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WELL-POSEDNESS FOR SYSTEMS REPRESENTING
ELECTROMAGNETIC/ACOUSTIC WAVEFRONT INTERACTION

H.T. BAnks! anD J.K. RAYE!

Abstract. In this paper we consider dispersive electromagnetic systems in dielectric materials in
the presence of acoustic wavefronts. A theory for existence, uniqueness, and continuous dependence
on data is presented for a general class of systems which include acoustic pressure-dependent Debye
polarization models for dielectric materials.
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1. INTRODUCTION AND PROBLEM FORMULATION

Electromagnetic interrogation techniques have numerous useful applications, including locating mines or
bunkers beneath the ground and detecting abnormal tissue noninvasively within the body. (See [1,4,11,12],
and [13] for some examples of the applications of electromagnetic interrogation.) In one such class of electro-
magnetic interrogation techniques, one uses a superconductive (also referred to as supraconductive or perfectly
conductive) backing, such as metal, as a reflector for an oncoming electromagnetic wave. These electromagnetic
wave reflections are then used to identify dielectric properties (conductivity and polarization) of the target ma-
terials. However, there are many applications (for example finding a nonmetal object underground or detecting
a brain tumor) in which this is impossible or even harmful. In these cases, it would be beneficial for a traveling
acoustic wave, perhaps even one occurring naturally, to serve as a virtual interface. In [4] the authors describe
models and applications for techniques which employ superconductive metal backings and standing acoustic
waves as reflectors for the electromagnetic waves. In addition, they propose a configuration in which a traveling
acoustic wave might be used as a virtual interface to reflect an oncoming electromagnetic wave.

Electromagnetic interrogation techniques such as these may be modeled, under certain assumptions, by
the one dimensional Maxwell’s equations with temporally and spatially varying coefficients. Here we present a
general model that describes, as a special case, the interaction between the electromagnetic wave and a traveling
acoustic wave, formulated as pressure-dependent Debye polarization. We note that the models derived in [4]
to describe the cases where perfectly conductive backings or standing acoustic waves are used as reflectors are
also special (simpler) cases of this model.

The main purpose of this paper is to provide a general theoretical foundation for a class of electromag-
netic/acoustic interaction problems. Specifically, in Section 2 we consider the well-posedness of a general vari-
ational form of the model. We consider the equation in the domain 0 < z < 1 and assume that the boundary
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FIGURE 1. Schematic of geometry.

conditions are absorbing on the left (z = 0) and superconductive on the right (z = 1). We use general initial
conditions for the electric field, but without loss of generality we assume that the polarization, present in the
dielectric material region (z1,1] with 0 < z; < 1, and its first time derivative are initially zero. The geometry
of the problem is shown in Figure 1. We shall show in Section 3 that we may use the same general form of the
equation for the pressure-dependent polarization terms based on the Debye models. Finally, in Section 4 we
present some sample numerical simulations for the system incorporating Debye polarization.

We first motivate the general variational form of the model. We note that under certain assumptions,
including material homogeneity in directions perpendicular to the direction of electromagnetic wave propagation
and the use of a polarized planar electromagnetic wave, Maxwell’s equations can be written

0 0
aE = *NoaH (1)
0 0

where E and H are the electric and magnetic fields, D is the electric flux density, and J; is the source current
density. We relate the electric flux density to the electric field by

D = eper(t,z)E+ P (3)

where €,(t, z) may be used to represent effects of instantaneous polarization and P is the macroscopic polariza-
tion. We then take a spatial derivative of (1) and a time derivative of (2) and use equation (3) to obtain

poa(t, z)E + poP + poo £ — B" = —po Js. (4)

Here and throughout we use E to denote %E and E’ to denote %E . To write (4) in variational form, we begin
by formulating the Gelfand triple V < H < V* where H = L?(0,1) and V = Hx(0,1) = {¢ € H'(0,1) :
#(1) = 0}. We let (-,-) denote the usual L? inner product. Then (4) may be written as a variational form of
Maxwell’s equation in second order form for a general polarization term

(aB.o)  + (bB.0) +(cPro) + cEE0)6(0) + ni(E,0) = (F.6)y o)
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for all ¢ € V. (This is the same equation given in [4], Chap. 2.) Here the sesquilinear form o4 is defined by

o1(¢,9) = (¢, 0, (6)

where ¢ = ﬁ is a positive constant and the parameter functions a, b, and e depend on geometry as well as

conductivity and the instantaneous polarization of the dielectric medium. The absorbing boundary condition
E —¢cE' = 0 at z = 0 is a natural condition and is thus incorporated into this variational formulation of
the equation, but the superconductive boundary condition at z = 1 is an essential boundary condition and is
imposed in the definition of V.

We note that o; is V-continuous and V-elliptic, i.e., there exist positive constants ¢, co such that

o1(p,) = (¢, 0" <P | u| |n < cilolvvlv (7)

01(p,¢) = (¢, ¢') = ¢}y = c2l9li, (8)

since |¢|2, is equivalent to |¢'|% + |p(1)|? = |¢'|%.

The model (5) is a very general Maxwell system that can be used with numerous polarization models. As an
example, we show that (5) can be specialized to include a Debye polarization model with pressure-dependent
coefficients. The pressure-dependent Debye polarization model we consider (see [5] and [2] for physics-based
discussions) is given by

po__ 1 P+60(70—C0+(Hy—f€g)p)
(70 + Krp) (70 + Krp)

E (9)

where 7 = 7(p) = 79 + Kk.p is the pressure-dependent decay parameter, €5 = y(p) = Y0 + kP and ex = ((p)
= (o + K¢p are pressure-dependent dielectric parameters, and p = p(¢, z) is the acoustic pressure in the Debye
material.

The solution to (9), for P(0,z) = 0, can be written

P(t,z) = /Ot exp (/t —d¢ ) 000 = So ¥ (8 — ROP(.2)) gy g

5 7_0+’i'rp(£az) (T0+HTp(SﬂZ))

We may use (9), its derivative, and its solution to replace P in (5). These substitutions lead to the following
variational form of the system

(aB,0)  +(bE.6)+ (hE,¢)+ </01t G(t,s,-)E(s,) ds, ¢> + cE(t,0)$(0) + 01 (E, ¢) = (F,¢)y. 1,

s

E(0,z2) = Eo(z) E(0,2) = Ei(2)
(10)
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where Ey € V and F; € H with coefficients, kernel and forcing functions, and sesquilinear form defined by

a(t,z) =1+ (EOO — ]-)I(zl,l) =1+ (CO —+ ngp(t,z) — 1)[(21,1)

o 1€ (v —Co+ (ky — ke)p(t, 2))
~+ = Iz 1y
€ €0 (10 + k-p(t, 2))

b(t, 2) = (

h(t,2) = 1 [eolky — k)Pt 2) (1 +K:P(L 2)) €0 (Yo — o + (ky — K)p(E, 2)) ,
) eo \ (70 + Kkrp(t, 2)) (10 + #rp(t, z))2 (21,1)
s )= L (14 £-p(t, 2)) €0 (Yo — Co + (Ky — K )P(8,2)) o e (11)
G(t,s,z2) €0 (10 + K-p(t, 7«’))2 (10 + K-p(8,2)) P (/é 70 + krp(€, z)) UCR)
5 1
T oo

Fwa:féﬁw

01 (¢7¢) = C2 (¢/7¢/> :

(Here Iq is the indicator or characteristic function for a set 2.)

As we shall see, under appropriate assumptions on the coeflicients, kernel, and forcing function in (11), we
can give general arguments that establish the well-posedness of the Debye-based system, as well as any other
system that satisfies the general assumptions listed in the next section for the generalized system (12) below.
We remark that pressure-dependent Lorentz-based models as well as those based on more general polarization
models can be shown to be special cases of (12).

2. WELL-POSEDNESS OF SOLUTIONS TO THE GENERAL VARIATIONAL FORM

Motivated by the Debye example and the wide range of applications mentioned in Section 1, we consider the
general variational form

(a.¢)  +(bE, )+ (hE, ¢>+</Ot G(t,s,)E(s, ) ds, ¢>+0E(t, 0)6(0) + 2 (B, ') = (F.¢)y. vy, dEV

VeV

E(0,z) = Eo(z) E(0,z) = E1(2), (12)

where Ey € V and E; € H. As introduced previously, we take H = L?(0,1) and V = H4(0,1) = {¢ € H'(0,1) :
(1) = 0} which, with V*, are Hilbert spaces that form a Gelfand triple V < H < V*. Specifically, we note
that there is a value k& > 0 such that for all ¢ € V', we have

6l < Klolv.

The usual duality product is denoted by (-, '>V*,V§ it is the extension by continuity of the H inner product from

H xV to V* x V. Both inner products (-,-) and norms |- | denoted without subscripts are assumed to be in

H. In addition, motivated by (11), we make the following assumptions:

A1) the coefficient a along with its derivatives @ and d are in L*>°(0,T'; L*°[0,1]), and for all z € [0, 1], a(z) > ao,
for some 1 > ag > 0;

A2) the coefficient b and its time derivative b are in L°(0, T; L>[0,1]) and b(t, z) > 0 for all (¢, z) € [0, T]x[0, 1];

A3) the coefficient h is in L*°(0,T; L*°[0, 1]);
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A4) the kernel function G is in L*°([0,T] x [0, T]; L*°[0, 1]);

A5) the sequilinear form oy is given by o1 (¢,v) = % (¢/,9') for ¢,9 € V with ¢ > 0;

A6) the forcing function F is in H(0,T,V*).

We recall that the sesquilinear form oy : V- x V' — R is V-continuous and V-elliptic, so that (7) and (8) are
satisfied.

Under the above hypotheses, we seek solutions t — F(t) where E(t) € V and (12) is satisfied in the L?(0,T)
sense for all ¢ € V. We begin by showing that such solutions exist.

To this end, we follow the arguments in [4,9]. We choose a linearly independent subset {w;}$2, that spans V'
which is dense in H. We let V™ = span{wg, w1,... ,wy,} and choose Eo,,, E1, € V™ such that as m — oo,
Eoyy — Eogin V, and Eq,, — E7 in H. Then we let E,, = ZZ’;O 7;(t)w;(2) be the unique solution on 0 < t < T
to the integrodifferential equation system (for existence we will use Ths. 1 and 2 of [3] combined with the
arguments below)

<aEm(t),wj> ot <bEm(t),wj> + (hEn(t), wj) + </Ot G(t, s, )Em(s,-) ds,wj> + cEp (t,0)w; (0)

1A%
o1 (En(t),w5) = (F(1), w3)y. (13)
En(0) = Eom B (0) = Ein
where 7 =0,1,... ,m.
We note here that for any i = 0,1,... ,m, w; € V. = Hx(0,1), and thus w; is absolutely continuous. From

this we also have that w;w; € C(0,1). Thus, all products involving E,, and its time derivatives are spatially
continuous functions on the interval [0,1]. Moreover, inner product terms containing coefficients in L, e.g.

<b(t, -)Em(t, ), wj> , are well-defined.

Proposition 1. Under assumptions A1)-A6), the system (13) with Eopm, E1m € V™ has a unique solution with
absolutely continuous (Ep,, Ep,).

Proof. We may write (13) in the form

M (2)ij(t) + Ma(t)n(t) + Ms(t)n(t) + Ga(t,n(-)) = Da(t)

where
n(t) = [no(t) nu(t) ... nm(®)]"
Grttnl = 3 { [ Gt (o) ds wiu )

[D1(8)]; = (
[Mi(8)]i; = (a(t)w;, w;)
[Ma(t)]i; = (
[M5())i; = (h(t)w;s, wi) + 2 (wj, w)) -

Since the w; are linearly-independent and a satisfies the lower bound of A1), M (t) is positive definite for each ¢,
hence invertible. Then the above linear system may be written

F(t),w;)

b(t)wj, wi) + cw;(0)w;(0)

V() = M(t) (ADY() +G(t, V() +D(1)),

(14)
= F(1,Y()) + M()D(t)
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with
ORIkt
Mo =[50]”
A0 = | gy MIQM
60O = { " i " =, am

We point out that the notation F(t,Y(-)) implies that for each ¢t € [0,7T], F depends on ¢ and on the past
history of ) in an interval [0,¢]. We now want to argue that (14) does, in fact, have a unique solution that is
absolutely continuous in ¢ in [0,7]. Theorem 2 in [3] states that a unique solution exists for a system in the
form (14) which satisfies the following conditions:

Y1) for a fixed Y, F is measurable in ¢;
Y2) for almost every fixed t € [0,7], F is continuous in Y,
Y3) there is an L'(0,T) function mp such that

|F(& YO <mp(t) sup [Y(s)]  (£,Y) €[0,T] x C[0,T]; (15)

s€[0,T]
Y4) there is an L'(0,T) function k such that

|7, V() = F(t, X()| < k(t) supsejo,r |V (s) — X(s)]
for (t,)), (t,X) € [0,T] x C[0,T);

(16)

Y5) The function D is in L*(0,7).
We now show that Y1)-Y5) are indeed satisfied for our system. Since the components of M, A and G(-, Y(-))
are in L>°(0,T), we have that F(-,Y(-)) is measurable in ¢ for a fixed J and Y1) holds.

In order to verify Y2), we must show that both M(¢).A(t)Y and M(¢)G(t,)) are continuous in Y. It is clear
that this is true for M(¢).A(t)) and the continuity of G(¢,Y) follows readily from A4) — see [6] for detailed
arguments.

We next observe that there is an L'(0,T) function mp such that (15) and, hence Y3), holds.

We first note that

[F(& YO < IMOIA@] sup [Y(s)] + [M@B)GE V()]

s€[0,T)
Since the components of M and A are in L*°(0,T) and hence
IM| <M and JA(t) <A
for any t € [0,T], we need only show that there is a function m¢g € L*(0,T) such that

G, V()| <ma(t) sup |V(s)].

s€[0,T)
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For this, one once again uses A4) — again see [6] for details.

In order to verify Y4), we note that the mapping Y — F(t,)(:)) is linear. Then the verification of Y4)
follows immediately from Y3).

In verifying Y5), we need only note that the components of D are in H*(0,T).

Having argued that assumptions Y1)-Y5) hold, we may use Theorem 2 in [3] to conclude that (14) and
hence (13) has a unique, absolutely continuous solution (FE,,, F,,) for which we next derive a priori bounds.

Proposition 2. There exists a subsequence {E,,} and a limit function E satisfying E € L*(0,T;V),
E € L*(0,T; H), and E(-,0) € L?(0,T).

Proof. We multiply (13) by 7;(t) and sum over j to obtain

*
s

(a0 + (1 )+ { [ G5, )Ein(5,) 05, )

B (t,0)Enm (£,0) + 01 (B, Byn) = <F, E’”>v .,

Ep(0) = Eom  Em(0) = Eqpp.

We note that

2 <aEm7Em>V*,V = E|\/6Em|§{ - <aEmaEm>

and

d .
adl(Em, Em) = 20’1 (Erru Em);

so that (17) becomes
% (|\/5Em|%, +01(Enm, Em)) + <(2b — @) By, Em> ) <hEm, Em>

t
2 GE Y ds, E 2| E,,(t,0)2 =2(F E .
v2( [ GBn(s) ds B ) 4 20000 =2 (FB)

Then

t

|\/5Em(t)|§q+01(Em(t),Em(t))+/Ot<(2ba)Em,Em> d§+/0 2<hEm,Em> ¢

t 13 . t . 5
*/0 2</0 GE(s,) ds,Em<s,~)> d£+/0 2| B (£,0)] de (18)

*
s

= IVaO)En(O)fs + 1 (B0, Bn(0) + [ 2(FiBw) e
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Using the V-continuity and V-ellipticity of o1 and the fact that 2ab < a® + b, we have

t

|\/5Em(t)|§{+02|Em(t)|%/+/ot 2| By (€,0)[2 d€ < /Ot2<hEm,Em> d§+/0 <(a—2b)E'm,E'm> dé

VvV

+/j2<—/06 GEpn(s,-) ds,Em(g,-)> d§+|\/5Em(0)|%,+01(Em(0),Em(O))+/Ot2<F,Em> e

¢ : b1 . 1 . ¢ 3 .
s/ {lhEm|?{+|Em|?{}d£+/ 3| Bl + 51 (6= 26) B3y d£+/ /GEm(&-)ds + | Bl ¢ dg
0 0 2 2 0 0

t
/ 2<F, Em>
0 V=V

)

2
H

HVa(0) En (0)[3 + 1| En (0)f +

dg‘.
For F € H'(0,T;V*), we find

t . t d .

2(F E,, dé| = 2 (F By, —2(F B, d
/0 < ’ >v*,v 5} /0 < d§< v v < >V*,V) f‘

- ]2 (P(O) By =2 (FOL B Oy — | (kB

a

VeV

IN

1 b
PO+ eB®f + IFOR+ 1B + [ {17+ 1Bt} e

Thus, from (18) we find

t t
Vi (@) + 2l B + [ 26lBn(€OF a6 < [ { Bl + Bl } aé

t 1 . 1 . t
+/ {—|Em|§{+—|(a2b)EmI?{} d§+/
0 2 2 0

+HVa(0)Em (0)[ + c1 Em (0)fF + %IF(t)I?/* +elEn @)Y + [FO). + [En(0)f

2

3 .

/ GEn(s,) ds| +|Enf? b de
0

H

t
s [{IER 1B} e
0
Using the fact that E,,(0) = Eo,, and Em(O) = F1,, and combining like terms, we have finally

VaBm () + (c2 — | Em(®)2 + / 2| B (€, 0)[2 dé

2
t
5 . 1. . :
< [ Bl + 3 Bl + 510~ 26) Bl + FIFR Bl ¢ de
0
H

3
/ GEn(s,-) ds
0

1
+IVa(0) Evnlt + (cr + Dl Bom[i + < [F@)[5. + [F O

We next use the assumptions on the coefficients and kernel function to establish some bounds.
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Hypothesis Al) implies that there exists @ > 1 such that

Va0, ) Ein () < alBum ()l

Moreover, there exists ag > 0 such that

ao|Em(t, )7 < 1Va(-)Em

Hypotheses A1) and A2) allow us to show that there exists b > 0 such that

/ Li@e, ) — 2b(€. ) (e, )3 de < / B (€)% d.
0 2 0

We use hypothesis A3) to claim that there exists A > 0 such that

/Ih& £7>|Hd§<// Ih(E, 22 Eme, >|2dzd«s<h/ B

Using A4), we have that there exists G > 0 such that

t] e 2 - ; )
/0 /OG(ﬁ,s,-)Em(S,.) dsH d§:|G|%oo/0/0 </o |Em (s, 2)| ds) dz d¢

) t 1 . 9
S |G|Loo/0 /O (T5|Em(z)|L2(075)) dZ df

t 1 t t
<TIGE / / / |Eon(s, 2)|? ds dz dé = T°G / B (€,)]3 de.

Using these bounds, we have

t
a0l Em (Dl + (2 — [ En(®)f% + 26 / B (€,0) de

t
5\ . )
< [{ @ r200E o+ (5 +8) il + 7R + 1B } g
0

1
+al By + (c1 + D[ Eom i, + Z[F@)[. + [FO)[.

Letting

(& )5 de.

1 b
H(t) = a|Evmlf + (1 + 1) Eom 3 + ;IF(t)I%/* +[F0)[7. +/O 5. dE,

and recalling that
| EwmlY > B,

we find

alEn O+ 2 = NE O + 2 [ 1 OPae<HO+ [ {04h+T20)ERR+ (349) 1Bl |

113
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We note that (1 +h+ TQG‘) > 1. Moreover, we can choose € such that 0 < co — e < 1, and

- oA
1+h+T4G > 1
Co — €
Similarly, g+5> 1 and ap < 1 so that
5 -
5+0b
aog

> 1.

Then,

t t
ao| Em ()% + (c2 — €)|Em ()| + 20/ | B (€,0)]2de < H() +/ (1+h+T2G) |Enl} + (g +0)|E|? de
0 0

5

t24+b _ _ 1L+h+T2G\ (5 -\, .
SH(t)+/ 2 (1+h+T2G)|Em|%/+<7) <—+b) |E |3, dé
o @o Cy — € 2

CG4+b) (1+h+ TG .
< H(t)+/0 G+ ;S;;T L ((e2 = ) 1Bult + aolBinlty) d
(19)

We recall that the convergence of Ey,, in V and the convergence of Fi,, in H imply the boundedness of the
sequences in their respective spaces. This, along with A6), yields that H(¢) is bounded. Hence we can use
Cronwall’s inequality to show that {F,,} is bounded in C(0,7;V) and {F,,} is bounded in C(0,T; H). We
can thus conclude that {E,,(-,0)} is bounded in L?(0,T). It follows that there exist a subsequence {E,,, } and
limits £ € L?(0,T;V), E € L*(0,T; H), and E; € L?(0,T) such that

E,, — E weakly in L?(0,T;V)
B, — E weakly in L?(0,T; H)
B, (,0) — E, weakly in L2(0,T).

Since E,,, € C(0,T;V) and E,,, € C(0,T;V), we have

Fo (1) — By (0) — / By (€) dE = 0

in the V norm for all ¢ € [0,T"), and we note that this, of course, holds in the H norm as well.

We also have
Emk (0) = Eomk — EO
in the V sense, and

lAtEmk@)d5§45E@>ds

weakly in H for each ¢t € [0,T).
We take weak limits in H to obtain

E@:&+£E@%

E(t,0) = Eo(0) +/O Er(§) d¢
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in the H sense. Thus E(t) exists almost everywhere in H with £ = E € L?(0,T; H), while E(0) = Ey and
E(t,0) = Er(t) almost everywhere.

Proposition 3. The limit function E of the previous proposition is a solution of the equation (12).

Proof. We let ¢ € C*(0,T) with (T") = 0 be arbitrary and let ¢; = 1(t)w; where the {w;}2, are selected as
before. For a fixed j, we have

/OT {<aEm,1/1j>V*’v + <bEm,z/zj> + (hE, ;) + </Ot G(t, s, )Em(s,") ds’¢j>
+cEm(t,0)¢j(0)+al(Em,¢j)} dt:/oT (F )y dt,

Then we integrate by parts in the first term to obtain

T
/O {— (B, atly +a¢j>V*’V (B, 5 ) + (0B 1) + </ G(t,s, ) Eml(s,") ds,¢j>
T
+ CEm(t, O)’(ﬂ](O) + 0‘1(Em, ’Qb])} dt = /0 <F, wj)V*,V dt + <a(0)E1m,wj(O)>

for each 1);.

We would like to be able to take weak limits as m — oo in the previous equation, but first we must verify
that this is possible, particularly in the integral term. We know that E,, — E weakly in L?(0,7T;V) and
Y € C1(0,T). Then for a function g € L>(0,T; L>°(0,1)) and any function w € V, we have g(s, )w(-) € H C V
and g(-,2) € L%(0,T). So we may conclude that for each ¢

T T
/ (95, Eun(s), b(0)w) ds — / (9(5, ) E(s), b(tyw) ds.
0 0

We next use G € L>([0,T] x [0,T]; L>[0,1]). Since E,, — E weakly in L?(0,T;V), we have that for any
t€[0,T]

T T
/O <G(t787')1(0,t) (S)Em(S),w(t)w> ds — /0 <G(ta57 ')I(O,t) (S)E(S)aw(t)w> ds.
This implies

([ 6tt598n(s) @scvttne) = [ (@598 00000) s
-/ (Gt 5 V0 (5) En(s), w(0y0) ds

—>/ Mo,4)(s )E(s),¢(t)w> ds

Ry

for each t € [0, 7] and thus by boundedness we have convergence in L(0,T).



116 H.T. BANKS AND J.K. RAYE

This convergence, as well as the fact that o1 (-,1;(t)) € V*, show that we are indeed able to take weak limits
in the previous equation. As m — oo, we have for each j

T . . . .
/ {— (Boaty+ i)+ (bEy) + (hE.0) + </ G(t,5,)E(s, ) ds wj> + cBn(t,0)4(0)
For(B )} e / B}y A0+ (@)1, 00) - (20
We restrict ¢ to lie in C§°(0,T) and write

/OT ;) <aE,wj>V*’V —¢<aE,wj>dt+/0

T

{<bE,wj> (hE,w;) </ G(t,s, $,-) ds,wj>
+eE(t,0)w; (0) + Ul(E,wj)} b dt = /OT (Fyuwy)y. 0 dt

for each w;.
Then we can interpret the first term in the sense of distributions as follows

/OT¢% <aE,wj> dt—i—/o {—<dE,wj> + <bE,wj> (hE,wj) </ G(t, s, 5,-) ds,wj>

) T
+cE(t,0)w;(0) +01(E,wj)}¢ dt :/0 (Fywj)y. o di

T

for each w;.
Thus for each j, the equation

(;it <aE wj> - <dE,wj> + <bE,wj> (hE, wj) </ G(t, s, 8,°) ds,wj> + cE(t,0)w;(0) + o1 (E,w;)

= (F, wj>v*,v (21)

holds in the L?(0,T') sense.
Since {w;} is total in V, this implies that € L?(0,T;V*). Furthermore, upon observing that

(o.0) = g (o£:9) - (ab.),
we have for all p € V
(af.6),.  +(bE.6) + (hE.6) + </ G(t,s,)E(s,) ds ¢> + cE(t,0)(0) + 01.(E, §) = (F,d)y- o

which is our original equation (12).
Now we have that E(0, z) = Ey(z), but we need to show E(0, z) = Ej1(z). We recall that (20) holds for all
Y; = Yw; with ¢ € C*(0,T) and (T) = 0. Then if we integrate by parts in the first term, we have

/OT <aE,¢j> dt7<aE',z/Jj>|t 1 +/T{<bE,¢j>+<hE,¢j>+</O

T
e (t,0)65(0) + o1 (B, )} di = /0 (F, 05}y v dt+ (a(0)Ey, ;(0)) -

t

G(ta S, )E(Sv ) d871/)j>
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Recalling (21), we can thus conclude that
: =T
— (aB; ) 25 = (a(0)Er, 5 (0)),

or, since a(z) > ap > 0 and ¢;(T") =0,
(£(0).5(0)) = (Er.25(0)) ox
(B(0),w;) w(0) = (Ex,w;(0)) ¥(0).

Since this holds for all j and 1(0) is arbitrary, we have E(0) = Ey, and E is in fact a solution of the system (12).

Proposition 4. The solution to (2) established above is unique.

Proof. 1t suffices to show that E = 0 is the only solution that corresponds to the zero initial conditions
FEy = E1 = 0 and zero forcing function F' = 0. We begin by assuming F is a solution corresponding to zero
initial data and zero forcing function. For all ¢ € V| this solution F satisfies

(ak, ¢>V*7V +(bE,6) + (hE, ¢) + </ G(t,s, )E(s,") ds ¢> + cE(t,0)6(0) + 01 (B, §) = 0.

/E £ dé, t<s

t>s
and note that s (t) = E(t) and ¢s(T) = ths(s) = 0. Since 1/15( ) € V, we can choose ¢ = 15(t) to obtain

We define 5 (¢) for ¢,s € [0,T] by

(abs) o+ (BB ) + (BB, ) + < / GlE B ) de, ws> + (004 (£)(0) + 01(E,15,) = 0. (22)

Integrating this equation and considering some of the terms separately, we find

2/05 <aE,z/;S> dt = —2 [ <<aEE> + <aEz/;>) dt
/OS <%|\/EE|§{+<QE,E>2<&E,¢S>> at

WG + [ (6E.B)+2(EB faw)))

ValsEG + [ C(3(4E. E) + 2 (E. b)) dt.

S S d
2/0 o1 (E,bs) dt=/0 o1, ) dt = —01(15(0), 94 0))

[ (EC0w.000) +1EC0F) @t = [ 3 0. 00) <o
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and

/Os % (bE,p5) dt = /0 (<bE¢> n <6E7ws> n (bE,E>> dt
_ /OS <<bE,z/JS> + <5E,1/)5> + |\be|§,) dt

= 0.

Using these relationships, we obtain from the integrated form of (22)

Iv@E®N%+0ﬂw4®ﬂm®»4.As%ﬂﬂtmf<ﬁLLS@<M1E>+2®EAM>+2<leQ

—2VbE|% + 2 (hE, ) + 2 </Ot G(t, &, )E(E, ) dE, ¢>) dt. (23)

We may next use some of the previous assumptions on our coefficients to make the following estimates.
We note that

/ 3(6E, E) dt < 3|a|Lw/ B dt
0 0
and
/2wﬂ%>msw%/ﬁm%M+/hm%®
0 0 0
Thus from hypothesis A1), we have that there exists an a > 0 such that for s < T
| sar.m) +2@p0) as [ {alBh 4o} a
0 0
Moreover, we note that
/ —2[\/b(t, ) E(t,)|3 dt < 2|b|Loo/ |E(t,-)|3; dt
0 0
and
S . . S S
| 2(-bE ) ar<ibfe 1B e [l a
0 0 0
Then, as a consequence of A2), there exists a § > 0 such that for s <T we have
S S
/ {—2WVBE VB ) +2(~bE, v, )} dt < / BIB(E, )5 + sl .
0 0

We next substitute these bounds, as well as some of those established previously, into (23) to obtain the
inequality

VAB(s)y +01(60),0:(0)) < | ot B1R 4 TG ER +ahif%) dt.
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Furthermore, we note that

/ (o[, dt = / / (/ dg) dz dt
< /0 /01 (T%|E(.,z)|L2(t,s))2 dz dt
§T/OS/01/OS|E(§,Z)|2 d¢ dz de

<12 (B0 o
Then, we have
VGBS + o1 (0,0(0) < [ (a4 544 TG+ 4T B0 dr,
from which it follows that
aolE(s)% < /Os(a + B+ h+ TG +4T?)|E(t)|F dt.

Finally, using Gronwall’s inequality, we have |E(s)|%, = 0 for all s € [0,T].
This establishes uniqueness of solutions.

Proposition 5. The solution of (12) depends continuously on the initial conditions and forcing function.

Proof. To begin, we let

_ 1 .
Hp = a|Evn|3 + (1 + 1) | Eom|y + Z|F|%°°(O,T;V*) +F0)[}. + |F|%2(O,T;V*)'

Then from (19) we have

: S+b) (1+h+T%G) [ :
O = B0 < o+ BT [ (o 01l aninly) a

By use of Gronwall’s inequality, we have

540b) (14 h+T%G)

ag (ca — €)

a0 B (8)2 + (c2 — )| B ()2 < Hi exp <( T) = Hp, K.

If we integrate over the interval (0,7"), we have

a0|Em|%2(O,T;H) + (c2 — €)|Em|%2(O,T;V) < Hy K.

119

We next use the fact that as m — oo, Ey,, — Eg and E1,, — E7, the weak convergences established previously,

and the weak lower semicontinuity of norms to conclude that

. i 1 -
wlElxorm + (2~ Ny < (BB + (ot DBl + (143 ) ooy + F oo ) Ko
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Since the mapping (Eo, E1, F, F) — (E, E) is linear, we thus have continuous dependence on the initial data
and forcing function. Summarizing, we have proven the result:

Theorem. Under assumptions A1)-A6), the system (12) possesses a unique solution and (E,E) depends
continuously on initial data (Ep, E1) and forcing function F from (Eo, E1,F) € V. x H x HY(0,T;V*) to
(E,E) € L*0,T; V) x L*(0,T; H).

3. WELL-POSEDNESS OF SOLUTIONS TO THE SYSTEM
WITH PRESSURE-DEPENDENT DEBYE POLARIZATION

In this section we apply the results of Section 2 to establish the well-posedness of the Debye polarization model
with pressure-dependent coefficients. We consider (10) and (11) using the definitions of V, H, V* and o7 given
in Section 1. We recall that V,H, and V* form a Gelfand triple as described in Section 2. Moreover, we note
that o1 as defined in (6) is V-continuous and V-elliptic. The following discussion establishes the validity of
hypotheses A1)—A6).
We first outline some assumptions about our parameters and pressure wave.
P1) The pressure wave p in (9) is in H*(0,7;V) so that p is in the space C(0,7;C[0,1]) and hence in
Le°(0,T; L0, 1]).
P2) The derivatives of the pressure wave, p and p, are in L°>°(0,T; L*°[0, 1]). (See [8] and [7] for details regarding
the regularity of p.)
P3) The parameters x, > 0, k¢ > 0, and k,; > 0 are chosen such that there exists a value § > 0 such that
Yo + kyp(t, 2), Co + Kep(t, z), and 79 + Kk-p(t, z) are greater than ¢ for all z € [0,1] and ¢ € [0, T.
We use these assumptions to verify that A1)-A6) hold for the Debye example.
A1) The coefficient a is in L>°(0,T; L*°[0, 1]), as are its derivatives & and a, and for all (¢, z) € [0,7T] x [0, 1],
a(t, z) > ag, for some ag > 0.

Proof. Recall that
a(t,z) =1+ (600 — 1)[(21,1) =1+ (Co —+ Iigp(t,z) — 1)I(z1,1)~

We note that p, p, and p are all assumed to be L*°(0,T; L*°[0,1]) functions. From the form of a, we therefore
have a, a, and @ in L*°(0,T; L*°[0, 1]).
We also have for (t,z) € [0,T] x [0,21), a(t,z) = 1 > 0. Moreover, for (¢,z) € [0,T] X [21,1], a(t, 2)
= (o + kep(t, z) > 6 > 0.
A2) The coefficient b is in L>°(0,T’; L>°[0,1]) and b(¢, z) > 0 for all (¢, z) € [0, T] x [0, 1]. Additionally, the time
derivative of b, b, exists and is in L>°(0,T; L°°[0, 1]).

Proof. Again recall

_ (o (o—=C+(ky = Kp(t; 2))
bit,2) = (eo + (10 + krp(t, 2)) ) T

We recall the restrictions placed on k., k¢, and k, and conclude that b is strictly positive in [0,7] x (21, 1].
Thus, b(t,z) > 0 for all (¢, 2) € [0,T] x [0, 1].

Since p € L*°(0,T;L>[0,1]), we have that o — (o + (ky — k¢)p € L*™(0,T; L>°[0,1]). Moreover, since
70 + frp > 0 for all (¢, 2) € [0,T] x [0,1], we know (10 + k.p) " € L>=(0,T; L>[0, 1]).

Hence b is bounded, and b € L*(0,T; L*°[0, 1]).

Next, we have

e (((m K1, 2) (4 rpl0,2)) = o0 = o+ (5 = 5ot 2) z))) .
(10 + Krp(t, 2))
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Since (1o + Krp) 2, To + Ky Y0 — Co + (ky — K¢)p, (Ky — K¢)p, and k.p are all in L°°(0,T; L*°[0, 1]), we can
conclude that b € L*>(0,T; L*°[0, 1]).
A3) The coefficient h is in L*°(0,T; L>°[0, 1]).

Proof. From the definition

= [y = Rdp2) (L4 Rep(t 2)) (o = Go + (89 = Kp(t 2))
R <<ro T rop(t, ) (0 + mep(t,2))° ) e

Since (70 + k-p)”" and (k, — K¢)p are in L(0,T;L*®[0,1]), we have (k, — kc)p(To + Krp)” is in
L*>(0,T; L*0,1]).

In the same way, since o — o+ (ky —i¢)p and k,p are in L>°(0,T; L*°[0, 1]), and (1o + /@Tp)72 < 672, we have
(14 £+p) (v0 — o+ (ky—Ke)D) (T0+/€Tp)_2 is in L*°(0,T; L*°[0, 1]). Therefore, we have h in L*°(0,T'; L°°[0, 1]).
A4) The kernel function G is in L*([0,T] x [0,T]; L*°[0, 1]).

Proof. The Debye kernel is given by

(1 + rep(t,2) (0 — Co + (Ky — K)P(5, 2)) - bo—de
(10 + k-p(t, Z))2 (10 + k-p(s, 2)) P (/S To + KTp(g, Z)) (z1,1)"

G(t,s,z) =

First, we note that

(1 + k-p(t,2)) (0 — Co + (ky — Ke)p(s, 2))
(10 + Krp(t, ,z))2 (10 + £p(s,2))

e L*([0, 7] x [0, T]; L=[0, 1))

Since (10 + k-p(-,2)) "' € C(0,T), we know that

/5 T )
. T0 + K p(é Z)
1S abS()lule]y C()Iltlllu()us m t al d 57 lleIlCe

is in L ([0, T] x [0, T]).

Hence we may conclude that G € L*°(]0,T] x [0,T]; L*°[0, 1]).

It is clear from the definition ¢ = 1/eguo that c? satisfies A5). Furthermore, by an appropriate choice of the
source current J,;, we may guarantee that A6) holds and the forcing function defined by F(t,z) = —%J.s(t) is
in H(0,T,V*).

With A1)-A6) satisfied by the pressure-dependent Debye polarization model, we may apply the theory in
Section 2 and conclude that the system is well-posed.

4. SAMPLE NUMERICAL RESULTS AND CONCLUSIONS

The main goal of the previous sections is to outline theoretical results for a general system that arises in
electromagnetic interrogation problems. These results are important not only because they establish the well-
posedness of a certain class of partial differential equations, but also because they provide a basis for constructing
numerical approximations to their solutions, as well as a foundation for considering related parameter estimation
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FIGURE 2. Pressure wave vs. depth.

problems (see, for example [4,9]). The ability to compute numerical solutions and subsequently estimate system
parameters is critical in the study of interrogation problems.

In this section we present numerical solutions to (10) with coefficients defined by (11) to illustrate computa-
tions for systems that can be included in the theory presented in Section 2. By extending the given arguments,
one can establish the convergence of a finite element approximation to the solution of (10). We use such approx-
imation methods to compute the numerical solutions shown here. The numerical methodology used is similar
to that outlined in Section 6.1.1 of [4] and incorporates ideas presented in [10].

Figures 3a—k are time snapshots of an electromagnetic wave pulse traveling through a layered medium. (The
geometry is as shown in Fig. 1.) The pulse is initiated at z = 0 and travels to the right. Passing through the
medium, it interacts with the air/dielectric interface at z = z; and an oncoming pressure wave (depicted in
Fig. 2) traveling through the dielectric. As a result of each of these interactions, some of the electromagnetic
wave energy is reflected, and wave reflections travel back toward z = 0. It is these reflections which return to
z = 0 that would be observed and used as data in a parameter estimation problem. Figure 3c illustrates both
the air/dielectric reflection which is returning to z = 0 and the original wave pulse traveling to the right; in
Figure 3d one can see the air/dielectric reflection being absorbed at the boundary. Likewise, Figure 3g clearly
shows the reflection from the pressure wave and the original pulse propagating in opposite directions; Figure 3j
depicts the absorption of the electromagnetic reflection from the pressure wave at the boundary. It is interesting
to note that when this reflection traveling toward z = 0 crosses the air/dielectric interface, some of its energy
is again reflected; this phenomena can be seen by looking closely at Figures 3j and 3k.

Although the pressure wave is traveling to the left, its speed is extremely slow relative to that of the electro-
magnetic wave. Thus, Figure 2 can be thought of as the time snaphot of the pressure wave corresponding to
each of the snapshots in Figure 3.

Taken together, these plots provide a picture of the behavior of the electromagnetic wave propagation and
acoustic interaction described by the model equations (10, 11). Moreover, they serve as a visual example of the
relevance in interrogation methodology of systems included in the theory presented in this paper.
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FIGURE 3. (a) E field vs. depth — ¢t = 5.0025e-10; (b) E field vs. depth — ¢t = 1.00025e-9; (c)
E field vs. depth —t = 1.50025e-9; (d) E field vs. depth —t = 2.00025¢-9; (e) E field vs. depth
— ¢t = 3.00025e-9; (f) E field vs. depth — ¢ = 3.50025e-9.
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FIGURE 3. (g) E field vs. depth — ¢ = 4.00025e-9; (h) E field vs. depth — ¢ = 5.00025¢e-9; (i)
E field vs. depth — ¢ = 5.50025¢e-9; (j) E field vs. depth — ¢t = 6.00025¢-9; (k) F field vs. depth
— 1 =6.50025e€-9.
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