen as a relaxation of the total density and momentum constraints. Conversely, the equations
of the multiphase optimal transportation problem with prescribed total momentum can be seen (at least in the
case of equal weights w(a) = 1 and constraint u = 0) as a (singular) limit of the Classical Electrodynamics
equations.

Main mathematical results

We will restrict ourself to the particular case when the domain D is the periodic cube D = R?/Z?3, the phases
are equally weighted w(a) = 1, and the total density and the total momentum are prescribed to be respectively
1 and 0. Then, it will be shown, for general (compatible) initial and final data co(z,a), cr(z,a) in the class
of (Borel) probability measures on D x A, that the multiphase optimal transportation problem always admit
a solution (c,v, E, B), where c(t,z,a) is a nonnegative measure, v(t,z,a) is square integrable in (¢, z,a) with
respect to ¢, E(t,z) € R? is a locally bounded measure and B(t,x) is square integrable with respect to the
Lebesgue measure. In addition, optimality equations (2) are satisfied in a suitable weak sense.
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1. DEFINITIONS, ASSUMPTIONS AND RESULTS

1.1. Mathematical description of a multiphase flow

We consider a multiphase flow moving, during a fixed time interval [0, T}, in the periodic cube D = R?/Z%
with d = 3. (General notation d will be kept in all proofs where the operator curl is not involved.) Each phase
is labeled by a € A, where A is a (topological) probability space (A4, da), typically A = [0, 1] or A = D, equipped
with the Lebesgue measure. (Indeed, our proofs do no require a to be a discrete variable.) The motion of each
phase a is described by a density field c(t,2,a) > 0 and a velocity field v(t,z,a) € R?, where t € [0,T] and
x € D. Mathematically, ¢ will be considered as a nonnegative (Borel) measure on the product space Q' = @ x A
where @ = [0,7] x D, and v as a vector-valued function on @', square integrable with respect to ¢, so that the
“Action” of the multiphase flow

1
| vtz aPdes.0
Q/ 2

(where all phases are equally weighted by w(a) = 1) is finite. A useful formulation of the Action can be obtained
by introducing the “momentum” field defined by m(t, x,a) = v(t, x,a)c(t, z,a). This makes m a vector-valued
measures on @', absolutely continuous with respect to ¢, v being the Radon—Nikodym density of m with respect
to c. Let us introduce, for all pair (c,m) of (Borel) measures on Q' respectively valued in R and R%, the convex
function valued in [0, 4+00] and defined by

K(c,m) = sup/ F(t,z,a)dc(t, z,a) + O(t,x,a) - dm(t, z,a)
FoJo

where F' and ® are all continuous functions on @’ respectively valued in R and R? subject to
1 2 S
F(t,z,a) + §|<I>(t,ac7 a)|® < 0 pointwise.

It is known (see [8], for instance) that K (c,m) is finite if and only if ¢ is nonnegative, m is absolutely continuous
with respect to ¢ and can be written m = v(t,z,a)c(t, r,a) with v € L?(Q’, de; R?), in which case

1
K(c,m):/ §|U(t,x,a)|2dc(t,x,a).

Thus K (¢, m) provides a nice definition of the Action as a convex function of the pair (¢, m). We further restrict
ourself to pairs (¢, m) that satisfy the continuity equation

Orc 4+ divym =0 (6)
and initial and final conditions
c(0,z,a) = co(z,a), and ¢(T,x,a) = cr(x,a)),

in the following weak sense
/ (0cf(t, z,a)de(t, z, a) + Va f(t,z,a) - dm(t, z,a)) = /f(T, z,a)er(dz, da) — f(0,2,a)co(dw,da),  (7)

for all functions f continuous on @', with continuous first order derivatives in (¢, x). Here ¢o and cr are given
probability measures on D x A. The total density and momentum are (weakly) prescribed by assuming

f(t.a)elt,z,0) = [ it
Q' Q
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for all continuous function f on @), and
H(t,z)-dm(t,z,a) = / H(t,z) - u(t,z)dtdx (8)
Q' Q

for all continuous H defined on @ and valued in R?. Here u is a given smooth divergence free vector field on
@ subject to further restrictions. Notice that these conditions are compatible precisely because u is divergence
free and the continuity equation is enforced. All these conditions imply that ¢(¢, x,a) (and similarly m(¢, z, a))
can be desintegrated as a probability measure on A, Lebesgue measurable in (¢,z) € Q. Because of the
continuity equation, ¢ can also be seen as a probability measure on D X A, continuously depending on ¢ €
[0,T]. Therefore, notations de(t, z,a) = ¢(dt,dz,da), c(t,z,da), c(t,dz,da), dm(t, z,a) = v(t,z,a)de(t, x, a),
m(t,x,da) = v(t,z,a)c(t, z,da), will be used according to the context. The total density constraint can be
expressed by

/ c(t,z,da) = 1 (9)

for all £. The data ¢y and cp are accordingly required to satisfy

/co(:c,da) = /CT(z,da) =1.

Then, condition (9) automatically follows from (7) and (8). We further assume ¢y and cr to satisfy

/co(d:c,a) = /CT(dz,a) =1,

so that, for each (¢, a), ¢(t,z,a) is a probability measure in z. Finally, notice that the Action can be written as
the time integral of the “kinetic” energy defined by

1
[ lottz et dz o),
Q 2

for all ¢ € [0,T7.

1.2. The optimal transportation problem

We are now looking for a pair (¢, m) minimizing K (c,m) and subject to constraints (7, 8). This amounts to
solve the following saddle-point problem

I(co,cr) = inf sup L(e,m, ¢, H),
(e;m)eEM (H, ¢)eH

where L denotes

Leom, o, 8) = K(e.m) [ drott o, a)dettz.0) — | 920(t.2.0) + Bt ) -dm(t 2.0

+/¢)(T, z,a)cr(dz,da) — ¢(0, z, a)co(dz, da) + /Q H(t,z) - u(t,z)dtdx

with M = M x M9, where M is the set of all (Borel) measures (or, equivalently by Riesz’ theorem, the set of
all linear continuous forms on C(Q')), and H = C(Q;R?) x CH10(Q’), where C119(Q’) stands for the space
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of all continuous real-valued function f(t,z,a) of (¢,z,a) € Q' with continuous partial derivatives with respect
to ¢t and z.

So far, the prescribed total momentum w(t, z) is only assumed to be smooth and divergence free. Our main
result is only proven in the case when u = 0. However, most of the intermediary results require less restrictive
conditions.

1.3. The main result

Theorem 1.1. 1) Assume D = T¢ = RY/Z¢, co(x,a) > 0 and cr(xr,a) > 0 are probability measures in

(x,a) € D x A subject to
/co(:c,da) = /CT(m,da) =1,

/co(d:c,a) = /CT(dm,a) =1.

Let u(t, x) be a smooth divergence field. Then, there is always at least a solution (¢, m) of the optimal multiphase
transportation problem. Any optimal solution (c,m) satisfies

m = cv and Oyc + divym = 0,

/ mit,z,da) = u(t, z) and / ot z,da) = 1,

K(e,m)<C

where C = C(T,d,u) does not depend on initial and final conditions.
1
2) In addition, if u = 0, then C(T,d,u) < d?/T, the kinetic energy 3 / |v]?c(t,da, da) is time independent
and there is a vector field H(t,x) such that for all optimal (c,m)

O¢(cv) + divy(cv ® v) — cOH + cv A curlH = 0. (10)

In this equation, E = 0:H is a locally bounded measure in the interior of Q, B = —curlH is square integrable
in Q with respect to the Lebesque measure and c(t,x,a) is a well defined extension of c(t,z,a) to the singular
set of B with respect to the Lebesgue measure.

Remark 1.1. A precise definition of ¢ is as follows. Since E' = 0;H is a locally bounded vector-valued measure
on the interior of @), we may consider |F| as a nonnegative Borel measure on ) and consider the Banach space
LY(Q,|E|; C(A)) of all (strongly) |E| measurable and integrable functions f on @ valued in the Banach space
C(A) of all continuous functions on A, for which

1A= [ 1B o) sup 02,0 < .

It will be shown that, for each fixed f € LY(Q, |E|; C(A)), the following integral

r—de—z\ 1
5d

oD = [ B [ oot dzdan (T

i
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(which is well defined for all radial mollifiers v and all unit vector e, since c(t, x,a) depends continuously on ¢
as a measure in (z,a)) has a unique limit I(f), as 6 — 0, that do not depend on « or e. In addition we have
I(H] < 11l [|E|. Thus, f — I(f) defines ¢ as a continuous linear form on L*(Q, |E|; C(A)) and we can write

I(f)/tymE(t,:c)/Af(t,x,a)g(t,x,da).

As we denote by E™ € L'(Q;R?) the regular part of F with respect to the Lebesgue measure, we get (by
standard measure theory)

—de — 1
/ ET(t,x)dtdz/ flt,xz,a)e(t,dz,da)y <u> = = / E"(t, :E)dtd:c/ ft,z,a)c(t,x,da).
Q Rdx A é 0 Q A
Thus, ¢ provides an extension of ¢ to the singular set of F.

2. MAIN STEPS OF THE PROOFS

First, we show the existence of an admissible solution (¢, m) with finite Action and obtain
I(co,er) < K(e,m) < C(T,d,u),

where C' = C(T,d,u) depends on T, d and u but not on the initial and final data cp, c¢p. This is enough to
enforce that I(co,cr) is achieved by at least one optimal pair (¢, m).

Next, we use the Fenchel-Rockafellar duality theorem to show the existence of approximate optimal Lagrange
multipliers for the constraints:

Proposition 2.1. For each € > 0 there is a pair of continuous functions ¢.(t,z,a) on Q" and H.(t,xz) on Q
with Oyde, Ve continuous on @ such that, for all optimal pair (¢,m),

1
at¢€ + §|v1¢a + He|2 < 0

and

1 1
/ <|at¢s+§|vz¢e+HE|2|+§|vVz¢e+H€|2) dCﬁEQ.
QI

Next, we prove some compactness for H. or, more precisely, for £, = 0;H. and B, = —curlH., which define H.
up to an irrelevant gauge. We use the Sobolev space G,,, = H"™([0,T] x D) of all functions of (t,z) € [0, T]x D
with partial derivatives in L? up to first order in ¢ and up to mg-th order in z, where my € N has to be chosen
large enough.

Proposition 2.2. Assume that u = 0. Then (E.;g),(Be;g) are bounded uniformly with respect to € for all
functions g(t,x) compactly supported in 0 < t < T with a finite norm in G.

Next, we get some estimates that formally mean that the gradient in « of v(¢, z,a) (which is not well defined
a priori) is in L?(Q’, dc).

Proposition 2.3. Let 0 <7 < L and Q. = [r,T — 7] x D x A. Let w(z) be a smooth divergence free field on
D and (t,z) — e (z) be the corresponding flow defined by

O (e (z)) = w (e"(2)), et=0w () = .
Then we have

/ (Vade + Ho)(t, 2, a) — o(t, 2, a)|Pde(t, 2, a) < Ce2 (11)
Q

/
-
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/Q ((Vae + Ho)(t,,a) Pdelt, z,a) < C (12)

/
-

/Q (Vage + He)(t,e™ (2), a) = (Voo + He)(t, 2, a)Pde(t, 2, a) < C(e? + 6 + dx(e)) (13)

for all optimal pair (c,m) and for all § and € small enough, where x() > € tends to zero with . Here C depends
only on D, T, T and w.

These estimates enable us to get a first set of approximate optimality equations.
More precisely:

Proposition 2.4. For all continuous functions f(t,z,a), valued in [0,1], compactly supported in 0 < t < T,
with continuous derivatives in (t,x), we have, for all vectors w € R? and § > 0,

1 1
‘ / / —O0iH(t,x + odw) -wf(t,, a)dcda+/ / [v(t,z,a) A curl(H(t, x + odw)] - wf(t, x,a)dedo
rJo ’JOo

— o f(t,z,a)v(t,x,a) - wde — / v(t,z,a) - Vi f(t,z,a)v(t,z,a) - wde| < C’f%(éQ +e2 4 6x(e)).
Q/ ’

Next, we get estimates that formally mean that the time derivative of v(t,z,a) (which is not well defined
a priori) is in L?(Q’, dc).
Proposition 2.5. Let 0 <71 < % and Q) =[r,T — 7] x D x A. Then

L 1o0,2.0) = (Ve e+, )Pl . 0) < CE2 47 4 1(0) (14)
for all optimal pair (c,m) and for all n and £ small enough, where x'(¢) > € tends to zero with €. Here C
depends only on D, T, 7 and w.

Finally, we are able to pass to the limit (through an appropriate balance between the small parameters €, §
and 1) and get, after several intermediate steps,

Proposition 2.6. B = —curlH belongs to L*(Q;R?) and E = 0,H is a locally bounded measure in the interior
of Q. In addition, E and B solve
O¢(cv) + divy(cv @ v) —cE — cv A B =0.
3. CONSTRUCTION OF AN ADMISSIBLE PAIR

Let us check that there is at least an admissible pair (¢, m), i.e. satisfying (7, 8), with a finite Action, i.e.
such that /|U|2dc < 400.

We closely follow the construction used by the first author in [9]. As a matter of fact, in the special case
u = 0, there is essentially no change to be made. First, as in [9], we define, for t € [0,T], z,y,2 € D = R%/Z,
G(t,x,y, z) to be the concatenation of geodesic curves on the periodic box D, with constant speed, connecting
respectively z to y for 0 <t <T/2,y to z for T/2 <t < T and uniquely defined for almost all pairs (z,y) and
(y, 2). Next, we introduce the Lebesgue measure-preserving flow X (¢, x), associated to u(t, z) through

QX (t,x) = u(t, X(¢,z))

X(0,2) = x.
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(In the particular case u = 0, we just have X (¢,z) = z.) Let ¢o(z,a), cer(z,a) be two nonnegative measures

defined on D x A and satisfying
/co(x,da) = /cT(x,da) =1,

/co(d:c,a) = /CT(dm,a) =1.

x,z,a) as a measure on D? x A, through the duality bracket

<CO’T;f> :/DXA/Df(:n,z,a)co(d:c,a)cT(dz,da)

for all continuous functions f on D? x A. (Observe that

First, we define ¢ (

sup <sup|f]

(z,a)

/D f(z,z,a)co(dz, a)

since [ co(dz,a) = 1. Thus, [, f(z,2,a)co(dx,a) defines a dep integrable function of (z,z) € D x A.) Now, we
define for every test function f,

(e f) = / F(EX (5, Gt 2,9, 2)), )dOT (z, 2, a)dydt
[0,T]xD3x A
(m; f) = / DX (8, Gt 2.y, ) f(t, X (8, Gt 2,9, 2)), )AOT (2, 2, a)dydt.
[0,T]xD3x A

This pair satisfies the continuity equation and the boundary conditions in the weak sense of (7). Let us just
check (8) in the special case when the total momentum u is zero, in which case X (¢,2) = . Then, we have for
all continuous function H(z), and for all 0 < ¢ < T'/2,

/ H(z)m(t,dz, da) = /D G H(G ., )0 02 0
3%
= /D A6tG(t7x7yaZ)H(G(t7x7y;Z))Co(dx’a)cT(dZ,da)dy
3x
(by definition of ¢%7T),
:/ atr(t,x’y)H(F(t7x’y))CO(dm’a)cT(dZ,dQ)dy
D3x A

(where, by definition of G, since for 0 < t < T/2, G(t,z,y,z) = T'(¢,z,y) is a geodesic curve on D with constant
speed linking = at t =0 to y at t = T'/2)

:/ 0L (t,x,y)H(T(t, 2, y))co(dz, da)dy
D2x A
(by integrating out z € D and using that [ er(dz,a) = 1),

D2
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(by integrating out a € A, since [ ¢o(z,da) =1)
= Wt 0,y —z)H(z + T'(¢,0,y — z))dady
D2

(since geodesics on the periodic cube D satisfy I'(¢,x,y) —x =T'(¢,0,y — x))

D2

(using the change of variable y — y — « for each fixed x and the translation invariance of the Lebesgue measure

on D)

D2

(using the change of variable z + I'(t,0,y) — z for each fixed y and again the translation invariance of the
Lebesgue measure on D)

:Lam@mwﬁﬂwmzo

(by symmetry of geodesic curves on D with respect to reflections). The case T/2 < t < T can be treated
similarly, as well as the general case when w is not null. Finally, the Action can be immediately bounded by
d?/T in the case u = 0. (Indeed, the maximal speed for all geodesics is 1/(2d)/T). In the general case, we find

d2
K(em) < € ([l + 7+ VX ).

4. DUALITY, APPROXIMATE LAGRANGE MULTIPLIERS

In this section, we prove Proposition 2.1. We use a duality argument which implies that the infimum is
reached and that there exists a sequence (¢, H) satisfying (11) and (12). We consider those inequalities as an
approximation of

O + %|Vx¢+H|2 =0
with
v=V,o+H
which can be seen as the integral (in z) version of

Ov+v-Vv—0:H +vAcurlH = 0.
Proof. Let us introduce two convex functions a and 3 defined on & = C(Q’) x C(Q’)? with values in | — o0, 00]
given by

1
OifF+§|<I>|2 <0
a(F;®) = (15)

oo elsewhere,
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F(t,z,a) + Opp(t,z,a) =0

(@ F) + (m; @) if 3 (H, ¢) € H st {cb(t,x,a) + H(t,z) + Voo(t,z,a) =0 (16)

oo elsewhere,

BF;®) =

where (¢;m) is an arbitrary admissible pair and H = C(Q;R%) x CH10(Q").
Notice that the definition of 5 does not depend on the admissible pair (¢;m).
Their dual functions [11] are defined by

1
a”(e,m) = sup(c; F) + (m; ®) with F + §|(I)|2 <0,

B*(c,m) = sup{c — ¢ F) + (m — m; ®) with (F,®) € Ay,
jaxs

O(t,x,a) + H(t,z) + Vid(t,z,a) =0

Remark 4.1. Function §* only takes values 400 and 0. In the later case, we have for every F' and ® € Ay

where Ay = {(F, ®): Q — R x RY such that 3 (H, ¢) € H st {F(t’x’“) +0i(t,z,0) =0 } -
(¢ F) = (¢; F) and (m; @) = (m; @)
and then, for every (H, ¢) € H:
(m—mm; H) =0 and (¢ —T; Orpp) + (m —; Vo) = 0, (17)

which exactly means that (¢, m) is admissible (i.e. satisfies (7) and (8)).

Thanks to the Fenchel-Rockafellar theorem [11], we have
min{a*(c,m) + 8*(c,m); (¢c,m) € &', the dual space of £}
= sup{—a(—F; —®) - 5(F; ®); (F; ®) € £}-

This ensures that the infimum (that we already know to be finite) is achieved. Indeed, we have an admissible
pair with finite Action, which means

a*(e,m) + 5% (e,m) = K(e,m) < 0.
Let us now reconstruct « and 3 starting from (¢,m), an optimal solution. We obtain
I(co, cr) = K(¢,m) = sup{—a(—F; =®) — B(F; @); (F; ®) € £}-
This equality implies that for every £ > 0, there exist (H., ¢.) € H so that
spe + %mcée +H|? <0
and
S [0?) < (€:0,62) + (7 Voo + Ho) + <2

Moreover, thanks to (17), those inequalities are true for every optimal solution. Finally, there exist ¢. and H.
satisfying

1
at¢€ + §|Vz¢e + HE|2 S 0
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such that for every optimal solution, we have

1 1
(@10 = (Tt + HOP) + (w1016, + 5 o0c + HIP

> <2 (18)

5. PRELIMINARY ESTIMATES

Let 6 and n be two small parameters and let us assume that 0 < 7 < % Let ¢(t) be a smooth function

compactly supported for 0 < ¢t < T. We choose 7 small enough so that ¢t — ¢ + n{(t) is a diffeomorphism from
[0,T] to [0,T]. We shall denote 7,(t) its inverse. Let & — w(z), be a smooth vector field and e*(z) the flow
associated to w(z) defined by

dse*(x) = w(e*™(x)) and " (z) = =,
we introduce, as in [9], the following measures

Cn(tvxv a) = C(t + ng(t)v'r’ CL), Un(t7 Z, a) = U(t + ng(t)v'r’ a)(l + nC’(t))

that we define precisely by

f(t, z,a)dc" = / f(my(t), 2, a)r) (t)de(t, z, a) and ft,z,a)dm = f(my(t), z,a)dm(t, z, a).
Q' Q' Q'

Q/

for every function f € C(Q’). Then we define the measures ("%, m™?) so that for every f € C(Q’)

flt,z,a)de™ (tx,a) = | f(8,e0 (2),a)de”,
Q' Q'

and

/ f(t,x, a)d77177’5(t7 x,a) = ]‘(75,6,“5<(t)w(30)7 a)(0y + 0" (t,x,a) - V) - e‘sg(t)“’(ac)dc”.
’ Ql

Remark 5.1. If the pair (0”6, m"?) is constructed from an admissible pair, we have / o (t,xz,da) =1 as soon

as w(x) is divergence free and the pair (c"°,m"?%) satisfies (6).

Proposition 5.1. Let (¢,m) be an optimal solution, for any n and any §, we have the following inequality:

1
H. - (dm"° — dm) + 5 [ 1@+ V)e?SWv (Vb + H.) 0 e®v|2den
Q’ Q’
(19)
1 1
<&+ - (9 + " - V,)ed®w|2den — = lv|2de.
2 Ql 2 Q/

Proof. From the relation (7) between the measures ¢ and m, we have

D¢ (dc™® —de) = — / Voo - (dm™° — dm)
Q/ !
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because since ¢ is compactly supported in time, the boundary terms in time of (7) vanish. Then, we obtain

D1 (dc™® —dec) = — / (8 + 0" - V,)e2 MV . ¥, ¢, 05D den + / v- Va¢.de

Q/

+ [ H.-(dm™® —dm).
Ql
After a systematic transformation of the products, we obtain
1

Due(de™ —de) = = | (0 + v+ V) e
e 2 Jor

1
+35 (9 + 0" - V)2 ®Y — (V0. + H.) 0 e®¢D%|2qcn
QI

1 1
5 / |Vz¢€ + H€|2dcn76 5 / |vm¢s + HE - ”U|2dC
2 QI 2 QI

1 1
+—/ V.- + He|*de + —/ U2dc—|—/ H. - (dm™° — dm).
2 Q/ 2 Ql ’
Hence, we have the following equality

1
H. - (dm"° —dm) + 5 (8 + " - V,)e2 MW (V¢ + H.) 0 e? v |2qcn

|
Ql

Ql

1 5C(t)w2 1 2
—= [(Oy + v - Vy)e [“de” + - [v|*de

2 )y 2 o

1 1
= / <8t(,255 + = |Vaoe + HE|2) (de™® — de) + —/ |Vehe + Ho — v|*de.
QI 2 2 Ql
Here, we use the properties (2.1) of H. and ¢. to estimate the right-hand side term by &2 noticing that
1 2 7,0
Osdpe + §|Va;¢a + H|? ) dc™ <0
Ql
and
1 2 1 2 2
- Qe + =|Vate + Ho|? | de+ = [ |Vade + He — v|*de < €2
QI 2 2 QI

So we obtain inequality (5.1).
In the following, we first make a restrictive assumption on the total momentum u. We assume that

u(t,z) = %C&(t)U(Cu(t),x) with U(t,z) € C*°([0,T] x D) and (,(t) € C>(]0,T)).

—/ (0 + 0" - V,)e2 DY (V¢ + H.) 05O den 4 / v- (Vaoe + H.)de

(20)
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Remark 5.2. To obtain the complete result, we have to take u = 0, so the reader principally interested in the

final result can consider only this case.

Assumption (20) is in fact a sufficient assumption so that the flow associated to u, X, satisfies X (T,x) =

X (0,2) = 2. Moreover, the Cauchy—Lipschitz theorem ensures that this flow can be reversed.

In this framework, we use a more general formulation of (5.1). Indeed, the same proof as the one presented

above leads to the following proposition:

Proposition 5.2. For any transformation M(t,x) that satisfies
M(0,z) =z and M(T,x) = =,
we have

/ H.(t,M(t,z))(0:M(t,z) + u(t,z) - VM (t,x))dtdzr — /Ha(t,x)u(t,x)dtdx
Q

i [ 1@+ (L) — (Voo + Ho)(t (1, 2), a) de

2 Q/

1 — 1
<4z (0 +v - Vo) M(t,2)|*dc — = lv|2de.
2 QI 2 Q/

Proof. To obtain (21), it is enough to see that

0o (8, TT(t,2), a)de — [ Ot , a)de = — / (O +v - Vo)V (t,2) - Voo (FE(t, 2))de

/

Q' Q'
+/ v - Vzo.dc

which comes from the integrated continuity equation (7). Indeed, we have

01(0-(t. 7T (t,2), ))de + | v V(6.8 TT(t,2), e

o
= /D(@(T,M(T,ac),a)dcT(x,a) — ¢(0, M(0,z),a))dco(z, a)
= O (¢e (t, x,a))de + / v V(¢e(t, z,a))dce

o ,

since M (T, z) = z. The continuation of the proof is similar to the previous case.
We will also use the following proposition

Proposition 5.3. For every transformation M(t,z) that satisfy
M(0,2) =z and M(T,z) = x,

we have

/Hg(t,M(t,x))atM(t,x)dtd:E - /Hs(t,:c)u(t,:c)dtd:c <1+ O(|0: M]3z + ||[VM|]3 ).
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Proof. Let M be the function satisfying M (t,2) = M (t, X (t,)), we notice that
/He(t,M(t,m))atM(t,m)dtdx :/ H.(t,M(t,2))(0: M (t,z) +u- VM(t,z))dtds
Q
since X is Lebesgue measure preserving. Since X (0,z) = X (T, z) = x, we have
M(0,7) =z and M(T,z) =z
and then, thanks to (21), we obtain

/Hg(t,M(t,:c))c?tM(t,m)dtdx - /Hs(t,x)u(t,x)dtdz <&+ % (O +v - V)M (t,z)|?dc

|
Q/

1
—= lv]2dc

2 Jor
< 1+ C(|0:M|[22 + || VM)
Indeed, since the Jacobian of X is equal to 1, we have
/|8tM(t,X_1(t,x))|2dtd:c: /|8tM(t,m)|2dtdx.

Remark 5.3. Let w be the vector field satisfying

OeM(t,x) = w(t, M(t,x))

M(0,z) =z,
inequality (23) becomes

/He(t,M(t,x))w(t,M(t,x))dtdx - /He(t,x)u(t,x)dtdx <1+ C(|aM|2s + IV M]2-)
or
/Hs(t,:c)(w(t,m)a(t,m) —u(t,z))dtde < C(1+||0:M]|]32 + [|[VM||3)

where o is the Jacobian associated to M which is linked to w through

0o + div(ow) =0 and 0(0,2) = 1.

6. FIRST BOUNDS FOR H.

In this section, we show that H. is bounded in a suitable distribution space, up to a time independent
gradient, i.e. that the time derivative and the curl of H. are bounded. The main difficulty of our analysis is
that in order to derive the optimality equations we must be able to pass to the limit in expressions such as
(0rH¢; g) and (curlH,; g) not only for compactly supported functions g(t,z) of 0 < t < T, x € D, with unlimited
regularity, but also for those with limited regularity, namely with a finite norm in G,,, = H»™°([0,T] x D) for
some integer mg large enough, which means bounded derivatives in L? for high order derivatives in  but only

first order derivatives in ¢.
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6.1. An estimate for 9;H,

In this part, we use assumption (20) on the total momentum wu.

First case: Test functions that are tensor products

We show the following proposition:

Proposition 6.1. There exist C, ro > 0 and an integer mo so that for every smooth vector field a(t,z) =
C(t)A(z) with A € C>*(D) and ¢ € C(]0,T]), ||allg,,, < ro implies

/Ha(t,x)ata(t,x)dtdx < C.
Proof of Proposition 6.1. The main idea of the proof consists in finding M so that
/ H.(t, 2)%halt, ) — / H.(t, M(t,2))0, M(t, z)dtde (26)

and then using (23). In order to use (23), in the case when u is not null, we first need a bound for

‘ /He(t, x)u(t, z)dtdx

and use (24).
We note that assumption (20) ensures the existence of M,, satisfying (22) so that

/ H.(t, My (t, 2))0, Mo (t, 2)dtdz = 2 / H.(t, 2)u(t, z)dtda. (27)

Indeed, let us define M, by
O M, (t, x) = U(t, My (t,x)) and M,(0,x) = x,
we have (27) with M, (t,z) = M,(C.(t), z) which satisfies M, (T, z) = M,(0,z) = x. Indeed, we have

/ He(t, My(t, )0 My (t, x)dtdz = / He(t, My (Gu(t), 2))CL (DU (Gu(t), My (Cu(t), z))dtda
- / H. (t,2)C, (U (Cu(1), 2)dtde

= 2/He(t,x)u(t,x)dtdx.

Remark 6.1. Let ¢ be the Jacobian of M, we know that 9,5 + div(6U) = 0. Because u is divergence free, U
is also divergence free and therefore 6 = 1, which means that M,, is Lebesgue measure-preserving.

Using (23), we obtain
/Hg(t,:c)u(t,:c)dtdz <C

and the estimate
—/He(t,x)u(t,x)dtdx <C

comes directly from (23) in the special case M (t,z) = x.
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Now, if there is M satisfying (26), by using (23) we deduce
/Hs(t,x)ata(t,x)dtdx = /He(t,M(t,:c))c‘)tM(t,x)dtdz <CA+|0:M|22 + [|[VM]|20).
Let us now find M so that
/He(t,x)ata(t,x) = /Hg(t,M(t,x))atM(t,m)dtdx.
To be sure that M satisfies (22), we look for it in the following way
M(t, %) = N(C(t), 2) where ¢ € C()0, TY).
Let S = [so, s1] the range of {(t) for 0 <t <T. We set for s € S
G(s,x) =1—5sV-A(x)

o Aw
(s, z) = 1—sV-A(z)’
OsM(s,z) = (s, M(s,x)), M(0,z)=x.

By choosing rg > 0 small enough, we get

1
sup |sV-A(x)]= sup |[CH)V-A(x)| =V -allr~ < 3
seS, zeD t€l0,T], z€D

and, then, @ is well defined and smooth. To guarantee that M satisfies (22), we set
M(t,z) = M(C(t),x).

From these definitions, we get
0o+ V-(cw)=0

and
/He(t,M(t,x))atM(t,x)dtd:E = /He(t,:c)(’(t)zb(C(t),z)&(((t),x)dtd:n = /Hg(t,m)ata(t,x)dtdm.

To conclude the proof, it remains to estimate (|[0;M|[2, + ||[VM||2~) in terms of the norm of a in G =
HY™([0,T] x D).
Let us compute

/|8tM(t,x)|2dtdx _ /C’(t)2|111(§(t),M(t,x))|2dtdx

- / ¢ (02 |a(C (), 2)P5(C(1), x)dtda

which becomes, after replacing w and ¢ by their explicit values,

/|8tM(t,x)|2dtdx - /C’(t)21 - v'%((g()!)A(x))dtdx.
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Thus,
/|8tM(t,x)|2dtdx < /2C’(t)2|A(x)|2dtdx — 2/|0yal 2.
Similarly, we deduce from
atM(ta 1') = (l(t)ﬁ)(C(t), M(ta SL'))
that
0:0; M;(t,z) = ¢'(t)0; My (¢, x)Opw; (C(t), M (¢, x)),
and we know that M (0,z) = z. Thus

T
VM (t, )| < Cexp (/0 |C’(S)|||W3(C(S),-)||Loe(p)d5> :

Let us estimate the right-hand side of this inequality. We have

0; Ai(x)
1— (V- A(z)

4,(2)0,(V - A(x))
T OT v Aw)e

9;wi(C(t),z) =

If ro > 0 is chosen small enough, by assumption, we get
1
<OV - A@)| < IV -allz < 5

and
ICOV(V - A@))| < [IClle=|[V(V - Al = [[V(V - a)|[L= < 1.
Thus
[V (((t), z)] < C(|A(x)] + [VA(z)]).
It follows that

VM (t,2)| < Cexp <C/O " (s)lds([|All > + ||VA||L°°)> :

<C eXp(C| |a| |Gmr0)

for mg large enough (more precisely for mg — d/2 > 1), which completes the proof.

Second case: General test functions

Proposition 6.2. There exist a constant C and an integer mq (that do not depend on €) so that for every
smooth vector field a(t,x) € C°(]0,T[x D),

/ H.(t, 2)ya(t, 2)dtdz < Cllallg,,

This proposition immediately follows from:

Lemma 6.3. Let T.(t,x) be a family of distributions for x € D and t €]0,T|, satisfying, for some constant C
and some integer my,

(Teo)l <O D 110,06l (28)

I<1,|a|<mo

for all tensor products ¢(t,x) = ¢o(t)p1(x). Then (28) remains true for all test functions provided mq is taken
larger.
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Proof. The proof of this lemma can be made using the Fourier transform. Let us denote (k) = /1 + |k|2. Let ¢
be a test function belonging to C2°(]0,T[x D), we can write

_ Z Qg(t, k)e2i7rk-z'

kezZd

Then
(T, @) < Y HTL, b(t, k)e* ™)

kezd

CY Y G (St k) ) o)

keZA I<1,]al<mo

IN

and using (28), we have

(Te, @) < C 0> (k)™ (1040 (t k)| 2 o71)

kezd 1<1

< Cz Z ky2mo+r||8lg(t, k) 22079, Z =7 | where r > d

<1 kezd kezd

<C \//|al8a¢) t,z)|2dtdt

<1 |a\<m0+r

thanks to the Parseval equality.

6.2. An estimate for curlH,

In this section, we assume that the dimension d is 3 and the velocity u is equal to zero.
First case: Test functions that are tensor product

We show the following proposition:

Proposition 6.4. There exist a constant C and an integer mq such that, for every test function A(t,x) =
aq (t, x1)as(t, 1’2) 3(t,x3) where a;(t,z;) = C(E)Yi(x;), ¥; € C®(T) and ¢ € CX(]0,T[) satisfying ||{||pe~ < 1

and ||0;|| Lo fori=1,2,3, 1=0,..,mg+ 1, so that for every 1 < k < 3,

—_

=1
1
mo 2
/curlHak(t,x)A(t,x)dtdac <C |1+ (ZZ ||0t65ai||2L2>
i I=1

Remark 6.2. The following analysis is again complicated because we need an estimate where a is involved
only through its H%™0([0,7] x D) norm with only one time derivative. An estimate in D’(]0, T[x D) would be
much easier to obtain.

First, we prove the following lemma.:

Lemma 6.5. For every tensor product

A(t,z) = ar(t, z1)az(t, x2)as(t, x3)
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, there exists (W1 (t, 1), Wal(t, z2), W5(t,x3)) belonging to

H>|>—‘

with a; € C*°([0,T] x [0,1]) satisfying ||0;ai||L <
C>([0,T] x [0,1]) so that

ai(t,xi + Wl(t,xl)) = Wi(t,xi) and ||81W,L||Loe < (29)

wl>—‘

Moreover

1) if the functions a; are 1-periodic with respect to x;, then the functions W; are also 1-periodic;

2) if the functions a; are of form a;(t,x) = a;({(t), x;) with ¢ that does not depend on i and a;(s, z;) = s;(x;),
then each W; is equal to W;(t, ;) = Wi(C(t), x;) where each W is constructed from a; following (29);

3) for every f(t,x), we have

1 1
/f(t,a:)A(t,a:)dtdx = / d9/ da/ dT/f(t;l‘l + OW1; o + oWa; a3 + 7Ws) W1 WaWs dadt.
0
Proof of Lemma 6.5. For every f, we want to write

/ f(t, ) A(t, z)dtdx

in the following way
I= /f(t; x1 + OW1; 20 + o Wa; w3 + 7W3) W1 Wo W3 dedtdfdodr.

Let us perform the change of variable 8 — x; + 0W;(t,x;) = y; for z; fixed. The Jacobian is then dy; =
Wi (t, :L'Z)do

Then,

3 zi+W, (t,x;)
/ H/ f(t;y)dy | dedt
i=1 =i

Yi=

= //f(t; y) f[ {/%GR(Y(% — ;) = Y(yi — (@ + Wz‘(tvxi))))d%} dydt,

i=

where Y denotes the Heaviside function. Thus, to obtain
[ [ ftspantt mastt,pe)aat. pm)ardy
we just have to invert, for every i, the relation
ailt, i) = /(Y(yi S a) = Yy — (o Wilt,2:)))das, (30)

For the sake of simplicity, we will omit the letter ¢ in the following argument. If we assume a priori
[|0.W]|r= < 1, we just have to find W so that

a(t,z+W(t, z)) = W(t, z). (31)



310 Y. BRENIER AND M. PUEL

Indeed, if W satisfies (30), we have
alt, 2+ W(t,2)) = /(Y(z FW(2) =) — Y (2 + Wt 2) — 2 — W(t,2)))da.
Since x + W (t, x) is strictly increasing in z, Y (z + W (t,z) —x — W(t,z))) = Y(z — z) and we get
a(t, 2 + W (t, 2)) = /(Y(z FW(E2) —2) — V(e — 2))de = Wt 2).

Equation (31) is just a fixed point equation where ¢ is a parameter. We get a unique solution as soon as
|0za(t,x)] < 1. To get a more precise information, we differentiate (31) in z and get

_ Bea(t, 2+ W(t,2))
azW(ta Z) - 1— aza(t, Z+ W(ta Z)) ,

which shows that ||0,W ||~ < 1/3 follows from ||0ya||r~ < 1/4. This concludes the proof of Lemma 6.5.
Proof of Proposition 6.4. To estimate B, = —curlH., we use

B (t,x) = —curlv. (¢, z, a),
where

ve = Vo + He.

Let us consider the k-th component of H (k = 1,2, 3) and set

I= /ng(t,x)a(t,x)dtdm.
Thanks to Lemma 6.5, we have

I = //Bek(t; x1 + OWys e + oWa; x5 + 7W3) W1 (¢, 1) Wa(t, 22)Ws(t, 23)dedfdodr.
To simplify notations, we deal with the case k = 1. Since
I= //(83v§ — v (t; 21 + OWy; 20 + o Was 3 + TWa; a) Wi (t, m1)Wa(t, 22) Ws(t, 23)dedfdodr,

we obtain, by using the mean value theorem

I = //vg(t;xl + OWy; 0 + cWa; x5 + Ws; a) Wi (t, 21)Wa(t, x2)dedfdo
—//vg(t; x1 + OW1; 29 + oWa; 35 a) W1 (¢, 21)Wa(t, 22)dedfdo
—//vg(t; x1 + OW1; 9 + Wa(t, x2); 23 + TWs; a) Wi (t, 21) W3 (t, 23)dedfdr

+//v§(t; x1 + OW1; xa; 23 + TWs; a) Wi (t, 1) Wa(t, 23)dedbdr.
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Then, by using Cauchy—Schwarz and by introducing v, we obtain

I? < C<||W1||%m||W2||im l//h}i(t;xl + OWys 9 + oW 3 + Wasa) — va(t, z,a)|*dedfdo
—l—// |v5(t; 21 + OW1; 20 + cWa; 235 0) — Ug(t,x,a)|2dcd9d01
H W12 0 [| W32 [// [0S (t; 21 + OW1; 29 + Was s + 7Ws;a) — vs(t, 2, a)[*dedfdr

—l—// |v5(t; 21 + OW1; 205 23 + TW3;0) — vg(t,x,a)|2dcd9d71 )

To complete the proof of Proposition 6.4 it is now enough to show the following lemma:
Lemma 6.6. Let M be of form M(t,z) = M(((t),z) = x + W(C(t),z) with W; defined as in Lemma 6.5.

Assume fori=1,2,3, 1 <mg+1, ||0a||r~ < 1 Then, we have the following estimate

%

1 <
3 / [ve(t, M (t,x)) — v(t,z)|*de < C (1 +Y Y ||ata§ai||i2>.
=1

Remark 6.3. Subsequently, we omit parameters 6, 7 and ¢ to simplify notations.

Proof of Lemma 6.6. For A(t,z) =[] a;(t, ;) where a;(t, z;) = ((t)¢i(z;), we have to estimate

1 2
§/|U€(t,M(t,x)) — o(t,z, a)[2de (32)

where v (¢, z,a) = Vo (t,z,a) + He(t,z) and M is defined by

M(t,z) = M(((t),z) =z 4+ W(t,z) =z + W(C(t),x) , with W;(s,z;) = ai(s, z; + Wi(t, z;)),
with |81W1(t,$1)| < g

To estimate (32), we use

—_

1

3 [ 1ot M(t.2) ~ vlt,z,a)de < [ 10+ v+ VoM (t,2) vt M(t,2)) e
+/|(8t+v-vl.)(t,M(t,x)) — o(t, 7, a)|2de

and observe that

%/|(0t+u.vl.)M(t,x) _ oty a)Pde < C (/|8t(M(t,x))|2dtd:v+ ||VM—Id||%x).

Let us consider 1
2 / (8 + v - Vo) M(t,x) —v(t, M(t,x))[*de.
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Thanks to Proposition 5.2, we obtain, as u = 0,

/ H.(t, M(t,2))9 (M(t, z))dtde
g [ 10+ 0 VoMt 0) - vele, M(t, )P
<C (1 + / |0: M (t, )|*dtdx + ||VM||%OC).

1
Since |0;W;(t, x;)| < 3’ M is invertible and we can define w and ¢ so that

QM (t,x) = (M (((1), @) = ¢ (w(S(t), M(C(t), )
and 00 +V - (ow) = 0 with o(t =0,z) = 1.
We introduce s
bt,x) = BC(), ), Bls,x) = /O w(0, 2)o (6, 2)do.
We have
—/Ha(t,M(t,x))é)tM(t,x)dtdx
_ / H.(t,2)¢ (Dw(C(1), )o(C(1), 2)dtda

= f/HE(t,x)é)tb(t,x)dtdm.
The result of Part 6.1 implies that

_ /He(t,x)é)tb(t,x)dtdx < Cllbll,,

for some integer my.
Then we obtain

%/|(8t+v~vm)M(t,x)—vg(t,M(t,x))chg C<1+/|8tM(t,m)|2+||VM||%OO>

- / H.(t,z)0b(t, x)dtdx

<C (1+/|8tM(t,:v)|2 +[|[VM| 3 +||b||(;m).

To complete the Proof of 6.6, it remains to estimate the right-hand side by some norms of the a;.

Comparison of the norms of M and the a;

The quantities involved in the estimates are the following

/|8t(M(t,x))|2dtdx and ||V M][ .

(33)
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~ 1
First, since M (¢,z) = z + W (t,z) = x + W(((¢), z), the inequality ||0;W;||= < 3 implies that ||[VM||p~ < C.

Moreover, to estimate / |0y M (t, x)|?dtdz, we use the implicit definition (31) which can also be written as

Mi(t, Ii) =x; + ai(t, Mi(t, .ﬁl))

We obtain
atMZ(t, l‘l) = 8tai(t, Mz(t, 1’1)) + 8t(Ml(t, mz))azal(t, Mz(t, 1’1))
Since ||0;a;]|L~ <, we get

D 10Mi(t,2:)]” < C Y |0pa(t, Mi(t, @)

and

/|6tM(t,x)|2dtdx < CZ/|8tai(t,xi)|2dxi

(using the change of variable x; — M; (¢, z;) that just modifies C.)
Comparison of the norms of b and the a;

Let us denote ||| - ||| the L2([0,T]; H™° (D)) norm where my is fixed large enough. We want to show that
[110:0]]| < C|||0:al||- Let us compare the norms of b and the a;. We have b(¢,x) = b({(t), ) where

b(s,z) = /Os w(B, z)o (0, x)d6.
Here, o solves 0;0 + V - (ow) = 0, with o(t = 0,2) = 1, and w is implicitly defined by
DsM(s,z) = w(s, M(s,z)).
Let us recall that M;(s,z) = z; + Wi(s, z;) is linked to @;(s, z) = s1b;(z;) through
V~Vi(s, x;) = a;i(z; + V~Vi(s, x;))-
Thus
OWi(s, ;) = O'Wi(s, 2:)dsaq(s, x; + Wi(s, x;)) + rest (34)
where the rest involves only derivatives of W of order lower or equal to (I — 1) and derivatives of a; of order

lower or equal to [. .
So, the derivatives in x; of W; are controlled by those of a; and we get:

Lemma 6.7. Assume
I~ ~ 1 -
||8iai||Loo <, ||8iai||Loo < Z, Vi<mg Vi.
Then, & — M(t,z) is uniformly smoothly invertible and for any a satisfying |a| < mq, for any 1 < mg

|0 | < C, (35)

|0 M| < O, (36)
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- 1
10,M [ < C, |01 < C, (|0~ |lpe < C.
Using the lemma, we get

> /|8a8tb|2dtdx <C > /(’Q(t)|alw(((t),x)|2dtdx.

|| <mo 1<mg

In the same way, since w(t,z) = 8, M(t, M~'(t,x)), we obtain by differentiating this relation and using the
bounds on the derivatives of M ~! by their L norm,

for every 1 < my, |0'w(t,z)* < CZ 870, M (t, M~ (t, x))|>.
J<li
And then
/ 10 w(C(t), 2)Pdtdz < O / C*(0)[07 M (C(1), w)|*dtde

<l
since |||~ < C.
Thus, we have |||0:b]]| < C|||0:M|||. Next, since M (t,z) = = + a(t, M (t,z)) we obtain

o M1 = [[0e(alt, M(E, )|
< C(lllowalll + [[10za(t, M)0,M]||)
(using Leibnitz formula and Lem. 6.7). Finally, using the smallness of the ||0}d;||r~ we get
18:M]]| < Cl[[0calll

and therefore |||0;b]|| is controlled by |[|0:al||. This concludes the proof of Proposition 6.4.

Second case: General test functions

Proposition 6.8. There are constants C, ro > 0 and an integer my such that for any test function h(t,x)
compactly supported in 0 < t < T with a norm in G,,, = H>™ ([0,T] x (D)) smaller than ro > 0,

‘/Be(t,x)h(t,x)dtdm <C.

Proof. As in the proof for the time derivative, we write the test function as a Fourier series. We obtain

/Ba(t;x)h(t,x)dtdx = Z /Ba(t;x)iz(t,k:)e%“k'mdtdx.
kez?
We have

/ Bo(t; o)h(t,x)dtdz = 3 / Ba(t;x)#(%fes(t)ﬁ(t,k)+93(t)L(k:))e2”’”dtdx

keZ3

B / Ba(t;x)#es(t)L(k)e%”k'”dtdx,

kez®
where (k) = /1 4+ |k[?, 8 € C°(]0,T; [0,1]) is chosen so that 6(t) = 1 on the support of h and

L(k) = C2(k) N +i2(k)~)
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with N to be chosen later. Both 6 and L(k) have been introduced because we need to extract a cubic root

without producing spurious singularities.
To estimate this expression, we just have to consider two typical terms

L= Z /Ba(t; I)#Hg(t)(%fl%e(ﬁ(t, k)) + 2(k)~N) cos(27mk1 1) cos(2mkas) cos(2mksxs)dtda
kez3

and

1
I, = Z /QBE(t;x)W<k>7N93(t) cos(2mkyxy) cos(2mkaxa) cos(2mksxs)didx.
kez3

Let us first consider I5.

1,
L=2Y" /Bs(t;:c)WUc} Nl;[aj(t,:cj,kj)dtd:c

keZ3

with a;(t, z;,k;) = 0(t) cos(2mk;x;). Using Proposition 6.4, we easily get

(k)™ -
|I| < kgzjgc BE k)N <C

for N large enough (the constant depending only on the support of h through the choice of 8).
Let us next consider I;.

I = Z /Be(mx)#naj(tvxjakj)dtdx

keZ?
with
aj (ta Zj, kj) = <(t)wz(xz)

where

(1) = <k>m9(t)'\3/<k>2Re(ﬂ(t, k) +2(k) 7N, i(wi) = (k)™ cos(2mk;;),

where m will be chosen later. Let us first get a pointwise decay estimate on iz(t, k). We have

(f10mainte. o) %

cl > //|8a8th(t,x)|2dxdt <C

la|<ma

IN

(k)™ sup |h(t, k)|

IN
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by assumption. Thus sup |iAL(t, k)| < (k)~™™'. So, we can choose m1, N, m and r¢ in such a way that {(¢) and
t

the 1;(x;) satisfy the assumption of Proposition 6.4 and we finally get

L] < C Y (k)™ deh(t, k)[*dt,

kez3

which can be bounded in terms of ||h||g,,, -

7. APPROXIMATE ESTIMATES FOR THE VELOCITY GRADIENTS

We prove inequality (13) which formally means that the L?(Q’,dc) norm of the gradient in space of v is
bounded.
Thanks to (11) we just have to show

(Ve + H.) 0O _y2de < C(e2 + 6% + 0x(¢)),
Q/

for every smooth divergence free vector field w(x), taking ¢ € Cc0(]0,T[;[0,1]) so that ((t) = 1
forr<t<T-—r.

Since the transformations ¢ (®w

can be written
T = o 4 5¢(t)w(z) + 6%g(t, 7)

with g = ¢gs smooth and uniformly bounded in §, we have

[(0; + v - V)e2 DY —y(t, 2, a)2de = O(52)
QI

since
// [0y + v - V)e? O —y(t, z,a)2de = o |6¢" (H)w () 4 620 g(t, x) + ¢ (t)v(t, x, a) - Vw(z)
+6%u(t, z,a) - Vg(t, z)|*de
with v € L?(Q’,dc). Now, it remains to estimate

1

5 [ 1@+ Vi)Y — (Voo + He) 0 ™% de.
QI
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For that purpose, we consider inequality (19) when n = 0, and we expand its right-hand side term in powers
of §:

% o [0y + v - V,)ed®v|2qc — %/Q/ lo(t, z,a)*dc
=5 | 16¢' (Ow(@) +v(t,z,a) + C(t)o(t, 2, a) - Vw(z)) + 6% Deg(t, z) + 6°0(t, 2, a) - Vyg(t, 2)[*de
QI
f% o lo(t, z,a)|]*dc
:%Q/52(C( /|Utxa
J% (W) u(t,@,a) - V(@) + | 8¢ @)¢(Hw(x) - (v(t,z,a) - Vu(z))
Q' Q'

+ / ) 56/(15)?1)(1‘) ’ ’U(t, Z, a) + / , 5<(t)v(ta Z, a) : (”U(t, Z, a) : Vw(x))dc

1
+0(6?) — 3 o lu(t, z,a)|*dc.

The terms of order 0 can be simplified and those involving g are bounded by C(§%). Moreover

/ ,62<<<>> e+ [ SO 0,70 Fu) + [ PPz V)

= [ @@+ [ #C0cm) - @ e+ [ 2o )P vee)?
Ql
o

since the bound on energy enables us to estimate fQ’ [v2(t, z, a)|Vw(z)|2de.
We have shown that

1 1
(01 + v Va)edSOv2de - 1 / lw|2de = AS + 0(6?),
Ql 2 Ql

with

A= [ (COul)-vlt.z.@) + Oult,2,) (ot2,0) - Vula)))de

Let us expand / H. - (dm® — dm) in the same way.

/

/ H. - (dm® —dm) = H. 0 ®Ov[(3, +v-V,)e*Dv]d / H. -vde.
’ Q/ ’
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Since w is divergence free, the transformation e’¢()* is Lebesgue measure-preserving and then we have (denoting
by H.; the i*t component of H.)

o H. - (dm5 —dm) = /, H. i(t,z)[6¢ (H)wi(z — 6¢()w(x)) + vi(t, x — 5 (H)w(z), a)
+6¢(t)v;(t, x — 0 (t)w(x), a)djwi(z — 6¢(t)w(z))

+0%0gi(t, & — 0 (tw(x)) + 6%v;(t, 2 — 5¢(t)w(x), a)d; gi(t, & — 6¢(Hw(w))]de
f/ H i(t,z)vi(t,x,a)de.
Integrating with respect to a, we obtain

H. . (dm5 —dm) = / H. i(t,z)[06¢ (H)wi(z — 6C(t)w(x)) + ui(t, x — 5 (H)w(x)
Q' Q
+6¢(t)u;(t, x — 5¢(H)w(x))djwi(w — 6¢(t)w(z))

+528tgi(t, x — 0C(Hw(x)) + 52uj(t, x — 6¢(t)w(x))0;g:(t, v — 0¢(t)w(x))]dt do

— / H, ;(t,x)u;(t, z)dt dz.
Q

The following equalities
wi(r — 8¢ (t)w(z)) = wi(z) + dg} (t, x)
wi(t,x — 5¢()w(x)) = u;(t, x) — 6C(t)w; (x)dju;(t, ) + %92 (t, )

where g' = g} and g2 = g? are smooth and uniformly bounded in §, ensure

H (A’ = dm) = & | Hoil¢ (s(o) = G(e)uy ()0 (t,2) + (e (1, 2)0yws (o)t da
Q’ Q

+/ Ha,i52g?(tvx)
Q
where g3 = g3 is smooth and uniformly bounded in 6. Since H. is bounded in D'(Q), we can write

H. - (dm® —dm) = A5 + 0(5?)
Q/

with

A=3 /Q He o[ (i) — ((O)wy (@)dyust, @) + C(t)us (¢ 2)dyw; ()]t da.
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The sequence A. has a limit when ¢ — 0 (up to a subsequence) since H® is bounded in D'(Q). Then,
equation (19) becomes

SA. — 6N < 2+ 0(6%),

where
A= //((:'(t)w(x) ~u(t,x,a) + (vt x,a) - (v(t, z,a) - Vw(z)))de.

When € — 0, and then § — 0, we obtain

lim A, = A.

e—0

Then, introducing x(¢) = max(A; — A;e) =9 0, we have

//(C'(t)wi(x)vi(t, z,a) + C(t)vi(t, z, a)v,(t, x, a)0;w;(x))de

/QHE,i(t,:c)('(t)wi(m)/((t)wi(m)uj(t,z)(c?iHe,j8jH57i)dtdx < x(e). (37)

This estimate will be useful later and can be written
| - / (C)w(z) - Qwult,x) + C(t)w(x)div /(v(t,x,a) ®v(t,z,a))c(t, z,da))dtdz
Q

+ /Q O H:(t,x) - C(Dw(x) — ((t)w(z) - (u(t,z) A curlHe (¢, z))dtdx| < x(e).

Remark 7.1. As ¢ — 0, we see that
Opu + div /(’U ®@v)e(t,x,da) — OrH + u A curlH

is a gradient in the sense that it is orthogonal to the space of all divergence free vector fields. So we obtain the
optimality equation integrated in a and projected onto the space of all divergence free vector fields.

We use inequality
(Ae - A) Z 7X(€)
to express (19) as

1

5 [ 1@+ Va)e O — (Voo + He) 0 e 2de — dx(e) + O(6%)
Q/

(38)

1
<5 [ 1@+ V. )eD (V. b. + H.) 0 e®®¥2de + 5(A. — A) + O(6%) < &2 + 0(5?).
Q/
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If we choose ¢ € C¢°(]0,T7; [0,1]) so that

we can bound
|10+ 00 V)™ — (Tate o+ H o e

-

by
/ (9 +v - V,)ed DY — (V¢ 4+ H.) 0 e®O¥|2dc

and (38) leads to (13).

8. A FIRST SET OF APPROXIMATE OPTIMALITY EQUATIONS

Here, we show Proposition 2.4 starting from

[ V)

1 1 1
5/ [atase + 5I(Vate + HP (8,2 + 6w.a) = 6 = 5|(Vade + Ho)P(taa) | (b2 a)de <

which comes from Proposition 2.1. In this expression, f(t,z,a) is a continuous function with values in [0, 1],
compactly supported in 0 < ¢t < T with continuous partial derivatives and w is a fixed vector in R?.
We split the left-hand side into two integral terms:

Il = % / [at¢5(t, T + 500, a) - at(ybE (t7 II;', a’)]f(t7 II;', a)dC
and
I = % [[(Vede + H)(t, @ + 0w, a)|? — |(Vade + Ho)(t, z,a) ] f (£, 2, a)de.
Q/

Let us study the first integral term. Thanks to the mean value theorem, it becomes

1
I = / / [@Vm¢e(t,$+05w,a) 'w]f(t7$,a)dcda.
rJOo

Then, equation (6) enables us to write

1
L = —/ / O f(t,x,a)Vepe(t,z + odw, a) - wdedo
Q' J0
1
—/ / (v(t,x,a) - Vi f(t,x,a))Vide(t,x + odw,a)) - wdedo
+Jo

1
f/ / v(t,x,a) - Vi [Vede(t,x + odw, a) - w]f(t, z,a)dcdo.
+Jo
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Introducing H. and v. = V¢. + H., we obtain

1
I, = —/ / Ocf(t,x,a) (Ve + He)(t, x + 0dw, a) - wdedo
Q' J0

1
f/ /(v(t,x,a)~sz(t,x,a))(vz¢)€+HE)(t,:E+05w,a)~wdcda
+Jo

1

~5 v(t,x,a) [(Vade + Ho)(t, 2 + 0w, a) — (Vide + He)(t, 2, a)] f(t, z,a)de
o

1
+/ / O f(t,x,a)H(t,z + odw) - wdedo
Q' J0
1
+/ / (v(t,z,a) - Vo f(t,z,a))H:(t, z + odw) - wdedo
+Jo

1
+/ / v(t,x,a) - [w- Ve He(t,x + odw)]f (¢, z,a)dedo
+Jo
=I+RB+L+1+ 10+ 15

Since we notice that
1
If = / / v(t,x,a) - [(w- Vi)He(t,x + odw)] f(t, z,a)dedo
+Jo
1
= / / (v(t,x,a) - V) [He(t, & + odw) - w]f (¢, z,a)dcdo
+Jo

1
+/ / [v(t,x,a) A curlH.(t,z + odw)] - wf(t, x,a)dedo
+Jo
we obtain

1
If—f—]f—i—[f:/ / —OiH(t,x + odw) - wf(t,x,a)dedo
Q' J0

1
+/ / [v(t,z,a) A curlH (¢, + odw)] - wf(t, x,a)dedo.
Jo

So using (13), it comes

II+17 = - O f(t,x,a)v(t,z,a) - wde —/ [v(t,z,a) - Vi f(t,z,a)v(t, z,a)] - wde
Q/ ’

+05(\/0%2 +6x(e) +€2) = O0f(0 + x(e) +¢)
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(where O means O with constants involving f) and then

L >— [ o0f(t,x,a)v(t,z,a) wde— / [v(t,x,a)  Vaf(t,z,a)v(t,z,a)] - wde
QI ’

,%//v(t,x,a) (Ve + Ho)(t, x + 6w, a) — (Viede + Ho)(t, z,a)]f(t, z,a)dc

1
/ / -0 H(t,x + odw) - wf(t,z,a)dedo
Q" J0

1
+/ / [v(t,x,a) A curlH, (¢, + odw)] - wf(t, x,a)dedo
+Jo

—Cp (0% + 0x(e) + 7).

The integral term I can be estimated thanks to (13). Indeed,

1

I2 = % [|(vx¢e + Ha)(t,I + (5w,a)|2 — |(vl¢€ + He)(t7$,a)|2]fdc
Ql
= o= | [(Vabe + Bt 4 6,0) — (Vg + Ho) (0,7, 0))
Ql

= [(Va¢e + He)(t, 2 + 6w, a) + (Voo + He)(t, x,a)] fde

5 | (Vade t Holt, 4 60.0) = (Va6 + Ho)(t,,0)] - ofde ~

1
5

Y

(6% 4%+ 6x(e))Cy.
So, inequality I1 + Is < %52 implies

1 1
/ / —OH (t,x + oéw) - wf(t,x,a)dedo + / / [v(t,x,a) A curlH.(t,z + odw)] - wf(t, x,a)dedo
Q/ O 4 O

— Of(t,x,a)v(t,x,a) - wde — / v(t,z,a) - Vi f(t,z,a)v(t,z,a) - wde (39)
Ql ’

1
< cfg(é2 + &% 4 ox(e))
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since (6% + 2 +0x(£))z < 2(82 + 2+ dx(e)). Let £(t) be a test function in [0, 1], compactly supported in time
and equal to 1 on the support of f, we apply (39) to (1 — )¢ =& — f. We have

/ /1 —O H(t,x + odw) - (—wf)(t, z,a)dcdo

Q' Jo

+/’ /0 [v(t,x,a) A curlHe(t, z + odw)] - (—wf)(t, z,a)dcdo

- at(*f)(tv T, a)v(t, T, a) -wde — / [U(t, T, a) ’ VI(*f)(tv T, a)v(t, T, a)] -wde
o ,

1 1
+ /Q/O —OH (t, x + odw) - wé(t)dtdado + /Q/O [u(t, z) A curlH. (¢, 2 4+ odw)] - w&(t)dtdzdo

f/ HE(t)u(t, z) - wdtde — / v(t,z,a) - Vi €()v(t, x,a) - wde < Cf%(52 + &%+ 6x(¢))
Q ’

that can be written

1
/ / —O H (t,x + odw) - (—wf)(t, z,a)dcdo
Q' Jo
1

+/ / [v(t,x,a) A curlHc(t,  + odw)] - (—wf)(t, z,a)dcdo

+Jo
+ | Ouf(t,z,a)v(t,x,a) - wde +/ [v(t,z,a) - Vi f(t,z,a)v(t, z,a)] - wde

QI ’

1
+/ —0 H.(t,y) - w&(t)dtdy +/ / [u(t,y — oow) A curlHe(t, y)] - w&(t)dtdydo
Q QJo

7/ ¢ (tult, ) - wdtdr < Cf%((SQ + &%+ 6x(e)).
Q
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Since H, is bounded in D’'(Q), we can write

/ /1 —OH (t,x 4+ odw) - w(—f)(t, z,a)dcdo

Q70

+/ /1[v(t, z,a) A curlHg (t,  + odw)] - w(—f)(t, z,a)dcdo
+Jo

- (=)t , z,a)v(t,x,a) - wde — / [v(t,z,a) - Vo(=f)(t, x,a)v(t, z,a)] - wde
o ,

—i—/Q —OH(t, x) - w&(t)dtdx + /Q[u(t,x) A curlH, (t, z)] - w&(t)dtdx

7/ & (tu(t, z) - wdtda < cf%w? + &2 + x(e)).
Q

Then, using (37), we simplify the three last terms of the left-hand side. Finally, we obtain for any test function
with values in [0, 1]

1
/ / —O0 H(t,x + odw) - wf(t,z,a)decdo
Q" J0
1
+/ / [v(t,x,a) A carlH. (¢, z + odw)] - wf(t, x,a)dedo (40)
+Jo

— | Ouf(t,z,a)v(t,z,a) wde— / [v(t,z,a) - Vo f(t, z,a)v(t, z,a)] - wde| < Cf%((SQ + &% 4+ dx(e)).
Q/ ’

This concludes the proof of Proposition 2.4.
Let us notice that we also have

1
L+ 1 2/ / —OH (t,x 4+ oéw) - wf(t,x,a)dedo
Q"J0
1
+/ /[v(t,x,a)/\curlHE(t,x—i—aéw)]-wf(t,x,a)dcda
Jo

— Ocf (t,x,a)v(t, x,a) - wde — / [v(t,z,a) - Vi f(t,z,a)v(t, z,a)] - wde
Q/ ’

¢ <%(52 +e2y 5)((5))) _ oy <%(52 24 5)((5))) .

9. MOLLIFIED APPROXIMATE OPTIMALITY EQUATIONS

Let us consider the quantities studied in the previous section

1

I, = 5//[&5%(@% + 0w, a) — dyoe(t, x, a)|f(t,z,a)de
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and

1

I = —
72 Jo

1(Vade + He)(t, 2 + 0w, a)* = (Voo + He)(t, 2, a) P f(t, 2, a)de.

We recall that I} + I, < %. Let us rewrite this inequality for —w and £(1 — f), where ¢ is a test function
depending only on time and equal to 1 on the support of f.

Adding the two inequalities, we obtain
2

I{+I§+I§§2%

with o
11: g / /[8t¢€(ta x + 5&), a) - 8t¢€(ta T — 5&), a)]f(t,x, a)dc7
I= % Q/[|(V1¢5 + H.)(t,x + 6w, a)|? — |(Vade + Ho)(t, x — 0w, a)!] f(t, z,a)dc
and
=5 [ [06uto 4 80,0) ~ 0.t (0
t35 [ ((Vade + Ho)(t 2 + 0w, a)]* = [(Vage + H:)(t, z,a)?]E(t)de.
Q/

But, thanks to (41) (applied to f(¢,z,a) = £(t)), we have

1
I 2// —OH.(t,x + odw) - w(t)dtdxdo
QJo

1
+/ / [u(t, z) A curlH. (¢, 2 4+ odw)] - w&(t)dtdzdo
QJo

1

5 (62 + &% 4 6x(e)).

—/ O (t)u(t, z) - wdtdr — / v(t,z,a) - Vi€()v(t,x,a) -wde — C
Q 7
Which becomes, since H, is bounded in D'(Q),

5 > / —OH(t, ) - wE(t)dtdx + / [u(t, ) A curlHc(t, )] - w&(t)dtdx
Q Q

f/ A& (t)u(t, z) - wdtdr — / v(t,z,a) - Vi €()v(t, x,a) - wde — C%(cSQ + &2 + 5x(¢))
0 ‘

and then, thanks to (37), we obtain
1

I, > —
3 = 05

(62 + &% + 6x(e)),
then finally

1 1

5 [010<(t, x + dw, a) — Opde(t, x — dw, a)] f (¢, z, a)de + % [(Vode + Ho)(t,x + 0w, a)|?
Q' Q'

1

~|(Vage + Ho)(t, 2 = 0w, a) ) f(t, 2, a)de < O<(62 +* + dx(e))-

(o9
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In order to smoothen this expression, we perform the change of variable w — w + y for every y, we multiply by
a (radial) mollifier vy defined on R? and we integrate with respect to y. We obtain

5 [ ] 0rocttin 0t 65.0) — 0ty — o — Sy )] (k. 2, )1 (y) ey

b5 || | UFae + Ht + 84 5y, 0) P = (Vo + Ho)lt, = B0 = Gy, @) (a1 w)dedy

1

< C=(6% +&* + ox(e)).

(9]

Assuming v to be radial, we have v(—y) = v(y), and then

5 [ | ottt by b.) = Biout 4+ by — b, @) (80 (w)dedy
+;5\//,[|(VI¢E+H€)(t’m+5y+5w’a)|27|(VCE¢€+HE)(t;m+5y*5W,Q)|2]f(t,$,a)’y(y)dcdy

1

<
=C5

(6% + &% + 0x(2)).

Then, we notice that

5 [ | ottt by b.) = Dot + by — b, @)t a) (y)dedy

1
= %[1//,[atV¢s(t7$+5y+05w,a).w]f(t7x’a),y(y>dcdo_dy.

Remark 9.1. The parity of v enables us to uncouple ¢ and y and then to preserve the smoothness provided
by the convolution.

The same computations as in the previous part lead to the following mollified approximate optimality
equations:

/

| — o f(t,z,a)v(t,x,a) - wde — / v(t,z,a) - Vi f(t,z,a)v(t,z,a) - wde
QI

1
// / —OH (t,x 4 0y + odw) - wf(t, z,a)y(y)dedody
rJa
1
—|—// / [v(t,z,a) A curlHc (¢, + oy + odw)] - wf(t, z,a)y(y)dedody
v

1
< Cfg(52 + &% + 6x(¢)).
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When f does not depend on a, inequality (40) involves only smooth quantities and then, we can pass to the
limit as € — 0 and then § — 0. We obtain

atquV~/cv®v78tH+u/\curlH:0. (42)
This equation is nothing but the integral in a of the desired optimality equation (10).

10. ESTIMATES FOR THE TIME DERIVATIVES

Let us prove Proposition 2.5. First, we show inequality (14), using (19) when 6 = 0 (no spatial deformation),

/Q Ho(t, 2)u(t + nC(), 2)(1 +n¢'(£))dt dz

1
f/ H_(t,z)u(t, z)dtdz + 3 [0 — (Voo + Ho)[2dc?
Q Q

1 1
<&z [v"2de — = lv[2de,
2 ’ 2 Q/

with transformations satisfying
t' =t+n((t) and 7, (') =t =t + O(n).

We recall that n can be chosen small enough so that ¢t — t + n{(t) is a diffeomorphism from [0, 7] to [0, T].
Let us first simplify the following quantity

I= / |0 — (Vpde + Ho)[2de?

<er- / H.(t,z)u(t +n¢(t), z)(1 +nd'(t))dt dz +/ H.(t,z)u(t,z)dt dz
Q Q

g [, 00,2 (14 ()

1
=5 [ |tz a)de

2 QI
1
+51 . @)t +n¢(t), 2, a)? (1 +n¢’ (t))de”
=24+ L+ L+ 15+ 14
We have

I

n / () / H(t, 2)u(t, z)dz)dt —n / ) { / H.(t, 2)0u(t, 2)dz | dt + O(),

I = I
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(obtained using the change of variable t — ¢t + n{(¢)) and

Iy = %n/('(Tn(t)) [/|v(t,x,a)|2c(t,x,da)d:£] dt
/§ (/ v(t, z,a)|?c(t, x da)dz) dt + O(n?).

So we have
/ lw(t 4+ n(t),z,a) — (Vode — He)(t, 2, a)?dc" < & /C [/ v(t, z,a)|?c(t, z,da)dz
Ql

+/H€(t,1')u(t,1')dl‘:| dtfn/((t) {/ H_(t,2)0pu(t,z)dz | dt + O(n?).

This inequality can be written

[ 1040600 .0) = (Vo + H) (1,2, 0)Pde” < 22 = A+ O (43)
o
where
A f/c / lo(t, z,a)|*c (txdad:ch/H (t, )0 (C(t)u(t, z))dxdt
tends to
lim A, —/g / lo(t, 7, ) 2e(t, 2, da)de — (D H (L, 2), C(Eu(t, 2))-
Then

/ [o(t +1¢(t), w,a) = (Vade + Ho)(t z,a)?dc” < €% +1x/ () + O(n?)
Q/

e—0

with x'(¢) = max(|A.|,€). Let us notice that x'(¢) > ¢ and x/(¢) — 0.
Indeed, (43) implies that

n.lim A, < Cn?,
e—0
then
limA:. =0
e—0
and then

VC € Cgo(]oa TD? <_atH(ta I)? g(t)u(tvx» + <C/(t); % / |U(t7 L, a)|2c(t,x,da)> =0. (44)

Finally, if we choose ¢ > 0 so that { =1 on @, we obtain (14).

Remark 10.1. In the case where u = 0, (44) implies the conservation of the kinetic energy. In the case where
w is not zero, (44) implies that the kinetic energy belongs to L>([0, 7). Indeed, using the optimality equation
integrated in a (42), we get

8,5%/|U(t,x,a)|2c(t,x,da)dx=/[atui(t,x)ui(t,x)+0jui(t,x)/vi(t,x,a)vj(t,x,a)c(t,x,da) dz.  (45)
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Denoting f(t) = /|v(t, z,a)|*c(t, z,da)dx, (45) implies that there exists Cp so that:

Qf(t) — Cof(t) < C.

Since we know that

T
/ fydt <
0
because (¢, m) has finite Action, there is at least ¢y such that f(t9) < C. Using the Gronwall lemma, we obtain
f(t) < Cet,
The kinetic energy is then bounded for every time t € [0, T].

11. DERIVATION OF MOLLIFIED OPTIMALITY EQUATIONS

We want now to pass to the limit when ¢ — 0 in the mollified approximate optimality equation (9), using
that

<atH€; g> - <atH§ g>
and
(curlH,; g) — (curlH; g)

for all function g(t, ), compactly supported in 0 < ¢t < T with a finite norm in H*~ ([0, T] x D), for N large
enough. Then we get mollified optimality equations.

11.1. Terms involving curlH,

In this section, we justify the limit for the term of (9) involving curlH,

1
// / [v(t,x,a) A curlH(t, z + oy + odw + y)] - wf (¢, z, a)y(y)dedody.
v
This term can be written
/g(t, x) A curlH, (t, z) - wdtdz

where g = g5,y is defined by

1
g(t,z) = / /f(t, x — 0y — odw, a)v(t,x — dy — odw, a)c(t,x — dy — odw, da)vy(y)dydo.
-1

Remark 11.1. In those computations, we use the following abusive notation

/f(t, x,a)c(t,r — oy — odw, a)da



330 Y. BRENIER AND M. PUEL

instead of
/f(t, x,a)c(t,x — dy — odw, da)

and we abusively write integral signs instead of duality brackets.

Remark 11.2. The parameter § > 0 will remain fixed and we use the notations d,y = v(y)dy and
Ty.5(y) = 0y + odw.

Remark 11.3. In some estimates, we use that the following functions belong to L>(Q),

Ot x) = / (t, @ — Tos(y), a)y(y)dydoda,

that in fact is equal to 1,
Vit.a) = [ (o - Tosv),a)(5)dydoda,
which is equal to
/ cv*(t, z,a)ypa(z — x + odw)dzda,
DxA
with

yra(y) = D 7% ((y — k)/9),
kezd
and then belongs to L since the kinetic energy is bounded.

We have to show that ¢ has a finite H*" ([0, T x D) norm for N large enough and is compactly supported in
0 <t < T. Notice first that since f(t,x,a) is compactly supported in 0 < ¢t < T, so is g(¢,x). The mollification
by 7 ensures that g(¢,z) is smooth in 2 € D.

It remains to show that d;g belongs to L?(Q) with Q = [0, 7] x D since the convolution enables us to transfer
the derivatives in space on ~.

We show the following proposition

Proposition 11.1. For every function p(t,z) € L*(Q), we have

(p(t,2); 0eg(t, ) < C|lpl|L2(q)-

Remark 11.4. Formally, we write

0rg = /8tfvc+fv8tc+f8tvc

= /atfvch(fv) -ve + fopve.

Then using the formal limit of the estimates obtained for the derivatives of the velocity v, we obtain a L? bound
for Og.

Proof. For every p € C°(]0, T[x D), we write

(p(t,x); Oeg(t,x)) = lim [ p(t, dtdz
n—=0.Jg

lim .[1 + .[2
n—0

)[g(t+777x) —g(t,I)]
n
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with T 5(y) = 0y + odw. Since the function p is a smooth test function, there exists 7 so that

lg(t +n,2) — g(t,2)] _ lg(t +n,x) — g(t, z)]
/Qp(t, x) , dtdx = /T p(t, x) , dtdx

let us split this integral formula in two terms. The first one is

I = / p(t,:c) </ [f(t +1n,%— Ta,&(y)a a’; — f(tvl' - Ta,&(y)a a)] C’U(t,l‘ o Tgyg(y), a)’y(y)dydada) dtdz

< ||0:f| L / Ip(t, x)|c|v|(t,z — Ty 5(y), a)y(y)dydodadtdz

2
< ||3tf||L°°||p||L2\/ / < / dlol(t, @ Ta,(s(y),a)fy(y)dydada) dtda

< Cl|0sfl|ze=I|pl|L2 \// clv?(t,x — To,5(y), a)y(y)dydodadtdr

< Cldcfllee<llpll2|lv] L2 (" de)-

The second one is

o= [ ptta) ([ e = 2, ) 2T 0o 20 =00 )

To estimate this integral term, we split it into three parts introducing a mollification of v. defined by
teltn,0) = [ ot + (@) MR
D

where X is a mollifier on R?.
Remark 11.5. We have to introduce 0. since ¢ and v must be evaluated at the same time ¢.

Let us introduce
L=LI+1,+15

with
s /Q,p(t’ ?) </ Jo el a37 Otz = Tos (1), @) et +mn,a—Tys(y), a)’Y(y)dydoda) dtdz,
n= [ ot ([ sttt Tt o 02 = Talh ) 2 002 = Tl 0L )yt )
and
Is = /QT p(t,z) (/ o [Oe(t,x — To5(y), ) n— v(t,x —T,5(y),a)] c(t,z — Ty 5(y), a)’y(y)dydada) dtdz

where fn,y = f(t +n,T— Ta,&(y)a a)'
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Let us first consider I5.

I3 < Cllfllz=@llpllze

« (/ </([U(t+w—Ta,a(y>,a)—@(t,x
Q-

] — T5.5(y), a)]) c(t + 1,2 — Tos(y), a)y(y)dydad(t) dtdx)

(46)
We have used Cauchy—Schwarz knowing that f belongs to L>°(Q) and C(t,z) = 1. Moreover, thanks to Jensen’s

inequality, we have

(/D vt + x(e)z,a)\(2)dz — v(t, z, a)) 2

<

(/D(ve(t, 4 x(2)z,a) — o(t, 7, a))A(z)dz) i

(UE (ta T+ X(E)Zv a) - ’U(t, z, a))2)‘(z)dz
D
Then, we obtain

| [0+ = Tas).@) = 0t = Toslu). ) Pelt + 1.2~ Tos(y). a)dydodtdada
Q-

< / /Iv(t+n,w Tos5(y), a) = ve(t,x — Tos(y) + x()z,a) PA(2)c(t + 0, @ — Ty 5(y), a)dzdydodtdada.
Q-

Thanks to inequalities (13) and (14), we get the following estimate

1
2

2 2 2
I; < ||p||L2(Q)C(E 0+ x(e))

We treat I5 in a similar way and obtain

£2)2
Is < ||p||L2(Q)C( i

To estimate I4, we use the mean value theorem and the conservation of mass (6). Indeed,
1
I :/ p(t, x)(// fE+n2—Tos(y),a)0e(t,x — Tps(y),a)0rc(t + 0n,x — T, 5(y), a)d@dvydada) dtdz
QT 0

= /QTp(t, m)(//o fE+n2—Tes(y),a)ve(t,x — Ty s(y),a)Vy - (cv)(t + 0n,x — Tp 5(y), a)d@dyydoda) dtdzx.
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An integration by parts with respect to y enables us to transfer derivatives to f and 9. (we recall that T, s(y) =

1
0y + odw and that V, - (cv) = gvy - (cv)). Here, all the estimates are made for § fixed.

1
I4 :/ p(ta 1') (//O %Vy (f)(t+777 xchr,J(y)a a)ﬁs (ta xchr,&(y)a a)CU(tJraﬂa xchr,zs(y)a a)dod’yydo'da> dtdx

-

Tl
+/ p(t, x) (// —(Ht+n,2—T5s(y),a)VyUe(t,z — Tg,g(y),a)cv(t+9n,x—Ta75(y),a)d@d,yydada> dtdz
Q- 0 0

= I+ I7.
The first term is bounded since

1 1/2
Is < <|Iplle2@ IV fllze= @ IV IIL=(@) </ coc P (t +nb, x — T, 5(y), )dvydadffd@Idtdw)

and because the inequality (12) implies that v. is uniformally bounded in L?(Q’, dc).
Let us study I7. Let us notice that

0iVc(t, x,a) = (L/ (t,x + x(e)z,a)0;A(2)dz
1
= (—/va (t,x + x(e)z,a) — ve(t, z,a)]0;A(2)dz
since /ai)\(z)dz =0.
From (13), we have
/ / [ve(t, 2 — Ty 5(y) + x(€)2,a) — ve(t,x — Ty 5(y), a)|*c(t,x — Ty 5(y), a)dad,ydodtdz
= % / / [ve(t, z + ()2, a) — ve(t, x,a)|*c(t, z, a)dad,ydodtdz
x(€)? Jo,
<o (x(e)? + )
T x(e)?

by translation invariance on the periodic cube. Since x(g) > €, we can write

/ /|V Otz — Ty 5(y), a)e(t + On,x — Ty 5(y), a)d0d, ydodadtdz < C.
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And finally

=

1 2
I; < C’/ Ip(t, :E)|EV(t + 6n) </ Ve (t, x — Trs(y), a)|20(t +0n,x—T,5(y), a)d@dyydoda) dtdx

2

< Cllpllz2q) (/Q (/ |Vt (t, 2 — Ty 5(y),a)|*c(t +0n,x — Ty 5(y), a)d@dw;dada) dtdx)

< Cllpllz2()>

since V belongs to L*°.
Finally,

(p(t,x); Owg(t,x)) = li7r7n A,

where

_ ot tna) —gt2)] .
A, = /Q p(t,) ; dtd

) Ipllz2(q)

An < C||p||L2(Q)

N

_c (1 L E )
n

for any €. Passing to the limit when ¢ — 0, we obtain

for every 1. So when n — 0
(p(t,2); Oig(t, x)) < CllpllL2(q)-

11.2. Terms involving 0;H,

It remains to pass to the limit in the term involving a time derivative

—OH (t,x 4 0y + odw) - wf(t, z,a)y(y)dedody = / —O H(t, 2)h(t, z) - wdt dz,
Q' Q

where

h(t,x) = /f(t, x + 0y + oow, a)y(y)c(t, x + dy + odw, da)dy do.
The function h is smooth with respect to x thanks to the mollification. Moreover, we use (7) and we obtain
Oth(t,x) = /((% +ou(t,x + 0y + odw,a) - V) f(t,x 4+ dy + odw, a)c(t,x + oy + odw, da)v(y)dy do
-V, - /v(t, x4 0y + odw, a) f(t,x + 0y + odw, a)c(t, x + oy + oow, da)v(y)dy do

which belongs to L?(Q). Then h belongs to G’ and we can pass to the limit when & — 0.
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12. PARTIAL REGULARITY OF THE FIELD H

In this section, it is shown that the limit field H has some partial regularity, namely F = 0;H is a locally
bounded measure and B = —curlH is square integrable with respect to the Lebesgue measure.

12.1. B = —curlH is Lebesgue square integrable

We show here that B = —curlH belongs to L?(Q) thanks to the Riesz theorem. So we have to prove the
inequality

(curlH (t,2); f(t,x)) < C[|f[r2(q)-

For that purpose, we use a formulation of the curl involving finite differences and which vanish for gradients.
We then introduce

1
(Curl(;f)l = /0 [f3(t7 Y + 6’ Z+ 0-6()5 - f3(t7 xr, Y,z + U(S)]do_

dr.

_/1 [fQ(taxay+7—5az+5) B fQ(taxay+7—5ﬂz)]
6
0

We have (curlf); = gimo (curlsf); and curls f vanishes as f is a gradient.

Indeed, using the mean value theorem, we have
11
(curlsf); = / 02 fs(t,x,y + 70,2+ 00) — O3 f2(t,x,y + 76, z + 0d)dodr,
o Jo

which ensures that curls f vanishes as f is a gradient and that

' [fs(t,z,y+ 0,2+ 06) — f3(t,x,y, 2 + 00)]

(curlf), = ;Lmo ; 5 do
/1 [fo(t,z,y + 70,2 + 9) —fg(t,x,y—i—ré,z)]dT
J
0

as f is smooth. To obtain an estimate involving only ||f||r2, we study

/((:urlgH)lf1 :/ l/l [H3(t,x,y+5,z+05)ng(t,x,y,eroé)]dg
Q Q|Jo

4]

B /1 [Ha(t, 2,y + 70,2+ 6) — Ha(t,z,y + 76, 2)]
0

5 dr| fi(t, x)dtdx.
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Since H = lim._.g H., we have

(Curl H) f — hm ! [Hg(t7xay+67z+o-6) _Hg(t7$,y72+0'5)]d0_
0 6 1J1 =50 0 0 5

1 € _ q7¢
7/ [HQ(t7x7y+7_572+5) H2(t7x7y+7—5;2>]d7_ fl(t,l')dc
0 6
1y, &
— lim / [v§(t, z,y + 0,z + 0d,a) — v5(t,x,y, 2 + 06, a)] do
e—0 QL 0 (S

1 e — U5
- / [v§(t,,y + 78,2 + 6, a(); v5(t, 2,y + 70, 2,a)] dr] fi(t, z)de
0

since curls(Ve:) = 0 and f is zero outside Q.
Moreover, equation (13) implies that

1 e € 2 2
/ / ([vg(t,x,y+6,z+aé,a()52 vi(t, 2.y, 2 + 06, a)] )dadcgc(e +52X(€)+1)-
rJo

Then, for every € and every ¢

g2 +d0x(e z
/chrléHs -f<C (TX() + 1) 1 fllz2(q)-

So passing to the limit when ¢ — 0 for a fixed §, we obtain

/ curls H - f < C|f]l22(0).
Q

Remark 12.1. let us notice that

/ curlsH - f :/ H - curls f.
Q Q

Since C' does not depend on §, the estimate remains true at the limit and then
(H(t,); cwrlf(t,2)) = (curlH(t, 2); (¢, 2)) < C||f||z2(q)-

12.2. F = 0,H is a locally bounded measure

Let us now show that E is a measure locally bounded on Q. Let ((t) be a smooth function, we study

/ C(t) |H€(t + 77;1‘) _ He(tvx”dtdx
Q n
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or more precisely

dtdz

I:/C(t)|ﬁ)1(H5(t+77,ac+aée)—Hs(t,ac—i—aée))-eda|
Q n

where 7 is small enough so that ((t — 6n) is compactly supported in time and let e be a fixed unit vector in R?.
Let 7 be small enough so that ¢ vanishes outside @/, we have

1
I o) | [y (Ho(t + 1,2 + 0de) — He(t, z + ode)) - eda|dc

QL n

() | fol((He + Voo )(t +n,x + ode, a)n (He + Ve )(t,z + ode,a)) - eda|dc
Q;

IN

+f cw | fol (Ve (t +n,x + ode, a)n— Ve (t,z + ode,a)) - edo| d
QL

C

=1+ I

Thanks to (13)

=

(2 + 624 0x(e) +n* + X' ()
n

L <C

On the other hand, thanks to the mean value theorem, we have

1
Or e (t + O, de,a) — Orp(t + 0, x,a))dl
Q;

and then

1 € €
C(t)|f0 (NE(t + On,x + de,a) — N (t + 9n,x,a))d9|dc

I <
2 < o 5
| f01(§|v¢5 + H |*(t + 0n,x + de,a) — %|V¢5 + H|?(t + 0n,x,a))dd)|
+ ¢(¢) 3 de
Q,
=13+ 1

where \°(t,z,a) = =0, (t,x,a) — 3|Vé. + Hc|*(t, 2, a).
We estimate Iy as I; writing

=

(2 + 624 0x(e) +n° + X' ()
5

I, <C
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Since A® > 0 and /)\Edc < &2, we have

1 € 5
I3§/ / C(t)(A (t+9n,:c+5e,¢g)+)\(t+9n,:c,a))d9dc
+Jo

2 1 5 e —9)\¢
§2%+/ / ((t)()\ (t—l—@n,x—i—ée,a)—i—)\((St—i—en,x,a) )\(t,x,a))dodc
~Jo

2

>
=22 — Iy — I
5 5 6

where

Is = /C(t) (0rpe(t + O,z + de, a) + Opde (t + On, z,a) — 20,0.(t, x,a))

5 dfdc

and
1
Iy = % /(j(t)(|V¢€ + H5|2(t +6n,x + de,a) + |V + H5|2(t +6n,x,a) — 2|V + H€|2(1f7 x,a))déde.

The term I can be estimated as I, and

Is =I7 + I3
where
I; = % /[C(t)(atfﬁs (t+0n, @ + de,a) + Orpe(t + 6n, 2, a)) — 2¢(t — n0)Orde (¢, , a)]dfdc
and
1
I = 5 [ 26~ 19) - )26 (1., )0
= 5 [ 206t = 1) — )= (.7, )t
1 2
~5 (¢t = 18) = CONIT0. + H (b, )
n
< Cg'
Indeed,
/(C(t —nf) = C(1))(X°(t, 2, a))dfdc < /Lip(C)nﬁ’()\E (t,z,a))dbde < One?
and
/(C(t —nb) — C(1)|Vpe + H|*(t, x,a))d0de < /Lip(()7)9|V(;5E + H.|*(t,2,a))d0de < Cn.
Then

I7 = % /K(t)(atfybs (t + 97’7 T+ 567 a) + atfybs (t + 977; z, a)) - 2C(t - ﬂ9)3t¢s (ta z, a)]d@dc

= Iy + 21
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where

b= 3 / ()10t + On, & + de, a) = Dyde(t + O, . a)]dde

1
= /C(t)/ Vo (t + 0,z + ode,a) - edddodce
0

_ /C(t)/o (Ve +He)(t+n,x+aée,a; (Ve + H)(t,x + ode,a))

1
—/ C(t)/ OcH (t + 0n, x + ode) - edfdodtdx
0

=

C@+¥+&@+%+w%»
o n

+C

(since Oy H, is a bounded sequence in G’, we have /((t)@tHE (t,x)dtdr < C).

IlO = % /[C(t)at¢€(t + 977; z, a) - C(t - n9)8t¢€(ta z, a)]dadc
Let Z(t) = ¢(t — n0)0sde (t, x, a), we have

1
Tio = %/(Z(t +nb) — Z(t))dfdc = g// 0 Z (t + onB)fdodbdc.
0

And then
1
fo =7 [ [0t = (1= 0)0)00.(t + o0, . ))pdodsdc
0

or using (6)

1
I = —g // Ct— (1 —=0)nh)0:Vo.(t +obn,z,a) - v(t,x,a)fdoddde
0

- edode

1
— _g // Ct—(1—=0)n0)0:(Voe + Ho)(t + 00, x,a) - v(t, z,a)fdodbdc
0

1
+§// ((t = (1 — o)), Ho(t + 06, x) - u(t, x)0dodfdidx
0

< I +I12+Cg

where

1
I = _n // H[C(t — (1 —0)nd)(Voe + Ho)(t + 00n,x,a)] - v(t, z,a)fdfdodc
6. Jo

o / [C()(Ve + HL)(t + 0n,2,0) = C(t —n9) (Vo + Ho)(t,2,0)]
) n

~v(t, z,a)dfde.

339
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Then we have

I, < C(ﬁ (€2 + 0% 4+ ox(e) +n* + WX/(E))% >
- n

and

1
112 - g / C/(t - (1 - U)HG)(Vd)E + HE)(t + 097’7 &€, a’) ' ’U(t, z, a)@d@dodc
0

n

<ol

)

Finally, we have shown that

J.

do

1 p—
/(HE(tJrn,achoée) H_ (t,x + ode)) dwdt

n

[N

2 2 2 /
141 +(€ + 0% +0x(e) +n° +nx'(e)

( n (g4 6%+ 0x(e) + n® + nx'(€))
¢ 5 5
n

D=
N——

When ¢ — 0 with n = d, we obtain

% / (H(t,2): f(t — .2 — 0d¢) — [(t, 2 — 0de))do < Csuplf]

for every test function f and then, 9; H is a locally bounded measure (we choose ¢ so that ( = 1 on the support

of f).

13. FINAL STEP: DERIVATION OF THE OPTIMALITY EQUATIONS

We have justified the limit € — 0 and we have obtained
/(&f(t,x, a)+v(t,x,a) Ve f(t,z, a))v(t,z,a) - wde — /ﬁtH -wh(t,z) + /curlH(t, ) ANg(t,z)-w < Cfé.
We recall that
1
h(t,x) = hs(t,x) = // flt,x — dy — dow, a)c(t,x — dy — dow, a)y(y)dydoda
-1
and
g(t,z) = gs(t,x) = /f(t, x — 0y — dow, a)v(t,x — oy — dow, a)c(t,x — oy — dow, a)y(y)dydoda.

It remains to identify the limit § — 0. For that purpose, we define

1
Cw,6,v = / /C(t, T —odw — 5ya a)’y(y)dyda
—1

1
M 6,y = / /vc(t, x — odw — dy, a)y(y)dydo.
-1
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We know that m,, s~ converges up to a subsequence in w — L?(Q"). Moreover, for every smooth f,

/f(t,x,a)m%gﬂH/f(t,x,a)v(t,x,a)dc.

Indeed

|/f(t,;n,a)(d7m,75,V — dm)‘ = ‘/(f(t,:c — 0y —odw,a) — f(t,z,a))dm| < C6.

Moreover curlH € L2. Thus there is a sequence of smooth field K. (¢, x) approximating curlH in L? norm. Using
this sequence, we show

/curlH(t7 x)f(t,z — oy — odw, a)v(t,x — dy — odw, a)c(t, x — §y — odw, da)dtdx — /curlH(t7 x)f(t, z,a)dm

since denoting

I= | /curlH(t, ) f(t,x — 0y — odw, a)v(t,x — dy — odw, a)c(t,x — oy — odw, da)dtdx

)

- / curlH (¢, z) fdm

we have
I<Li+L+13+1

where

I, = ‘ /curlH(t, x)(f(t,x — 0y — odw, a) — f(t,x,a))v(t,x — oy — odw, a)c(t,x — dy — odw, da)dtdx

1
2

< Ol|curlH||p2||V f]| L </ v (t, 2 — 6y — odw, a)c(t,x — dy — aéw,da)dtdx) ,

I = } /(CurlH(t, x) — K°(t,2)) f(t, 2, a)v(t, v — 6y — odw, a)c(t, v — 0y — odw, da)dtdx

[N

< [eurlH — K#[|2(q)|| f]] e (/ V2 (t,z — 6y — odw, a)c(t, z — dy — aéw,da)dtdx)
< CllewlH — K[zl fllz=

I3 = ‘ /Ke(t, x)f(t,x,a)(v(t,x — oy — odw, a)c(t,x — dy — odw, da) — v(t, x, a)c(t, z, da))dtdx

< CO|IV(ES f)l|= < C6
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and

I, = ‘/(curlH(t,x) — Ke(t,x)) f(t,z,a)v(t,x,a)de

1

2

< llewrtr = Kzl ( | 1oPc)
Finally,
I < Ch+ CllewrlH — K¥|| 2@ £l
< Ce+C.o
for every €. So when § — 0 and then € — 0, we obtain the result.

But it is impossible to define the product cdH. We have to do the difference between ¢ and the weak-* limit
of ¢u,5,4 in L>(|0:H|; C(A)") when 6 — 0. We have

mmm—/}m@@%wmmmmscﬁ

and since 0; H is locally bounded, we obtain

‘/@H(t,x)(h(t,x) —/f(t,x,a)cw,gﬁ(t,x,da))dtdx < C6.

Let ¢, 4 be the limit of ¢, 5 in w * L>(|0.H|; C(A)"), we have (1.1) which implies that

/c’)tH(t, x) / f(t, z,a)cn,54(t, z,da)dtde — /ﬁtH / f(t, x,a)cw ~(t, z,da)dtde.
Finally, we obtained
/(%H . w/f(t, x,a)cy o (t, z,da)dtde = — /v cw(Of +v-Vyf)de+ v AcurlH f - wde.

Since the right-hand term does not depend on v and depend linearly on w, ¢, 4 can not depend on 7y or w. Let
us denote ¢ = ¢, , we have, up to a subsequence

Ov+cv - Vv — cO:H + cv A curlH = 0.
We can show the convergence of the whole sequence since denoting

Fe,éZ—/atHE-wh—i—/curla/\g-w,

we have

‘ — /U(atf +v- Vl-f)dc-i-FE,(; < Cf(f:‘ +(5).
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From every subsequence of F; 5, we can extract a sequence that converges to

F:f/v(atf+v~vmf)dc

which does not depend on the subsequence.
Using the uniqueness of the limit, we see that the whole sequence F; s converges. Using again the uniqueness
of the limit, we deduce that there exists H (limit of a subsequence H.) so that

0w+ cv- Vv — cOyH + cv A curlH = 0,

which completes the proofs.

[1]
2]

(3]
4
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