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ON THE INSTANTANEOUS SPREADING FOR THE NAVIER-STOKES
SYSTEM IN THE WHOLE SPACE*

LORENZO BRANDOLESE! 2 AND YVES MEYER!

Abstract. We consider the spatial behavior of the velocity field u(z,t) of a fluid filling the whole
space R™ (n > 2) for arbitrarily small values of the time variable. We improve previous results on
the spatial spreading by deducing the necessary conditions [ un(z,t)ur(z,t) dz = c(t)n,, under more
general assumptions on the localization of u. We also give some new examples of solutions which have
a stronger spatial localization than in the generic case.
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INTRODUCTION

We consider the Navier—Stokes system for an incompressible viscous fluid in the absence of external forces

Ou+V-(u®u)=Au—Vp
u(z,0) = a(x) (NS)
div(u) = 0.

Here u : R™ x [0, c0[— R™ (n > 2) denotes the velocity field and p(z,t) is the pressure.

A very natural question is to know whether localization with respect to the space variables is preserved by
the Navier—Stokes evolution.

It is now well known that mild localization properties are conserved for small time (see e.g. [4,5,7,8]). In order
to give an elementary justification of this fact, let us write (NS) in the usual equivalent integral formulation,
which is obtained after applying the Leray—Hopf projector P (which is the orthogonal projector onto the field
of soleinoidal vectors):

u(t) = e'®a — A t APV . (u@u)(s)ds,  div(a) =0. (IE)
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If we consider the space L3° of all measurable functions f such that

sup (1 +[z])?[f(z)| <oo  (0<vy<n+1),
reR™

then a straightforward application of the standard fixed point argument yields the existence and unicity of a
solution of (IE) in C([0, T], L5°), for some T' > 0 which may depend on a, but not on ~. Here the continuity for
t = 0 should be defined in the distributional sense, as it is usually done in non-separable spaces.

Miyakawa [7] and He-Xin [4] first achieved the construction of (local and global) solutions to the
Navier-Stokes equations with a decay O(|z|~ (1), uniformly in time.

The restriction v < n 4+ 1 is very natural if we look at the kernel F(z,t) of the matrix-operator e!APV.
Indeed, we easily see that |F(z,t)] < C|z|~("*1) and this decay-rate is known to be optimal. We will recall
hereafter some other useful properties of F'.

This obviously does not mean that the bound |u(z,t)] < C(1 + |z|)~ ™Y for solutions generated by well-
localized initial conditions will be optimal. To give a simple example, it is well known that there exists a
classical two-dimensional solution w of (NS), with radial vorticity, which has a rapid spatial decay at infinity.
This solution turns out to solve also the linear heat system with the same initial condition.

However, generic solutions to the Navier—Stokes equations do not have a fast decay at infinity, even if the
initial data are smooth and compactly supported. This is usually seen by means of the Fourier transform.

For instance, the argument that follows goes through if we suppose u(t) € L#(R™) and p(t) € L}(R") for
some t. We just start with the classical relation —Ap = Zh, % OnOk (upuy) which is obtained by applying the
divergence operator to (NS). On the Fourier transform side this reads

*ﬁ(f,t) = Z §h§k|£|72u/hu\k(€vt)a te [OaT]' (1)

h,k=1

Since the left hand side is continuous at 0, the right hand side should also be continuous for £ = 0 which implies
unup(0,t) = —p(0)dpk. This is equivalent to

/uh(ac,t)uk(x,t) dx = —0nk /p(I,t) dx (5hk =1if h=k, opr =0if h # k). (2)

Moreover, one shows that, if u € C(Jt — §,¢ + §[, LY(R", (1 + |z|)dz)) (6 > 0), the condition on the pressure is
satisfied. Thus, a decay at infinity of the form |z|~ (D log(|z|)~*=¢ (e > 0) is forbidden for generic solutions
(see [1,3]).

A slightly deeper argument allowed the first author to prove that a decay |z|~"*+1) log(|x|) is also
forbidden. Indeed, he showed that the condition a € L2(R™, (1 + |=|)""2dx), in general, is not conserved during
the evolution.

Our main goal will be to get rid of these logarithmic factors. Another important issue of this paper consists
in proving that the pressure is localized, at least in a weak sense, under a mild localization assumption on the
velocity. Then the orthogonality relations [wup(z, t)uk(z,t) do = ¢(t)dp, will follow in a straightforward manner.

We now state our main result. Let us introduce the space E of all functions f € L!(R™) such that

—1/2—e¢

R—o0

lim R/lleR|f(x)|dx _o. 3)
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We norm this space by

z)|dx + sup R z)|dz. 4
/Mm )l dz + sup /mw ) (4)

R>1

Observe that f(x) = (1 + |z|)~ (Y satisfies || f||z < oo, but this function does not belong to E. On the other
hand, an integrable function which is 0(|x|7("+1)) at infinity does belong to . Thus we can say that that F is
the L*(R") version of a localization of the form o(|z|~(™*Y)) at infinity.

Then we have:

Theorem 0.1. Let u(x,t) be a solution of the Navier-Stokes system in [0,T] (0 < T < o0) such that a =
u(0) € L2(R™) N E and satisfying the following properties

u e C([0,T],L*(R"™)) (5)
u(-,t) € L=([0,T], E) (6)
u(-, t)[* € L=([0,T], E). (7)
If we note by aq, ..., a, the components of the initial data, then we have
/ah(x)ak(ac)dxzc&hk, h,k=1,...,n (8)

for some constant c.

It should be observed that under some mild assumptions on the localization of the data (such as, for example,
la(z)| < C(1+ |z])~(+1+)/2) then (5) and (7) are always satisfied, at least in some small interval [0, 7]. Hence
this theorem states that generic solutions do not belong to 1L°°([0,T], E). Since E contains both L}(R™, (1 +
|z])dx) and L2(R™, (1 + |z|)"*2dz), Theorem 0.1 improves all previous results on the instantaneous spreading.
As we will see later on, even if we drop the assumption (5) then the solution must satisfy the orthogonality
relations (8) at least for almost all ¢ € [0, 7.

Before going further, let us mention that the importance of (2) in the context of the spatial localization was
first noticed by Dobrokhotov and Shafarevich [2]. They deduced these necessary conditions as a consequence of
some remarkable integral identities. We will briefly recall such identities in the following section, since they do
not seem to be much known. We point out, however, that their approach leads to very stringent assumptions
on the decay of p and u.

In Section 2 we prove Theorem 0.1. Then we state a generalization of this result to the case of solutions with
a stronger spatial localization. Many other necessary non-linear conditions on the initial data can be derived in
this setting.

Sections 3 and 4 are fully borrowed from the first author’s doctoral dissertation. There we will discuss the
converse problem of finding sufficient conditions in order to obtain a space-decay for u faster than expected.
Under a localization assumption for the data, we show that if (8) is satisfied, and if this condition remains
true in a small interval of time, then the corresponding solution will decay faster than |z|_(”+1), uniformly on
this interval. Let us however stress that (a) the orthogonality relations do not persist under the Navier—Stokes
evolution and (b) we were not able to characterize the subclass of initial data for which (8) is conserved during
the time evolution. In the last part of this paper we provide several new examples of such data. The interesting
point is that the corresponding solutions are non-trivial in the following sense: they solve the Navier—Stokes
system without being solutions of the heat equation.
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1. INTEGRAL IDENTITIES

We start with recalling the integral identities of Dobrokhotov and Shafarevich (see [2] for a proof). These
identities read as follows (i,j = 1,2, 3):

9 (nuyaiz; dS  + / <n,u>(:ciuj+mjui)d5+/ <n,aij>dS:/ (n, V)(ziu; + zju;)dS
It Joq o9 o9 o9

— 2/ (n, bl]> dS +2 |:/ UiUyj dz + 5ij pdx:| . (9)
o0 Q Q

Here u(x,t) and p(x,t) is any solution of d;u + u - Vu = Au — Vp which is two times differentiable in (z,t) €
Qx (t—46,t+6), Q C R3 is a smooth bounded domain, n is the exterior normal to 9, dS the surface element
on 0 and the vectors a;; and b;; are defined by:

(aij)i = pxj, (aij); = pxi (aij)k =0,  i,5,k=1,2,3
(bij)i = uy, (bij); = i, (bij)e =0,  i#j, j#k k#i
(aii); = 20i5px5, (bii); = 20;5u;

As an immediate consequence, we see that if p(t) € L!(R3) in some interval ¢ €]0, T[ and if u and p verify the
following decay properties

Opu(z,t) = o(|x] =)  Vu(x,t) = (|z|7)
pla,t) =o(|z|™%)  u(x,t) =o(|z["?),

when x — oo, then (2) holds for ¢ €]0, T

0<t<T, (10)

1.1. Estimates for the kernel of e!2PV

Here we recall some known estimates for the kernel F(x,t) = (Fjuk(,t)) of 2PV (j,h,k=1,...,n). The
components of its Fourier transform are given by

Fini(&,) = i€ (351, — £511€72) exp (—t[€[?) - (11)

Hence, F(x,t) is smooth, F(x,t) = t~'/2F(xt~1/2,1) and |F(z,1)| < |z|~(+1),

This estimate for the kernel is optimal, as it is trivially seen from the singularity of F (&,t) at £ = 0. Another
useful property, which directly follows from the scaling law is || F(-,t)||; < Ct~1/2.

For later use, the derivatives of I’ can be estimated by

|07 F(x, )] < Cla|~C+1H18D 5] > 0. (12)

2. PROOF OF THE MAIN RESULT

Before entering into more details, let us sketch the proof of Theorem 0.1. The first step consists in checking
that the localization of the velocity implies a similar property for the gradient of the pressure. Next we will
show that the pressure itself is localized. Finally the localization of both the pressure and the velocity easily
implies (8).

In order to establish Theorem 0.1 we place the Banach space E on a ladder of functional spaces E,,.

Since [, 5plf(2)/dz — 0if R — oo whenever f € L'(R"), we may want to know at which speed this
convergence holds. For a > 0, we introduce the space F, of all integrable functions which satisfy

lim R /x>R|f(x)|dx 0. (13)

R—o0
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Hence F, is a Banach space for the norm

z)| dz + sup R“ z)| dz 14
/Wm )l dz + sup /Mm ) (14)

R>1

and it is easy to show that continuous and compactly supported functions form a dense sub-space in F,.
Accordingly with the introduction, we call E = E;. Let us state without proof some simple but useful properties
of these spaces.

Lemma 2.1. If a > 0 and f is a locally integrable function such that

lim RO‘/ f(x)|dz =0, 15)
Rl R§|1’|§23| ()] (
then f € Eo. Moreover, ||f||g, and
[ U@lassspre [ ) (16)
|z]<1 R>1 R<|z|<2R

are two equivalent norms.
Lemma 2.2. For a >0, E, is a Banach algebra with respect to the convolution product.

Lemma 2.1 paves the road to a natural definition of the spaces E, when a = 0: Ej is the space of locally
integrable functions satisfying

lim |[f(z)|dz =0 (17)
R—0 Jp<|e|<2R

and we norm it by

R>1

/ |f(z)|dz + sup/ |f(z)|dx < . (18)
jol<1 R<|2|<2R

The next important lemma shows that if one is assuming a localization condition on the gradient Vf of a
function f defined on R™, (n > 2), then this function f is itself a localized function, up to an additive constant.
This is obviously false in one dimension. A first instance of this general fact is provided by the space BV
consists of the functions f whose gradient is a bounded Borel measure. If f € BV, then there exists a constant
c and a function g in L”/("’l)(R”) such that f = ¢+ g. Our aim is to extend this localization property to the
context of the F, spaces.

Lemma 2.3. Letn > 2 and f € BV(R") such that Vf € E,, with « > 1. Then we can find a constant ¢ and
g € Eq_1 such that f =c+g.

Proof. To establish this property, we consider the unit sphere S”~! in R™ and we renormalize its area element
do in order to have f57H do = 1. Our assumption reads

/ / V)AL dAdo(v) < egR™
A>R Jgn-1

with eg < C and eg — 0 if R — oo. We start by studying the total variation of I(\) = [q,._, f(\v)do(v). We
have I'(X) = [g.-. v+ V(M) do (v) and so [I'(A)| < [g.-1 [Vf(Av)|do(v). This implies [, [I'(A)[A" "1 dX <
erR™%. Then

R”*l/ IT'(A\)]dA < egR™.
A>R
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Hence the limit ¢ = limy_, o, I(\) does exist and

IT(A\) — ¢ < exA— >,
We next apply Holder and Poincaré’s inequalities on S"~1 and we get

/ FOw) — TV do(v) < Co / V£ (Ow)| do ().
Sn—l S‘n—l

This finally gives

2R 2R
/ / FOw) — e A"l drdo(v) < / / FOw) — [N dAdo(v)
R Jsn—1 R Jgn-1
2R
+/ / [I(A) — A"t dhdo(v)
R Jsn—1
2R
< 2R/ / VW) A"t dAdo(v) + egR™ T < égR™H!
R Jgn-t
where ég — 0 if R — oco. Lemma 2.3 is thus proved. O

The following proposition will be an essential step in deducing the orthogonality relations.

Proposition 2.4. Let gy (h,k =1,...,n) be a family of integrable functions and f a tempered distribution.
We assume that

Jim (f.0(/R)) =0 (19)

for all smooth functions ¢ supported in 1 < |x| < 2. If

n
Af =" OwOkgnr (20)
k=1
then we have, for some constant c,
/g;hk(x) dz = copi (h, k=1,...,n). (21)

Proof. Taking the Fourier transform in (20) we get f(£) = > onk EnklEl 2 n 1 (6) + P(¢), where P is a sum of
derivatives of Dirac masses supported by the origin (more precisely P is a harmonic polynomial). Since f tends
to 0 at infinity in a weak sense, we must have P = 0. Indeed, one first observes that I(R) = ( P, R*¢(R-)) is
a polynomial in R of the form I(R) = C(8)0°@(0)R™*18l with |8| > 0. The coefficients C(/3) arise from the
expansion P = ¥ 5C (B)0P8y. Next we observe that gy, x(¢) are bounded on R™ which implies that J(R) =
I 20k En&k €l %G1 (§) R"B(RE) € is uniformly bounded in R. Finally (20) tells us that I(R)+ J(R) tends to 0
when R — oo. Therefore the polynomial I(R) is bounded which implies C(8) = 0.
This discussion yields

FE& = ntrlelannr(©).

h,k=1

We now use again the fact that the functions g x(£) are bounded on R™ which implies that the family f(¢/R)

o~

is bounded in L*°(R™). The continuity at 0 of gp x(§) is now used and f({/R) converges for R — oo to
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§(§) =D hk Enék)€| %Gk (0) in the weak-x topology o(L°°, L1). This implies that the inverse Fourier transform

fr of f(RE) converges to a tempered distribution S in the distributional sense. But if ¢ € C5°(R™) and 0 does
not belong to the support of ¢, (19) yields

(froo) = (f0(-/R)) — 0, R— o0

Hence S is supported at the origin. But S = limpg_.. R~"f(z/R) is also a homogeneous distribution of degree
—n. Thus, S = ¢y (Dirac mass at 0) for some constant c. This gives (21). O

Remark 2.5. We could now directly apply Proposition 2.4 to deduce (2) under a much weaker assumption on
the pressure than p € L!(R™) (as we made in Sect. 2). Indeed let us just suppose that, at some instant ¢ we have
u(t) € L2(R™) and p(t) € §'(R") satisfying the mild decay condition (19). Then [ up(x,t)ux(x,t)dz = cSpg.

We are now ready to prove Theorem 0.1. We write (NS) in the integral form

¢ ¢

u(z,t) = etAaf/ =928, (upu) ds f/ et=9)AYp(s) ds. (22)
0 0

It is easily seen that fge(t_s)Aé)h(uhu) ds belongs to L>°([0, T, E). Indeed upu € L>°([0,T], E) by (7). Moreover,

e!®9)y, is a convolution operator with kernel ct’(”“)/QGh(%) and Gy, € E. Then we observe that the norm

of h="¢(h~1:) in E is bounded by the norm of ¢ in E, at least when 0 < h < 1, and we just apply Lemma 2.2.
Let us come back to (22). By our hypotheses, all terms but the last belong to L>°([0,T], E). We thus have

/t =92 vp(s)ds = Vi(t) € L=([0,T), E),
0

where we wrote p(t) = fge(t_smp(s)ds. Let ap, (t) = fge(t_s)Auh(-,s)uk(-,s) ds. If we apply the divergence
operator to (22), we get

—Ap = Z OnOkin, k-
hok=1

By Lemma 2.3, p(t), up to a constant, belongs to L>°([0,T], Ep). Then Proposition 2.4 applies and we obtain
[ (2, t) dw = ¢(t)dpk. Then we just differentiate in ¢ and deduce

/uh(x,t)uk(lﬂ,t) dz = ¢(t)dnk,

for almost every t € [0,T]. The assumption (5) allows us to conclude. This completes the proof of Theorem 0.1.

If a stronger spatial localization is imposed to u, many other necessary algebraic conditions on the higher-
order moments of upuy(x,t) must be satisfied. In order to state these conditions, let us consider the higher
moments

Aank(t) = /mauh(x,t)uk(m,t) dz, la] =0,...,m, meN. (23)

We first state a generalization of Proposition 2.4 in the following remark:

Remark 2.6. Let m = 0,1,... be a fixed integer and wu(z,t) and p(x,t) a solution of the Navier—Stokes
equations such that, at some time ¢, u(t) € L2(R", (1 + |z|)™dz) and p(t) € E,. Then the moments Ao (t)
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must satisfy the following identity:

Z Z )\a};k'(t)gaghgk _ (§%++§?L)Pl(§) (24)
hk=1 |a|=¢ )

where P, is a homogeneous polynomial of degree [ for £ =0,... ,m.

Here again this statement would become obvious if the pressure is also localized, i.e. if p(t) € L'(R",
(1+|z])™dz). Indeed, this would give p(¢) € C™(R™) and the conclusion would follow from the Taylor formula.

The case m = 0 follows from Proposition 2.4. In the general case, the conclusion of Remark 2.6 can be
obtained by induction on m, following the same arguments of Proposition 2.4. We leave the details to the
reader.

As a consequence of this observation, we easily obtain the following result, which is the natural generalization
of Theorem 0.1.

Corollary 2.7. Let m > 0 an integer and a = u(0) € L2(R", (1 + |z[)™dz) N E,,41 a soleinoidal field. Let
T > 0 and u(x,t) be a solution of the Navier—Stokes equations such that

u € C([0,T], L*(R", (1 + |2])™dz)) (25)
u(-,t) and Ju(,t)]* € L¥([0, T}, Ept)- (26)

Then (24) holds for all t € [0,T] and £ =0,1... ,m.

In the following section we will show that whenever the initial condition is localized, these necessary conditions
turn out to be also sufficient. They imply a good localization of the solution, at least for small time.

3. SUFFICIENT CONDITIONS

As we have already mentioned in the introduction, in order to obtain bounded solutions u(x, t) which decay at
a low rate |z|~7 (0 < < n+1) at the beginning of the evolution, we can simply suppose |a(x)| < C(1+|z|)~7.
Moreover, the unicity of such solutions is granted in the natural functional space associated to this decay
property.

This remark leads to studying the case v > n+1, i.e. the spatial localization of u, when u(0) is well-localized
and the necessary conditions (8) (or, more generally, Eq. (24)) are satisfied at ¢ = 0.

A first difficulty comes from the fact that, for generic initial data satisfying (8), this cancellation property
instantaneously breaks down during the evolution. In three dimensions a simple example (which should be
compared to the specific examples of Sect. 4) is given by

ar(z) = [as (1 —223) — 22 (1 — 223)] exp (—|z[?/2)
az(z) = |21 (1 — 223) — 23 (1 — 223)] exp (—|z[*/2)
az(z) = [z2 (1 — 22}) — 21 (1 — 223) ] exp (—|2[2/2) .

Indeed, let us fix a small to > 0. A trivial computation shows that [ exp(—2to|&|?)ay(€)az(€)dz # 0. Hence
the cancellation [ a1(z)az(x)dz = 0 breaks down for the solution of the heat system. By choosing o > 0 small
enough, we thus see that the solution u of the Navier—Stokes equations, starting from aa(z), cannot verify (8)
for t = tp.

Therefore it does not suffice to impose this condition to the initial data in order to ensure an over-critical
spatial decay for u. We will come back to this problem in the following section.

In this section we rather consider the class of initial data such that (8) remains true during the evolution.
Before studying the spatial properties of the corresponding solutions, let us first show, by means of a classical
two-dimensional example, that this class is non-empty.
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We start with considering the vorticity w(x,t) = V Au = dyuz(x,t) — dauq(z,t). Here z = (r1,x2). Then we
choose wy = w(0) such that &y is radial, smooth, compactly supported in R? and such that 0 does not belong to
the support of ©p. Then we pose w(z,t) = e wy(z), in a such way that the vorticity solves the heat equation
Ow = Aw. Since w(x,t) is radial, the Biot—Savart law yields v - Vw = 0. Hence, d;w — Aw + u - Vw = 0 which
is nothing but the formulation of the Navier—Stokes equation in the velocity-vorticity formulation. Moreover,
again by the Biot-Savart law, the solution u is given by (¢, t) = (—ifs,i&1)|€| 2 exp(—t|€|*)Do(€). Hence u(t)
is in the Schwartz class for all ¢ > 0. This solution u satisfies (24) for all ¢t > 0 and all £ =0,1,2,...

In the following theorem we show that the converse of Corollary 2.7 is true:

Theorem 3.1. Let LI be defined as in the introduction and, for easing the notations, let us write F' = L(n+1)
Letm > 0 be an mteger and a = u(0) be a divergence-free vector such that |a(x)| < C(1+]z|)~7, withn+14+m <
v <n+2+m. For a sufficiently small T > 0, we know that there exists a unique solution u(z,t) € C([0,T], F)
of the Navier-Stokes equations with initial condition a. We then obtain |u(z,t)] < C(1 + |z|)~"+V) | uniformly

in [0, T)]. Then, if (24) holds for all t € [0,T) and £ =0,... ,m, the decay of this solution is improved into
lu(z, t)| < CQA+|z))77, zeR", tel0,T]. (27)

Proof. We consider the integral formulation (IE) of the Navier—Stokes equations, which we write in the following
way
u(t) = e"*a — B(u, u)(t),

where B is the bilinear operator given by

B(u,v)(t) = /0 =IAPY . (u @ v)(s) ds.

We already know that |u(z
linear evolution et~a(x)
show that |B(u, u)(a: )]

z,t)| < C(l + |lz)~ (D), umformly in [0,77]. But since |a(z)] < C(1 + |z|)77, the
[ gi(z — y)a(y) dy satisfies |e'®a(z)| < Or(1 + |z|)~7, uniformly in [0,7]. We now
C

<C(l1+ |a:|) ("+2+m) This is an immediate consequence of the following lemma:

Lemma 3.2. Let K > 0 an integer and T > 0. Let also u(x,t) be a function satisfying |u(z,t)] < C(1 +
|])~ (n+1+K) gnd (24), for£=0,...,K. Then

|B(u,u)(x,t)| < Crr(1 + |a])~(H2HE),

Proof. We sketch the proof in the case K = 0 while the general case is treated in the first author’s doctoral
dissertation.

We consider the j-component of the bilinear term B(u,u) which we shall write in the following way (ac-
cordingly with the notations fixed in the introduction): B(u,u); = fot Fink(-,t — s) * (upug)(s)ds. In order to
simplify the notation, here and in what follows, we shall omit the summations on the repeated indexes h and k
(h,k=1,...,n).

Let 7% (x,t) be such that

w2, 8) = 1, ) + ( [t dy)g<x>,

where g is the Gaussian, normalized by [ g(y)dy = 1. By (24), with £ = 0, we have [r}, x(z,t) dx = 0, for all
t € [0,T]. We first consider the term

t
I(x,t) = //thk(x —y,t — ) *x 7 1(s) dy ds.
0
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By [74.1 = 0 and an integration by parts, using (12) with || = 1, we easily obtain |I(x,t)| < C(1 + |z[)~("+2).

Consider next the second term which contains the expression Fjp * ( f upuk)g. It easily seen that this term
vanishes. Indeed, [upup(z,t) = c(t)0nr and (SnrFyn) (€,1) = i 0_1 (& — E&nén/IE[2)e " = 0. Since the
proof of the general case can be found in the first author’s doctoral dissertation, we will limit the discussion to
some heuristical comments. Indeed we write vs i = un(z, t)ug(z,t) and w;(&,t) = zfot exp[—(t — $)&21&n (05 —
&i€kl€|72)0n 1 (€, s)ds. The assumption implies that Uy, 5 is killing the singularity of the symbol of the Leray—
Hopf projector. The improved smoothness on the Fourier transform side reflects into the improved decay in the
space variables. This is the meaning of our lemma. O

The proof of Theorem 3.1 is now immediate: we simply iterate Lemma 3.2 for K =0,... ,m. O

4. WELL-LOCALIZED FLOWS

4.1. Symmetric solutions

We give here some examples of initial data such that the orthogonality relations f ap(x)ag(x) dx = cdp,  hold
and remain true during the evolution. Moreover, we will choose a with a strong spatial localization in a such
way that Theorem 3.1 implies the existence of a unique local solution with a faster than |z|~("*+1) decay.

We have already given in the previous section a two-dimensional example of such data. We point out,
however, that this example is a quite trivial one since the corresponding solution satisfies PV - (v ® u) = 0 and
thus u solves also the heat equation. In the case n = 3, even such trivial solutions do not seem to be known to
exist.

We should look for some more stringent conditions than (8) which are conserved during the Navier—Stokes
evolution. The following construction is borrowed from [1]. We choose the initial data in the class of the so
called symmetric vector fields. We recall that a(z) = (a1(x),...,an(z)) is said to be symmetric, if the two
following properties are satisfied:

1. a1(x) = as(oz) = ...a,(c" tx), where + = (x1,...,2,) and o is the permutation o(z1,...,2,) =
(In, Tlyew- 7'7;71—1);
2. a1(z1,... ,zn) is odd with respect to z1 and even with respect to z;, j =2,... ,n.

Starting from well-localized and symmetric data, we obtain solutions which decay at least with the over-critical
rate |z|~("*3). This was announced in [1], but the proof was only sketched. As an immediate consequence of
Theorem 3.1, we can now give a complete proof.

We just need to state two more remarks. The first one is obvious:

Remark 4.1. Let a a symmetric vector field. If a € L*(R"), then [ap(z)ax(z)dz = cdpk. Moreover, if
a € L2(R", (1 + |z|)dz) then [ xjan(x)ay(z)dz =0, for all j,hk=1,... ,n.

In particular, (24) holds for £ =0, 1.

The second remark simply states that the symmetry properties are conserved by the Navier—Stokes evolution.
This is true under general assumptions on the initial data, but since in the last two sections only bounded
solutions are studied, we just treat this particular case.

Remark 4.2. Let a € L*°(R") a divergence-free symmetric vector field. Then the corresponding solution
u € C([0,T],L>(R™)) (T small enough) is symmetric for all ¢t (0 <t < T).

Indeed, u is obtained by means of the usual fixed point argument: uy = e*?a, Upt1l = etPa — B(tn, un),
n = 0,1,... Hence, we just need to show that, for all n, u,(t) is symmetric. First note that the convolution
with a radial function does not destroy the symmetries. Thus e!®a is symmetric.

Next we need to show that if v(z,t) and w(z,t) are symmetric for all ¢, then B(v,w)(z,t) is also symmetric.
This can be easily done by showing that B (v,w)(&,t) is symmetric in the & variable. Indeed, we first observe
that the vectors (&,t) = Y p_; Epupv(€,t) and ¢(€,t) = €[E[72 D00 oy En&runvr(€,t) are symmetric for all ¢.

Then B(v, w)(£,t) = z‘fote*@*s)lilz(o(g, s) — ¢(&, s)) ds is obviously symmetric.
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We just proved the following:

Corollary 4.3. Let a be a divergence-free symmetric vector field, such that |a(z)| < C(1+ |x|)~7, with 0 < v <
n + 3. Then there exists T > 0 and a solution u of the Navier-Stokes equations in R™ such that w(0) = a and
u(e, t)] < C"(1 + [a])~7.

In order to build solutions which decay faster than |Jc|_("+3)7 some supplementary symmetries on the data
are probably necessary.

4.2. Some explicit examples

We now give some examples of initial data which satisfy the assumptions of Corollary 4.3, in order to show
that the two symmetry properties are consistent with the divergence-free condition. Let us start with the case
n = 3. We take ¢ € S(R) (the Schwartz class) and we define

xy (22 — 22
a(ry,w2,23) = | w22t —a3) | o(lal’)  (n=3).
w3(w3 — 2t

This example generalizes in a obvious manner to the case n > 3. Indeed, we can take the vector field a =
(a1,...,a,) such that

an(T1, .. xn) = (25 — x5 ) 0 (|2]?), h=1,...,n (n > 3). (28)

Here we noted z¢y = x,, and x,,+1 = x1. Both the symmetry properties and the divergence-free condition hold,
as trivially checked.

This example cannot be adapted to the two-dimensional case. Somewhat surprisingly, as we will see hereafter,
the examples for n = 2 turn out to be more difficult.

We now present a quite general method that can be applied to construct many other examples of symmetric
initial data. This allows us to circumvent the difficulties arising from the condition div(a) = 0. We recall that,
for a n-dimensional vector field a(z), its vorticity is given by the n x n antisymmetric matrix = Va — (Va)*.
In the two-dimensional case, ) is usually identified to the scalar w = 01as — 02a1. If n = 3,  can be identified
to the vector

Oza3 — Ozaz
w=VAa=| 0sa1— dias
Oraz — D2ay
By the Biot—Savart law, we have

n
ap = (—A)_lzakﬂhk, h=1,...,n. (29)
k=1

Then a is a symmetric field if and only if

Qni(z) is odd with respect to zj, and xy, (30)
Qpi(x) is even with respect to z;, j=1,...,n and j#h,k (31)
Que(x) = Qpg1 k1 (@0, T1, o+ Tpo1), h,k=1,...,n. (32)

Since (—A)~! does not affect the symmetries, in order to construct a soleinoidal symmetric vector field a(x), we
can just define ay(z) = Y p_; OkQnx(z), where Q is any antisymmetric matrix which satisfies (30, 31) and (32).

Let us come back to the case n > 3. By (32) Q is completely determined by the choice of its elements Ql,g,
Q13,... and Ql,[n/Q]. Here [-] is the integer part. These [n/2] functions are just supposed to verify (30) and (31).
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FIGURE 1. The field a(z1,z2) corresponding to the choice 8(p) = exp(—p).

Note that the examples (28) that we gave before for n > 3 are obtained by simply choosing O »(x) = z1220(|z|?),

with § € S(R) and Qy 3 = ... = Ql’[n/g] = 0. Here ¢ and 0 are relied by p = —26'.
In the case n = 2, Q(a:l,acg) is completely determined by 9172(301,302). This function must be odd with
respect to x; and za and such that Qq9(z1,22) = —Qy2(x2,21). The simplest example is 4 2(z1,22) =

r122(23 — 23)0(|7|?), with § € S(R). Then a;, = Zizl Ok, yields
(23 — 32122)0(a ) + 2adad — 2,240 (12P)
= 33
aler, z2) ( (23 — 32322)6(|2 ) + 2230 — wbea)(j2) (33)

(see Fig. 1). Note that PV - (¢ ® a) does not vanish identically. Hence the corresponding solution u(z,t) of the
Navier-Stokes equations is not a trivial one (i.e. it is not a solution of the heat equation).

5. CONCLUSIONS

We showed that most of the localized initial data lead to solutions of the Navier—Stokes equations which
instantaneously spread-out. In other terms the generic solutions of the Navier-Stokes equations turn out to
have a poor spatial localization. The spreading effect holds, in particular, whenever the initial data have
non-orthogonal components with respect to the L?(R™) inner product.

However, we constructed some exceptional solutions on the whole space R™ (n > 2) which decay at infinity
with a faster decay than in the generic case. Some special symmetries of the data guarantee this unexpected
spatial behavior. Another point of interest of such “symmetric solutions” is that the non-linear term of the
Navier—Stokes equations PV - (u®wu) does not vanish identically. Hence these exceptional solutions are non-trivial
in the following sense: they do not solve the linear heat system starting with the same initial data.
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In this paper we dealt only with local strong solutions. In an independent paper we will treat the case of
global weak (or strong) solutions. Starting from a symmetric data allows then to obtain a decay of the energy
[lu(t)||3 faster than expected, when t — oo.
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