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RELAXATION OF QUASILINEAR ELLIPTIC SYSTEMS
VIA A-QUASICONVEX ENVELOPES

ULbis Rarrums!

Abstract. We consider the weak closure WZ of the set Z of all feasible pairs (solution, flow) of the
family of potential elliptic systems

div (z 0u(2)FL(Vu() + g(x)) — f<m>) 0,

s=1

w=(u1,...,um) € H3 (G R™), 0 = (01,...,05) €5,

where 2 C R" is a bounded Lipschitz domain, F; are strictly convex smooth functions with quadratic
growth and S = {o measurable | os(x) =0o0rl, s=1,...,s0, o1(z)+ -+ 0s,(z) = 1}. We show
that W Z is the zero level set for an integral functional with the integrand QF being the A-quasiconvex
envelope for a certain function F and the operator A = (curl,div)™. If the functions F; are isotropic,
then on the characteristic cone A (defined by the operator A) QF coincides with the A-polyconvex
envelope of F and can be computed by means of rank-one laminates.
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1. INTRODUCTION

We consider the problem of weak closure for the set of solutions of a family of quasilinear elliptic systems.
The origin of this investigation is optimal material layout (or optimal design) problems. Mathematically such
problems often can be formulated, see e.g. Kohn and Strang [4] or Tartar [9], as

I(u) — min,
div (z os(@)F! (Vu(z) + g(z)) — f@)) —0inQ, (1.1)

s=1

u=(ui,...,um) € HY(Q;R™), 0 € S,

where Q C R"™ is a bounded Lipschitz domain, F! are gradients of given functions Fj, I is weakly continuous
(with respect to Hi-topology) and the control set S is defined as

S= {O‘ € Lo(R™;R) | 0 = (01,...,04,), 0s(x) =00rl, s=1,...,80, o1(x) + -+ 05, () = 1}-
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In this setting, o, corresponds to the characteristic function of a domain occupied by s th material and F
corresponds to the constitutive law for the s-th material. The problem is to lay out these materials throughout
a given domain §2 with the aim to minimize the functional I associated with the state of the assembled medium.
Such problems, as a rule, have no optimal solutions and the minimizing sequences lead to highly oscillating
functions which, in the limit, can be associated with homogenized media. A well known procedure for the
relaxation of such problems is the passage to the G-closure of the set of initial operators, which, for the case of
linear constitutive laws, leads to the G-closure of a given set of nm x nm-matrices. We recall that the notion of
G-closure was introduced by Lurie et al. [5] and by G-closure is understood the closure of a given set of admissible
matrix-valued functions (or Nemitskii operators) with respect to the topology induced by G-convergence, see
e.g. Zhikov et al. [10]. From the point of view of optimal design, the G-closure is the set of all possible effective
tensors obtainable by mixing a given set of materials. The knowledge of the corresponding G-closure is not
necessary, in general, for the relaxation of the optimal control problem at hand, see e.g. Tartar [9]. This
observation leads to the another problem: find a direct description of the weak closure of the set of all feasible
states (solutions of Eq. (1.1)), preferably in the form of the level set for some integral functional. The first
question here is the existence of such integral functionals with more or less analytically defined integrands. We
do not know the existence of such integrands if only the states are involved, but we have a positive answer for
the weak closure of the set of all feasible pairs (state, flow).
More precisely, the state equation (1.1) can be rewritten as the equation

> (@)L (@) + 9(a) — £ () — n(a) = 0 in2 (12)

with trespect to (v,n) € V x N, where

Y = {vE Lo(SR™) | v = (v1,...,0m), vj = Vuj, uj € H}(Q), j = 1,...,m},
N = Ly(Q;R"™) 6 V.

Then, as we shall show in Section 4, the week closure of the set of all solutions of (1.2) with o € S can be
represented as

{<v,n> VN | [ QF(ola) + g(o)n(o) + f(w)de < o},

where the function QF does not depend on the choice of g and f and QF is the A-quasiconvex envelope (for
the operator A = (curl, div)™) of the function F,

F(&,¢") = min{ FL() + FI(€") - (€67 }
with I being the conjugate function to Fj, i.e.

F¥(¢")= sup {(2,5") — Fs(z)}, s=1,...,50.

zE R'IL m

For the definition and properties of A-quasiconvex functions see Fonseca and Miiller [3]. The necessary corre-
sponding results for the case of A = (curl,div)™ are given in Section 2. What concerns assumptions imposed
on the functions Fy, then we assume that F are smooth convex functions with quadratic growth and that the
corresponding gradients F! are strongly monotone mappings. These assumptions are formulated in Section 2.

The next, and more serious, problem is to obtain appropriate approximations or estimates for the function
QF. For comparison of complexity of this problem, we point out here that for the linear case, i.e. F.(§)
= A&, s = 1,...,50, where Ay are symmetric nm X nm-matrices, the G-closure of the set {As} can be
described by means of analogous to QF functions, see e.g. Raitums [8], the difference is only in the dimension
of the problem.
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In Sections 5, 6 we shall show that for the case of isotropic functions Fy, i.e. Fy(z) = ps(|2|), s=1,..., so,
the function QF on the characteristic cone A (for precise definition see Murat [7] or Fonseca and Miiller [3])
coincides with the A-polyconvex envelope PF of F and can be computed analytically or by means of rank-one
laminates.

Finally, in Section 6, we show that analogous results are valid for infinite sets of admissible functions F
and that, in addition, the function QF belongs to C! provided some additional smoothness properties of the
functions F'.

2. PRELIMINARIES

Let n > 2, m > 1 be integers, let 2 C R" be a bounded Lipschitz domain homeomorphic to the unit ball
and let
F, : R"™ >R, s=1,...,s0,
be given functions.
Denote, for a given function F' : R™ — R, by F* its conjugate function, i.e.

F* . R" — Ra F*(Z) = Sup [<Za£> 7F(£)]7 z € R"™.
EeRn™

Here and in sequal by (-,-) we denote the scalar product in Euclidean spaces. The standard Euclidean norm
will be denoted by |-|. The elements z € R™ we shall often represent as z = (z!,...,2™) with z/ € R",
j=1...,m.

Throughout the paper we always suppose that the functions Fy, FJ, s = 1,...,so, satisfy the following
hypotheses:

H1. F,,s=1,...,sp, are convex and continuously differentiable on R™™.

H2. There exist constants 14 > 0 and vy > 0 such that for all s =1,...,sq, and all z € R™"
w22 < Fi(2) < a(1+|212),
vilz]? < Fi(2) S va(l+2)%),
F,(0) = F(0) = 0.

H3. There exists a constant v3 such that for all s =1,...,s9 and all z € R™™

[FL(2)] <ws(1+]2]), [F(2)] < ws(1+ |2)).
H4. There exists a constant v4 > 0 such that for all s =1,...,s9 and all z, £ € R"™

(Fi(z+&) = Fi(2),&) > nal¢]?,
(Fi'(z+&) — Fi'(2),6) > val€]*.

Here and in what follows by F! and F*' we denote the gradient of Fy and F* respectively.
In the last section we shall involve the additional hypothesis.

H5. There exist a constant v5 and a continuous increasing function 79 : R — R with 74(0) = 0 such that for
alls=1,...,s0 and all z, £ € R"™

[F(z+€) = Fi(2)| +|F (2 4+ 6) = FY'(2)] < ws(1+ |2])0(€])-
Remark 2.1. It is easy to see that H3 and H5 are straight consequences from H1 and H4. The reason why H3

and H5 are involved is to indicate more exactly which properties and where are exploited. All hypotheses H1-H5
can be formulated in terms of the functions Fs as: Fs : R"™ — R, s =1,..., 89, are convex and continuously
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differentiable and there exists constants v > 0 and L > 0 such that 0 = F,(0) < Fy(2), |Fi(2)—F.(&)| < L|z—¢|,
(Fli(z+ &) — F!(2),€) > v|¢)? for all 2,6 € R"™, s =1,...,s0.
Define

Soz{HERSO | 0= (01,....0,), 0, =0orl, j=1,...,50, 91+---+930:1},

S = {a € Lo(R";R*) | 0 =(01,...,04), 0(x) € Spae.x€ R”}

and let the function F,
F Sy xR" xR" — R, F=F(@¢,¢"),
be defined as

F0,¢,¢") = }:eF +§:9F*" (&, €". (2.1)
By hypothesis H2 and Young’s inequality for all 0 €05y and all ¢/, &’ e R™
0=7(0,0,0) < F(0,¢,¢"), (&) + ")) —(¢,€") < F(0,€,6") < (o + (P + [P +2).  (22)

Denote
]:O(E/agﬂ) = Gnélsn f(9a§/7€”)a gla 5// e R"™. (23)
0

Obviously, Fo is continuous and satisfies inequalities (2.2).
Let the spaces V and A be defined as

V= {v € Lay(GR™) | v=(vh,...,0™), v/ = Vuy, u; € Hy (), j = 1,...,m},

Let the elements g, f € L2(2; R™) be fixed. Denote, for a chosen o € S, by (v(0),n(0)) a pair (v(o),n(o))
€V x N such that

}:% (z) + g(z)) = n(0)(x) + f(x) ae.x € Q. (2.4)

Obviously, if such a pair ex1sts, then

div (Zos () + g(x)) — f(x)) =0in{

in the sense of distributions and v(o) is the minimizer of the functional

v—>/ {ZUS Fs(v(z) +g(x)) — <U($),f($))}dx

over v € V.

By construction and by virtue of H1-H4, such minimizer v(o) always exists and is unique. Since N is the
orthogonal complement of V, then for every o € S there exists an unique pair (v(c),n(c)) € V x N that
satisfies (2.4). Denote the set of all such pairs with o € S by Z(g, f), i.e

2(9,§) = {((@),n(0) € VX N | o € S }-

We are interested to find a description for the closure wcl Z(g, f) of the set Z(g, f) in the weak topology.
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Let K C R™ be the unit cube, i.e. K = (0,1)™.

Definition 2.1. A function ¢ : R™ — R is said to be K -periodic if for all integers k1, ..., k, and all z € R"
o(x1 + k1, ..o 0 + ki) = o(x).

Introduce the spaces

Vit = {v € Ly(K;R™) | v =(v',...,0™), v) = Vuy, uj € Wy 1 (R"), u; is K — periodic, j = 1,.. .,m},

lo
N# = {n € Ly(K;R™) | p=(n'...on™), ' =D TiVuj, uj € Wy 1 (R"), ujis K — periodic,  (2.6)
=1

z:1,...,10:n(n—1)/2,j:1,...,m}-

Here by T;, I =1,...,1p, we denote arranged in a given order all skew-symmetric n X n-matrices with only two
nonzero entries equal to +1 and —1 respectively.
It is well known, see, for instance, Zhikov et al. [10], that

Ly(K;R™) = V# o N# @ R"™™
and that there exists a constant ¢y such that the elements u;; in (2.6) can be chosen so that
[ Vuil [lory < collmlls 1 =1, los j=1,...,m.
By construction, V# x N7 is the closure in Lo(K;R™) x Lo(K;R™) of the kernel of the operator
A = (curl,div)™ in the space of K-periodic functions from C*°(R™; R") x C*°(R™; R™) with zero mean

value.
Denote, for (¢/,¢") € R™™ x R™™,

Q) = int, inf, [ e o). + ). 27)

By virtue of H1-H4, the function QFp is the A-quasiconvex envelope of Fy for the operator A = (curl, div)™.
We emphasize that A = (curl,div)™ has a constant rank, see Murat [7], what is essential for Proposition 2.2
below.

Let us recall, for convenience of the reader, the results on A-quasiconvexity from Fonseca and Miiller [3],

reformulated for the case A = (curl, div)™.

Definition 2.2. A continuous function F' : R™ x R™ — R is said to be A-quasiconvez if
P& < [ FE+0(0) ¢+ nfa)ds
K
for all (¢/,&") € R™ x R™ and all (v,n) € C*°(R™; R™ x R™) such that

A(v,n) =0, (v,n)is K — periodic, /K(v(x),n(x))dx =0.
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Definition 2.3. Given a continuous function F' : R™ x R™ — R we define the A-quasiconvex envelope of
F at (¢,¢") e R™ x R™ as

QF (¢, ¢") = inf{/F(f' +ov(x), " +n(x))dz | (v,n) € C*R™;R" x R"™), A(v,n) =0,
K

(v,m)is K — periodic, /(v(m),n(m))dm = 0} .

K

Proposition 2.1 (Fonseca and Miiller [3]). If F' : R™ x R™ — R is upper semicontinuous then QF is
A-quasiconvex and upper semicontinuous. Moreover, QF is A-convex, i.e. for all 0 <t <1

QF(tg + (1 —t)2',t" + (1 —1)2") <tQF(, &)+ (1 —t)QF(2',z") whenever (¢ —2',¢"—2")€eA
where

A= U {(flafu) c RV x RV™ | ¢ = (0416, . )ame))
ecR”, |e|=1 (28)

ajeR,j=1,....m, & = ("1,.... "), (£",e) =0, j:l,...,m}-

Proposition 2.2 (Fonseca and Miiller [3]). Let Q' C R"™ be a bounded open domain, let 1 < q < oo and suppose
that F : Q' x R! x R"™ x R"™ — R is measurable in x € Q' and continuous in (z,£',£") € Rl x R™™ x R"™,
and that for a.e. x € Q' and all z € R! the mapping (&',¢") — F(z,2,£,¢") is A-quasiconvez. Assume further
that there exists a locally bounded nonnegative function ¢ : Q' x R! — R such that

0< F(z,2,¢,8") < e, 2)(1+ €17 + €.

If
wy, — W in measure in
and
(v, ) — (vo,mo) weakly in Ly(Q;R™ x R™), A(vg, ) =0 in
then

/ F(z,wo(x),vo(x),no(z))dz < klim inf/ F(z,wg(x),vi (), ne(z))d.
We shall need a few additional notions.

Definition 2.4. A continuous function A : R™ x R™ — R is said to be A-quasiaffine if h and —h
are A-quasiconvex.

Definition 2.5. A continuous function F' : R x R™ — R is said to be A-polyconvex if

F(&,¢") = o(hi(&,€"), . hng (€,67))

where the functions h,., r =1,...,rg, are A-quasiaffine and the function ¢ : R™ — R is convex.
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Definition 2.6. Given a bounded below continuous function Fy : R™* x R™" — R we define the A -polyconvex
envelope of Fy at (£/,¢") € R™ x R™ as

PFy(¢,¢") = sup{F(f',f”) | Fis A-polyconvex, F(z',2") < Fy(2',2")for all (2/,2") € R"™ x an},

Definition 2.7. A function F : R™ — R is said to be isotropic if there exists a function ¢ : R — R such
that for all z € R™™ F(z) = ¢(|z])-

Now we are able to formulate the main results of this paper.

Theorem 2.1. Let the hypotheses H1-H4 hold. Then the functional

(0,1) — / QFo(v(x) + g(x), n(x) + f(x))dz

is sequentially weakly lower semicontinuous on V X N for every fized pair (g, f) € L2(2; R™™) x Lo(Q; R™™)
and

wt 206,9) = {00 €V <N | [ Q7o) + a(a),nte) + f(a))dz = 0}

Theorem 2.2. Let the hypotheses H1-H4 hold and let the functions Fs, s = 1,..., s, be isotropic. Then for
cvery (€/,€") € A

Qj:O(flag”) = ,P]-—O(flaf”)

= f f o +REH+ F* + REM) pd
c€ES, Ln a(zl)uev#lrvl U(a:l)??EN#,n W(xl)/{za xl xl) g) S(n(xl) ‘ )]} :

where RE' = (RE™, ..., RE™), RE" = (REM ..., RE"™) and R € SO(n) is such that the vectors RE™, ... RE™
are parallel to e; = (1,0,...,0) and the vectors RE"*, ..., RE"™ are orthogonal to ey.

3. AUXILIARY RESULTS

Throughout the paper the constants whose precise values are not important we shall denote by ¢, if necessary,
we shall write, for instance, c¢(n, () to indicate that this particular constant depends only on n and €. For a
measurable set E C R™ by |E| we shall denote the Lebesgue measure of E, the characteristic function of E we
shall denote by xE.

Lemma 1. For every fized f € La(Q;R™) and o € S

[ > @ = | {Zas sup <zs,f<x>>—Fs<zs>1}dw
Q s=1

2sERNM
Q

sup / {;US(‘Z‘)KO‘(w)a f(I)> - Fs(a(x))]} dz.

€Ly (R
Q

Proof. Let us denote by (s(z) the maximizer of the expression

(8, f(x)) — Fs(B)
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over 3 € R™. By virtue of H1-H4, the element §,(z) is uniquely defined and

Bs(z)] < er(|f ()] + 1) (3.2)
Let € > 0 be given. There exists a closed set D C €2 such that |2\ D| < ¢ and f is continuous on D. The
values | f(z)| on D are bounded too. We want to show that 5,(-) is continuous on D. Let a sequence {z;} C D

converges to some xg € D. Without loss of generality we can assume that the sequence {3;(xx)} converges to
an element By € R™. Elements 34(xy) satisfy the Euler equation

Fi(Bs(xr)) = flar), k=1,2,...
We can pass to the limit & — oo in these relationships (hypothesis H1) what gives
Fy(Bo) = f (o).
But F!(Bs(z0)) = f(xo) and from H4 it follows immediately that Gy = [s(xg). Therefore, 3, is continuous on

D. From this, from arbitrariness of € > 0 and from the estimate (3.2) it follows that 3, is measurable on £ and
that 85 € La(Q; R™™). Clearly, the function «yp, defined as

ZO’S Bs(x), x € Q,

belongs to Lo (2; R™™), and, by construction of «y,

/Q{;o—s<x>[<ao<x>,f<x>>Fs<ao< o) }dx—/ {ng >}dx,

On the other hand, the functions o, are nonnegative and for every a € Ly(€; R™™)

/{Zoos(:v)[<a(x),f(x)> — Fy(a(z))] }d:c </{Zas sup [(zs, f(x)) —Fs(zs)]}dx
Q s=1

zs€Rn™M

what concludes the proof. O

Lemma 3.2. Let g, f € Lo(Q2; R™) be fized. Then

inf  sup / {Zas s(x))—Zolasu)Fs(a(x))+<a<x>,f<x>>—<g<x>,f<x>>}dx

ocesS €Ly (QR™)

/{elélsfo [29 Fi(g(x)) +;95F§(f(x)) - <g(ﬂf),f(ﬂf)>] }dﬂf'

Q

(3.3)

Proof. By virtue of Lemma 3.1, we can bring the supremum over « inside the integral. Thus, the expression in
the left hand side of (3.3) is equal to

in / {Zas Fu(g(a)) + F:(f( >>1<g<x>,f<x>>}dx. (3.4)

oc€ES O
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Let €' C € be the set of all Lebesgue points for all functions g(-), f(-), Fs(g(-)), FX(f(-)), s=1,..., so. Clearly
|V = |9|. Define sets Fy, E1, ..., Es, as

0,
E. o e ¥\ (EUEU-UE) | Flo) + F: ()
min [Filg(@) + Fr(f@))}, 5= 1.0~ 1,

l=s+1,...,50
so—1

E, =2\ U E..
s=1

IN

s0

By construction, the sets E; are measurable, Fy, (| Es, = 0 if 51 # s2, |J Fs = Q' and the inner infimum over
s=1

0 € Sp in the right hand side of (3.3) for a.e. z € Q is attained at § = 6(z),

0(z) = (XE, (), .-, XE,, (), T € X,
0(z) = (1,0,...,0), x € Q\ .

The function ¢, defined as o%(z) = 0(z), x € €, belongs to S, hence, the right hand side in (3.3) is greater
than or equal to the left hand side in (3.3). The inverse inequality is obvious. |

We recall that the expression in square brackets in the right hand side of (3.3) is equal to F (0, g(x), f(x)),
but the integrand in the right hand side of (3.3) is equal to Fo(g(x), f(z)). In turn, the integrand in (3.4) is
equal to F(o(-),g(-), f(-)). Thus, we have the following:

Corollary 3.1. For every fized g, f € La(2; R™™)

/% f@)de = int. [ Fola),g(o), f(o)d.

oceS
Q

Corollary 3.2. For every (£',£") € R"™ x R™™

QFo(¢',¢") = inf inf inf / {ZUS Ey( +€)+F§‘(n($)+€”)—<€’,§”>}dx

oESveV# neN# [
Let us introduce, for a given o € S, the functional
J(0,) : La(QR"™) x Ly(Q;R™) = R, J(o,9,f) = / Flo(z), g(z), f(x))dz.
Q
Lemma 3.3. The functional J(o,-,-) is continuous and Gateauz differentiable.
Proof. The proof follows immediately from hypotheses H1-H4. a
Lemma 3.4. For every fized 0 € S, g, f € La(; R™™) the functional

Jo,g+f+) : VXN =R,
ﬂmg+mf+n%j/fwwhﬂﬂ+ww%ﬂ@+w@DM
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is continuous, Gateauz differentiable, strictly conver and

J(o,g+v, f+n) >0 for all(v,n) €V x N,
J(o,g+v, f+n) = c(vr,g, )(Iv]*+ [nl]* = 1) for all(v,n) €V x N

for some positive constant c(v1, g, f).

Proof. The statements of Lemma are straight consequences from hypotheses H1-H4, inequalities (2.2) and the
fact that A is the orthogonal complement of V. O

Lemma 3.5. For every fized o € S, g, f € L2(2; R™™) the functional J(o,g+-, f++) attains its minimum over
(v,m) €V x N on a unique pair (v(c),n(c)) defined by the relationship (2.4) and J(o,g+v(o), f +n(c)) =0.

Proof. The existence of an unique minimizer for the functional .J(a, g+, f+-) on Vx N is a straight consequence
from Lemma 3.4 and the reflexivity of Lebesgue spaces L, for 1 < p < oo. Let the pair (v(0),n(c)) € V x N
satisfies (2.4). For every £” € R™ and a.e. x € ) the equation

> ou(@)Fl(z) = €
s=1

with respect to z € R™" has an unique solution. From this, the definition of conjugate functions, the properties
of 0 € S (o represents a so-tuple of characteristic functions of pairwise disjoint sets) and (2.4) it follows

S 0 (@)F2 (f(2) +0(0)(@) = (9(z) + (o) (@), f(z) + n(0)(@)) ac.a € Q.
s=1

This and the analytical expressions (2.1) for F(6,¢’,£") give that
Flo(x),g(x) +v(o)(z), f(x) + n(o)(x)) =0a.exz €.

Since J(o,9+ v, f+n) > 0 for all (v,n) € V x N, then (v(c),n(c)) is the minimizer of J(o,g + -, f + ) on
VYV xN. O

Lemma 3.6. Let the sequences
{er} CR, {*} C S, {(vr,m)} €V XN, {(ar,br)} € La(R™™) x Ly(; R™™)
be such that
er >0, e = 0ask — o0, |(ar,br)]| = 0ask — o0, J(ok,g+ar+vk, f+br+n) <ep, k=1,2,...

Then
(i) ||(vg —v(a®),m — n(c®)|| — 0 ask — oo;
(ii) there exists a subsequence, still denoted by {(vi,mx)}, such that

(vi, i) — (vo,m0) weakly in V x N as k — oo
and

(UOa 770) € ’LUCZZ(g, f)

Proof. Recall that by definition and Lemma 3.5

O:J(ak,ngv(ak),ern(Uk)) < J(Jk,ng’u,ern) for all (v,n) € V x N.
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Since the pair (v(o®),n(c")) is the minimizer, then the Gateaux derivative J'(c%, g + v(a*), f + n(c*)) as an
)

element of La(Q; R™) x Lo(2; R™™) is orthogonal to V x N. Hence,

J(o", g+ ar + vk, f+ b+ i) = J(o", g +v(o"), f +n(a"))
7<Jl(akag +v(0k)7f + U(Uk))v (vk - U(Jk)ank - U(Uk)» <er, k=1,2,...,

or, what is the same,

/{Za () + ar(z) + v (z

)
— (Fl(g(x) +v(d")(z
+ F(f(o )+bk( )+77k)(ﬂf))*F
k

— (FY(f (@) + n(@") (@), m (@) — n(e*)(@))] (3.5)
= (g(x), k() = n(o")(x)) — (f(2), ve(z) — v(ff’“)(fﬂ))}dﬂf

< Ek,
k=1,2,...

Since F! and F}' are continuous, then H4 implies
Fo(z48) = Fu(2) = (Fi(2),©) 2 vald?/2, FI(+€) = FI(2) = (FI'(2),§) 2 valé?/2 for allz, £ €R™. (3.6)

By virtue of Lemma 3.4, the set Z(g, f) is bounded, hence, from (3.5) and (3.6) it follows

/ {lon(@) + ar(x) = v(™) (@) + |nk(2) + br(x) = n(0®)(2)*} do < 8ex/va+ clvs, va, gl IFID (Nanll* + [10x]%)

what together with the assumptions of lemma give the statements of lemma. |

Corollary 3.3. For every fized g, f € La(2; R™™) the set Z(g, f) is bounded,
Z(g, f) = {(v,n) eEVXN | Jo,g+v,f+n)=0,0€ S}
and the closure cl Z(g, f) of the set Z(g, f) in the strong topology is equal to
cdZg, f)= {(v,n) eEVXN | Jlo,g+v, f+n)=0, JGEOS}~

Proof. The boundedness of Z(g, f) is a straight consequence from Lemma 3.4, and the representation for Z(g, f)
follows from Lemma 3.5.

Let {o*} C S and let the sequence {v(c*),n(c%)} converges strongly to an element (vg,70). Without loss
of generality we can assume that the sequence {o*} converges weak - in Lo, (£; R*°) to an element oy € ¢o S,
and also that the sequence {v(c*),n(c*)} converges almost uniformly in 2. This and the hypotheses H1-H4
ensure that we can pass to the limit

0= J(O-kag + U(O-k)hf + W(Uk)) - J(007g + UO7f + 770) as k — oo.

On the other hand, let us suppose that J(og,g + vo, f + 10) = 0 for some triple (g, vo,70) € €05 X V x N.
Since the integrand in J depends on ¢ in an affine way, then there exists a sequence {o*} C S such that

o* — gp weak — xask — o0,
J(o®, g+vo, f+m) <1/k, k=1,2,...
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From this and Lemma 3.6 it follows that the sequence {v(c*),n(c")} converges strongly to (vg,n0) as k — oo.
O
4. PROOF OF THEOREM 2.1
Throughout this section the pair (g, f) € La(€; R™) x Lo(Q; R™™) is fixed.
The function Fy,

0esS

s0
Fo(¢,€") = inf {Z 0.[F.(€)) + F2(€") ~ <£’,£”>}
s=1
is continuous and satisfies inequalities (2.2). From this, the definition of spaces V and N, Corollary 3.2 and

Young’s inequality we get that for all £, £” € R™™

ocES veVH# neN#

QFo(¢',€") = inf inf inf /{Zoas(x)[Fs(v(I)JrE')+F§‘(77(fc)+€”)]—<v($)+€',n($)+€”>}d$
K s=1

4.1
> int int [ {afo) + €7 + lna) + €' - (€467} do Y
K
> (P + ") - (€,¢")
0< QAE.E") < Fole €") < (Lt m) (€ + 17 +2). +2)

By Proposition 2.1, the function QFp is convex with respect to the characteristic cone A defined by (2.8). The
cone A contains all basis vectors in R™™ x R™™ hence, QFy is separately convex what gives that QF is locally
Lipschitz, see Dacorogna [2] or Ball et al. [1].

The continuity of QFy and estimates (4.1) and (4.2) are sufficient for that the mapping

(2,2,€,6") = Fla,2,6,6") = QFo(' +£.2" +¢"), z=(<,2") eR"™ xR™

withy w(z) = (g(z), f(x)) satisfies all assumptions of Proposition 2.2. This gives that the functional

(v,1) — / QFo(g(x) + v(z), f(z) + n(x))dz (4.3)

is sequentially weakly lower semicontinuous on V x N.
As an immediate consequence we have that the set

0Z(g. f) = {w,n) VN | [ @Falgle) +v(o). F(a) + 0o = o}

is bounded (estimates (4.1)) and weakly closed.
Since

0<QFo(¢,¢") < F(0,€.£"),
then, by virtue of Corollary 3.3,
Z(g,f) € QZ(g, f),
and, as a straight consequence
wel Z(g, f) € QZ(g, f)-

It remains to show that
QZ(g, f) Cwel Z(g, f).
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Let (vo,m0) € QZ(g, f). We want to show that there exists a sequence {(a*,v(c%),n(c"*))} €S x ¥V x N such
that

(0("), 1(0*)) = (v, m0) weakly ask — oc.

It is well known, see, for instance, Zhikov et al. [10], that the space N has the representation (we recall that
is homeomorphic to the unit ball)

) lo
N = {77 € Lo(GR™) | = (nt,...,n™), P = Y. TiVuji, uy € Wi(Q), l=1,...,0p; j = 1,...,m} (4.4)
=1

and there exists a constant ¢(n, ) such that the functions uj; in (4.4) can be chosen so that
lujillwg ) < el Dl 1=1,...lo; j=1,...,m. (4.5)

Here matrices T} are the same as in the definition of the space N# by (2.6). The representation (4.4) and
estimate (4.5) ensure that A contains a dense subset of piecewise constant elements. Clearly, the same property
has the space V.

Let € > 0 be given. The estimates (4.1, 4.2) and continuity of QQFy ensure that there exist piecewise constant
elements (ve,n:) € V x N and (ge, f) € L2(2; R™™) such that

[[(ve,m) = (vos mo) | < &/8,  [I(ges fe) = (g, PIl < /8, /Qfo(va(fc) +9e(2), e () + fe(w))dz <e/8. (4.6)
Q

In addition, the elements v., 7., g¢, f- can be chosen so that there exists a partition
Q=QUELU---UE,,, |Q] <e¢,
such that {E,} are pairwise disjoint cubes,
E.=x2"+71.K,r=1,...,rg,
that in every FE,. the functions v, 7., ge, fe are constant, say

ve(2) + ge(x) = a, € R ifx € E,,
ne(x) + fe( )="b, € R"™ ifz € E,,
= a"'aT'Oa

and that for all 0 € §
/\f ) ve(a) + g0),1e(o) + el + [ |QFaloe) + gu(o)nele) + felaDldo < efs(q)
Qo
The estimates (4.6) and (4.7) give

0< Z B, QFo(ar,by) < /4. (4.8)

Denote by V#(E,.) and N#(E,.) the spaces defined by (2.6) with E, instead of K, r = 1,...,7ro. Then, after
an obvious transform of co-ordinates, from Corollary 3.2 it follows

IErIQfo(ar,br)=v€¢ng)n@}gf ;relg/ F(o(x),v(z) + ar,n(z) + ar)dz.
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By continuity of F and by estimates (2.2), there exist piecewise constant elements
(0", vp,mr) € S x V#(E,) x N#(E,)

such that

IE,|QF(an. / F(o" (), vr(@) + arme(x) + br)dz — 6/2, 8 =¢/(2ro +1).

Denote by w; and wj, I =1,..., lo, j =1,...,m, the functions from the representation (2.6) for v, and 7,

respectively (more precisely, analogues of (2.6) with E, instead of K), and let us extend these functions wia
FE,-periodicity to the whole R™. Then, for any integer £k = 1,2, ...

1 1
/f(a’"(kx), (EVwI(k:E) +ar,..., Ewan(k:E) + al”) )

T 1 & 18 (4.9)
s 1 r m
< |Er|QFo(ar, br) + /2.

Now, by means of appropriate cut-off functions, which are equal to zero near the boundary of E,., we obtain
the existence of elements
(U, k) € VF(E) x N#(E,), k=1,2,...,

which are equal to zero near the boundary of E,, such that for k large enough, k& > ¢(d, vy, 0y, ar, by),
/ ]:(Ur(kx)a Urk(x) + aranrk(x) + br)dx § |ET|Qf0(a7’7 br) + d (410>

and
(Vrk, i) — 0 weakly ask — co.

This procedure and the estimates (4.7)-(4.10) give that for

e 02\ Q

of = oP(z) = ZXE x \ 2o,
(1,0,..., ).Z‘EQ(),

(vkank) (vk ZXE' ka 777"]9(1'))7 T e Qa

and for k large enough
[ 7R @00 +0.0) + 0u(0) 0 0) + £0) + 0 (0))

< / QFo (ve() + ge (), 1 () + Fo(@))dz + 1/2¢ + b1

Qo
< 2e.

In addition, {(vk,mk)} CV x N and (vg,ni) — 0 weakly ask — oo.
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After an appropriate diagonal process with ¢ — 0 and k — oo we have a new sequence

{(Jkavkank)} C S x V X N

such that
(vg, k) — (vo, o) weakly as k — oo,
J(oF, v+ g+ (gx — 9),mk + f + (fe — ) — Oas k — oo,
(9> fr) = (ge +ve =g —vo, fe +ne — f —m0) — 0as k — oo.
These convergences and Lemma 3.6 give that (vg,n) € wel, Z(g, f), what completes the proof. O

5. EVALUATION OF (QFy ON THE CHARACTERISTIC CONE A

In the first part of this section we shall give the proof of Theorem 2.2.
Recall that the characteristic cone A is

A= U {(g',g") ER™ x R™ | ¢ = (are, ..., ame),

ecR", |e|=1
0 €R,J =1, mi € = (€7, €™, (€9, 6)=0,j=1,...,m}

From Proposition 2.1 it follows immediately that every A-quasiaffine function A is affine with respect to A, i.e.

h(A(E,€") + (1= N)(2,2")) = A(€,€") + (1 = N)h(2', ") (5.1)
whenever (¢',¢") — (2/,2") € Aand0 < A < 1. ’
The linear hull of A is equal to R™ x R™™ therefore, from Murat [7] it follows that the function h is a polynom
of degree less than or equal to n. After that, a simple observation gives that h has the representation

h(&',€") = co+(a,§") + (b, €") + (£, ") + > caXa(f) if n >3,
h(€',€") = co+ (a, &) + (b, ") + (£, €") + X caXal(f) (5.2)
F S daYa (€ ifn =2,

where a,b € R™; ¢y,7,cq,d, are arbitrary constants, X, are minors of the n X m-matrix X constructed
from ¢ = (¢'1,...,&™) with 7 as columns, Y, are minors of the n x m-matrix Y constructed from ¢” =
(€71, .. &™) with €77 as columns.

Indeed, let us show, for instance, that, if n > 3, then h is affine with respect to {”. Denote by h;; n x n-
matrices, 4,7 = 1,...,m, which corresponds to the second derivative of h with respect to &”% and £’7 from
the representation & = (£”1,...,&"™). Clearly, hy are symmetric matrices and hj; = hl; where hf; is the
transpose to h;; matrix. From (5.1) it follows immediately that

m

Z (hijz*,27) = 0 whenever (0, (z',...,2™)) € A. (5.3)
ij=1
If one chooses z? = -+ = 2™ = 0 then there are not restrictions on 2! € R™ and from (5.3) it follows that
hi1 = 0 (hy; are symmetric). Exactly in the same way we get hy; = 0, ¢ = 1,...,m. In the second step we
choose 2% = -.- = 2™ = 0. (5.3) gives

(h1pz*,2%) =0 for all 2*, 2% € R",
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because for n > 3 every element of the form
(0, (24, 22,0,...,0))

belongs to A. Thus, h;; =0, 4,5 =1,...,m, and, as a consequence, h is affine with respect to " if n > 3.
Other properties of h can be shown in an analogous way, we only point out that for a fixed £’ the function
& — h(¢,¢"”) must have the same properties as quasiaffine functions for the standard variational case, i.e., with
the operator (curl)™.
Now, as we know the type of all A-quasiaffine functions, exactly in the same way as in Dacorogna [2] one
can show that for a given continuous function ® : R™ x R™™ its A-polyconvex envelope is

C/ ’CII eRnm

P@(&'.e'@:sup{ inf (2,6 = )+ (8 = )€€ = () + e (Xal€) - XalC)

J " € R™™, (5.4)

Y da(Yal(€) = Ya(¢") +2(¢',¢)]
Y, Cay o E R, doy =0if n > 2}~

We want to estimate PFy from below on A. Clearly, one will get such an estimate by choosing in the repre-
sentation (5.4) for PFy some parameters in a special way, say v = —1, ¢, = do = 0. Such a choice gives, for

(€,€") €A,
Fo(¢,€") = PFo(¢,€") = sup

inf
2,z €ERM ¢, ¢"eR™

(5.5)
minfF(¢) + F7 (¢")] = (,¢') - <Z~,¢~>}'

By bringing the minimum over s outsaid the braces and by using the definition of conjugate functions (recall
that Fs are convex and (£',£"”) = 0), we get

PR 2 swp  min{~F() = F(z") + (2/,€) + ("€ }

Z/,ZNER”"” S

6€coSy 2! 2" eERnmM

— inf sup {—ZGS [Fs*(z/) T Fs(zl/)] + <Z’,E'> + <Z”,§”>}

(5.6)

ocesS 0'=0'($1) 2!,z eRPM

0 s=1

1 s
- inf sup / { os(x1) {Fs*(z’) + Fs(z”)} + (2, &) + <z",§”)} day

1 s0
= inf inf inf < F N+ F* " d
aESzlyria(ml)Sﬂlng’l/}éng/{ _10 (:E1)[ (pla) + &) + F((a1) +€ )}} 1
0 5=

where by LY is denoted the subspace of L2((0,1); R™™) of functions with the zero mean value.

The functions Fs and F are isotropic and (¢,£"”) € A, therefore, by introducing a rotation R € SO(n) such
that the vectors RE'7, j = 1,...,m, are parallel to e; = (1,0,...,0) and the vectors R¢”7,j = 1,...,m, are
orthogonal to e, we can rewrite (5.6) as

PFo(¢,€")>  inf  inf inf / {Zosm)[Fs(w(xl)+R£’)+F;<¢(x1)+R£”)]}dw- (5.7)
K s=1

oe€So=o(x1) peL pEL)



RELAXATION OF QUASILINEAR ELLIPTIC SYSTEMS 325

Since Fy and F; are isotropic, then from Euler equations it follows that the inner infimum over (p,4) in (5.7) is
attained on elements (p(0), (o)) such that for a.e. z1 € (0,1) the vectors p(o)(z1) and ¢ (o)(z1) are parallel
to RE" and RE” respectively. In turn, the special structure of elements of A (clearly (RE', RE"”) € A) gives that
the elements ¢ (o) and ¢(o) coincide with some v € V¥, v = v(zy), and n € N#, 1 = n(x1), respectively. Thus,
we have, for (¢/,£") € A,

PREAD 2 g ) veriaian) nehrntan / {Z% =) w1>+R€>+F:<n<w1>+Rf”>1}dx

> QFo(¢,¢"). (5-8)

From definitions (2.2-2.6), Jensen’s inequality and properties of Fy it follows that PJFy is nonnegative, A-
quasiconvex and that PFo(€,£") < Fo(£',€") for all £, ¢"” € R™™. These properties ensure that

Pfo(é'/,f”) S Qfo(gl’gll) fOI‘ au (f/’é-/l) c an % an

From this and estimate (5.8) follows the statement of Theorem 2.2.
In the remaining part of this section we shall give an estimate on A for homogenized functions.

Definition 5.1. A function F, : R™ — R is said to be homogenized function (corresponding to a chosen
o € S) if for every ¢ € R™™

Fa(fl _yleryl;f#/ {Zos s +€)} (5'9)

The corresponding conjugate function F} has the representation

FZ(&") = sup |(z,¢") @g}f#/{Zas Fy( Jrz)}da:

zERM™

= sup inf (2,8 + /{Zas x)) — (n(x),z)}da: (5.10)

ZERPM ﬁEN#@R""L
= inf o )+ £
iy {z S &)

Clearly, F,, and F are continuous convex functions and they satisfy hypothesis H2. Indeed, by analogous
constructions as in (5.10) we get that (F})* = F,, hence, they both are convex. The estimates from below in
H2 for F, and F follow from the estimates for Fy as F¥, from (5.9) and (5.10) and from Jensen’s inequality.
The estimates from above for F,, and F follow immediately from (5.9) and (5.10) with v = = 0. Finally, the
continuity of F,, and F follows from H2 and convexity of F,, and F}.

Definition 5.2. A continuous function F' : R™ — R is said to be rank-one laminate if there exist a o € S,
o =o0(z1)), and R € SO(n) such that for all & € R™™

Fl(fl :Ulerg#/ {ZO’S 1'1 +R£)}
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The same argument as above gives

e = [ {g os(@1) F (n(x) + Rg")} da

and that F' and F'" are continuous and convex, and satisfy H2.
Introduce the space

F
Co=<¢F :R"™ >R ‘ F' is continuous and ||F||s = sup | (Z)|2 <oop-
zeR"™ 1+ |Z|

By construction, C; is a Banach space with the norm || - ||

Theorem 5.1. Let the hypotheses H1-H4 hold and let the functions Fs and FY, s = 1,...,50, be isotropic.
Then for every fized homogenized function F, there exists a function F', which belongs to the closure in Co of
the set of all rank-one laminates, such that for every (&',&"”) € A

Fo(§) + Fo(¢) = min [F'(RE) + F'(RE")].

Proof. In the first step we shall prove the statement of this theorem for a piecewise constant o € S.
Let (£,&") € A and let
K=EyUE1U---UE,,, |Ey| =0, ro =N",

be a partition of K by pairwise disjoint cubes FE,,
E,. = {xeK | ©p, < <axp, +1/N, i:l,...,n}, r=1,...,r,

and let o € S be constant , say ¢, in every E,. From (5.9, 5.10) and Jensen’s inequality we get
T0 S0
Fo (&) + F7 (") > Z |Ex| Zog [FS(UT +&) + F (e + 5”)] =Ji,
r=1 s=1

where, for f € Ly(K; R™™),
1

=T /E S,

and vy, 7, are the corresponding mean values in E, of the minimizers in the right hand side of (5.9) and (5.10)
respectively.
By construction,

70

70
> |Eifvr =0, > |En. =0. (5.11)

r=1 r=1
Let Ry € SO(n) be such that all components of Ro&" are parallel to e; = (1,0,...,0) and all components of
Ro&" are orthogonal to e;. Let a, and b, be projections of v, and 7, respectively on the subspace generated by

(&, &"), i.e.

(v, ede,... ()" e)e),

(
b, = (b}, — (bi,e)e, co, D — (BT eYe),
1

-1
,o.,T0, €= Ry er.
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Since Fy, F¥ are isotropic, then

Fs(vr Jrgl) > FS(ar Jrf/)a Fs*(nr JFEN) > Fs*(br Jrgll)

and
To S0
I 2D |ELY ol [Fs(Rolar +€) + F (Ro(br +£"))]
1 r:io s=1
= / {Z o9 (1) [Fs(p(x1) + Ro') + F (¢ (1) + Rot")] } dz1,
0 s=1
where 0, ¢, 1 are piecewise constant (in intervals I, = (r — 1)N® < a1 <rN~", r =1,...,79) functions,

o¥(z) =0" ifxy €1,
(391) = Rpa, ifx € I,
(:L'l) = Rob, ifzq1 € I,
= 1,...,7“0.

BRSS

By construction and by virtue of (5.11), 0® € S, the functions ¢ and 1 have zero mean value and can be treated
as elements of V# and N'# respectively. That gives

E&»wamiﬂiﬁ/{iﬂumﬂwm+mm
K s=1

vEV# neN#
(5.12)

+EF (n(z) + Rog")] }d:ﬂ = F'(Rog') + F"" (Ro&"),

where the rank-one laminate F! is defined by o € S, 0 = 0(21), and R = 0.
In the second step we shall consider arbitrary o € S.
Let 0 € S be chosen. For every fixed ¢, £ the values F,,(¢') and F¥(£”) are continuous with respect to the
convergence
o — o0 in measure.
Therefore, there exists a sequence {o*} C S of piecewise functions (analogous to ¢ in the first step), which
converges to ¢¥ in measure, such that for every &', ¢

For(§) — Foo (&) ask — oo,
Fr(&') — F(E") ask — oo.

Fix a pair (£/,¢”) € A and let Ry be the corresponding matrix from SO(n) from the first step.
According to the first step, for each k = 1,2, ...,, there exists a rank-one laminate Fk1 such, that Fk1 does
not depend on the choice of (¢,£”) € A and that

Fo(&) + Fou (&) > FE(Ro&') + F " (Rog). (5.13)

In the left hand side of (5.13) we can pass to the limit as & — co. It remains to show that it is possible to do
it in the right hand side of (5.13) too.

We have shown above that all functions F,, and F with ¢ € S are convex and satisfy H2. Clearly, the
functions Fkl, Fkl* have the same property. Estimates from hypothesis H2 and convexity of Fk1 and Fkl* ensure
that these functions are equi-locally Lipschitz, i.e. for every N > 0 there exists a constant L > 0 such that for
allk=1,2,...

BLE) = FM| < LIE — 2|, [FL5(€") = B ()| < LI=" — ']
whenever [&'| + || + |2] + 2| < N.
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These properties together are sufficient for that the sequences {F; kl} and {F kl*} are precompact in the space Cs.
Without loss of generality we can assume that there exists a functions F' : R™™ — R, F* : R™ — R such

that
|EL — FY2 — 0as k — oo,

|FY — F*||2 — 0 as k — oo.

From these convergences and inequalities from H2 it follows immediately that
F* — Fl*
and that (after the passage to the limit as k — oo in (5.13))

Foo(€) + F}o(€") > FM(Ro€') + F*" (Ro&"). (5.14)

6. INFINITE NUMBER OF FUNCTIONS

In this section we shall extend results of previous sections to the case of infinite number of functions F'.
Let M be a set of functions F' : R™ — R, which satisfies the following hypotheses:

H6. Every F' € M, together with its adjoint function F*, satisfies hypotheses H1-H5.
H7. For every € > 0 there exists a finite subset M. = {F1,..., Fs.} C M such that for every F' € M there
exists a function Fy € M, such that

|1E = Fsll2 + [ F* = F{lla <e, (6.1)
1P = Filly + [P = F'llh <, '

where the norms || - ||; and || - |2 are defined as

I1Fllo= sup {1F(:)I/(1+ |2},
1F'lh = sup {IF'(:)1/(1+ |2}

Denote by M the set of all measurable on  x R™ functions ® = ®(x,&’) such that

(i) @ together with its derivative &y, is measurable in z € Q and continuous in ' € R™™;
(i) for a.e. x € Q P(z,-) € M;
(iii) the mapping x — ®(x,-) € M is measurable, i.e. for every § > 0 there exists a closed set D C Q with
|2\ D| < 6 such that for every ¢’ > 0 there exists 7 > 0 with the property

1Pt ) — @ (2%, )|z + | @* (a7, ) — @ (2%, )|z < &,
1@ (21, ) = @ (@, )11 + |0 () — D5 (22, )1 < O

whenever |zt — 22| < 7 and 21, 22 € D.

Here and in sequal, by definition,

(2,6 = sup {(¢",2) —@(a,2)}-

zeR"™

We are interested, for given g, f € La(2; R™), in the weak closure of the set

Z(g, f) = {(U,n) EVXN | Ou(z,v(zx) +g(z) =n(x)+ f(r)ae zecQ, e M}
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Denote, for given € > 0,

/\/lez{(I)GM | ®(z,:) € M, a.e.xGQ},
Ze(0.1) = {(0.m) €V X N | @ a0(e) + (@) = n(x) + F(@) e €2, D € M. ).

From properties of & € M it follows immediately that every ® € M, has the representation
Se
O(z,8) = os()Fi(¢)
s=1

with some o € S. and F; € M., where

Sez{JGLOO(R";RSE) | 0= (01,...,05.), 0j(x) =0or 1, j=1,....s.,
al(x)+~~-+ass(x):1a.e.x€R”}~

Clearly, to the sets M. and Z.(g, f) can be applied all results from the previous sections.

In the first step we want to show that the set Z(g, f) can be approximated in the strong topology by means
of sets Z:(g, f)-

Let g9 > 0 be given and let ® € M. By virtue of H6, H7 and the measurability of the mapping x — ®(z, -),
for every 0 < € < ¢q there exist a closed subset D C 2 and a function ®. € M., such that

2\ D| <e,

6.2
||(bl§’($7) _(b‘lgg/(mf)Hl < €. ( )

Let
Py (,v0(2) + g(x)) = mo(x) + f(z) ae. v € Q,
Pl (z,0:(7) + g(7) = ne(7) + f(z) ace. v € Q.

From (6.3) and monotonicity properties of @7, we have
vallvg — ve|* < ‘/@'g (@, v0(2) + g(x)) = ®Les (@, vo(2) + g(2)), vo(@) — ve(z))dz
Q

2 / (1 + oo (@)] + lg(@)]) oo (@) - ve(2)|de (6.4)
+2vs / (1 + [vo()] + lg(@)]) [t () — v- (2)]da.
Q\D

From the hypotheses H6, H3 and H4 and from (6.4) with ¢ — 0 (i.e. |Q\ D| — 0) we get that for e > 0 small
enough

l[vo = vell < e(va, w3, 9, f)eo.
The same procedure we can repeat to the equations

3/ (2, m0(x) + [()) = vo(x) + g(x) ae. w € O,
O (@, (2) + F(2)) = va(@) + g(x) ae. w € 2,

what gives an analogous estimate
lm0 —nell < c(va, vs, 9, feo
for € > 0 small enough.



330 U. RAITUMS

Here we had used the relationship
(F)~t=F".
Thus, we have established that for every dg > 0 there exist g > 0 and a corresponding finite set M., C M such
that

sup inf v, ) — (v, < do,
o (v,n)eZEO(g,f)H( n') = (v,n)|l < do

i.e. the sets Z.(g, f) approximate the set Z(g, f) in the strong topology and

cl Z(g, f) =cl L>JO Ze(ga f)a

wel Z(g, f) = wel U Ze(g, f).
e>0

In the second step we shall show the approximability of the corresponding A-quasiconvex envelope.
Denote, for (¢/,&") € R™™ x R™™,

F(&,¢") =mf{F() + F*(£") = (¢',") | F € M},
Fe(€,€") = mf{F (&) + F* (&) = (£,€") | Fe Mc},

and denote by QF and QF. the corresponding A-quasiconvex envelopes.
By definition of the sets M., for all (¢/,£”) € R™™ x R™™

[ F(8,8") = Fe(€, €M) < 2e(L+ 1€ + [£"%), QF-(£,6") = QF (€', £").

Let 6 > 0 be given and let, for a fixed (¢, £"),

QF(E¢) 2 [ Flusla) + € mola) +€)do 6,

K

where (vs,75) € V# x N#. Then
QR < [ Fulvsla) + € mla) +€)da

K
= /7(”5(55) +¢,ms(z) +&")dz + /{ff (va(x) + &', ms () + &) (6.5)
K K

~F (vs(a) + €' ms(w) + €) pa

— QF(E,)+0ase — 0.

This way, for every (£/,£"”) € R"™ x R"™,
QF-(£,¢") — QF(¢,{") ase — 0.
Moreover, to F. we can apply results of Sections 3, 4, which give the estimate
[(vs, ma)ll < e(vs, va)(L+ [€']+ [€7] + 0).
This estimate, together with (6.5), ensure the uniform (in the norm || - ||2) estimate for all (¢',£"”) € R" x R™™

QF(€,€") = QF=(¢/,€")] < ec(vs, va) (1 + [€'17 + 1" ]). (6.6)
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Let (vo,m0) € V X N be such that

/QQf‘(’UO(fE) + g(z),no(z) + f(z))dz = 0.

From here and the estimate (6.6) we have

/ QF: (vo(x) +g(z),no(x) + f(x))dx =d. —0ase— 0. (6.7)
Q
The function F; is defined as minimum over a finite subset M,
! AN . 7 * " _ ! 1
Ful€,€") = min {F(&)+F1 (")~ (€.},

hence, by results of Section 3,

0€Se veEV# neN#

QF:(¢,¢") = inf inf inf /{ios(w)[Fs(v(x)+€’)+F;"(77(x)+£”)]<£’,£”>}dx,
K s=1

where the set S. corresponds to the set M. according the hypothesis H7. Therefore, exactly in the same way
as in the proof of Theorem 2.1 in Section 4, from (6.7) we have the existence of sequences

{Uk} C S, {(Uakanak)} CV XN,
{9k} C La(Q;R™), {fx} C L2(Q;R™)

such that
/ {Z o4 @) [P0 () + 0(a) + 9(2) + () + F (@) + @) + &) + f(a)]
Q

—(ver () +vo(x) + 9(x) + gr (), mek (x) + mo(x) + f(z) + fk(fc)>}dx < 2dc,

lgrll + 1| fell — 0 as k — oo,
(Vek, Mere) — 0 weakly as k — oo.

Further, in the same way as in the proof of Lemma 3.6 we obtain the existence of a pair

('Uaana) € Za(gaf)

such that for k large enough

[ (ve; me) = (vo,m0) — (Ve ner) || < c(va)de,
(Vek, Mek) — 0 weakly as k — oo.

Now, after an appropriate diagonal process we have the existence of a sequence

{(’Umnr)} C Zl/r(g7f) CVx N,
(vr,mr) = (v0,70) as 7 — oo,

which gives

Zo = {(v,n) EVXN | /QQ}'(v(x) +g(z),n(z) + f(:n))dx = 0} Cwcl Z(g, f).
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The inverse inclusion follows immediately from the inequality

QF(E,¢") < Fla,.,¢"), FeM,

and from that the mapping
) = [ QF(ola) + gla).n(o) + F(a)do

is sequentially weakly lower semicontinuous.
This way, we have proved the following result.

Theorem 6.1. Let the hypotheses H6-H7 hold and let the set M satisfies (i-iii). Then for every fixed pair
(ga f) S L2(Q7 an) X LQ(Q7 Rn'm)

wt 2(6,1) = { (0 €V N | [ @ (ole) + la).nfo) + S(a))az =0}
where QF s the A-quasiconver envelope, associated with the operator A = (curl, div)™, for the function
! N ! * 1" _ ! " .
F(&.¢ = it {F(E)+F (&) - €.}

Corollary 6.1. Let the assumptions of Theorem 6.1 hold and let, in addition, all functions F' C M are isotropic.
Then for every (&',£") € A, A being the characteristic cone for the operator A = (curl, div)™

QF(.¢") = PF(E.€) = sw inf {- F*(z’>fF<z">+<z',s'>+<z",g">}

2!,z eRPM FeM

;20 cES, Lﬂ a(ml)yev#lil v(x1) nEN#n n(x1) /{ZUS $1 1) (68)

+RE) + FE(n(a) + RE")}dZE

where PF is A-polyconvex envelope of F and R € SO(n) is such that RE'Y, ... RE'™ are parallel to ey =
(1,0,...,0) and RE"L, ...  RE"™ are orthogonal to e;.

Proof. By Theorem 2.2 and by construction

QF(,¢") = PF(¢.¢")
= inf inf /{st 351 $1)+R£)+F;(7}(1'1)+R£//)]}dl'

c€S: o=0(z1) VEV# v= v(a:l)nEN#n n(z1)

provided (¢',¢&") € A
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Clearly, the left hand side and the right hand side in this relationship give the corresponding terms in (6.8)
as € — 0. In turn, exactly in the same way as in Section 5 we have the estimate (on A)

Fee) = sup b () + (€)

2!,z eERnm ¢/ ¢ eRnm
. ! * 1! _ / N ” 1
+ jnf [F(C) + F(¢")] = (/<) <Z,C>}

— Ii 'f{—F* N B 1 i //}
e e G G R GO R CR IR

=lm s inf {- F*(Z’)*F(Z”H<Z’,£’>+<Z”,£”>}

E—>OZ z/"eRn™ FeM,

> lim inf inf inf /{Z os(x1)[Fs(v(z1) + &) + FX(n(z1) + 5”)]}d$

e—00€S. o=0(z1) vEV# v=v(z1) NEN# n=n(z1)

by virtue of H6, H7. These estimates are sufficient for validity of (6.8). O

Finally, we want to show that QF C C'. i.e. that the function QF is continuously differentiable.
Let us recall, in a slightly reformulated form, the necessary results from Ball et al. [1] and Miettinen and
Raitums [6].

Proposition 6.1 (Ball et al. [1]). Let the function G : RN — R is separately convex and let for every zop € RN
there exists an element ag € RN such that

G(z0 + z) — G(20) — (a0, z) < o(]z]). (6.9)
Then G € C*.

Proposition 6.2 (Miettinen and Raitums [6]). Let the family {G(8,-,)} of functions G(8,-,-) : R™ x R™™
— R, B€ B C Lo(R™RY), be such that
(i) G(B,-,-) € Ct and G(B(-), 2',2") is measurable;

(i) there exist a constant vg and a continuous increasing function 1 : R — R with v1(0) = 0 such that

0 < G(B(x),2,2") Sve(L+ '] + "),
|G'(B(x), 2", 2")| < (1 + |2'] + [2"]),
IG'(B(x), & +2',6" +2") = G'(B(x), &', ")
< v (14 1€+ €7D (2] + 127]);

(iil) if B € B then, for every integer r, the function x — B(rx) belongs to B too.
Then the function

G(¢,¢") = inf inf inf /G z) + & n(z) + &")da

BEBveV# neN#
belongs to C*.

Proposition 6.3 (Miettinen and Raitums [6]). Let the family {G(a, )} of functions G(a,-) : RN — R, a € A,
A being a set of parameters of a general nature, be such that
(i) G(a,z) > 0;
(i) there exist a constant vy and a continuous increasing function v2 : R — R with v2(0) = 0 such that for
every (o, z9) € A x RN there exists an element a(a, z9) € RN with the properties

|a(, 20)] < wr(1 + [20]),

G(a, 20 + 2) — G(ay, 20) — {a(a, 20), 2) < (14 |20])v2(|2])]2]- (6.10)
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Then the function Gy,
Go(z) = irelgG(a,z),

has the same properties (6.10) with elements a(z0) € RN instead of a(, 20).

From Proposition 6.2, Corollary 3.3 and Hypotheses H6, H7 it follows immediately that the functions QF,
0 < g, are continuously differentiable on R™ x R™™.

Exactly in the same way as in the proofs of Lemma 1 and Lemma 2 in Miettinen and Raitums [6] we get
that the family {QF.} satisfies assumptions of Proposition 6.3. Clearly,

QF(€.¢") = inf QF.€, "),

which, together with Proposition 6.3, gives that the function QF satisfies (6.9). Since QF is convex with respect
to A, then QF is separately convex too. From here and Proposition 6.1 it follows immediately that QF € C*.
Thus, we have proved the following result.

Theorem 6.2. Let the hypotheses H6 and H7 hold. Then QF € C*.
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