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ON A VOLUME CONSTRAINED VARIATIONAL PROBLEM IN SBVZ2(Q):
PART 1

ANA CRISTINA BARROSO! AND JOSE MATIAS?

Abstract. We consider the problem of minimizing the energy
E(u) := / |Vu(z)|? de —|—/ (14 |[u)(z)]) dHN " (z)
Q Sun@

among all functions u € SBV?(Q) for which two level sets {u = I;} have prescribed Lebesgue measure
a;. Subject to this volume constraint the existence of minimizers for F(-) is proved and the asymptotic
behaviour of the solutions is investigated.
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1. INTRODUCTION

In this paper we study the existence of minimizers of a volume constrained variational problem. Precisely,
given real numbers a; and [;, i = 0,1, such that a; > 0, ag +a; < LN () and Iy < Iy, and defining

= uxQJ: ul(x N_lx
E(u) .—/Qw (@)Pd +/m<1+|[ J(@)]) AN ()

and
K:={ueSBV3(Q) : LN({u=1})=q; i=0,1},
we consider the problem
(P) min E(u)
that is, to minimize the energy E(-) among all functions u € SBV?(Q) whose level sets {u = [;} have prescribed
Lebesgue measure «;, for i =0, 1.
The vector-valued case, u :  — R?, will be treated in a forthcoming paper.
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The minimization of an energy under similar volume constraints was originally proposed in 1992 by Gurtin [11]
who, motivated by a problem related to the interface between immiscible fluids, suggested the study of existence
of minimizers and possible optimal designs for the energy

I(u) = /Q V(o) da

where u :  — R satisfies
LY{u=0})=a and LY{u=1}) =4,
and the constants a, 3 > 0 are such that a + 3 < LN(Q).
Considering the constraints
LYQu=1L})=a;i=0,...,mm>1

where a; are given positive real numbers such that

m

D i< LN (9)
1=0

and [; are given vectors, this question was addressed by Ambrosio et al. in [2] who showed the existence of
minimizers of I(-), in the vector-valued case, under the assumption that the vectors I; are extremal points of
their own convex hull. We refer also to [3] and [4] where related problems were treated.

A further step was taken by Tilli [12], in the scalar case, who established locally Holder continuity of minimiz-
ers of I(-) and was able to drop the extremality assumption needed in [2] which, in the scalar case, is equivalent
to the restriction m = 1, i.e. only two level sets are allowed. In our case we were unable to drop this assumption
and that is why we only consider two level sets. We remark, however, that under the hypothesis m = 1 it was
established by Tilli [12] that minimizers of I(-) are, in fact, locally Lipschitz continuous.

In the problem originally proposed by Gurtin the matter of regularity is crucial. Nonetheless, it is easily
observed that when discontinuities in the admissible functions u are allowed, if LN (Q) — (o + a1) is small
enough, in order to avoid high gradients, minimizers of the energy might prefer to “jump” between the prescribed
values [;. This remark motivated our interest in problem (P) and our goal in this paper is twofold; on one hand
to show existence of solutions of (P), and on the other hand to show that in some cases the solution with
discontinuities is, in fact, preferred.

We organize the paper as follows. In Section 2 we introduce some notation and recall the main properties of
the spaces BV (2), SBV(Q), SBV?2(Q2) and SBV;, () which will be used in the sequel. In Section 3, following
the arguments given in [2], we prove the existence of minimizers of problem (P), by first introducing a relaxed
problem (P*). Using a compactness theorem due to Ambrosio [1] and a lower semicontinuity result, we show
existence of solutions to problem (P*). Our main result of this section, Theorem 3.3, states that any solution
of (P*) is also a solution of (P). Section 4 is devoted to the case N = 1. There we obtain an explicit solution to
our problem in dimension 1 and we show that, when £V (Q) — (ag+a1) is small enough, a discontinuous solution
is obtained. Finally, in Section 5 we study the asymptotic behaviour of the solutions as ag + ay /LN ().

2. PRELIMINARIES AND DEFINITIONS

In what follows, Q C R¥ is an open, bounded, connected Lipschitz domain, £V and HV~1 are, respectively,
the N-dimensional Lebesgue measure and the (N — 1)-dimensional Hausdorff measure in R, y 4 denotes the
characteristic function of a set A and B(R™) represents the set of all Borel subsets of RY. Our functions u are
real-valued and we use the standard notation for the Lebesgue and Sobolev spaces LP(Q) and WP (Q); C§°(€)
stands for the space of real-valued smooth functions with compact support in Q, B(x, ) denotes the open ball
centered at z with radius e, S¥~! := {x € RV : |2| = 1} and the letter C' will be used to indicate a constant
whose value might change from line to line.



ON A VOLUME CONSTRAINED VARIATIONAL PROBLEM IN SBV?(2): PART I 225

Given an L'(€) function u the Lebesgue set of u, §),, is defined as the set of points €  such that there
exists u(x) € R satisfying
lim — /B(%E) lu(y) — a(z)| dy = 0.
The Lebesgue discontinuity set S, of w is the set of points x €  which are not Lebesgue points, that is
Sy = 2\ Q,. By Lebesgue’s Differentiation theorem, S, is £ -negligible and the function % : 2 — R, which

coincides with u £N-almost everywhere in €, is called the Lebesque representative of w.
The approzimate upper and lower limits of u are given by

ut(z) = inf {t eR: lim ELNEN({y € QN B(x,¢e) s u(y) >t}) = 0}

e—0
and )
u” (z) :=sup {t €R: lim —NEN({y € QN B(x,e) :u(y) <t}) = 0} ;
e—0t €
if ut(z) =u"(z) then z € Q, and vt (z) = u™ (z) = u(z). The jump set or singular set of u is defined as

Ju={zeQ:u (z) <u'(z)}

and we denote by [u](z) the jump of u at z, i.e. [u](x):=uT(z) —u (z).

We recall briefly some facts on functions of bounded variation which will be used in the sequel. We refer
to [9,10] and [13] for a detailed exposition on this subject.

A function v € L*() is said to be of bounded variation, u € BV (Q), if for all j = 1,..., N, there exists a
finite Radon measure f; such that

[ e @ e == [ ot)ana)

for every ¢ € C}(2). The distributional derivative Du is the vector-valued measure p with components ;.
The space BV (2) is a Banach space when endowed with the norm

l[ullBv = [[ufLr + | Dul(2),

where |Du|(£2) represents the total variation of the measure Du.
If uw € BV(RQ) then the distributional derivative Du may be decomposed as

Du = Vulh + (ut —u")® v, HN 1 |.Su + Cu, (2.1)

where Vu is the density of the absolutely continuous part of Du with respect to the Lebesgue measure and
C., is the Cantor part of Du which vanishes on all Borel sets B with HY~1(B) < +o0o. The three measures
appearing in (2.1) are mutually singular.

If w € BV(Q) it is well known that S, is countably N — 1 rectifiable, i.e.

(o)
Su=|JEKnUE,
n=1

where HY~Y(E) = 0 and K,, are compact subsets of C'! hypersurfaces. Furthermore, for HN~1 a.e. € S,,,
ut(x) # u (x) and there exists a unit vector v, (r) € SV~ normal to S, at x, such that

Ju(y) —u ()] dy =0
e—0+ EN /{yeB(x@):(y—x)'uu,($)>0}



226 A.C. BARROSO AND J. MATIAS

and

u(y) —u™ ()| dy = 0.
=0t e /{yeBu,e):(y—x)~uu,<x><0}

In particular, HN=1(S, \ J,) = 0.
The space of special functions of bounded variation, SBV (Q2), introduced by De Giorgi and Ambrosio in [7],
is the space of functions u € BV (Q2) such that C,, = 0, i.e. for which

Du = Vul™ 4+ (um —u”) @ v, HVN [ S,,.

Definition 2.1. Given p > 1, a function u € SBV () is said to belong to SBVP(Q) if Vu € LP(Q; RY) and
HN=1(S,NQ) < +oo.

In this paper we will be concerned with functions in SBV?() and in this space we consider the following
definition of weak convergence as introduced by Braides and Chiado—Piat in [5].

Definition 2.2. Given {u,} C SBV?(Q) and u € SBV2(2) we say that u,, converges weakly to u in SBV2(Q),
up, — u in SBV%(Q), if u, — u in L*(Q), sup,, | Du,|() < 400 and Vu,, — Vu weakly in L?(Q; RY).

The introduction of this kind of convergence was motivated by the following compactness theorem due to
Ambrosio [1].
Theorem 2.3. Let {u,} C SBV%(Q) be such that

sup ||un||Bv () < +00
n

and
su {/ |V, de + HY=1(S,, N Q)} < +o0.
Q

n

Then there exists a subsequence {un,} C {un} converging weakly to a function u in SBV?(Q). Moreover,

HYN1(S, N Q) < liminf HN_l(Sunj nQ).

Jj—oo

Remark 2.4. Using this compactness result one can show the lower semicontinuity, with respect to L' conver-
gence, of the functional

/ Vu(z)dz + / [u] ()| dHN @) + HV1(S, N 9);
Q SN

see, for instance [5].

An £N-measurable set A C (2 is said to be of finite perimeterin Q if x4 € BV (Q). The perimeter of A in Q
is defined by

Perq(A) :=sup {/ divp(z)dz : ¢ € CHLRY), (@)oo < 1}-
A

Given a set A C Q of locally finite perimeter the reduced boundary of A in Q, 0* A, consists of those points
x € Q for which the following conditions hold:
1) |Dxal(B(z,r)) > 0 for all r > 0;
ii) the limit
i Dxa(B(z,r))
VA= I DA (B )
exists and |va(z)| = 1.
The function v4 : A — SN~! is called the generalised inner normal to A.
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In Section 3 we will need the following result which can be found in [9].

Proposition 2.5. Let E C RN be a set of locally finite perimeter. Then there exists a positive constant A,
depending only on N, such that, for each xg € O*F

N—-1 *
1imian (0*E N B(zo,7))

>A>0.
r—0t+ rN-1 -

As in [5], we will use the symbol SBV,(€2) to denote the space
SBVy(Q) = {u e SBV(Q): HN"1(5,NQ) < 400, Vu=0a.e. in Q}-

We say that a sequence (E;) is a Borel partition of a given set B € B(RY) if and only if

[ee]
E; € BRY),VieN; E;NE;=0ifi # j; | Ei=B.

=1

We say that (E;) is a Caccioppoli partitionif each E; is a set of finite perimeter. The relation between Caccioppoli
partitions and functions in SBV(2) is expressed in the following result, whose proof can be found in [6] (see
Lem. 1.4,1.10 and Rem. 1.5).

Lemma 2.6. Ifu € SBVy(Q) then there exist a Borel partition (E;) of Q, and a sequence (u;) in R with u; # u;
fori #£ j, such that

[ee]
U = E U;XE, a.e.in

i=1
HN=Y(S, nQ) ZHN Yo" E;nQ) ZHN Yo E;Nd*E; NQ)
i= z#]
(utu™,vy) ~ (u,uj, ;) HN"Yae. ond*E; N O"E;NQ
where v; is the inner normal to Ei.

3. EXISTENCE OF SOLUTIONS

Let a; and [;, : = 0, 1, be given real numbers satisfying a; > 0, ag + a1 < EN(Q) and [y < [;. Define

- / Vu(z)dz + / (1+ [[u] (2)]) AHN 1 (2)
Q SN

and
K :={ue SBV?*(Q) : LY{u=1})=a; i=0, 1}-
Our goal in this section is to prove existence of solutions of the problem

(P) Zréllr(l E(u)-

In order to do so we consider the auxiliary problem (P*), which is to minimize the energy E(-) among all
functions u € SBV?2(Q) satisfying the relaxed conditions

EN({u = lz}) > a;, 1= 0, 1.

The following simple application of Fatou’s lemma, proved in [2], will enable us to prove existence of solutions

of (P*).
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Proposition 3.1. For any sequence {u,} of Lebesque measurable functions converging a.e. to a Lebesgue
measurable function w, and for any closed set A C R we have

LY ({z e Q:u(x) € A}) > limsup LY ({2 € Qs up(z) € A}) -

n—-+o0o

Proposition 3.2. Problem (P*) admits a solution. Moreover, if u € SBV?(Q) is a minimum for (P*), then
lo <u(x) <l for a.e. x € Q.

Proof. Let {uy} be a minimizing sequence for (P*). Substituting, if necessary, u, by w, = max{ly, min{l;, u,}},
we can assume, without loss of generality, that {u, } is uniformly bounded in L°(2) and hence also in L!(€).
Then, it is easy to check that {u,} satisfies the hypotheses of Theorem 2.3 and thus there exists a subsequence
{tn,} of {u,} and a function u in SBV?(Q) such that u,, — u in SBV?(Q). It follows immediately from
Proposition 3.1 that
EN({u = lz}) > (7 1= 0, 1.
This, together with Remark 2.4, leads to the result. O
Clearly the previous result holds true also in the case where more than two level sets are considered.

Our next step is to show that if v is a minimum for (P*) then v € K, thus proving that v is also a minimum
for (P).

Theorem 3.3. If u minimizes (P*), then u also minimizes (P).
Proof. Tt suffices to show that LY ({u = [;}) = a, for i = 0, 1.
Suppose that LY ({u = lp}) > @ and assume for simplicity that [j = 0. Let 7 > 0 be such that L ({u =

0})—7 > ap and consider a smooth cut-off function ¢ € C§°(R¥; [0, 1]) such that LN (supp ¢) < r. Let 0 < e < 1
and consider the perturbations

Ue i =u~+ep(ly —u).
It is clear that
LY{ue =11}) 2 LY{u=1}) = au.
On the other hand,

LY ({ue = 0}) > LY ({u = 0}) — LY (supp ¢) > LY ({u=0}) —7 > g

and so u. € SBV?(Q) is admissible for (P*). Therefore, the minimality of u yields E(u) < E(u.), Ve € (0, 1).
Noticing that S, € S, and

[ue(@)]] = Jul (z) —uz (@) = |1 = ep(x)) (u” (z) — u™ (2))] < |[u(@)]]

for the prescribed values of €, since ¢ takes values between 0 and 1, the comparison of the energies leads to
/ |Vu(z)|? dz S/ |Vue(2)|? dz
Q Q

for € € (0,1). Expanding Vu, in the previous expression, dividing by ¢ and letting finally e — 0, one arrives at

2/ (=IVu(z)|*p(x) + (b —u)Vu(z) - Vé(z)) dz > 0. (3.1)
Q
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Using a partition of unity argument, the function ¢ = 1 in Q can be written as a finite sum of smooth cut-off
functions, each of small compact support and for which (3.1) holds. We may therefore replace ¢ =1 in (3.1) in
order to obtain

—2/ |Vu(z)*dz >0
Q

and we conclude that Vu =0 LY a.e. in Q, i.e. u € SBVy(Q).
Next we use a characterization of such functions in order to derive a contradiction. Indeed, by Lemma 2.6,
there exist a Cacciopoli partition {E;} of 2 and a sequence of real numbers {u;} with u; # u; for i # j, such that

o0
u = E U;XE, a.e. in Q.
i=0

Assume without loss of generality that Eqy := {u = 0}. Since Ej is a Cacciopoli set, we know that 0* Ey = 0Ey
(¢f. [10]), and so we can choose a point zg € 0*Eg N Q). Next, for ¢, k, satisfying

0 < wye™ < LN({u=0}) —ag, 0< % < uT (o), (3.2)

where wy denotes the volume of the unit ball in R, and for x € B(zo, ¢), set

£ if zeB (xo, E)
o 2k 2
ferl@)i=4 ez if 2B B (0,2
— | x € B(xog, )\ (x0,§)-
and define
u(zx) in Q\ B(zo,¢)
Ue i (T) = ]
max{u(z), fe x(z)} in B(zo,¢)-
Clearly
ue s, € SBV2(Q),
Sucr ={x € Sy ut(z) > for(x)} C Sy,
and by (3.2)

LY({ue s, = 0}) > a0, LY ({uer =0h}) > an.
Therefore, u. ; is admissible for (P*). Also, due to the definition of the approximate upper and lower limits
and the continuity of f; j, we have

[u](x) if u™(z) > for(z)
[ue k() = ut(z) — fep(z) fu(z) < fer(z) <ut(z) (3.3)
0 if ut(z) < for(x).

Comparing the energies of u and wu. ; (which are equal outside B(zo, ¢)), we claim that
E(ue i) < E(u),

for some appropriate choice of €, k, thus contradicting the minimality of u. Indeed,
E(us ) < E(u) < | Ve x(2)]? dz

B(wo,¢e)

N—-1 N_1
: /SU,OB(ch,e)(l +[ul()) dHT (@) = / (14 [ue k](z)) dHY ().

Su,EykﬁB(xo,e)
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Since Sy, , € Sy, and

N
/ | Ve x(2)]? dz < < Z}N,
B(ao,¢) k

it suffices to show that

N

EWN _lu T N_lx ul(z N—lx
T < uéwwﬁBumd<wa> [ue i) (x)) AH ()+lé@@%knsama[]()dH (x)

(fex(z) —u™ () dHN_l(x) + / [u](z) dHN_l(x),

/SU,OB(xo,e)rT{u_<fa,k<u+} Sun{ut < fe k}NB(z0,€)

by (3.3). In fact, since the last integral is nonnegative and as f. = 57 in B(2o, 5) and u™(z) = 0 for x € 9" Ey,

it is enough to prove that
N
€ €
Uy / — dHN"Y(2).

k2 0*EoNB(z0,5)N{ut>=} 2k

Therefore, if we can show that

WN » HN_l(a*EQ n B(.L“Q, %) N {u+ > QLk})
k — 2eN-1 ’

for some appropriate choice of ¢, k, the desired contradiction follows.
By Proposition 2.5, there exists C' > 0, such that

L. HN_l(a*EQﬂB(JJQ,g))
lim inf
r—0+ rN-1

>C > 0.

Hence we can fix £1 satisfying (3.2), and such that

HN-Y(O*E N B(xg, &
0<C < ( 1(\)/_1(0 2))
€1

Choose k satisfying (3.2). Then, by the general properties of nested families of measurable sets,

HN M (9"EoN B(zo, %)) _ . HN"'(9"Ey N Blwo, 3) N0 {ut > 5})

5{\/-1 O 5{\/-1
and therefore, there exists e < &1 such that
HN=1(9*Ey N B(zo, ) N {ut > £
( 0 (33\[0_12) {u 2%k ) > C>0.
€1
Thus,
0<Cel ™ = BN (0 Bon B (w0, 5 ) 0 {ut > 2—2})
(0B B (20, 2)  fut > L)
0 107 R
HN-1 (a*E mB( 5—1) N {5—2 + < _1})
+ 0N BT 5 ) g <" =g
Since

HN 0" Byn B (w0, 5 ) {52 <t < =) <HN (0" Eon B (w0, 3 ) n{0<u” < =),
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again, due to the fact that this is a nested family of measurable sets, we conclude that

i  5) 0 (5 <o < 1) -
i 0N B (205 )N gp < <g55) =0

and so we can choose k; sufficiently large so that
HN-1 (8*E0 NnB (xo, %1) n {u+ > i}) >Nt > 0. (3.5)

Finally, letting

2
ko > max{kl, %},

where C' is the constant appearing in (3.5), it follows from (3.5) that

HN_l(a*EQ ﬂB(JJQ,%) N {u+ > 26712 ) HN_l(a*EQﬂB(.L“Q, %) n {u+ > QETll )
N— = —
2eN ! 2eN 1
> g > ’LU_N,
- 2 ko

and (3.4) is proved.

Since the assumption that £V ({u = 0}) > ay yielded a contradiction we conclude, therefore, that £ ({u =
0}) = Q.

A similar argument allows us to show that LN ({u =1;}) = ;. O

4. THE CcASE N =1

This section is devoted to the characterization of solutions of problem (P) in the 1-dimensional case (N = 1),
when (2 is an interval. We remark that explicit minimizers for the energy

I(u) :=/§2|Vu(x)|2dx

under the constraints

EN({u = lo}) = ), EN({u = ll}) =,
with ag + a1 < LV (), are only known when N = 1 and 2 is an interval, where each minimizer is a monotone
and piecewise affine function and the minimal energy is given by

(I = lo)?
LN(Q) — (a0 + a1)

(see [2]).
We begin by showing that if

(I —lo)*

£N(Q) — (Oé() +Oél) < m,

(4.1)

then the minimum obtained in [2] is no longer a solution to our problem. In fact, it is easy to see that if (4.1)
holds, the energy of such a piecewise affine function is larger than the energy associated with w € SBV?(Q)
which takes only the two prescribed values Iy and /; and has only one discontinuity point (consequently, for at
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least one i € {0,1}, LY ({w =1;}) > a;). This does not contradict Theorem 3.3 since it is possible to construct
a function u satisfying the constraints

EN({u = lz}) =4, 1€ {0, 1}

and such that E(u) < E(w). Indeed, taking for simplicity lp = 0, [y = 1 and Q = (0,1), and assuming that
agp + a1 < 1, define

0 it z€]0,ag|
(J:—ozo)ﬁ if € [ao,m[
up(z) = l 2
1—|—(x—1+oz1)% if z € W,l—al[
1 if xell—ay,l]
where [ = % and 0 < h < % is to be determined. One can check easily that the energy associated
with uy, is

h2
Emw=2740—2h

while the energy associated with the function taking only the two prescribed values l[p = 0 and [; = 1, and
having only one discontinuity point, equals 2. Hence, for h < [ the energy associated with uy, is less than 2, and
the minimum is attained at hy = %, the energy in this case being

l 2_1—(0[04—0[1)'

E(’U,ho):2—§: 4

We could also attain the same values of E(-) with the functions v, defined by

0 it x€]0,ag]
vp(z) =4 (z—ao)l if z € oo, 1— o]
1 if zel-a,l]

Actually, considering A € (0, 1], p1, g2 > 0 such that 1+ Apz — Mlpg — 2lpe > 0, and the functions
0 it x€]0,ag|
(x — o) if =€ [ag, a0+ N
1+ (xz—14ap)us if z€lag+ A,1—aq]
1 if xe(l—ayl]

UN, p1, a2 (.L“) =

and minimizing E(ux ., 4,) With respect to the parameter A and to the slopes of the affine parts of uy 4, ., We
arrive at the same value, 2 — é, attained by any A € (0,1] and for pu1 = ps = 3.

Is this the minimum of the energy? In fact, it is easy to see that minima for the energy are either of the form
obtained in [2] or are attained at these functions. In the first case the minimal energy is given by m If
there are discontinuities in the solution, there is only one, since E(u) > 2 if more than one jump is allowed, and
the energy attained with just one discontinuity point can be as low as 2 — w, as seen before. Applying
the reasoning given in [2] we see that this is in fact the minimum of the energy in the presence of a discontinuity
and that the number of connected components of {y € (0,1) : y = u(z)} in this situation is at most 2. Hence,

we have ) )
E(u) > min ,2— —(an+ai)]
1-— (Oé() + 041) 4

We conclude that for 1 — (o + 1) <4 — 21/3, the solution with a jump is preferred.
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In the case of a general interval 2 and levels [y and I3 we have

. (lh —1p)? LN(Q) — (g + 1)
>m 1 ) —
E(U) =t { £N(Q) - (Oé() + 041) b (ll lO) 4
so a discontinuous solution is obtained if
LN(Q) — l1 —1p)?
1 (= Jg) — ZoE) = (a0t ) _ (b —l) ,
4 LN(Q) — (a0 + 1)

5. ASYMPTOTIC BEHAVIOUR OF THE SOLUTIONS

Our goal in this section is to study the asymptotic behaviour of the solutions u,g of the problem
(Pag) min{E(u) :ue€ SBV*(Q), LY ({u=0}) = o, LN ({u=1}) = 8}
as (a+ ) / LYN(2). We denote by maps := E(uap) and, for any constant v € (0, LN (9)), we set
p = min {Perg(A4) : A C Q, LY (A) =~} (5.1)

where Perg(A) denotes the perimeter of A in 2.
Our first result identifies the I'-limit of a suitable sequence of functionals. In order to prove it we need the
following approximation lemma which can be found in [2].

Lemma 5.1. Let A C Q be a set of finite perimeter such that 0 < LN (A) < LN(Q). There exists a sequence of
bounded, open sets D,, C RN with smooth boundary in RN such that LN (A) = LN(D, NQ), xp, converges to
xa in LY(2), and

lim HY1(0D, N Q) = Perq(A).

n—-+o0o

Theorem 5.2. For any u € LY(Q) and any o, 8 > 0 with a + B < LN(Q), we define

: ) N .
Foplu) := { ﬂ? gthzzzrfviifv (@), LY{u<0}) >a, LY{u>1})>p

and
() = 2Perq(A) if u= x4 and LN (A4) = v
LA QS otherwise.
Then
I(LY) — m  Fap(u) = Gy(u), Yue SBV2(Q).
- £N (@) — v
ndied

a+B8<LN@®)

Proof. We adapt the proof of a similar result obtained in [2].
Without loss of generality we can assume that £V (Q) = 1. We fix sequences {a,} and {3,}, converging to
(1 —~) and , respectively, and we denote by F*(u), F~(u), the upper and lower I-limits

F*(u):= inf {limsup F,, 3, (us) : 4, — u in LY(Q)
{un} | n—=4oc0

and
F~(u) := inf {hm inf Fyy, 8, (Upn) : up — w in Lt (Q)} .

{un,} | n—+o0
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We must prove that F~ > G, > FT.
Step 1. We first establish the inequality '~ > G, by showing that

liminf F,, 3, (un) > G+ (1) (5.2)

n—-+o0o

for any sequence {u,} converging to u in L'(Q) . It is not restrictive to assume that the liminf in (5.2) is
a finite limit, and to assume, by a truncation argument, that 0 < u,, < 1. We first prove that u = x4 is a
characteristic function and that £V (A) = ~. Indeed, by Proposition 3.1 applied to the closed sets {0} and {1},
we deduce that

LY {u=0}) > limsup LY ({u, =0}) >1 -~

n—-+o0o
and

LY {u=1}) > hmsupﬁ {un =1}) > 7.

n—-+oo

In particular, there exists a Borel set A C €2 such that © = x4 and from the previous inequalities we obtain
v < LY{u=1}) < LY(4)

and
1= £¥(u = 0}) < £¥@Q\ 4) = 1— £Y(4)
so that LN (A) = v as claimed. We now show that

liminf E(u, ) > 2Perq(A4)

n—-+o0o

thus establishing (5.2). Indeed, since u,, — u in L'(Q), by the lower semicontinuity of the total variation we
have

2Perq(4) = 2|Dxal(Q) < 2%&_’1_25|Dun|(9)

n—-+o0o
Un

. . N—-1
2lim inf [ /L (Ve d + /S @) am (x)],

where L,, := {0 < u,, < 1}. By Holder’s inequality, and as |[u,](z)| < 1, it follows that

Perg(A) < liminf lz (/Q|Vun(x)|2dx>%(EN(L7L))%+/

n—-+o0o S

2| [un] ()| dHY _1(33)1

ne

un

lim inf
n—-+o0o

IN

/ V() da + LY (L) + / 1+|[un1<x>|dHN—1<x>]
Q S, N

un

IN

lim inf [E(up) + (1 = (an + Ba))]

n—-+o0o
= liminf E(uy)-
n—-+o0o
Step 2. We now prove that F(u) < G
function, LY (A) = v and PerQ( ) < 400
We first assume that A = D N for some bounded, open set D with smooth boundary in RY, and we
prove that

(u) It is not restrictive to assume that u = x4 is a characteristic

Fru) <2HN"Y0DNQ) - (5.3)
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Let d(x) be the signed-distance function from 9D, i.e.

d(z) = dist(z,0D) if ¢ D
)= —dist(z,0D) if z € D.

Since 1 — (ay, + Bn) — 0, for any o > 0 and for n large enough,
LY{z € Q:d(z)| < o}) > 1~ (an + ),
and hence we may find A, i, € (—0,0) such that A\, <0 < p, and
EN({J: € Q:d(z) < A\}) = Bn, EN({J: €Q:d(z) > pn}) = an.

By construction, the functions

1 . 1 .
—min(d(z), tn) — =fin if x¢D
Up (2) := 2 2
" ' An + Hn 1 1 .
1— 5 —5 max(d(z), An) + St 4+ XN, if x€D

converge to u in L'(Q) and satisfy the constraints

‘CN({u" < 0}) > EN({“H = 0}) > i,
EN({un >1}) > EN({un =1}) = Bn-

Thus, using the identity |Vd| = 1, we have

Ft(u) < limsupE(u,)

n—00

im su upn(z))? da Unp (T Nl
< lims p(/Q|V n(2)]7d +/S ml+|[ n)(z)| dH ())

n—00 o

1 )\n n
= limsup (ZEN({AH <d(z) < pn}) + (1 + ‘1 n %

n—00

= lim (i(l—an—67L)+2HN—1(8DQQ)>

n—00

= 208V ODNQ)

and (5.3) is proved.
It remains to show that
FT(u) < 2Perq(A)

) HN-Y (0D N ﬁ))
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for a general set A of finite perimeter. By the previous lemma we can find a sequence of bounded, open sets D,,
with smooth boundary in RY such that u,, := xp,nq converge to u = x4 in L'(Q), LV (D, NQ) = LV (A) =~

and
lim HY1(0D, N Q) = Perq(A).

n—-+o0o

Hence, by inequality (5.3) and using the lower semicontinuity of u — FT(u) (see, for instance [8]), we obtain

Ft(u) < liminf F*(u,) < 2liminf HY1(0D,, N Q) = 2Perg(A).

n—-+o0o n—-+o0o
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From Theorem 5.2, recalling that I'-convergence ensures that minimizers of (P,g) converge to minimizers of (5.1),
and that minima for (P,g) tend to the minimum for the limit problem, follows the main result of this section.

Theorem 5.3. For any v € (0, LN (Q)),

lim Mag = 2P~
a— LN (@) -y
B =
a+pB8<LN@®)

Moreover, any limit point in the L'(Q) topology of uag is the characteristic function of a minimizing set for (5.1).
Proof. Let {a,} and {3,} be sequences converging to 1 —+ and v, respectively, and let u,, € SBV?(Q;[0,1]) be
the corresponding solutions of (P, 3, ). As before, we may assume that 0 < u,, < 1. By the general properties
of T-convergence (see [8]), it suffices to show that the sequence {u,,} is relatively compact in L(2).

Let A C Q be a set of finite perimeter with £V (A) = ~, and, in view of Theorem 5.2, let {v,,} be a sequence
converging to x4 in L'(Q) such that

lim F,, g3, (v,) = 2Perq(A).

n—-+o0o

Since u, are minimizers of FE(-), we have

lim sup Fy,,, 3, (un) < 2Perqn(A).

n—-+o0o

Setting L, := {0 < u, < 1}, by Holder’s inequality it follows that

| Du,|(£2)

N—1
/L [Vua(e)] d + /S tn(@)]| AHN ()

ne

un

(/Ln |Vun(3:)|2dg;>% (ﬁN(Ln))% +/S § 1+ [un(2)]| dEN 1 (2)

un

IN

IN

/ (Vun(e)dz + £ (Ln) + / Lt (@) AN (@)
Q s

ne

Uun

= E(un) + LN(L,).

Thus,

lim sup | Duy | () < limsup (E(up) +1 — an — ) < 2Perq(A).
n

n

On the other hand, |u,| < 1 and so u,, is uniformly bounded in BV (Q). Since the embedding BV (2) C L(£2)
is compact, the conclusion follows. O
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