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AN EXISTENCE RESULT
FOR A NONCONVEX VARIATIONAL PROBLEM
VIA REGULARITY

IRENE FoNnsEcA!, NicorLa Fusco? AND PAOLO MARCELLINI®

Abstract. Local Lipschitz continuity of minimizers of certain integrals of the Calculus of Variations is
obtained when the integrands are convex with respect to the gradient variable, but are not necessarily
uniformly conver. In turn, these regularity results entail existence of minimizers of variational problems
with non-homogeneous integrands nonconver with respect to the gradient variable. The z-dependence,
explicitly appearing in the integrands, adds significant technical difficulties in the proof.
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1. INTRODUCTION

In this paper we establish existence and regularity of minimizers of energy integrals of the type

/ f (z, Du(x)) da, (1)
Q

subject to Dirichlet boundary conditions. The main feature of our problem is the fact that the integrand
f = f(x,€) is not convex with respect to the gradient variable .

In recent years the study of non convex variational problems has undergone remarkable developments, moti-
vated in part by advances in the study of material stability and instability. Contemporary issues such as phase
transitions in certain alloys (see [3,4]), nucleation [20], the onset of microstructure, and optimal design problems
for thin films [18], require a good understanding of existence of (classical or generalized) equilibrium solutions
for nonconvex energies. In addition, qualitative information on quasistatic solutions (e.g. regularity, hysteresis,
oscillatory behavior) are needed in order to develop the evolutionary framework, and, in particular, to search
for the dynamical evolution of phase boundaries. These issues have challenged traditional theories.
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Within this setting, a relevant example has been considered by Ball-James [3,4], who studied the two
“potential wells” problem:

minimize / f (Du(x)) de,
Q

where u :  C R" — R” is a vector-valued function, f : R"*" — [0, +o0) is identically zero on two distinct
potential wells SO(n)¢, SO(n)n and f > 0 elsewhere. Here £,n € R™*™ and SO(n) stands for the special
orthogonal group. The existence of minimizers for the two potential wells problem has been obtained in two
dimensions (i.e., n = 2) by Dacorogna-Marcellini [10] and by Miiller-Sverék [26] (for the case n = 3 see also
Dolzmann-Kirchheim-Miiller-Sverak [15]). Nothing is known in higher dimension or for general integrands f
as in (1).

In this paper we restrict ourselves to the scalar-valued case, as a starting point to approach the vectorial
setting. Also, the scalar-valued case is still far from being completely understood, unless the integrand f depends
only on the gradient variable £ and some special assumptions are made on the boundary data (see the references
quoted below). Here we consider general boundary data ug € W (Q), p > 1, and we allow the nonconvex
integrands f to explicitly depend on z as in (1). In the proofs of the attainment results presented below the
z-dependence introduces substantial technical difficulties.

The proof of the existence results for nonconvex variational problems considered in this paper hinges on
the local Lipschitz continuity of minimizers of the relaxed problem associated to the bipolar f** of f. These
regularity results are presented in Section 2, and they apply to minimizers of some integrals of the Calculus
of Variations with integrands f**(x,£) convex with respect to £ € R™, but not everywhere uniformly convez;
hence, we believe that the regularity results presented in Section 2 should be of interest by themselves.

In Section 3 we consider the variational problem

inf {/Q f(z, Du(z)) dz :u € ug + Wy P (Q)} ) (2)

where ug € WHP (Q) is a given boundary datum and f = f(z,&) is a continuous function satisfying some
growth conditions similar to the ones considered in the previous Section 2, so as to ensure Lipschitz continuity
of minimizers of the relaxed problem. Here the most relevant fact is that f may be nonconver with respect to
the variable £ € R™.

It is known that the variational problem (2) may lack a minimizer (see Marcellini [22]; see also [6,12,21]).
In the examples of nonexistence the following condition, expressed in terms of the bipolar f** of f, is violated:
for every x € Q the function f**(z,-) is affine on the set

Alx) ={6eR": f(z,§) > [ (2,8},

i.e., there exist a continuous function ¢ and a vector field m of class C?!, defined in the open set Q4 :=
{x € Q: A(z) # 0}, such that

[7(@,8) = (@) + (m(2),8), VaeQa, € A) (3)
We also assume that the boundary (more precisely, the part of the boundary in §2) of the set
{z € Q4 : divm(z) =0} (4)

has zero (n-dimensional) measure.

In this paper we prove that (3, 4) (see also the more general assumptions made in Sect. 3.2) are sufficient
conditions for existence of minimizers to the variational problem (2). We emphasize that we do not require any
other condition on the vector field m other than (4); in particular, we do not assume that the vector field m has
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null divergence. We notice that, while condition (3) is necessary for guaranteeing the existence of minimizers
(see [6,21,22]), we do not know whether condition (4) may be removed.

Existence theorems without convexity assumptions have been widely investigated in the one-dimensional case
n =1 (see [12] for an extensive list of references). Theorem 3.1 in Section 3 is specific to the case n > 2, and
it is an extension of some analogous results, obtained under more restrictive assumptions, by Marcellini [22],
Mascolo—Schianchi [23], Cellina [7] and Friesecke [21]. In particular, Theorem 3.1 is an extension of related
results recently proved by Sychev [28] and Zagatti [29] for integrands independent of z and under a strong
assumption on the growth of f which ensures the almost everywhere differentiability of minimizers, i.e., p > n,
by Celada—Perrotta [5] for p > 1, and by Dacorogna—Marcellini in [12,13].

Finally we recall that Marcellini [22] pointed out the necessity of the condition of affinity (3) of the function
f** on the set where f # f** to guarantee existence of minimizers. Cellina [6,7] and Friesecke [21] proved the
necessity and sufficiency of the condition of affinity for linear boundary data ug. The explicit dependence of
the integrand on the variable x was first considered by Mascolo—Schianchi in [24], assuming that the divergence
of the vector field m in (3) is identically equal to zero in €, in addition to other strong assumptions on the
boundary data ug. Also, in [27] Raymond studied a case where the divergence of the vector field m in (3) is
always different from zero in 2, and some type of explicit dependence on w is allowed.

2. LocAL LirscHITZ CONTINUITY

2.1. Preliminary results

Let f: R™ — [0, +00) be a continuous function such that

0<f(§) <L(1+¢PF), (5)

where L > 0, p > 1. We say that f is uniformly convex at infinity if there exist R,v > 0 such that, if the
segment with endpoints &1, £, (that we will denote by [£1, £2]) is contained in the complement of the closed ball
Br, then

f(gl_;EQ) %f(§1)+ Sf(&) — v+ G + 1) T G - & 6)

Note that (6) is equivalent to

f <§1;€2> %f(€1)+ Sf(&) = V(& + 16T 6 - &7,

for some v/ > 0, since |&1],]&2] > R > 0.

If the above inequality (6) is satisfied for any &;,& € R™, then we say that f is uniformly conver in R™. A
form of uniform convexity at infinity was also considered by Mascolo and Schianchi in [25].

The lemma below is proved in [1].

Lemma 2.1. If~y > —1/2 then there exist positive constants c; = ¢1(7y), ca = ca(7y) such that, for all £,n € R™,

1
er(L+ €7 + Inf*)7 < /0 L+ [t + (1= t)n*)7 dt < ea(1+ €] + [n]*)”

The following result provides two conditions which are equivalent to uniform convexity in R™.

Proposition 2.2. Let f : R™ — [0,400) be a continuous function satisfying (5). The following conditions are
equivalent:

(i) f is uniformly convez in R™;
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(ii) f(&) = crv(1 + [E2)P/2 + g(€), for some ¢ = ci(p) > 0, where g(€) is a convex function such that
0= g(€) < L(1 +EP) for allé; B

(i) [LLF(€+ Do) — FE))do > cav [y (1+ [P + D) [D(@)[? da, for all € € R", ¢ € CH(Q), where
Q = (0,1)™ and c2 = c2(p) is a suitable constant.

Remark 2.3. The condition (iii) in Proposition 2.2 is related to the notion of uniform gquasiconvezity, intro-
duced by Evans [16] and later studied by Evans—Gariepy [17].

Proof of Proposition 2.2. (i) = (ii). We define g(¢) := f(£) — civ(1 + |€]?)?/2, where ¢; will be chosen later,
and we show that ¢ is convex. Given &1,& € R™ we set £ := (&1 + &2)/2. From (i) we easily get that

%g(&) + %g(&) > g(6) +v(1+ & +|&) T 16 — &P+ 5 [20 + D2 - (L+ &) - (L + |e)?].

Thus the assertion follows immediately from the fact that there exists a constant ¢ = ¢(p) such that

(146272 + (1+ 16272 — 20+ [EPP/2 < e+ [a? + &) 7 6 - &,

and by setting ¢; := ¢~!. To establish this inequality we write, for i = 1,2,

h(&-):h<£>+<Dh(£>,5ﬁ5>+/O (L= ) (D*h (€ +(6 —©) (& — ). & — ) dt

where h (€) := (1 + |€]?)?/2, yielding

1
(L+[&1P)P2 = (L4 €22 < p(L+ |57 (& = £,€) + e(p)Ié — §|2/0 (L=6)(L+[E+& =) dt.

It suffices now to sum the above inequalities for ¢ = 1,2 and apply Lemma 2.1.

(ii) = (iii). From Lemma 2.1 we easily get that (iii) holds for the function & — (1 4 [£|?)?/2. Hence the
general case follows from Jensen’s inequality applied to g.

(iii) = (i). See the proof of Proposition 2.5 with § = 1/2 in [19]. O

Lemma 2.4. Let f: R" — [0, +00) be a C? function. Then f satisfies (6) if and only if there exists a constant
co such that for all £ € R™\ Bg

(D2F(ENA) > cov (1+ 1) T AP VA €R™. (7)

The proof of Lemma 2.4 is straightforward and it is left to the reader.

Lemma 2.5. Let f : R" — [0,+00) be a continuous function satisfying (5) and (6). Then there exist
Ro,v9,Co > 0, depending only on R, v and L, such that for all ¢ € R™ \ Bg, there exists ge € R" such
that |ge] < Co(1+ [£[P7Y) and

p—2

Fn) = (&) +{ge,n = &) +vo(L+ [P + In*) = | —nf* VneR". (8)

Moreover, if || > Rg, then f**(&) = f(&).

Proof. For 0 < e < 1set f. := pcx f, where p:(n) := e~ "p(n/e) and p(n) = p(|n|) is a positive radially symmetric
mollifier with support equal to B, with B := Bi, p(n) > 0 if |[§| < 1 and [, p(n)dn = 1. From (6) it follows

easily that if [51,62] CcR" \§R+17 E = (El + 62)/2, then

U6+ £62)] > L +viei—6a pln) 1 +l6r+en +lea+en) T d.
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The integral above can be estimated from below by

1+ 6 + &)

N =

/ p() (1 + |&1]? + |&2]? + 282|n|? + 4e(€,n) = dn >
BN{(&n)=0}

if p > 2, and by

p—2 p—2

/ p(m)(1 +2(61% + 2/&* + 4% n|*) "= dn = 521+ |6 + &))"=
B
when 1 < p < 2. In both cases

SUe(6) + 1) 2 £6) + o1 + &P + 8P) T 6 — &l
hence, by Lemma 2.4, if |{| > R+ 1 then
(D2L(ONXN) = v (1+ AT AP, VAER™ 9)

Moreover, it can be easily checked that 0 < f.(§) < C(L)(1 + [¢|) for all {, and a simple argument based on
the convexity of f. in R™ \ Bgr41 shows that there exists a constant Cy (L, R) such that

[Df(O)] < CL(1 +[glP™h), VEER"\ Bris. (10)

We claim that there exists Ro > 1 such that if |£| > Ry then

Fo(0) = fo(€) + (DF(€),n — &) + c(1+ € + [n|>) T |¢ —n? (11)

for all n € R™. Assume that (11) holds. Notice that, if |£| > Ro > R + 2, then by (10) there exists a sequence
(en) converging to 0 such that Df., (£) — g¢ for some g¢ € R™ such that |g¢| < C1(1+[£[P~1). Hence (8) follows
from (11), letting € go to 0T. The equality f**(¢) = f(€) for |£| > Ro then follows at once from (8).

The remaining of the proof concerns the assertion of the claim (11). Fix £ such that || > R, with Ry >
2(R + 3) to be chosen later, and denote by C¢ the open cone with vertex at £, tangent to the ball Brys.

Case 1: If n € R\ C¢ or n € C¢ \ Brys and (n,§) > 0, then f. is convex along the line t — &£ + t(n — &)
provided Ry is sufficiently large, and (11) follows from (9).

Case 2: If € Bry3 we consider & := (R + 3)/|¢| and a constant M := C(L)(1 + (R + 3)?) such that
0<fe(n) <M

for all n € Brys and all € € (0,1); by Case 1 we may apply (11) to & (notice that £ € dBrys, (€,€) > 0), thus
getting

fo(n) = £-©) + fo(n) — £-(€)
> fo(€) + (D), €~ &) = M+ c(1+ (R+3)2+ [¢]>)"F (|¢] - R — 3)?

> fo(€) + (Df(€),n — &) — [Df()lln — &l = M + &(1+ |2+ [¢]>) "= ¢ — nf>.
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The estimate (11) now follows for  and £ from the previous inequalities, together with the estimate

IDF@)lIn~E+ M < 2601 +Inf? +16%)"7 |e —nl?,

and the latter holds by virtue of (10), and provided § > Ry and Ry > 2 (R + 3) are sufficiently large.

Case 3: Finally, let us assume that n € C¢ \ Brys, (7,€) < 0. In this case we have [£ — 7|2 > [£]? + |n|?, and
denoting by 7 the projection of 1 on the boundary of the cone, and by a¢ the half angle at the vertex of C,

In —q <€ —nlsinae = |€| Ié n| < |£fn|~ (12)

Notice that if Ry is sufficiently large then [, 7j] C R™\ Br.2 ; therefore we may use (10) to estimate f-(n)— f= (7).
This, together with (11) applied to 77 € 9C¢, yields

fe(n) = fe() + fe(n) — fo(0) > fe(§) + (D f(§), ﬁ*é)*Cl(l+Inl”‘1+|ﬁ|”‘1)lnfﬁ|
o1+ 7% + €12 1e — 7>

Since, by (12), |£ —n| < 2|£ — 7] < 3|€ — 1), for any p > 1 we have easily
- p=2 _ _ p=2
c(L+ 7P + (€)= | —al* 2 e)(X + 0] + €)= € —nf*,
and, using (10) once more, we obtain

Fo(n) = fo(€) + (Do), — €) = Culn — 1l [A+ €771 + (L + [P~ + [7[P~)] (13)
+2(p)(1+ 2 + [€[2) 2 € — .

By virtue of (12), and recalling that [£|? + |n|? < |€ — n|?, we have

R 3
Caln — 7l [(1+ P71 + (1 + [P~ + P~ h)] < |Z| € —nl(1+ [P~ + (€[
,R+3
<c |Z| € — 21+ [nf? + €)=

< (@(p)/2)(1+ Il + 1€*) "= g = n?

if [£] > Ry, with Ry large enough. This, together with (13), concludes the proof of (11). O

Remark 2.6. Let f satisfy (5) and (6), and fix a point &y such that Ry < || < 2Ro. Applying (8) with & = &
and recalling that |ge| < Co(1 + [£[P~1), for all i such that |n| > 2Ry it holds

f(n) = é1(Ro, vo, Co) [n]” — ¢2(Ro, vo, Co) -
Hence, f(&) > c1/|¢]P — co for all £ € R™, with ¢1, ¢2 depending only on R, v, L.

2.2. A regularity result

In this section we assume that f : Q x R™ — [0, 4+00) is a continuous function satisfying the growth condition

0<f(z,§) <LA+F),  V(z,8 QxR (14)
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and for some L > 0. Let us denote by f** := f**(x,&) the bipolar of f, that is the convex envelope of f(z,-).
We assume that f** is continuous and that f is uniformly convex at infinity with respect to £ (see (6)), i.e.,
there exist R, v > 0 such that if the segment &1, &, is contained in the complement of the closed ball Bg, then
for all x € Q

(o 852 < 5160 + 3706 - v+ P +1EP)F 6 - &P (15)

Finally we assume further that if || > R then the vector field z € Q — f¢(z, &) is weakly differentiable and
1Dy fe(a, &) < L(L+[¢[P71), ¥ (2,€) € 2 x (R"\ Bg). (16)

Ifue W'licp(ﬂ) and A C Q is open, then we set

F(u, A) := / f(z, Du(zx)) dx.
A
The main result of this section is Theorem 2.7 below. We recall that u is said to be a local minimizer of F' in
QO if
F(u, Br(z0)) < F(v, Br(20))

whenever Bg(zo) CC Q and v € u 4+ W, ?(Bg(xo)).

Theorem 2.7. Let f : QxR" — [0,400) be a continuous function satisfying (14, 15) and (16). If u € W,5P(Q)
18 a local minimizer of the functional F', then u is locally Lipschitz continuous in Q. Moreover, there exists a
constant Cy, depending on L,p,v, R, such that if B,(xg) C ) then

sup |DulP <Cy |1 —|—][ |DulPdz | . (17)
B7~($0)

By./2(z0)

We first show in Lemma 2.8 that, provided we know already that u is locally Lipschitz, equation (17) holds
with a constant Cy depending only on L,p, v, R. Once the a priori estimate (17) is established, the regularity
result is obtained using an approximation argument.

Lemma 2.8. Let f satisfy the assumptions of Theorem 2.7. Assume, in addition, that f is C? and that, for
allx € Q, E, A€ R,

Dee, f(2,€)NiA; > o1+ [€12) T A%, (18)

and that u € I/Vlicp(Q) is a locally Lipschitz local minimizer of F' in ). Then (17) holds with a constant depending
only on L,p,v, R and, in particular, independent on e.

Proof. Step 1: From Lemma 2.4 we have that for every x € Q, £, A € R", with || > R,
p—2
Dee, f(a,)Nidj = ev(1+[€1) T A% (19)
Since u(y) = wu(xg + ry)/r is a local minimizer in (Q — zo)/r of the functional F, where F(v) :=

f(Qme)/r f(zo+ry, Du(y))dy still satisfies the assumptions of Theorem 2.7, it is clear that in order to prove (17)
we may always assume, with no loss of generality, that B := By C (). Since u satisfies the Euler equation for F',

/ D¢, f(z, Du)Dypdz =0, Y ¢ € Cy(B),
B
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using (18) and the fact that D¢, f (2, Du(z)) are locally bounded in B (which follows from the C? regularity
of f, together with the fact that Du is locally bounded) we have that u € WQ’Q(B), by a standard different

loc
quotient argument.
We fix s € {1,...,n},n € C}(B), 0 <n <1, € C?B), and in the above Euler equation we take ¢ = 72Dy
to obtain

/B De, f(z, Du)Ds(Dip)n* do = —2 /B nDe, f(z, Du)Dgyp Dindz .
Integrating by parts the first integral, we have
/BDgigjf(x, Du)D;(Dsu)Diypn?dz = 2 /B nDe, f(x, Du)DspD;ndx
—2 / Dy ¢ f(z, Du)Djypm? dz — 2 / nDe, f(x, Du) Dy Dgn d£20)
B B

for all functions ¢ € W12(B). Set

Vi) = 14+ B+ 3 [(Dyu(e) = BYP, Vo(e) o= 1+ B2 + 3 [(Dae) + R) 1,
h=1 h=1

and notice that there exist constants ci, c2, depending only on n, such that
e1(Vi(2) + Vo(2)) < 1+ R? + [Du(a)* < ea(Vi(2) + V- (2)). (21)

Let ¢ := Vf(Dsu — R)™, where 8 > 0. By (14) and the convexity of f (z,-) we get | D¢ f(z,€)] < c¢(1+ |£|2)%;
this inequality, together with (16) and (20), yields

/ De.¢, f(z, Du)D;(Dsu — R)" D;(Dgu — RV da
B

n

+ ﬁ/BDgigjf(x, Du)D;(Dgu — R)* (Dyu — R)+Di<Z[(Dhu - R)+]2> VIt de
h=1

<e / n(n + |Dnl)(1 + | DufP=1) [ D(Dyu — RY*|VE da
B

D (i[(Dhu - R)+]2> ‘ (Dsu — R)TVI dz.

+eB / n(n+ D)1+ | Dufr~Y)
B h=1

Since all the integrals are evaluated in the set where |Du| > R, summing up on s, using (19), the fact that
(Dsu— R)* < Vj/ 2 and Young’s inequality, it follows easily that

/B (1+|Dul?) "z |D (i[whu - RW)

h=1

2
_ C
VI de < 5 [ (e IDun) VY G + (D)

where the constant ¢ depends only on n, p, L. Since the integral on the left hand side is evaluated in the set
where |Du| > R, in turn this last inequality is equivalent to the following one:

/3(1 + R? + |Duf?) = ‘D (i[(Dhu — R)+]2>

h=1

2
—-1 C
VI < 5 [ (0 B DuR RV G + (D)
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Inserting ¢ = VP (Dsu+ R)™ in (20), and using a similar argument, we get also

2
/(1 + R? + |Du)"=
B

D(mem+m1ﬂ

h=1

VI < 5 [ (L4 R4 DU VIR Do) da
B
Therefore, adding the last two inequalities and using (21), we arrive to
/ VI IOV VYT 4 DV PV de < / VPRS2 4 | Dnl?) dx,
B B

where V' := max {V; V_}.
Step 2: From the inequality above we deduce that

/ IDVPIAB2202 do < c(p + 25)° / VPIRB(2 1 | Dyf?) d.
B B
In turn, this implies that
/ ID(VPIA+8/20) 2 dg < c(p + 25)2/ VP28 (2 1| Dpl?) da,
B B

where the constant ¢ depends only on L, p, n, R, v. Setting v :=p/4+ /2 > p/4, using the Sobolev—Poincaré
inequality, and the arbitrariness of 8 > 0, we get that, for any v > p/4,

IVl ox gy < eIV (n+ [Dnl)ll p2p) -
where x :=n/(n —2) if n > 3, or any number > 1 if n = 2. Considering the sequence of radii r; := 1/2 + 1/2°

for i = 1,..., we apply the inequality above to v = ~; := (p/4)x'~!, and choose n € C}(B) such that n = 1 on
B 0<n<1,|Dn| <c2’. We obtain

Ti+1)
||V||L2’*71+1(B7.i+1) < (02’%‘)1/% HVHLQ’Yi(B,,,i) .

Iterating the above formula yields, for every 1,

”VHLQ‘YHI(Bl/z) <C ||V||Lz>/2(3) )

where C' = [[52, (¢27;)!/7 < +00. Therefore, letting i go to +oc and using (21), we obtain (17). O

Remark 2.9. It follows immediately from the proof that the estimate (17) may be generalized to read

sup |[DulP < C(p) |1 +][ |DulP dz | ,
By (o) By (x0)

for all 0 < p < r, where C(p) depends only on L, p, v, R and p.
We are now in position to prove Theorem 2.7, by using the following approximation lemma.

Lemma 2.10. Let g : R" — [0, +00) be a C? conver function such that for all £ € R™

0<g(&) <L+,
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where p > 1, L > 0, and assume that there exist R,v > 0, such that if |£| > R, A € R",
2\ 252 142
Dijg(&)Air; = v(1+ [€]7) = [A]7.

Then there exists a constant ¢ = c¢(n,p) and a sequence g, of C*(R™) convex functions such that
(a) 0 < gn(§) <cL(IL+[§F)  VEER™;
(b) for any h there exists €5, > 0 such that, for all §,\ € R™,

p—2

pP—2 — =
en(1+1€1%) 2 |A? < Dijgn(O)NiX; < e {1+ 1E1°) 2 A%

(¢) Diggn()Nidj = ev(1+[€2)"" A2, YA € R™, €] > R+ 1;
(d) gn — g uniformly on compact subset of R™.

Proof. The proof of this lemma can be obtained arguing as in the Step 2 and Step 3 of the proof of Lemma 3.4
of [19], with the obvious simple modifications needed in the present case. Therefore we omit the details. O

Proof of Theorem 2.7. Notice that if u is a local minimizer of F', then u is also a local minimizer of the relaxed
functional v — fQ f**(z, Dv)dz, where, for all z € Q, f**(x,€) is the bipolar of £ — f(z,£). Indeed, if

v € u+ WyP(B,(x0)) then

/ f*(x, Dv)dx = inf hminf/ f(x, Dop)dz : vy, —v — 0 in w — Wy (By(x0)) p -
B, (zo) B, (z0)

h—+o0

Also, by virtue of Lemma 2.5, the function f** satisfies the assumptions of Theorem 2.7. Therefore, with no
loss of generality, we may assume that f is convex in &.

Step 1: Let us assume that

fz,6) = Zm(x)m(&),

where, for i = 1,..., N, the function g; € C?(R") satisfies the assumptions of Lemma 2.10 for some L, R, v > 0,
and (D2g; ()N, N) > go(1 + |€[2)P=2/2|\? for all £, A € R™ and for some £ > 0. Moreover, let us assume that,
for all i, the function a; is a nonnegative C? function such that ||Da;|| . < M and that vy~ < Zf\il a;(zr) <~
for all z € Q and for some positive constant ~.

For every i let us denote by g; 5, a sequence of C?(R") functions such that g; , — g; uniformly on the compact
sets of R™, satisfying the conditions (a, b) and (¢) of Lemma 2.10, and let us set for all (z,£) €  x R™

N
fu(@,€) = ai(x) gin(€).-
=1

From Remark 2.6 it follows easily that there exist constants ¢, co, depending only on L, R, v,~, such that, for
all (z,¢) and for any h,

f(@,8), fn(@,8) > c1[é] — co. (22)

Given B,.(zp) CC €, we denote by uy, the solution of the problem

min {/ fr(x,Dv)dz: veu+ W&’P(Br(xo))} . (23)
B, (x0)
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Since the functions g; ; satisfy condition (b) of Lemma 2.10, standard elliptic regularity theory implies that
up € OH (Q)I’WV@C2 (Q) for any h. From the assumptions on f, from the approximation provided by Lemma 2.10,
and from (22), it follows that the sequence uj, is bounded in W1P(B,.(x¢)). Moreover, by Lemma 2.8 (see

Rem. 2.9), for all p < r we obtain

sup |[DuplP <C |1 —|-][ |Dup|P dz | , (24)
BT(CCO)

Bp(xo)

where the constant C' depends ultimately only on L, p, R, v, v, M and p, but not on h. Hence we may assume,
up to a subsequence, that up — u weakly* in W1>°(B,(z¢)) for any p < r. Since f, — f uniformly on
compact sets of R™ and the integrand f is convex, for any p < r we have

/ f(z, Duso)dz < lim inf/ f(z, Dup)dz = lim inf/ fn(z, Dup)dz
B B B

»(0) h=+o0 JB,(z0) h=+o0 JB, (20)

< lim inf/ fr(z, Du)dx = / f(z, Du)dx,
By (xo0)

h—-+oco BT(Qfo)

where we used the fact that wy, is a solution for (23). Letting p — r and recalling that w is a local minimizer
of the functional F'; we deduce that us, is also a minimizer of F in B,(x). Since the functional F is strictly
convex, we have that u = us. Passing to the limit as h — 400 in (24), we conclude that u is also locally
Lipschitz. Indeed, using the minimality of u; and (24), we get

sup |Dul? < liminf{ sup |Dupl?
By./2(z0) h—=+00\ B, 2(z0)

¢ liminf| 1 +][ |Dup|Pdz | <c liminf |1 +][ fn(x, Duy) dz
h—+oc0 Bv‘(x()) h—+oc0 By (z0)

¢ liminf {1 +][ frolx,Du)da | <c [1 +][ |DulP dz | .
h—+o0 B, (z0) B, (z0)

Step 2: Let us now assume that f € C%(€2 x R") and that there exists €9 > 0 such that De,¢, f(z, &)\ >
go(1 4 |€[2)P=2/2|N\]? for all (z,£) € Q x R™ and for any A € R™. Fix an open set A CC Q and let us prove
that (17) holds for any ball B,(xzg) C A (with a constant Cy not depending on A).

To this aim let ¢ € C§°(R™) be a cut-off function such that 0 < ¢(x) < 1 for all z, suppy C (—3,3)™ and
such that ¢(z) = 1 if z € [-1,1]". For any h € N we denote by Q; p(z; ) the standard covering of R™ with
closed cubes, centered at x; p, , with sides parallel to the coordinates axes, side length equal to 2/h and having
pairwise disjoint interiors. Then, for any 4, h, we set ¥, p(x) := ¢ (h (x — x;,)) and

IN

IN

on() = Zwi,h(x)a @i n(r) = Yin(z)

O'h(:L')

Finally, for all h such that 12 /n/h <dist(A4;9Q), and for every x € A, £ € R", we set

oo

fu(@,§) == Z%,h(fﬂ)f(ﬂfi,h,f) .

i=1

Notice that the above sum is actually finite (indeed it consists of at most 3™ terms), and that each function
fn is of the type considered in Step 1. Moreover, we claim that the functions f; satisfy the assumptions of
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Lemma 2.8 with suitable constants L, ¢¢, R, v not depending on h. The verification of our claim in the case of
assumptions (14, 15) (or equivalently (19)) and (18) follows easily by the corresponding assumptions on f. We
limit ourselves to show that for any A

| Daefu(@, &) < cL(L+[€P7Y), V¥(2,€) € Ax (R"\ Br), (25)

where L is the constant appearing in (16) (relative to f) and ¢ is a constant depending only on n, 1, but not on h.
Let us fix zg € A and £ € R"\ Bg. By construction there exist at most 3" cubes, Qj, n(%j,.1),- - Qjsn h (Tjgn b)),
such that for any x in a suitable neighborhood U of zg

3n 3n

v 6) = Z@jl»h(‘r) f(sz,mf)a Z@jl,h($) =1.
=1 =1

Therefore for all x € U we have that
3" 3"
Dye fu(z,§) = ZDICP]l n(2) De f(xj,,n,§ ZDQ;CP],, z) [De f(,,n,§) — De f (2,0, €)] - (26)
In view of assumption (16), we have that for all [,

n)L
h

|De f(@01,€) — De (g, n &) < (14 ¢

On the other hand, for any j, there exists a set of indices I; containing j, with #(I;) = 3", such that, for all
x € R™,

Dg;goj,h(x) _ Da:d’j,h( ¢J h Z Dx¢k W(z

on() kel
Therefore, since by construction o (x) > 1 for all , we have that, for all z € R™ and any 7,

|Dapjn(x)] < 3" + DA( D2l ) -

In view of the above estimates and from (26), we may conclude that for all (z,£) € A x (R™\ Br) and for any h

| D fu(@, €)| < e(n)L [ Datpll o - (14 |67,

and thus (25) follows. Finally, notice that fn(x,&) — f(x,&) uniformly in A x K for every K compact subset
of R™. Hence the rest of the proof goes as in Step 1, since also in this case the function & — f(z,§) is strictly
convex for all x € A.

Step 3: Let f satisfy the assumptions of Theorem 2.7. Fix an open set A CC 2, an infinitesimal sequence ¢,
of positive numbers and a positive symmetric mollifier p. For h large enough we set for all (z,£) € A x R™

fula,€) = /B PRI (a -+ 2n € ) dydy + en(1+IEP),

where B is the unit open ball in R™. Notice that each function fj is of the type considered in Step 2 and that
fr(x, &) — f(x,€&) uniformly on any set of the type A x K, with K C R™ compact. Moreover, the functions
fn satisfy the assumptions of Theorem 2.7 with the corresponding constants L, R, v bounded from above and
away from zero.
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As in Step 1, given a ball B,.(zg) C A we denote by uy, the solution of the problem

min {/ fr(z,Dv)dz: veu+ Wl’p(Br(xo))} .
Br(z0)

From the assumptions on f and the construction of the functions f} it follows easily that the sequence uy is
bounded in WP (B,.(z¢)). Moreover, by Step 2, for all p < r we have

sup |[DuplP <C |1 —|-][ |Dup|P dz |
BP(IO) BT(IO)

where the constant C' depends only on L, p, R, v and p, but not on h. Hence we may assume that, up to a
subsequence, uj, — us weakly* in W1°(B,(z¢)) for any p < r. As in Step 1 we have again that also ue is
a minimizer of F in B,(xg). However, in the present case the functional F' is not necessarily strictly convex,
hence we may not conclude as before that u., = u in B, (zo).

Set Ey :={z € By(x0) : |Duco(x) + Du(x)| > 2Ry}, where Ry is the constant provided by Lemma 2.5. If Ey
has positive measure, then from the convexity of f(z,) and Remark 2.6 we have, setting @ := (v + uso)/2,

1 1
/ f(z,Du)dx < —/ f(x,Du)dx—l——/ f(z, Duso) dz .
B, (20)\Eo 2 JB,(20)\Eo 2 /B, (@o)\ By

Also, applying twice (8) in Lemma 2.5, first with £ := D@ and 7 := Du, and then with £ := D@ and 7 := Dux,
adding up these two inequalities yields

1 1
/ f(z,Da)dx < —/ f(z, Du)dz + —/ f(z, Duo)dx .
Bp(mo)ﬂEo 2 Bp(a?[))ﬁEo 2 Bp(a?[))ﬁEo

Adding these two inequalities we get a contradiction with the minimality of u and u,. Therefore Ey has zero
measure. Applying Step 2 to the functions wy, (8) to the functions fp, and using the minimality of wy, we
deduce that

sup |Duco|’ < liminf| sup |Dup|?
B,./2(z0) h—+00 B,./2(x0)
< Climinf( 1 +][ |Dup|P dz | < climinf( 1 +][ fn(z, Duy) dx
h—+o00 B, (z0) h—+o00 B, (z0)
< ¢ liminf 1—|—][ fr(z,Duss)dz | <c 1—|—][ |Duco|P dz | .
hhoo By (o) By (o)
Then the result follows, since |Du(z) + Duso(x)] < 2Ry for a.e. z. O

3. ATTAINMENT OF MINIMA FOR NONCONVEX PROBLEMS

Here we give an existence result for the variational problem

inf {/Q f(z, Du(x)) dz: u € ug + Wy " (Q)} , (27)
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where Q is a bounded open set of R"” and ug € W1P(Q), p > 1. Throughout this section we assume that
f:Q xR™ — R is a continuous function satisfying the growth condition

algl’ —cr < f(2,8) LA +[E), V(2,6 € 2 xR, (28)

for some constants c1, ¢z, L > 0, and is uniformly convex at infinity with respect to &, i.e., there exist R,v >0
such that, if the segment [{1, &3] is contained in R™ \ Bp, then

§1+¢ 1 1 p=2
(852 < S + o) - 1+ P +aP) Tl - &P (29)
for every x € Q (see (6)). Notice that, if 0 < f(z,£) < L(1 + [¢|P), then condition (29) implies the coercivity
inequality in the left hand side of (28) (see Rem. 2.6). In addition, we assume that there exists the distributional
derivative Dge f(z, &) and

|Docf(2,6)] < LA+ [P, VaeQ ¢ >R, (30)

provided L in (28) is chosen to be sufficiently large (see (16)). Let us denote by f** := f**(z,£) the bipolar
of f, that is the convex envelope of f(x,-) (i.e., the largest convex function in & which is less than or equal to
f(z,-) on R™). We assume that f** is continuous; hence, for any = € 2, the set

Alz) :={eR": f(z,8) > [ (x, )} (31)

is open.

We shall prove the existence of a minimizer for the problem (27) under the main assumption that f**(z,)
is affine on each connected component of A(x). However, in order to present the argument of the proof in a
simplified setting, we shall treat first the case where f**(z,-) is affine (with the same slope) on the whole set
A(x). We will refer to this situation as the model case. The proof of this case contains all the ideas and technical
tools which are needed to treat the general situation in which f**(z,-) is affine (with possibly different slopes)
on each connected component of A(z).

3.1. The model case

As before f: Q x R® — R is a continuous function satisfying (28-30). We assume that f**: Q x R” — R is
continuous and we denote by A(z) the set defined in (31) and by Q4 := {z € Q: A(z) # 0}. Since f and f**
are continuous functions, Q4 is open. Here we consider the case where f**(z,-) is affine in A(x); more precisely,
we assume that there exist a function g € C° (Q4) and a vector field m € C* (Q4;R") such that

[ (@,8) = q(x) + (m(x), £, Ve, e A) (32)
We also assume that the boundary of the set where the divergence of m is equal to zero is negligible, i.e.,
meas (QNJ{x € Q4 : divm(z) =0}) =0. (33)
Finally, for every = € Q4, we set
B(2) = {E€R: ™(2,€) = q(a) + (m(2),6)}:

note that, by the growth conditions in (28) and by the assumption that f is uniformly convex at infinity
with respect to &, then the set E(x) is bounded uniformly for z € Q4 (see also Lem. 2.5). We assume
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there exists an increasing function w : [0,4+00) — [0,4+00), with w(¢) = 0 if and only if ¢ = 0, such that, if
x €04, £ € IE(x), n € R"\ E(x), then

7 (0551 < 57 @8+ 7 )~ - ). (3)

The main result of this section is the following existence theorem:

Theorem 3.1. Let f, f** : Q@ x R® — R be continuous functions (f not necessarily convex with respect to
& € R™). Under the above assumptions on f and f** ((28-30) and (32-34)), for any given boundary datum
up € WHP (Q) the variational problem (27) attains its minimum. Moreover, any minimizers is of class Wli’coo(ﬂ),

The proof of Theorem 3.1 is obtained using the same method as in the work of Dacorogna—Marcellini [12,13],
who considered integrands independent of x. Our proof however follows from some new lemmas. The first one
concerns the relaxed variational problem

inf { /Q £ (@, Du()) dz : u € ug + Wi (Q)} : (35)

Lemma 3.2. The minimum of the relaxed variational problem (35) is attained. Moreover, there exist a mini-
mizer v € Wh>°(Q) N (uo + Wol’p(Q)> of (35) and an open set QO C Q (possibly empty) such that

loc

A(z) ae xeQ
A

() a.e xeQ\ (36)

and divm =0 in .

Remark 3.3. Formally, if Dv(z) € A(z) then by (32)
[ (@, Do(2)) = q(x) + (m(z), Do(z))-

Therefore, the Euler’s equation for v gives
E 8—f§* (x, Dv) =divm(z) =0, a.e. x such that Dv(x) € A(x).
Ts "
s=1

Thus (36) would follow if we could define ' := {Dv(z) € A(z)}. A striking feature of Lemma 3.2 is that the
set ' may be chosen to be open, and so Lemma 3.2 may be considered to be a strong form of Euler’s first
variation for the minimizers. The property (36) is a regularity result, and in fact it follows from the regularity
results obtained in Section 2.

The proof of Lemma 3.2 follows the argument by Dacorogna—Marcellini [12] in Theorem 10.9. Previous
arguments related to Lemma 3.2 are due to De Blasi—Pianigiani [14], Sychev [28], and Zagatti [29].

Proof of Lemma 8.2. As before we denote by 24 the open subset of Q consisting of those points x such that
A(z) # 0. We split Q4 into three sets (possibly empty),

Qf i={z€Qa: divm(z) >0}, Qy:={z€Q4: divm(z) <0}, (37)

QY = {x € Qa: divin(z) =0} - (38)
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Since divm is a continuous function, QX Uy Uint QY is an open set and, by (33),

meas (24\ (27 UQL Uint Q%)) < meas (2N 0QY) = 0.

By (28-30), Lemma 2.5, and Theorem 2.7 the relaxed variational problem (35) has a minimizer «** in the
Sobolev class W,>(Q) N (uo + WHP(Q)). Thus, by Rademacher theorem (see, for example, Th. 2.2.1 of [30],

loc

or Th. 2.14 of [2]) u** is classically differentiable for almost every = € €.
Let x¢ be a point of Q4 \ 89% where u** is differentiable. Then

u () = u (o) + (Du(x0), 2 — zo) + 0|z — zo]), = € Q.
Also, assume that
Du™*(wo) € A(wo) ={§ € R+ f(x0,8) > [ (20,€)}-
Since Q4 and A(x) are open sets, there exists v € (0, 1) (depending on v** and () such that
x € Qa, €€ Ax),
for all (x,&) € 2 x R™ such that
[z —mo| <7, €= Du™(20)] < 2.
Recall that zg € Q4 \ 0QY; thus we can also assume that + is sufficiently small so that

T €NE, lxr—m| <y = zeQf
o €intQY, |z — x| <y = =z €intQY.

Choose ¢ € (0,7] (depending on xg) sufficiently small such that

lolz =l o\ 4 e Bi(ao), « # a0,
|z — o]
and
~ _
5 < B(s(ﬂfo) c Q.

= 2|Du*(zo)| + 4y’
By (42) and by the definition of Q, O, Q% in (37, 38), we have

zo € OF = divm(z) 20 Vz € §5(x0)’
o €int QY = divm(z) =0 Vz € Bs(xo).

For every r € (0, 4], let us define in 2 the function vy by

vy () == uw" (xo) + (Du™ (o), —xo) £v- (r —2|x —x0]), z€Q,

Zo

(39)

(42)

the sign + being chosen if zy € Qj, while the sign — is selected if xg € Q. If 7o € int Q% then any sign in
the definition of v, () is a good choice; in order to fix the ideas, we choose the sign + if 29 € int Q0. Since

|D|z|| =1 for everyz € R™ \ {0}, we obtain

}Dvgo(x) — Du*(z0)| =2v- |FD |z — x0|| =27y ae. z€Q,
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and thus by (40, 41),

Dv} (z) € A(z), ae. x € Bs(xg), Vre(0,d]. (46)
If 2o € Qf Uint Q4 we set

G(zo,r) :={® € Bs(xo) CQ: v (x) >u™"(x)}, (47)
and if zg € 2, we define

G(zo,r) :={x € Bs(x0) C Q: op (@) <u(2)} - (48)

We claim that G(zg,r) is a closed set satisfying
Er/g,(xo) C G(IQ,’I‘) C Er(xo). (49)

Let us verify (49) when o € Q} Uint QY. If @ € Bs(zo) but x ¢ B, (o) (that is 7 < |x — x| < §) then by (39)
and (43) we get

oy (2) = (@) = - (r = 2]a — 20]) — 0 (& — 20]) < —7 | — x0| — o (| — o)

Zo
o(lzr—=x

:—|x—x0|-<7+u) <0.
|z — o]

Thus v}, (2) — u™*(z) < 0 and & ¢ G(xo,r). On the other hand if € B, j3(z¢), then r/3 > |z — z¢|, and again
by (39, 43), we obtain

o (@) = (@) = - (r = 2]a — 20]) — 0 (& — 20]) > 7]& — 20| 0 (|2 — o)

T
A Rt T
|z — 0]

and z € G(xg,r). Thus (49) is proved.
By (47) and the continuity of «** and v}, we have

0G(xg,r) C { & € Bs(xo) : v} (x) =u"(2)},

thus dG(xg,r) and OG(zg,r’) are disjoint for r # r/ and we conclude that only countably many of these
boundary sets can have positive measure. Therefore we can always choose a sequence rj, of real numbers such
that

r, — 0 as h — 400,
0<r, <0, YheN, (50)
meas (0G(zg, 7)) =0, Vh e N.
Let us consider the measurable subset of 2
M = {zo € @ UQ, Uint Q% . u** differentiable at g, Du**(zq) € A(zo) }

and consider the family of open sets

G :={intG(z,ry) :x € M, r, as in (50)} -
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Since G is a fine covering of M and each set G(z,r) € G satisfies (49), by Vitali’s covering theorem (see, for
example, Chap. 10 of [12]), there exists in G a (at most) countable subcollection G’ of sets with disjoint closures
such that the open set

Q= U int G(ag, %), (51)
int G(xk,rx)EG’

covers M up to a set of zero measure, i.e. meas (M \ ') = 0. Let us define the function v in € by

_fu(a) ifr e\,
() { vy (2) if @ € Gk, 1), (52>

and introduce the functions

un () = uw™(x) if € Q\U_, G(xk, 7)),
pA vk (x) if @ € G(xg, %), for some 1 <k < h.

By (47) and (48) the functions u;, belong to u** + Wy (Q2) N WL >°(Q) for all h, since uy, is locally maximum

loc

or minimum of two W1?(Q) N I/Vlicoo (©) functions. Moreover, we claim that each uy, is a minimizer of (35). To

this aim, notice that by (45, 47, 48), we have for all h
divm(z) (un(z) —u™(x)) >0 ae. z€Ul_ G(ar,rr). (53)
Moreover, by (46)
Duy(z) € A(x), ae. zeU'_ Gar, ). (54)

and Duy(r) = Du**(x) a.e. in Q\ UM_,G(xk, 7). By the convexity inequality f**(x,&) > q(x) + (m(z),&),
valid for every x € Q4 and every £ € R", we have

inf {/ ¥ (x, Du(z)) dz - u € ug + WyP (Q)} = / 7 (x, Du™*(z)) da
Q Q\szlG(xk,T‘k)

+/ 7 (x, Du™(x)) dx
Uz 1G(ka,7'k)

V

':1G(xk77"k)

> / 7 (x, Du™(x)) dx
Q\ur

T / {a(x) + (m(z), Du™ ()} da,

b G(xr,mr)

where we have used the fact that UP_, G(zy, ri) C Qa4 (see (40, 41) and (49)).
Since uy, € u™* + Wy P (int G(zy,ry)) for all 1 < k < h, using (53) we obtain

/ {{m(x), Du**(z)) — (m(x), Dup(x))} dz = —/ divm(z) (v (z) — up(z)) dx > 0.
G(@k,mk) G(zk,mr)



AN EXISTENCE RESULT FOR A NONCONVEX VARIATIONAL PROBLEM VIA REGULARITY 87

Therefore we may conclude, from the inequality above and by (54), that

inf {/ £ (x, Du(x)) dz - u € ug + WP (Q)} > / f (x, Du™*(z)) dx
9] Q\ULL_IG(QT;C,T)C)

+/U,% ala) + (m(x), D (x)) d

k=1 (Tr,7r)

_ / £ (2, Dup(z)) da.
Q

This proves the minimality of each uy,. By (28) the sequence uy, is bounded in W (£2) and since uy(z) converges
to v(z) a.e. in Q, it follows that uy, converges weakly to v in WP(Q). In particular, v € ug + Wy (Q) and, by

lower semicontinuity, v is also a minimizer of (35). Theorem 2.7 now yields v € I/Vli)COO(Q) By (46) we have

Du(z) € A(z), ae. x€.

On the other hand, since v = u** in Q \ €, there exists a negligible set Ey such that, for all z € (Q\ Q') \ Eo,
v and u** are differentiable at = and Dv(x) = Du**(z). Thus, if # ¢ EgU (M \ Q') U (2N 99QY), which is a set
of measure zero, and if = ¢ Q \ €', then we have

Du(x) ¢ A(x).
Finally, let us prove that divm = 0 in ©’. To this end notice that, since
7 (x,8) = q(x) + (m(x),&) whenever z € Q4 and € € A(x),

the function & — f**(z,§) is differentiable in A(x) and D¢ f**(x,£) = m(z) for every x € ', ¢ € A(x).
Therefore the standard argument used to derive the Euler equation of an integral functional still applies in the
open set ' and the Euler’s equation in weak form gives

divm(z) p(z)de =0, VeecCi (),
Q/

which proves that divm = 0 in €. O

The second lemma that we consider in this section uses the notion of Kuratowski convergence, or convergence
in the Hausdorff metric of a sequence of compact sets of R”. We recall that a sequence Fj, of compact sets of
R™ converges, as h — 400, in the sense of Kuratowski (or in the Hausdorff metric) to a compact set E C R"
if, for every € > 0, there exists hg such that

E,CI.(E), ECI.(En) Yh> hy,

where I. (+) denotes the neighborhood of radius € of the set under consideration. We recall that, if the sequence
E}, is bounded in R™ uniformly with respect to h € N, then E; — E in the sense of Kuratowski if and only if
the following two properties hold:

(i) for every & € E there exists a sequence &, with &, € Ey, for every h € N, such that &, converges to £ as
h — +oo;

(i) if a sequence &, with &, € Ey, for every h € N, admits a subsequence &, converging to a point &, then
e k.
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In the sequel we need some properties of the distance function to a convex set. For the statements and the
proofs, we refer the reader to the Appendix.

Let E(x) # 0 be a compact subset of R™ for every value of a parameter x in an open set Q4 C R™. We
say that the set function E(z) is continuous in the sense of Kuratowski if E(xy) converges in the sense of
Kuratowski to E(x) for every x,x) € 24 such that z; — x.

Lemma 3.4. Let f: Q4 x R™ — R be a continuous function such that the bipolar f** is also continuous and
satisfies (32) and (34). Let E(x) C R™ be defined by

E(z) :={{ € R": f"(x,8) = [q(x) + (m(x),§)] = 0}

Then the map x € Qa — E(x) is continuous in the sense of Kuratowski.

Proof. Let xp be a sequence in 24 converging to z € Q4. We claim that, if &,, € E(xp,) and &, — &, then
¢ € E(zx). In fact, since

f**(mhk7€hk) = q(‘rhk) + <m(‘rhk)7§hk> )

the continuity of f**, m, and q yields £ € E(z).

Let us now show that, given £ € E(x), there exist &, € E(xp) such that £ — £. Indeed, if this is not true,
then we can find € > 0 and a sequence hy, such that dist (§; E(zp,)) > € for all k € N. For every k € N choose
&n, € OE(xp, ) such that |€ — &, | = dist (§; E(zp,)) > . Extracting, if necessary, a further subsequence, we
may assume that &,, — 71, and n € E(z) by the first part of the proof. Since { ¢ E(xp, ) and &,, € OE(xp, ),
from (34) we get, for all k € N,

7 (e S ) < 570 €+ 5 has )~ 1€ 6]

Passing to the limit as k — 400, we get

1 (0 550) < 557 @8+ 57 ) - ).

Since f**(z,-) is affine on F(z) and &, 1 € E(x), the inequality above implies w (¢) < 0, which gives a contra-
diction since w(t) > 0 for all ¢ > 0. O

Lemma 3.5. Under the same assumptions of Lemma 3.4 the function F': Qg x R™ — R, defined by

_ [ dist(§0E(z)) if £ €R™\ E(x),
F@¢) = { — dist (& 0E(z)) i€ € B(x),

1s continuous in Qa4 X R™ and convex with respect to & € R™.

Proof. The convexity of F(x,-) follows from Lemma 4.3 and the convexity of E(x). The continuity of F' with
respect to © € (4 is a direct consequence of Lemma 4.2, asserting the continuity of the distance function with
respect to the Kuratowski convergence, and of Lemma 3.4, yielding the continuity of the set function E(x) with
respect to x. The continuity of F' with respect to (z,£) then follows from the fact that for all z € Qg4, £,n € R™
we have that |F(z,£) — F(x,n)| < | —n|. O

We are now ready to give the proof of Theorem 3.1.
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Proof of Theorem 3.1. By Lemma 3.2 the minimum of the relaxed variational problem (35) is attained and
there exist a minimizer v and an open set ' C Q (possibly empty) such that

{ Dv(z) € A(z) a.e. xze€
Du(z) ¢ A(z) ae. xze€Q\Q,

with divm =0 in .

If Q' is an empty set then Dv(z) ¢ A(x) a.e. x € , and so f**(z, Dv(z)) = f(x, Dv(x)) a.e. x € Q, and v
is also a minimizer for the original problem (27).

Otherwise, recalling (51), we consider for all k& the Dirichlet problem for the implicit differential equation

{ F(z,Du(x)) =0, a.e.x€intG(ay,r),

u(z)=v(x), x¢cdG(zk, ), (55)

where F' : Q4 x R® — R is the signed distance function defined in Lemma 3.5. Notice that v is Lipschitz
continuous on G(z, 1), and since A(x) C E(z) we deduce that

F(z,Dv(z)) <0 a.e. x€intG(ag,r). (56)

Therefore, we may apply Theorem 2.3 by Dacorogna—Marcellini [12] (note that (56) is exactly the compatibility
condition (2.6) required in Th. 2.3 in [12]) to obtain the existence of a function vy € W1 (int G(zk,rk))
satisfying (55). Notice that F(x,&) = 0 if and only if £ € OE(z), and thus Dvg(z) € OE(z) C R™\ A(x) almost
everywhere in int G(zy, 7). Therefore

7 (x, Dvg(z)) = f(x, Dug(z)) ae. x € int Gz, k). (57)
Let us now prove that the functions

(2) = v ()  ifzeGog,rg), 1 <k<h,
W= w(x) it e € Q\ UM Gz, 1),

are all minimizers in the class ug + WO1 P (Q) of the integral in (35). In fact, by the affinity assumption (32), for
any h we get

h
/Qf** (z, Du(z)) dx */Qf** (@, Dwp(z)) dz = E/CH {57 (2, Du(x)) = f** (x, Dog(x))} dz - (58)

Tp,Tk)

h
= m(x), Dv(xz) — Dug(x)) dz = 0,
S [ () Dote) — Dusta)

where we have used the fact that v = v on OG(z, 1), together with the property that divm = 0 in €’. The
minimality of the function wy, follows immediately.

The proof will be over once we show that wy, converges strongly in WP(Q) to a function w. Indeed, the
limiting function w will then be the required minimizer because by (28, 58), and (57),

/Qf(x,Dw(:E)) dr = lim /Qf(:E,th(:E)) dx = /Qf** (z, Dv(z)) dz

h—+o00

+ lim [/Qf(:v,th(x)) dx—/Qf** (2, Duwn () dx] :/Qf** (2, Do(x)) do

h—+o00

+ lim [f (&, Do(@)) — £** (x, Do(2))] da = / % (2, Do(x)) da,
h=400 Jo\ (Up<nG(ar,rx)) Q
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where we have used the fact that f(z, Dv(x)) = f**(z, Dv(z)) for a.e. = ¢ €. In order to prove that wy,
converges in W1P(Q), it suffices to show that Dwy, is a Cauchy sequence in LP. Since vj, minimizes the integral

[ @ Du)
G(zk,Tr)
in the class v + WP (int G(xx,71)), by (28) there exists a constant ¢ such that for all k

/ | Dvg|P do < c/ (1+ |Dvl?) dz.
G(.’,Ck,T‘k) G(kaﬁ'k)

Hence, if h > k we get

h
Duw;, — Dwi|P dz = /
-3 |

|Dv; — Du|P da < c/ (1+ |Dvl?) dz,
i=kt17 G@iri)

D\ (Ui<kG(zi,mi))
and the integral on the right hand side converges to zero as k — oo. O

3.2. The general case

In the previous section we have proved Theorem 3.1 under the assumption that the bipolar function f**
coincides with the affine function (m(-),£) + ¢(-) on the set A(x) = {£ € R™: f(x,£) > f**(x,&)} defined
in (31). Here we consider the more general situation where the set A(x) can be split into an union of a (at most
countable) family of pairwise disjoint open sets A;(x), and that in each A;(x) the function f**(z,§) coincides
with an affine function (m;(z), &) + ¢(x), where the slopes m; and the functions ¢; may vary with j.

Precisely, let f : 2 x R” — R be a continuous function, satisfying the growth condition (28), the uniform
convexity condition (29), and (30). As before, we assume that f** is continuous and we denote by Q4 the set
of points x € Q such that A(x) # (0. Moreover, we assume that, for all € Q4, there exists a sequence A;(x)
of pairwise disjoint open sets such that

Az) = U;4(x), (59)

and that, for every j, the set Qy, := {z € Q: Aj(x) # 0} is open. Further, assume that, for all j, there exist a
function q; € CO (QAJ) and a vector field m; € Ct (QA] ; R”) such that

I = qp@) + my(@).), Ve e, €€ A), (60)
and the boundary of the set where the divergence of m; is equal to zero is negligible; i.e., for all j,
meas (N9 {x € Qa, : divm;(z) =0}) = 0.
For all z € ) A, set
Ej(x) :={£eR": [ (x,8) = q;(2) + (m;(2), &)}

and we assume that, for every j € N, there exists an increasing function w; : [0, +00) — [0, +00), with w;(t) =0
if and only if ¢ = 0, such that, if z € Qg4, £ € 0E;(x), n € R™\ E;(x), then

7 (0 551) < 57 @0 + 37 -y (€= . (61)

As in the previous section we have the following existence result.
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Theorem 3.6. Let f, f** : Q@ x R" — R be continuous functions (f not necessarily convex with respect to
& € R™). Under the above assumptions on f and f**, for any given boundary datum uy € WP (Q) the

variational problem (27) attains its minimum. Moreover, any minimizers is of class W, .7 (€2).

Remark 3.7. Notice that the assumptions (59) and (60) are equivalent to the following local assumption: for
any (r9,&) € Q x R™ such that f(zo,&) > f**(20,&) there exist § > 0, a function ¢ € C° (Bs(wp)), and a
vector field m € C* (Bs(xo); R™) such that, if |z — zg| < 6, |€ — €| <, then

(@, 8) = q(x) + (m(x),€) - (62)

In fact, set D := {(x,£) € QA x R™: f(z,&) > f**(x,£)}. Theset D is open, hence we may consider its connected
components D;. For every € 2 and every j let us set A;(z) :={£ € R" : (,§) € D;}. For every x the family
{A;(x)} is a partition of A(z) :={{ € R": f(z,&) > f**(x,£)}. Moreover, the set Q, := {z € Q: A;(x) # 0}
is open, since it is equal to the projection of D; onto R". Finally, the existence for every j of a function
q; € C'(Q4,) and a vector field m; € C'(24,;R™) satisfying (60) is an immediate consequence of the local
assumption (62) and of the connectedness of D;.

To prove Theorem 3.6 one may follow exactly the same argument used in the proof of Theorem 3.1, with the
obvious changes due to the fact that now we have to deal separately with the different affine representations (60)
of f**. Therefore we shall limit ourselves to point out where the proof has to be modified.

The statement of Lemma 3.2 must be replaced by the following one.

Lemma 3.8. The minimum of the relaxed variational problem (35) is attained. Moreover, there exists a min-
imizer v € W2 (Q) N (uo + WP(Q)) of (35) and there exist pairwise disjoint open sets Q C Q (possibly

loc

empty) such that

() ae x€Q
r)  ae x€Q\U;Q

and divm; =0 in Q;

Proof. To proof this lemma we argue as in the proof of Lemma 3.2, splitting each open set {14, into the three
open sets

sz = {z € Qy, : divm;(z) > 0}, Qy, = {z €Qy, : divm;(z) <0},

Q%j = {z €Oy, : divm;(z) =0} -

Taking a point xg € Qa; \ 89213_ such that u** is differentiable in ¢ and Du**(zg) € A;(zo) for some j, we
construct the function v}, ~as before, noticing that the parameter v can be always chosen so small (see (46))
that

Dv (z) € Aj(z) a.e. x € Bs(zo), Ve (0,4]. (63)
Arguing as in the model case, we get again a sequence G(z,ry) of pairwise disjoint sets such that the open set

Q= U int G(zg, 1)

int G (ap,r1)€G/

covers, up to a set of measure zero, the set of points xo where u** is differentiable and Du**(xy) € A;j(zo) for
some j. Therefore, if we define v as in (52) we have again that Dv(x) ¢ A(z) for a.e. x € Q\ Q' and, by (63)
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that for any k there exists j, such that
Du(x) € Aj, (z) for ae. z € G(zg,18).
In particular ' can be written as the disjoint union of the open sets
Q) = U {int G(zs,rs) : Dvs(x) € Aj(z) Ve G(as,rs)}
and Dv(z) € Aj(x) a.e. © € Q, for all j. The rest of the proof follows with the obvious modifications. O

Proof of Theorem 3.6. We claim that, for all j, the set function 2 € Q4; + Ej;(z) is continuous in the sense of
Kuratowski. It can be easily checked via the same argument used in Lemma 3.4, by virtue of assumption (61)
(this is the only point where this hypothesis is needed). Therefore, in view of Lemma 3.5, for every j the
function Fj defined by

(o [ dist(§0E;(z)) if € e R*\ Ej(z)
Fj (x,€) { _dist (€ 0F, (r)) if€ € B, (),

is continuous in Q4; x R™ and convex with respect to £. Then, replacing (46) with (63), the proof goes on
exactly as in the model case. O

4. APPENDIX: SOME PROPERTIES OF THE DISTANCE FUNCTION

In this section we prove some properties of the signed distance function to a convex set, which have been
used in Section 3 in order to establish Lemma 3.4 and Lemma 3.5. We recall that if £ C R™ then the signed
distance function to E is a function dg : R™ — R defined as follows:

dist (&;0F) if¢ ¢ E,

dp(§) = { —dist (§;0F) if€ € E. ©

Lemma 4.1. Let E C R™ be a closed convex set. If &€ € R™ is such that

¢els(E), dist(&0I(E)) > 6,

for some 6 > 0, then £ € E (more precisely £ € int E).

Proof. If £ ¢ E then we consider the projection &y of £ on E and a supporting hyperplane H to E through &.
This hyperplane H separates £ from E. Let us denote by 7 the point

§—%&o
1€ — &’

n=&§+9o

clearly |n — &| = 8. Since by the assumptions Bs(¢) C Is (E), in particular n € I5 (E). On the other hand,
dist (n; E) > dist (n; H) = |€ — &]| + J > J, which gives a contradiction. O

Lemma 4.2. Let E;, and E be convex, compact sets of R™, such that E, — E in the sense of Kuratowski.
Then

d(f) = hgrfoo dh(g)a vé € Rna

where dy, and d are, respectively, the signed distance functions to Ep and E.
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Proof. Note that we use the assumption of convexity of the sets Ej, F only in Steps 2 and 3 below.

Step 1: Let us consider the case where £ ¢ E. Then there exists ¢ > 0 such that dist (§;0F) > ¢ and, for
large h € N, £ ¢ Ej,. Let £ € E be a point such that d(§) = |€ — &|, and let &, be a sequence of points in Ej,
converging to . Then

d(§) = thJ{IOO 1€ —&nl > l}ilmJSrup dn(§)-

Conversely, let &,, € Ej, be such that

1' 1 f = 1. — .
lim inf dn(§) IHHEOOK Ehs|

By extracting, if necessary, a further subsequence, we may assume that &,, — &, for some & € E. Thus

1}}2&25 dn(§) = kEI—EOO 1€ = &nyl = 1€ = &ol > d(§).

Step 2: Let £ € OF. There exists a sequence hy such that

limsup dp(§) = lim dp, (£).

h—+00 k—+o0
Let &, € En, be such that &, — &. Since |§ — &n, | > dp,, (§), we obtain

limsup dy(€) < 0 = d(¢).
h—+o0

Suppose now that liminf}, 4 dn(€) < 0. As before, there exists a sequence hy such that liminfy,_, 1o dp(§) =
limg_ 400 dp, (€). Fix € > 0. For k large enough dp, (§) < 0 and { € Ey, C I.(E). Let us denote by v
a unit vector in R™, orthogonal to a supporting hyperplane to E at &, pointing to the exterior of E. By
the convexity of E, the vector £ + 2ev ¢ I, (E), and so & + 2ev ¢ Ej,, for large k. Therefore, for such k,
dist (§; 0FEh,,) = |dn, (§)] < 2e. This implies that liminf},_, 4 dp(§) > 0.

Step 3: Let £ € int E and fix § € (0,dist (§; 0F)) such that Bs(§) C E. For every & < § there exists h. such that
E C I. (Ep) for h > h.. If n € Bs_.(§) C E C I. (E}), then dist (n; 0I. (Ep)) > €; therefore, by Lemma 4.1,
we have that Bs_.(§) C E}, for h > h. (in particular ¢ € int Ej) and dist (§;0Ey) > 6 — €. From this it follows
that liminf},_, 4 o dist (§; 0Ep) = liminfy, 4o [~dn(€)] > J. Letting § — dist (§; OF), we get

d(€) > limsup dp(&).
h——4o0

Conversely, let & € OF be such that |§ — &| = dist (§; OF). From Step 2 it follows that there exists &, € OE},
such that |&, — &o| — 0. We also have

dist (& DER) < |6 — €] < € — | + dist (& OF).
Since £ € Ey,

liminf dp(§) = %m inf [—dist (§;0FR)] > —dist (§;0F) = d(&)

h—-+oo — 400

and the proof is complete. O
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In the next lemma we prove the convexity of the signed distance function to a convex set.

Lemma 4.3. If E is a compact, convex subset of R™ then the signed distance dg , defined in (64), is a convex
function.

Proof. The signed distance from an half space is an affine function. Therefore the signed distance dg is convex,
since it is the supremum of the family of signed distance functions from all the half spaces containing E. O
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