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OPTIMAL CONTROL OF REACTION-DIFFUSION SYSTEMS WITH
HYSTERESIS™

CHRISTIAN MUNCH"

Abstract. This paper is concerned with the optimal control of hysteresis-reaction-diffusion systems.
We study a control problem with two sorts of controls, namely distributed control functions, or controls
which act on a part of the boundary of the domain. The state equation is given by a reaction-diffusion
system with the additional challenge that the reaction term includes a scalar stop operator. We choose a
variational inequality to represent the hysteresis. In this paper, we prove first order necessary optimality
conditions. In particular, under certain regularity assumptions, we derive results about the continuity
properties of the adjoint system. For the case of distributed controls, we improve the optimality condi-
tions and show uniqueness of the adjoint variables. We employ the optimality system to prove higher
regularity of the optimal solutions of our problem. The specific feature of rate-independent hysteresis
in the state equation leads to difficulties concerning the analysis of the solution operator. Non-locality
in time of the Hadamard derivative of the control-to-state operator complicates the derivation of an
adjoint system. This work is motivated by its academic challenge, as well as by its possible potential
for applications such as in economic modeling.
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1. INTRODUCTION

In this paper, we derive an adjoint system for the optimal control problem

. 1 2 K2
min J(y,u) = 2y~ wall, + S, (1)
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subject to
9(t) + (Ap)(8) = f(y(1), (1)) + (Byu)(t) in WP (Q) for t € (0,7), (1.2)
y(0) =0 in W P(Q),
z = WISy, (1.3)

where W;;p(ﬂ) is a product of dual spaces, see e.g. (18)—(20) from [32] for the existence theory of problem
(1.1)—(1.3) and related references therein. We consider either spatially distributed controls in the space Uy :=
L2 ((0,7); [L2(£2)]™), or controls which act on given Neumann boundary parts T'y,, j € {1,...,m}, of the state

space, i.e. controls in U := L2 ((O,T); | LQ(FNJ.,’Hd,l)) . The operator By : [L2(Q)]™ — Wy () and the
operator By : H;”:l L3(T Ny Ha1) — W;;’p (Q) are continuous and A, is an unbounded diffusion operator on
the space W;;’p (). With i € {1,2}, we identify B; with the corresponding continuous operators from U; into
L? <(O,T);W;;’p(§2)) which act pointwise in time, i.e. we write (B;u)(t) = B;(u(t)) for all t € (0,7"). In the

same way we identify (A,y)(t) with A,(y(¢)) for functions y : (0,T) — W;;p(Q) Moreover, S projects y to a
scalar valued function. In particular, W is a scalar stop operator and it is well-known (see e.g. [9, 40]) that W
is represented by the solution operator z = W]uv] of the variational inequality

(2(t) — 0(t))(2(t) — &) <0 for £ € [a,b] and a.e. ¢t € (0,T), (1.4)
z(t) € [a,b] for t € [0,T], 2(0) = z. (1.5)

For i € {1,2}, we denote by G the operator, which maps B;u to the unique solution y of (1.2) and (1.3), see
Theorem 3.1 of [32]. Note that y = G(Bju) is a function of time with values in a product of dual spaces.

The first motivation for this work is of academic nature. Non-smoothness of the state equation due to the
coupling between the PDE (1.2) and the hysteresis operator (1.3) leads to several technical difficulties in the
analysis of first order optimality conditions for problem (1.1)—(1.3). In particular, the directional derivatives
of the control-to-state operator are non-linear. Secondly, problem (1.1)—(1.3) has potential for applications in
fields such as economic modeling, see also [2] for a time discrete model including the stop operator. Consider for
example the following scenario: Let y(z,t) denote the density of money in a domain {2, say a country. Moreover,
let z(t) = W[Sy](t) € [0,b] represent some measure for the overall savings of the whole nation at time ¢t. The
bound b > 0 determines some maximal limit for the savings. Not more money than b can be saved, or the nation
is not willing to save more than b since it feels safe and satisfied when z(t) = b. The reaction term f(y, z) in
(1.2) can incorporate a non-linear coupling between the density of money y, or the overall money Sy, and the
savings z. In particular, f(y,z) can model the propensity to consume in dependence of the current amount of
savings. At the same time, diffusion models the money distribution over the domain due to transactions. The
control u can represent some control by the state over the monetary in- and outflow (within the country 2 or
on a part of its boundary), in order to steer the density of money to a desired density, modeled by the tracking
term yq4. In reality, such a control can for example be established by the rise or decrease of taxes. One possible
interpretation of the state equation is the following: If the overall money Sy is increasing due to transactions
with other countries while there is still potential for savings, i.e. z € [0, b), then a part of the income is reserved
until eventually the overall savings of the country reach the critical value b. Any overflow of income is then
directly spent in an excessively consuming manner. If in turn Sy is decreasing and z € (0, b], then a part of the
savings z are invested in order to maintain the current living standard until z = 0. In this context, the effect
of hysteresis is the result of an almost infinitely large time scale difference between the evolution of the money
density y and the overall savings of money z. Compared to the time scale of transactions, the saving of money
in a bank account happens almost instantaneously.

Note that the general problem (1.1)—(1.3) does not originate from the model which was sketched above.
The draft of an economic scenario should rather point out one possible field in which problem (1.1)—(1.3) can
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find its application. The very general formulation of problem (1.1)—(1.3), as well as the generality in the list of
assumptions to be introduced in the course of this work, are interesting from a mathematical point of view. But
this generality also induces a broader variety of possible applications.

Optimal control of (systems of) partial differential equations has extensively been analyzed in the literature
before.

In particular, optimal control problems with state equations of semilinear parabolic type are part of the
well-known monograph [38] and the early work [5]. Further studies in this direction are the subject of [12, 34].
We also refer to [30] for a control problem with parabolic state equation and rough boundary conditions like in
our setting.

Early studies in the field of optimal control of reaction-diffusion systems and in particular in the direction
of parameter sensitivity analysis have been performed in [22] and were further established in [23] and several
more papers. Optimality conditions for a similar problem were also derived in [4].

The non-linearities in all the works mentioned so far are mostly smooth enough to obtain a (twice) con-
tinuously differentiable control-to-state operator, so that first and many times also second order optimality
conditions could be derived.

In the literature, there are only few results available concerning optimal control of infinite-dimensional rate-
independent processes. For a class of energetically driven processes, existence of optimal controls for problems
of this type has first been studied in [35, 36]. Subsequently, the results were applied to (thermal) control
problems in the field of shape memory materials in [18, 19]. No optimality conditions are given in these works.
Optimal control of a problem of static plasticity in the infinite-dimensional setting is the subject of [26, 27]. The
results were used in [28] to numerically solve a quasi-static control problem by time-discretization. Optimality
conditions for time-continuous, infinite-dimensional, rate-independent control problems of quasi-static plasticity
type could be derived in [41-43] by means of time-discretization. Another time-continuous, infinite-dimensional
optimal control problem of a rate-independent system, which is represented by its energetic formulation, is
addressed in [39]. With help of viscous regularization, a necessary optimality condition is derived.

To our knowledge, the first results for optimal control of hysteresis have been achieved in [6-8]. Necessary
optimality conditions for the optimal control of an ODE-system with hysteresis were established. An adjoint
system was derived by a time discretization approach. Optimal control of sweeping processes has been studied
in [13, 15, 20]. In [9], first order optimality conditions for a control problem of an ODE-system with hysteresis
of (vectorial) stop type were derived. The stop operator is represented in form of a variational inequality. The
main challenge with the stop operator (as with all hysteresis operators) is the fact that hysteresis acts non-local
in time so that the state y(t) at each time ¢ € (0,7T] depends on the whole background [0,t). Moreover, the
stop operator is not differentiable in the classical sense and so the control-to-state can not be expected to be so
either. Regularization techniques were used in order to derive an optimality system. Several of the ideas of this
approach are useful also for us. To handle a reaction-diffusion system requires additional work though. Firstly,
the state vector y : [0,7] — W;;’p () in (1.2) is a function with values in an infinite-dimensional space and
secondly, the non-linearity f in our case is not necessarily continuously differentiable but only locally Lipschitz
continuous and directionally differentiable. Therefore, techniques as in [31] are required. Particularly, since the
domain 2 has a rough boundary, we have to consider a product of dual spaces for the domain of the diffusion
operator A,.

The existing literature provides only few rigorous results in the field of control of hysteresis-reaction-diffusion
systems, especially when it comes to optimal control of such systems. In [14], automatic control problems
governed by reaction-diffusion systems with feedback control of relay switch and Preisach type have been
studied. Global existence and uniqueness of solutions were proven. Closed-loop control of a reaction-diffusion
system coupled with ordinary differential inclusions has been considered in [17]. A feedback law for the case
with a finite number of control devices was derived.

Necessary conditions for the optimal control of (general) non-smooth semilinear parabolic equations have
been established in [31]. In particular, the non-linearity is merely locally Lipschitz continuous and directionally
differentiable so that the control-to-state operator is not differentiable in the classical sense. Regularization
techniques have been used to derive an adjoint system. No hysteresis is considered in this paper. Nevertheless,
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a modification of the approach in [31] is applicable for the problem at hand. In particular, we include ideas
from [9] and adapt the proof to apply to non-localities in time such as hysteresis. We refer to the references
in [31] for a good overview over further contributions dealing with optimal control of non-smooth parabolic
equations.

In this paper, we are interested in the optimal control of non-smooth reaction-diffusion systems with hys-
teresis. In particular, a scalar stop operator enters the non-linearity f. The function f is assumed to be locally
Lipschitz continuous and directionally differentiable. Additionally, the domain 2 satisfies minimal smoothness
assumptions.

The outline of the paper is as follows:

In Section 2, we introduce the framework for the rest of the work and collect results from the literature.
Section 2.3 contains the main assumption and notation.

Our first main interest is to derive an adjoint system and first order necessary optimality conditions for
problem (1.1)—(1.3).

In Section 3, we introduce a family of regularized control problems with e-dependent state equations and
derive adjoint systems as well as optimality conditions for those. In particular, we regularize f and the stop
operator W in dependence of the parameter £ > 0 and replace the original control problem by a regularized
one. The corresponding control-to-state operator u — G¢(B;u), i € {1,2}, and the regularization y — Z.(Sy)
of W[S'] are Gateaux-differentiable and we obtain optimal solutions ., ¥, = G<(B;u.) and z. = Z.(S7,.) of the
regularized problems. We investigate in the limit € — 0 and use standard arguments to derive a solution (@, 7, Z)
of the original problem. It still remains difficult to derive adjoint systems (pe, q.) already for the regularized
problems. The main result of Section 3 is Theorem 3.13 which contains the evolution equations of p. and g.
and the adjoint equation which provides a relation between (pe, ¢.) and u. and .

In Section 4, we perform the key step towards an optimality system of (1.1)—(1.3) by driving the regularization
parameter to zero. We exploit the adjoint systems (pe, ¢:) to derive necessary optimality conditions for problem
(1.1)=(1.3). While the evolution equation for p follows rather straight forward, the adjoint variable ¢ which
belongs to Z has lower regularity, similar as in optimal control problems with implicit state constraints of the
form of variational inequalities. The function ¢ is contained in the space BV(0, T') of functions with bounded total
variation in [0, T, and instead of a time derivative we obtain a measure dg € C([0,7T])*. In order to complete our
knowledge about the optimality system, we investigate in studying ¢ and dg. Indeed, we reveal a lot of the prop-
erties of ¢ and the corresponding measure dg. There remains an abstract measure du € C([0,T])* on which dg
depends and which we cannot fully characterize. Moreover, du appears in the optimality conditions for problem
(1.1)—(1.3). Still, we are able to prove that du has its support only in a part of [0, 7]. With an additional regular-
ity assumption on S%, we can characterize the measure du also in most of the parts where it does not vanish. The
first main results of Section 4 are Theorem 4.12 and Corollary 4.13, which contain the existence of an adjoint
system and optimality conditions for problem (1.1)—(1.3) for ¢ € {1,2}. After having established the optimality
system for the general problem (1.1)—(1.3), i € {1,2}, we continue to improve the optimality conditions for the
particular case of distributed control functions, i.e. for i = 1, see Corollary 4.14. Moreover, in Corollary 4.15, we
show uniqueness of p, ¢ and du for i = 1. In the proof we make explicit use of fact that B; has dense range which
implies that the operator By in the adjoint equation is one-to-one. These together are the second main result of
Section 4.

In Section 5, we prove higher regularity of the optimal control @ and the optimal state ¥ by means of the
adjoint equation and the continuity properties of the adjoint variables, see Theorem 5.2. An example for a case
in which Theorem 5.2 can be applied is given in Remark 5.3.

All our results are applicable for more general spaces of control functions U = L2 ((0, T); U ), as long as there
exists a continuous operator B : U — W;;’p (©). Also J(y,u) can be exchanged by a general differentiable
functional J(y,u, z) if the corresponding reduced cost function remains coercive in u € U. Moreover, A, can be
replaced by a semi-linear parabolic operator which satisfies maximal parabolic regularity on the space W;Ll)’p ().
We focus on the two particular control problems for U; and U; and on the operator A, in order to give an
illustration.
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Notation:

We write £(X,Y) for the space of bounded linear operators between spaces X and Y and £(X) for the space
of bounded linear operators on X. We also abbreviate the duality in X by (z,y)x~ x = (z,y)x. ¢ > 0 denotes
a generic constant which is adapted in the course of the paper. In Banach space valued evolution equations like
(1.2) we sometimes omit the range space if the latter is clear from the context, i.e. we only write "for t € (0,T")”.

2. PRELIMINARIES AND ASSUMPTIONS

We introduce the setting for the rest of the work, collect results from the literature and state the main
assumption.

2.1. Sobolev spaces including homogeneous Dirichlet boundary conditions

Definition 2.1 ([32], Def. 2.1, I-sets). For 0 < I < d and a closed set M C R? let p denote the restriction of
the I-dimensional Hausdorff measure H; to M. Then we call M an I-set if there are constants ¢y, co > 0 such
that

c1r! < p(Bga(z,r) N M) < cor!

for all x in M and r € (0,1).

Assumption 2.2 (Domain). ([24], Assumptions 2.3 and 4.11 or [32], Assumptions 2.2 and 2.6). For some
given d > 2, the domain Q C R? is bounded and  is a d-set. For j € {1,...,m}, the Neumann boundary part
I'n, C 08 is relatively open and I'p;, = 90Q\I'y; is a (d — 1)-set. For any = € T'y; there is an open neighborhood
U, of x and a bi-Lipschitz mapping ¢, from U, onto a cube in R? such that ¢,(2 N U,) equals the lower half
of the cube and such that 9Q N U, is mapped onto the top surface of the lower half cube.

We only consider real valued functions. For each component j € {1,...,m} of the space of vector valued
functions, see Definition 2.4, we decompose the boundary 952 into the corresponding Dirichlet part I'p; and the
Neumann boundary I'y, := 9Q\I'p,, see Assumption 2.2. The cases I'p, = () and I'p, = 9 are not excluded.

Remark 2.3. Assumption 2.2 allows for very general domains. The framework includes Lipschitz domains 2
with (d — 1)-dimensional manifolds I'p; for j € {1,...,m}, ¢f. Remark 2.3 from [32]. But also more irregular
cases are possible. “In particular, the Dirichlet boundary part need not be (part of) a continuous boundary in
the sense of [Gri, Definition 1.2.1.1] and the domain is not required to ‘lie on one side of the Dirichlet boundary
part’” ([16], Sect. 1. Introduction).

We define Sobolev spaces which include the Dirichlet boundary conditions of the state equation.

Definition 2.4 (Sobolev spaces). ([24], Def. 2.4 or [32], Def. 2.4). For 2 from Assumption 2.2 and p € [1, c0)
we denote by W1P(Q2) the usual Sobolev space on Q. If M is a closed subset of Q we define

Wll\/[p(ﬂ) = {¢]a : ¥ € CP(R?), supp() "M = 0},

where the closure is taken in the space W1?(£2). In the case p € (1,00) we denote by p’ the Holder conjugate of
p. Moreover, we write

W) = Wi @]
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for the dual space Wi}lp / (Q). In the vectorial setting we introduce the product space
1, - 1,
WE (@) = [ Wi (@)
j=1

and for p € (1, 00) we denote by W;;p(Q) the (componentwise) dual space of W%g/(Q)

2.2. Operators and their properties

In this section, we define the operators A, in equation (1.2), see Definition 2.5. We apply results from the
literature to assure that A, satisfies the properties which we need for the analysis of (1.2) and (1.3) for particular
values of p to be chosen, see Section 6 in [24] or Section 2.2 in [32].

Definition 2.5 (Diffusion operator). For p € (1,00) we define the continuous operators

L, WrP(Q) = [[Wr? (Q) = LP(Q,R™),  L,(u) = vec(Vu) = (Vuy,. .., Viy,)T
=1
and
I, : WEP (Q) = Wi P(Q),  (Tpu, v>w#g, @ = /Q w-vdr Yo e WP (Q).
With given diffusion coefficients di,...,d,, > 0 we define the corresponding diffusion matrix in R™@*™d by

D = diag(dl,...,dl,...,dm,...,dm).
For p € (1, 00) we introduce

Ayt WEP(Q) = WRIP(Q), A, =L DL,

and define the unbounded operator

A, :dom(Ay) =ran (I,) C Wi lP(Q) — WEP(Q), A, = A, L7

The set ran(l,) denotes the range of I,,. The domain dom(A4,) is equipped with the graph norm.
We introduce the notion of maximal parabolic regularity as in Definition 2.12 of [32].

Definition 2.6 (Maximal parabolic regularity). For p,q € (1,00) and (t9,T) C R we say that A, satisfies
maximal parabolic LI((to, T'); W;;’p(Q))—regularity it for all g € LI((to, T); Wlf;p(Q)) there is a unique solution
y € Wha((to,T); W | P()) N L4((to, T); dom(Ap)) of the equation

y + Apy =9, y(tO) =0.

The time derivative is taken in the sense of distributions ([3], Def. 11.2).
For ¢ € [0,T] we abbreviate
Y, = Wl’q((07T);W;;’p(Q)) NLI((0,T);dom(Ap)), Yy :={y € Yy : y(t) =0} and

Yy, = {y € Wh(0, 75 [dom(A4,)]*) NLI((0,T); WP ()« y(t) = 0}.
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As in Remark 2.13 of [32] note the following
Remark 2.7 (Properties of A,).

(1) If Definition 2.6 applies for A, with some p € (1,00) then the property of maximal parabolic regularity is
independent of ¢ € (1,00) and of the interval (t9,T), so we just say that A, satisfies maximal parabolic
regularity on W;;p(Q) in this case.

(2) If A, satisfies maximal parabolic regularity on W;;p(Q) for some p € (1, 00) then the operator (3 + A4,)~!
is bounded from Lq((O,T);W;;’p(Q)) to Yy 0 for any g € (1, 00).

(3) In the setting of Assumption 2.2 there exists an open interval J containing 2 such that for p € J the
operator A, + I, is a topological isomorphism and such that —A, generates an analytic semigroup of
operators on W;;p(Q) ([32], Thm. 2.10 or [24], Thms. 5.6 and 5.12).

(4) If p € Jand if 6 > 0 is given then for A, + 1 := A, +1d the fractional power spaces X¢ := dom([A4, +1]%) C
W;El)’p (©) and the unbounded operators [A, + 1]? in the sense of Chapter 1 in [25] are well-defined with
X0 = W;;p(Q) X? is equipped with the norm ||z xo = [|(4, + 1)9m||wr_1,p(m (cf. [32], Rem. 2.11). Note
that we can identify X! with the space dom(A,) endowed with the grap}f norm.

(5) If p € JN[2,00), then A, satisfies maximal parabolic Sobolev regularity on W;;p(Q) and we have
the topological equivalences [W;;’p(Q),W%’g (2)]o ~ [W;;’p(Q), dom(A,)]p ~ XY for all 6 € (0,1) ([11],
Thm. 11.6.1). By [, ]9 we mean complex interpolation.

We will make use of the following embeddings:

Remark 2.8 (Embeddings). ([32], Rem. 2.14). With ¢ € (1,00) one has

Y, < CP((0,T); (W P(Q), dom(Ap))y.1) = CP((0,T); [WrP(Q), dom(4,)]e) and
Yy < C([0, T); (WP (), dom(Ay))y ) < C([0, T]; [Wr 2P (€2), dom(A,)]s)

forevery 0 <0 <n<1—-1/gand0< B <1—1/q—n.(-,-)y1 or (-, )y,q respectively means real interpolation.
The first embeddings are compact because dom(A,) is compactly embedded into Wlf;’p (Q).

With p € J, the following estimate for the fractional powers of A, + 1 and the analytic semigroup exp(—A,t)
is crucial:

Remark 2.9. ([32], Rem. 2.15). Let p € J with J from Remark 2.7. For ¢t > 0 and arbitrary v € (0,1) and 6 > 0
there exists some Cp € (0, 00) such that

(A + 1)° exp(~A,t) < Cot ™" exp((1 = 7)1). (2.1)

e (wgrr )

The stop operator has the following regularity properties.

Lemma 2.10 (Stop operator). With T > 0 the stop operator W, which is represented by (1.4) and (1.5), is
Lipschitz continuous as a mapping on C[0,T] with

(Wloa](t) = Wlwa](6)] <2 sup for(7) —wva(7)]  and  [W[u]()] <2 sup |v(T)] + [z (2.2)

0<7r<t 0<r<t

for allv,v1,v2 € C[0,T] and t € [0,T]. Note that we have to add |z| in (2.2) because, by (1.5), W[v](0) = 2 for
any v € C[0,T]. For q € [1,00), W is bounded and weakly continuous on W4(0,T). W : C[0,T] — L1(0,T) is
Hadamard directionally differentiable, see Definition 2.13. The same regularity properties hold for the operator

P =1d - W. P is a scalar play operator. More precisely, for r = b*T“ let P.: C[0,T] x R — CJ[0,T] denote a



1460 CH. MUNCH

symmetrical scalar play operator (as in [10]). Consider the affine linear transformation T : [—r,r] — [a,b], T :
x>z — Y52 Then for v € C[0,T) there holds

Plv] = Pr[T (v),v(0) — 2] € C[0, T).

Proof. Follows from Sections 2.4 and 4.2 in [32], see also Part 1, Chapter III from [40] and [10]. O

2.3. Assumptions and notation

Our main assumption is the following:

Assumption 2.11 (Main assumption). ([32], Assumptions 2.16, 4.6 and 5.1). We always suppose that
Assumption 2.2 holds. Moreover we assume:

(A1) Dimension and Sobolev exponent: d > 2 and with J from Remark 2.7 there holds p € J N [2,00) and
2>p(1—-14).

(A2) Nonlinearity locally Lipschitz + Hadamard: We will need a fractional power space X = dom([4, + 1]%)
with exponent strictly smaller than one half. This fact is highlighted by a new parameter o which we use
instead of 6 € [0, 00). For some « € (0, 1) suppose that the function f: X* x R — W;;p(Q) is locally
Lipschitz continuous with respect to the X*-norm. This means that given any yy € X“ there exists a
constant L(yo) > 0 and a neighbourhood V(yo) = {y € X* : |ly — yollx~ < € (0,00)} of yo such that

1 s 1) = fy2, w2200y < Llyo) (lyr = y2llxe + 2 — 22))

for every y1,y2 € V(yo) and all z1, 22 € R. f is assumed to be directionally differentiable and therefore
Hadamard directionally differentiable, see Definition 2.13. Furthermore, the linear growth condition

1,0l 1r gy < M (L4 gl + L)

holds for some M > 0. )
(A3) Scalar projection: For some w € W%g (©)\{0} the operator S € [W;;p(Q)]* in equation (1.3) is given by
Sy = (y, w>w;’;’(g) Yy € W;;p(Q) We assume that w is even contained in the space dom([(1+ A,)*~2]*).

Note that S belongs to [X?]* for all # > 0 because of the embedding X? — W;;p(ﬂ)
(A4) Desired state: The desired state yg in (1.1) is in L? ((0,7); [L*(Q)]™).

Remark 2.12. (Al) includes the range of values for p for which the analysis in the rest of the work applies.
(A2) extends the typical regularity assumption for non-linearities in semigroup theory [25, 33]. It implies unique
existence of mild solutions of semi-linear parabolic equations with non-linearity f. We will show that Lipschitz
continuity of the mapping y — W[Sy] from C([0,7]; X<) to C([0,T]) together with (A2) yields local Lipschitz
continuity and linear growth of the mapping y — f(y, W[Sy]) from C([0,T]; X*) to C(]0, T];W;;’p(ﬂ)). Direc-
tional differentiability of f is necessary to prove Hadamard directional differentiability of the control-to-state
mapping for (1.1)—(1.3). In particular, the mapping y — f(y, W[Sy]) is Hadamard directionally differentiable

from C([0,T7; X*) to LI([0, T7; W;;p(Q)) for appropriate g € <# oo). The projection in (A3) can be of very

1—a?
general kind. For y € ran(I,), Sy can be the approximate mean value of Iy € Wllﬁg (Q). Note that I 'y can
be identified with y € dom(A4,).

We introduce some notation for the rest of the work:
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(N1) For the particular p from (Al) in Assumption 2.11 we set X := W;l’p(Q) with W'?(Q) from Defini-
D D ,

tion 2.4. We sometimes identify elements v € X* with their unique representative in W%g (Q), i.e. we

write (v, y)x = <y’U>W§‘g(Q)’ Yy € X.

The operators A, and the spaces X? = dom([4, + 1]) are defined as in Definition 2.5 and Remark 2.7.

The spaces Y, Y, ; and Y, are defined as in Definition 2.6.
W is the scalar stop operator from Lemma 2.10.

— 1,p’
Wi (@) = Jou-vdz, Yo e Wi (Q),

Since 2 > p (1 — 1), the embeddings L?(T'y,, Ha—1) < WESJP(Q) are continuous for j € {1,...,m} ([24],
Rem. 5.11). Therefore also the operator
By T[JL, L2(C;y Ha-1) = X, (Boy, U)o () i= 2ies Jry yivi dHao1, Vo € Wllﬂg (Q) is continuous.

(N6) We write Jp = (0,T), Uy = L2 (Jr; [L2(Q)]™) and U, = L? (JT; [T~ L2(FNJ.,’Hd,1)) .

2.4. Solution operator and optimal control

As in equation (1) of [32] we denote Fly|(t) := f(y(t), W[Sy](t)) and introduce the more general abstract
evolution equation

§(t) + (Apy)(t) = (Fly])(t) + u(t) in X fort >0,
y(0)=0€ X. (2.3)

Note that F[y| is non-local in time. In order to obtain some kind of differentiability of the reduced cost
function, the solution operator of the state equation has to be differentiable in a sense which allows for the
chain rule. We can not expect a Fréchet derivative because of the non-smooth hysteresis operator, see [10]. But
the chain rule can also be applied within the weaker concept of Hadamard directional differentiability.

Definition 2.13 (Hadamard directional differentiability). Let X,Y be normed vector spaces and let U C X
be open. If g : U — Y is directionally differentiable at = € U and if in addition for all functions r : [0, A\g) — X

with ;ir% @ = 0 it holds ¢'[x; h] = iin%) g(x+’\h+§\(’\))_g(x) for all directions h € X, we call ¢’'[z; h] the Hadamard
— —
directional derivative of g at  in the direction h. Note that g(a + Ah + 7(\)) is only well defined if A is already

small enough so that = + Ah + r(A\) € U. The chain rule applies for Hadamard directionally differentiable
functions ([32], Lem. 4.3).

Hadamard directional differentiability of the solution operator G is shown in [32]. By Theorems 3.1 and 4.7
of [32] we have:

Theorem 2.14 (Solution operator for the state equation). Let Assumption 2.11 hold. Then for the fized value
a € (0,3) and for allu € L4(Jr; X) with q € (12, 00] problem (2.3) has a unique mild solution y = y(u) =: y"

in C(Jr; X®). In particular, this means that (F[y]) + u is contained in L' (Jr; X) and that y solves the integral
equation

y(t) :/0 exp(—=Ap(t — ) [(Fly])(s) + u(s)]ds, t € Jr.

The solution mapping G : u — y(u), Li(Jr; X) — C(Jr; X¥) is locally Lipschitz continuous. G is linearly
bounded with values in C(Jr; X*). All statements remain valid if C(Jr; X*) is replaced by Ys o where s = q if
q < oo and with s € (1,00) arbitrary if ¢ = co. G is Hadamard directionally differentiable as a mapping into
C(Jr; X) as well as into Yy o for any q € (2=, 00). Its derivative y*" := G'[u; h] at u € LI(Jr; X) in direction

1—a?
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h € Li(Jr; X) is given by the unique solution ¢ of
(1) + (A4pQ) (1) = F'ly; CI(8) + h(t) for t € Jr, ¢(0) =0, (2.4)

where F'[y; C](t) = f'[(y(t), W[Sy](t)); (C(t), W'[Sy; S¢](t))] and y = G(u). The mapping h ~ G'lu;h] is

Lipschitz continuous from LI(Jp; X) to C(Jr; X) and to Yy o with a modulus C' = C(G(u),T) > 0.

Proof. See Theorems 3.1 and 4.7 from [32]. O

Existence of an optimal control for problem (1.1)—(1.3) is shown in Theorem 5.4 from [32]:

Theorem 2.15 (Existence of optimal control). Let Assumption 2.11 hold. Then for i € {1,2}, there exists an
optimal controlw € U; for the optimal control problem (1.1)—(1.3). This means that T, together with the optimal
state § = G(u), which solves (1.2), are a solution of the minimization problem (1.1). The solution of (1.3) is
given by z = W[Sy].

Proof. See Theorem 5.4 from [32]. O

3. REGULARIZED CONTROL PROBLEM

In order to derive an adjoint system for problem (1.1)—(1.3) we introduce a sequence of control problems
with regularized e-dependent state equations, for which we can derive adjoint systems. To this aim we regularize
the variational inequality which defines W and the non-linearity f. This yields a regularization of the solution
operator of (2.3). The regularization of W follows the techniques in Section 3 from [9] and the approach for the
regularization of semilinear parabolic equations relies on Section 4 from [31].

In the end of Section 3.1, we estimate the norms of the solutions of the regularized state equations against
the forcing term w, independently of ¢.

The dynamics of the regularized state equations in dependence of ¢ is analyzed in Section 3.2. In particular,
the estimates from Section 3.1 together with a weak compactness argument imply weak compactness of the
regularized solution operators for fixed € > 0. This result is used to derive weakly converging subsequences .,
and z, for any weakly converging sequence u., € — 0.

In Section 3.3, we apply the convergence result from Section 3.2 to deduce convergence of the solutions of
regularized control problems, which are introduced in Section 3.3, to an optimal solution of problem (1.1)—(1.3)
as € — 0, see Theorem 3.9.

In Section 3.4, we conclude Géateaux differentiability of the regularized control-to-state operators from the
results for problem (2.3).

The adjoint equations for the solutions of the regularized control problems with ¢ > 0 fixed are derived in
Section 3.5, see Theorem 3.13.

In Section 3.6, we derive uniform-in-€ bounds for the norms of the adjoint variables p., g from Theorem 3.13.

The norm bounds on p., g- from Section 3.6 give rise to weakly converging subsequences p,, and ¢.,. Taking
the limit & — oo then yields an adjoint system for (1.1)—(1.3). This step is carried out in Section 4.

Following the ideas of [9], we define a function ¥ in order to regularize the stop operator W.

Definition 3.1. For x € R we introduce the functions

_o(x):= —=16(z — 1 — a), U y(z):=(x—a)*(4—a+2)

v
Uy (z):=(x—0)>*4+b—2x), and Uy(x) :=16(x — 1 —b).

In particular, ¥_5 and Wy are affine linear and W_; and ¥, are polynomials of order four with roots in «a
respectively b which are at the same time saddle points, and with turning points in a — 2 and b + 2.
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Y

a—2 a b b+2 z

FiGURE 1. Graph of U.
We define the function

V= X(—ooa—21¥ -2 + X(a-2,a) Y =1 + X(b,p+2] Y1 + X(b42,00) Y2,

where y denotes the characteristic function, c¢f. Figure 1. Note that ¥ is convex with ¥(z) =0 for x € [a, b]
and ¥(z) > 0 for € R\[a, b]. Moreover, ¥ is twice continuously differentiable and ¥'(x) < m;|z — a| for some
constant m; > 0 and for all z € R. There holds ¥”(z) < my for some constant my > 0 and for all 2z € R and
U’ is Lipschitz continuous.

We begin with several assumptions on the functions which will enter the regularized problems.
Assumption 3.2 (Regularization). For €, > 0 and ¢ € (0,¢,] we assume that:

(A1) f.: X* xR — X is Gateaux differentiable.

(42): Sup (e |F-(0:2) — (0. 2)]x — 0 as = 0.

(A3). fe is locally Lipschitz continuous with respect to the X*-norm and all the neighbourhoods and Lipschitz
constants are equal to the ones of f in (A2) in Assumption 2.11, independently of e. The growth condition
If<(y, 2)|lx < M (1+|yllxe + |z|) holds for all y € X* and z € R, with M from (A2) in Assumption 2.11.

(A4). The function ¥ : R — R is defined according to Definition 3.1. In particular, ¥ is convex with ¥(z) =0
for z € [a,b] and ¥(z) > 0 for = € R\[a, b]. Moreover, ¥ is twice continuously differentiable and ¥’(x) <
mq |z — a| for some constant my > 0 and for all z € R. There holds " (z) < ms for some constant mg > 0
and for all z € R and ¥"” is Lipschitz continuous.

We introduce the following regularized state equations for i € {1,2} and € > 0:
y(t) + (Apy)(t) = f-(y(t), 2(t)) + (Biu)(t) in X for ¢t € Jp, y(0) =01in X, (3.1)
1
2(t) — Sy(t) = fg\Il’(z(t)) for t € Jr, 2(0) = 2. (3.2)

3.1. Regularization of (2.3) and uniform-in-e estimates

In this section, we introduce a regularization of (2.3), similar to the regularized state equations (3.1) and
(3.2) but for source terms u € L(Jp; X). We show well-posedness and estimate the norms of the solutions
independently of . The ideas for many of the steps in this section go back to Section 3.1 of [9].

Definition 3.3 (Regularized stop). For € € (0, ,] we denote by Z. : v — Z.(v) the solution operator of
. . ]- /
2(t) —o(t) = —g\Il (2(t)) for t € Jr, 2(0) = 2o,

or of the corresponding integral equation. The input v is a function defined on Jp.
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Remark 3.4. By standard techniques it follows that Z. is Lipschitz continuous and continuously differentiable

on C(TT) The derivative Z![v;h] at v in direction h is given by the unique solution of the integral equation

ft LW (Z.(v)(s))z(s)ds. Moreover, Z. is bounded and weakly continuous on W4(Jr) for all

( ) In partlcular Z satisfies the properties of W in Lemma 2.10 (although with a different modulus of
continuity than in (2.2)).

Similar to the definition of F' in Section 2.4 we denote (F¢(y))(t) := f-(y(t), Z:(Sy)(t)). Consider the abstract
evolution equation

9(t) + (Apy)(t) = (F=(y))(t) + u(t) n X fort >0, (3.3)

Corollary 3.5 (Existence of regularized problem). Let Assumptions 2.11 and 3.2 hold and let € € (0,¢e.] be
arbitrary. Furthermore, assume q € (1 o oo] and set s = q if ¢ < 00 or s € (1,00) arbitrary if ¢ = co. Then for
all w € L9(Jp; X) problem (3.3) has a unique solution y.(u) in Ys o. The solution mapping Ge : u — ye(u) =: y¥
is locally Lipschitz continuous from LI(Jr; X) to C(Jr; X<) and to Yso. We denote 2% := z.(u) := Z.(SyY).

Proof. Theorem 2.14 neither depends on the concrete choice of W, nor on the exact modulus of continuity of
W, since all constants can be adapted, ¢f. Theorems 3.1 and 4.7 of [32]. In particular, W can be replaced by an
operator with appropriate properties ([32], Rem. 4.5), which is Lipschitz continuous and Hadamard directionally
differentiable on C(Jr) as well as bounded and weakly continuous on W14(.Jr) for all ¢ € (1, 00). Since all those
properties apply for Z. (¢f. Rem. 3.4), Theorem 2.14 holds with W replaced by Z. as required. Existence of
unique local solutions of (3.3) is shown by a fixed point argument. Those are extended to Jr by linear growth
of F. : C(Jr; X®) — C(Jr; X) and a Gronwall argument. Local Lipschitz continuity of G is proved by similar
techniques via local Lipschitz continuity of Fy. O

In the next step we estimate the norms of the solutions of (3.3) independently of € by the norm of the source
function w € L(Jp; X) . This yields corresponding estimates also for the solutions of (3.1) and (3.2) if u is
replaced by B;u.

Lemma 3.6 (Uniform bounds). Adopt the assumptions and the notation from Corollary 3.5. There ezists a

constant ¢ > 0 which is independent of € and u such that the following holds true. For all q € (1 —,00] and
e € (0,e.] we have
9 lly. o < X+ llullLorxy)  and |28 loamy < ¢+ lullLarix)), (3.4)
with s = q if ¢ < 0o and for all s € (1,00) if ¢ = co. Moreover, there holds
0< / [22(s)|"ds + sup —W(22(t)) < e(1+ ‘|u||L2(JT;X))2. (3.5)
0 teJr
Proof. Note first that for v € W*(Jr) and for t € Jr we have
"d " 45 (Ze(v))(Ze(v) = 20)
Z(0)(t) — 20| = |Z:(v)(0) — 20| = | —|Zc(v) — 20lds = [ 4= ds.
1Z0)0) = 20l = |Z0)O) =0l = [ L1Zu(0) = las = [ AZERD R,

Moreover, ' (z)(x — z9) > 0 for all x € R because ¥ is convex and since ¥'(zg) = 0. We insert Z.(v)(0) = zo
and d%(ZE (v)=10— %\If/(ZE(U)) according to Definition 3.3. The triangle inequality and rearranging yields

0< 120+ 7 [ FEDED =05 < a4 [ igoas
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Hence, with z¥ = Z.(Sy¥) and v = Sy* there follows
t
0 |22 < Jaol + [ IS (o)lds. (36)
0

Because the representative w € W%g(ﬂ) of S is contained in dom([(A, +1)'~°]*) by (A3) in Assumption 2.11,
we can estimate for all y € dom(A,):

[SApy| =[S(Ap + 1)y — Syl < [(w, (A4p + Dy) x| + 15| x-
=|(w, (Ap +1)'(Ap + 1)) x| + [Sllxer- Iyllxe
=([(Ap + )T w, (4 + 1)) x + 1Sl [yl xe
<Ay + D' T wlixs + 1Sllixa)llyllxe = callyllxe.

Yl xa

For y = y¥, this together with (3.3) and the triangle inequality implies that for a.e. t € Jr

159 (D] < eallye (Ol xe + 1S F=(ye (), 2 ()] + |Su(t)].

Consequently, by the linear growth condition on fe in (A3). of Assumption 3.2 we further estimate (3.6) by

|2 ()] < |20 +/0 cillye (s)llxe + 1S f=(y2 (s), 22 (s))] + [Su(s)|ds

t
< |20l +/0 (MI|S][x+ + c1) [lye (s)llxe + |22 ()] + 1 + [l x-[luls) [ x ds.

Remember that y¥(0) = 0 for any € € (0, €,]. Since y* is the mild solution of (3.3), we can use (2.1) for arbitrary
v € (0,1) and again the linear growth condition on f. to obtain

I (0) e = H | eI ), 260 + utolas

X
< Cae“*”)T/O (t —8) " [M([lge (s)[ xo + [22 ()] + 1) + [lu(s)[| x]ds.

’ l/q/ —aq’ l/q/ [~
Note that (fot(t —s)™ ds) = tll_T;, = u_iéfw

estimates for |2¥(¢)| and ||y¥(t)|| x~ and apply Gronwall’s Lemma to arrive at

sinceq<ﬁ@%—a>O.Wesumupthe

192 lo@rxey < s+ lullLarix))  and |2 llogmy < es(+ llullLarx)

for all ¢ € (2=, 00] and a constant ¢z > 0 which depends on 7T, ¢ and o but not on € and u. By maximal
parabolic regularity of A,, see Remark 2.7, one obtains

||y: Ys.0 < 04(1 + ||u||L‘1(JT;X))

fors=gqifqe (ﬁ, o0) and for all s € (1,00) if ¢ = 00, again for some ¢4 > 0 which is independent of € and wu.

This shows (3.4). We are left to prove (3.5). Note that 2 > 2 by (A2) in Assumption 2.11. Because S € X*,
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(3.4) yields [[SH |l2(spy < es(1 4 [Jullr2(psx)) for cs = cql|S||x+. We test 2 in Definition 3.3 by 2¥, integrate
over (0,t) and use Young’s inequality to compute for t € Jp:

g

t-u 2 _ ! .U U _1 tlZuS,éuSS
[P as= [Csizeas— 2 [ vz
<5 [ EOP s+ G0+ ey - ZGEE) — B2 O))

Since ¥(z¥(0)) = 0 and because ¥ > 0 it follows

T

U 1 u

0< [ I ds + 2 sup THE) < A+ [l
0 teJr

The estimates which we derived in this section are crucial for Section 3.2.

3.2. Dynamics of the regularized states

This section contains ideas from Section 4 of [31] and Section 3.1 of [9]. We prove weak continuity of the
solution operator of (3.3) for fixed € € (0,e.]. Moreover, we apply Lemma 3.6 to obtain weakly converging
subsequences y., = yg,f ¥ and z., = z:,f ¥ for any weakly converging sequence u. — u in LI(Jp; X), ¢ — 0. We
show that the limit functions are uniquely determined by y* = G(u) and z* = W[Sy*|. This implies weak
convergence of the whole sequences y. and z.. All results then also hold for the regularized state equations
(3.1) and (3.2) and each weakly converging sequence u. — u in U;, i € {1,2}. In this case, the limit functions
yBi* = G(B;u) and 8% = W[SyPi¥] are solutions of (1.2) and (1.3).

Those results are required to prove existence of solutions of the regularized control problems, as defined in
Section 3.3, and to show their convergence to an optimal solution of problem (1.1)—(1.3) with € — 0.

The following lemma is proved as ([32], Lem. 5.3).

Lemma 3.7. Let Assumptions 2.11 and 3.2 hold and consider the notation from Corollary 3.5. Suppose that
up — u in L2(Jp; X) with n — oo for some sequence {u,} C L*(Jr; X). For ¢ € (0,e,] fized consider the
solutions y~ and y* of (3.3), together with z'~ and z¥. Then yi — y¥ with n — oo weakly in Yoo and
strongly in C(Jr; X) and 24" — 2% with n — oo weakly in H*(Jr) and strongly in C(Jr). If the convergence
of {un} is strong then the convergence of {y“} in Ya is also strong. The same holds if L?(Jr; X) is replaced
by U; fori € {1,2} and if u,, and u are replaced by Biu,, and Byu. In this case, (yPitn 2Bitn) and (yBiv, zBiv)
are solutions of (3.1) and (3.2).

Furthermore, we have the following convergence result:

Lemma 3.8. Let Assumptions 2.11 and 3.2 hold and consider the notation from Corollary 3.5. Suppose that
ue — u in L2(Jp; X) as € — 0. Consider the solutions y“s of (3.3), together with z's. Then y¥s — y* with
e — 0 weakly in Yoo and strongly in C(Jr; X*) and 2% — W[Sy%] = 2* with ¢ — 0 weakly in H'(Jr) and
strongly in C(Jr). If the convergence of {u.} is strong then also the convergence of {y“<} in Yaq is strong. The
same holds if L?(Jr; X) is replaced by U; for i € {1,2} and if u. and u are replaced by Byu. and Byu. In this
case, (yBive, 2Bive) are solutions of (3.1) and (3.2) and (yB:%, 2B%) solves (1.2) and (1.3).

€

Proof. The proof combines the proofs of Lemma 3.2 in [9] and Lemma 5.3 in [32]. By Lemma 3.6 we obtain a
bound for y¥s in Y5 and for z% in H!(Jr) which is independent of € € (0, €.]. Hence, there exists a subsequence
{1} of the sequence {¢} and functions § € Y20 and Z € H!(Jr) to which ye;* and zec* converge weakly in Y3
and H'(Jr) and strongly in C(Jp; X*) and C(Jr) with k — oo. We abbreviate y., = yer® and z., = ze k.
(3.5) implies that ¥(z., (t)) — 0 with k — oo for t € Jp. By (A44). in Assumption 3.2 this yields Z(t) € [a, ] for
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t € Jr. For any x € R and £ € [a,b] there holds W' (x)(z — &) > 0 because ¥ is convex and since ¥'(£) = 0 for
€ € [a,b]. For any £ € [a, b] we therefore have

T T 1
/ (2er (£) — 8oy (£)) (20, (£) — €) dt = / W (o (e, () (22, (1) — €) it <0
0 0

Taking the limit k — oo yields Z = W[S] since Z solves (1.4) and (1.5) with v = S. Weak continuity of & and
A, implies %yek + Apye, — %g + A,y in L2(Jr; X) with & — oco. For ), small enough we estimate with (A3)
in Assumption 3.2:

1, [Ye) = Flolllorxy = e (Wei (), 22, () = F(GC), 20D ez
S Wi () 22 () = Feo (G0), 2Ol emxy + 1= (@0, 20)) = F(5(), 5('))||c<ﬁ»x>
S L@ yer = llegrxey + 1zen = Zllo@m) + 1£200):2() = F@C): 2Ol orx

Because the right side converges to zero, we conclude that F., [y.,] converges to F[g] in C(Jr; X) with k — oco.
This together with Z = W[Sy| yields § = G(u). Uniqueness of the limit implies convergence of the whole
sequence. The statement about strong convergence follows essentially the same way as in Lemma 5.3 of [32]. O

3.3. The regularized optimal control problem

In this section, we introduce regularized optimal control problems. It still requires work to obtain adjoint
systems for those problems. Nevertheless, we can exploit linearity of the derivatives of the solution operators of
(3.1) and (3.2) to derive adjoint systems by a direct approach. This will be done in Section 3.5.

We follow the ideas in Section 3.2 of [9] and Section 4 of [31] in this section. For ¢ € {1,2} consider an optimal
control @ € U; of problem (1.1)—(1.3) together with the state § = G(B;u) and Z = W|[SY|. Existence of @ follows
from Theorem 2.15. For € € (0,¢,] we introduce the regularized optimal control problem

min Jyeg(y, u;0) = Hélél J(y,u) + (3.7)

uwel;

subject to (3.1) and (3.2).

Theorem 3.9 (Convergence of optimal solutions). Let Assumptions 2.11 and 3.2 hold. For i € {1,2} suppose
that @ € U; is an optimal control for problem (1.1)—(1.3). Then for alle € (0,¢.] problem (3.1),(3.2),(3.7) has an
optimal controlu. € U;. This means that U., together with Y, = Ge(Biu.) and Z. = Z.(SY,.) (see Definition 3.3),
are a solution of the minimization problem (3.7). Furthermore, u. — u in U;, . — y = G(B;u) in Ya o and in
C(Jr; X%) and z. — z = W[SY] weakly in H*(Jr) and strongly in C(Jr) with € — 0.

Proof. First of all note that the embedding Y o < U; is continuous, because dom(A4,) ~ W%g () = [L2(Q)]™
Note also that 7 exists by Theorem 2.15. Existence of optimal controls %, for (3.1), (3.2), (3.7) follows essentially
the same way as for problem (1.1)—(1.3) by using Lemma 3.7, see also Theorem 2.15. For all ¢ € (0, ., we deduce
from optimality of (3., Z.,u.) for problem (3.1), (3.2), (3.7) and of (g,z,u) for problem (1.1)—(1.3) that

1
J(G:(Biu),0) = Jreg (G (Bi), w5 0) > Jreg (Y., Ues ) = J (Y., Ue) + §||ag — EH%,Z, > J(y,u). (3.8)

Moreover, by (3.4) in Lemma 3.6, G¢(B;u) € Ya is uniformly bounded for ¢ € (0,e,] so that J(Ge(B;u),u) < ¢
for some constant ¢ > 0. Hence, ¢ > Jreg (Yo, Ue; W) = 5|7 — yallf, + 7+ 3l — @, and the norms
of W, in U; are bounded from above independently of £ € (0,e,]. Consequently, we can extract a subsequence
{ue, } which converges weakly in U; to some @ with k¥ — co. By Lemma 3.8, y., — G(u) with k¥ — oo weakly in
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Ys,2 and then also in U;. Also by Lemma 3.8, G¢(B;u) — ¥ with ¢ — 0 strongly in Y5 ¢ and then in Uj. Jieg 1S
weakly lower semi-continuous. Hence, with (3.8) we obtain

1
J(@,w) = lim J(G.,(Bu),u) > hkniicgf Jreg(Ueyy s Tey, ;1) > J (7, 0) + - ||

k—o0

3 > J(7,).

But this implies @ = @ and that the convergence of {u., } in U; is strong. Since the limit is uniquely determined
by @, the whole sequence {u. } converges to @ in U; with e — 0. All results then follow by applying the statement
about strong convergence in Lemma 3.8. O

3.4. Gateaux differentiability of the solution operator of the regularized state equation
In this section, we show that G. is Géateaux differentiable for all € € (0, &.].
Lemma 3.10 (Géteaux differentiability of G.). Let Assumptions 2.11 and 3.2 hold and take the notation from

Corollary 3.5. Then for any e € (0,e.] and g € (ﬁ, 00) the solution operator G, : LI(Jr; X) — Y, o of problem
(3.3) is Gdteauz differentiable. The derwative GLu; h] at u € LY(Jp; X) in direction h € L4(Jr; X) is given by

y&h, where y“" together with 24" = Z![Sy%; Sy"] € WH4(J7) are the unique solution of
y(t) + (Apy)(t) = - fe(y2 (), 22(8))y(t) + %fs(yﬁ(t),zé‘(t))z(f) +h(t) in X forte Jr,
y(0) = in X, (3.9)
5(t) - Silt) = 1\1;"( “(1))2(t) fort € Jr.
z(0) = (3.10)

For i € {1,2} and u, h € U; the derivative of the solution mapping u — G.(B;u) at u in direction h is given by
yBiwBil je. by the unique solution of (3.9) with h replaced by B;h and zPiwBih = 7![SyBiv; §yBiu.Bih],

Proof. As in Corollary 3.5, note that Theorem 2.14 holds with W replaced by Z., since Z. is Lipschitz
continuous and Hadamard directionally (even continuously) differentiable on C(Jr) as well as bounded and
weakly continuous on Wh4(Jz) for all ¢ € (1,00), ¢f. Remark 3.4. Hadamard directional differentiability of the
solution operator G of (3.3) is shown via Hadamard directional differentiability and Lipschitz continuity of
F. : C(Jr; X®) — L9(Jp; X). In particular, the derivative h — G”[u; h] at u € L4(Jr; X) is Lipschitz continuous
from L4 (Jr; X) to C(Jr; X). For u,h € L9(Jp; X), GL[u; h] is given by the unique solution y of

9(t) + (Apy) (1) = Fl[ysy)(t) + h(t) for t € Jr, y(0) =0,

where

Flly%y)(t) = fLyE (), Z[Sy2](0)); (y(t), ZLSyL; Syl (t)]
= C%fa(y? (1), 22 (1))y(t) + %fg(yg (1), 22(1))(ZL[Sy ] Sy)(t),

and with y* = Ge(u). Since the solution operator y — Z.[Sy¥]Sy of (3.10) is linear, the same applies for the
mapping y — F!ly¥;y] = F![y¥]y. This implies that the solution operator h — GL[u; h] is linear and bounded.
Consequently, G. is Gateaux differentiable. To see that z%" € W4(Jz), insert Sy*" for h in Remark 3.4 and
note that the right side is contained in W4(Jz). O
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3.5. Adjoint system for the regularized problem

In this section, we derive adjoint systems for the regularized problems (3.1), (3.2), (3.7) with £ € (0,¢,], see
Theorem 3.13. We proceed in a similar way as in Sections 3.3 and 3.5 of [9] and Section 4 of [31]. The following
estimates are needed.

Lemma 3.11. Let Assumptions 2.11 and 3.2 hold. With a little abuse of notation we use the same symbol for
the Nemitskii operator of f., i.e. we write fe : (y,2) = fe(y(-),2(-)). Then f. is locally Lipschitz continuous and
Gateaux differentiable from C(Jr; X®) x L4(Jr) to L4(Jp; X) for all e € (0,£,] and q € (2, 00).

Moreover, the deriwative (v,h) — fL[(y,2); (v,h)] at (y,z) € C(Jr; X*) x L4(Jr) is bounded by a constant
K(y) = L(y)(1 + TY9), where L(y) > 0 only depends on y € C(Jr; X*). K(y) and L(y) are independent of ¢
and remain constant in a sufficiently small neighbourhood of y. In particular, for (v,h) € C(Jr; X*) x L(Jr)

we can estimate

0 0
|t o Ay < KO logrxe + i) (311
La(Jr;X) La(Jp;X)
For a.e. t € Jp, there also holds the pointwise estimate
0 0
3 /W@, 2@+l ==f(y(2), 2(EDRA)|| < K@) (o) x= +[AE)]). (3.12)
Y X 2 X

Furthermore, a%fg(y,z) = d@yfg(y(),z()) is bounded by K(y) in L (Jr; L(X*, X)). Moreover, %fs(y,z) =
%fs(y(-), z(+)) is bounded by K(y) in L>=(Jr; X).

Proof. First of all, f. is locally Lipschitz continuous and Géteaux differentiable from the space C(Jr; X%) x
L?(J7) to L4(Jp; X) for all € € (0,e,] and q € (1%, 00). This follows from Step 3 in the proof of Theorem 3.1
from [32] and Step 1 in the proof of Theorem 4.7 from [32]. We give a sketch of the proof:

One first applies (A3). in Assumption 3.2 to show that (y(-),v) — fo(y(-),v) is locally Lipschitz continuous
from C(J7; X®) x R to C(J7; X) with respect to the C(J7; X®)-norm. The proof contains a pointwise estimate

of the following form: For y € C(Jr; X®) and some neighbourhood Be7z.xay(y,0) of y there holds

[£=(y1(8), 21) = f(y2(2), 22) [ x < L(y)(lly1(t) = ya(t)[[xo + 21 — 22])

for. all 1,2 .6 Bc(ﬁ;xa)(y,é), 21,72 € R and t € Jr and for some L(y) > 0. This local estimate leads to a
pointwise estimate of the form

1/ (y1, 21)(s) = fe(y2, 22) (s) | x < L(w) [llya(s) — ya(s)lxe +[21(s) — 2a(s)l]

for a.e. s € Jp, for any y1,ys € Bc(ﬁ;xa)(y,é) and z1, 22 € LI(Jr). By Minkowski’s inequality, f. is locally
Lipschitz continuous from C(Jr; X®) x L4(J7) to LI(Jr; X) with Lipschitz constants of the form K(y) =
L(y)(1+TY9).

In a second step one shows that f. is directionally differentiable. Convergence of the difference quotients

tim LI LA ZOVEAMD) 116y 2(9)): (w1), b)) € X

for a.e. s € Jp and (y, 2), (v, h) € C(Jp; X*) x L4(Jp) follows from (A3). in Assumption 3.2. Lebesgue’s dom-
inated convergence theorem yields directional differentiability of f. from the space C(Jr; X®) x L4(Jr) to
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L4(Jr; X) and the bounds (3.11) and (3.12) for f[(y,z);(,-)]. This together with linearity of the derivative
implies Gateaux differentiability of f..

Now for arbitrary y € X® with |ly|[x« = 1, we choose the constant function v € C(Jr; X?), v(t) = y for
t € Jr and set h = 0 € LI(Jr) in (3.12). This implies that a%fs(%z) = a%fg(y(~),z(~)) is bounded by K(y)
in L°(Jr; £L(X*, X)). Then we choose v = 0 € C(Jr; X%), h € LY(Jr), h(t) = ¢ > 0 for t € Jr in (3.12) and
divide by ¢ on both sides to prove that %fg(y, z) = %fa(y(-), z(+)) is bounded by K(y) in L>°(Jr; X). O

The following lemma provides the main tool to derive adjoint systems for the regularized problems (3.1), (3.2),
(3.7). The hardest part in the proof is to find an explicit expression of the adjoint operator [G_[u; ]|* : Y} 7 —
LY (Jp; X*) of G“[u; -] from Lemma 3.10. This comes from the fact that G/ [u;-] is defined as the mapping which
assigns to each h € L4(Jr; X) the solution y*" € Y, o of (3.9), which contains the solution z*" of (3.10) only
implicitly.

Lemma 3.12. Let Assumptions 2.11 and 3.2 hold and adopt the notation from Lemma 3.10. For € € (0,e,]
and any q € (2=,0), h € LY(Jp; X) and n € LY (J7; [dom(A,)]*) there holds

1—a’
(77,3/?’ )La(Jridom(A,)) = (P2 +SG2, h)La(srx)

where p? € Y 1 and ¢ € LY (Jr) are the unique solution of

a *
—p+ Arp = [@fe(y?w?)] p+5[— fe(yy z2)| q+n forte Jr,
p(T) =0,
= L xS p g - Ly forte
q7p3825y575X azsygasq c sq T,
q(T) =0,

and where y" € Y, o and 2" € WYH4(Jz) are the unique solution of (3.9) and (3.10). Moreover,
€
1920 < COEMlnsrox) and 122 oy < CMlnrrix) (3.13)

for some constant C(y*) > 0. C(y¥) remains constant in a sufficiently small neighbourhood of y¥.

Proof. Let q € (72—, 00) be arbitrary. Consider the solution operator of

1-a?

1

40 = o(0) + (S L2, 220) - JVE0) ) o) Tort € I, 2(0) =0,

which maps any v € Li(Jr) to z € W4(Jp). We denote by T, : LY(Jp) — Li(Jr), v — T v the
corresponding operator on Lq(JT)

Consider then the operator T, := A, — fs (y¥, z2) — %fs(yg, 2)TH.S ( Ap+ 3 fs(yE ) Zg )) from Yg o to
L9(J7; X). It follows as for the syste m (3.9) and (3.10) that for each h € Lq(JT, X) there exists a unique couple
of solutions (g7, ") in Y, o x L4(Jr) of the system

y(t) + (T, .y)(t) = h(t) for t € Jr, y(0) =0, (3.14)

0
A (—Ap ; 8yfg(y2‘,z;‘)> ). (3.15)
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This implies that (& + 7 )71 is bijective from L4(J7; X) to Y, 0. Note the difference between (3.14)—(3.15)
and (3.9)—(3.10). We 1dent1fy zwh € 19(Jr) with the corresponding function in W14(Jr) and estimate the
norms of (§%", z%"). For t € Jr we have

Cieh(s)zeh(s) [P SUTRLgE ()R ) 1t
)= | e w—A ds— 2 [ W@ @) s

22" ()] €

With (3.12) in Lemma 3.11 and (A3) in Assumption 2.11 it follows

0t 2 [ W) (o)as
< [ 184,060 + S 5026 2

i iS %fa(y? (5), 2(5)28" (s) | ds

< (c+[IS]lx- K (ye) /Il”‘h Mo +[22"(s)|ds

for a constant ¢ > 0 which is independent of €. Note that U”(z¥(s)) > 0 because ¥ is convex. Moreover, with
(2.1) and again (3.12) in Lemma 3.11 we obtain

~u,h
19" ()]l x

= | [ [ 00 6+ R0 206+ ()| s

< Ca(1+K(y§))6(l_”)T/0 (t = )7 [lg" (s)llxe + 122" ()] + [|h(s) | x]ds

X

Gronwall’s Lemma yields a constant C;(y*) > 0 which depends only on y* € C(Jr;X?®) such that
152 oz xey < Cr@)Ihle e and (122" oy < CLy2) IR s e for g € (125, 00). Moreover, there
holds Cl (y¥) = C1(y) for £ small enough if {y*} converges to y with e — 0. This is the case for the states 7.
in Theorem 3.9. As several times before we apply maximal parabolic regularity of A, to obtain [|7%"||y, , <
Co(y2)IMlLa(sp;x) where Ca(yY) > 0 has the same dependence on y' as C;(y¢). The inequalities in (3.13) are
shown analogously to the estimates which we derived for (g%", 2%"). We also conclude that there exists a con-

1
tant C(y2) > 0 'thHi T H < C(y*). Thi that & 4+ 7%, : Yy — LI(Jp; X
stant C'(y¥) wi ( + ) L) ¥ S (y2). is proves tha + 2.0 (Jr; X)

is an isomorphism for ¢ € (1 —,00). For ¢ small enough, also the values C(yY) can be chosen independently
of ¢ if {y¥} converges to some y with ¢ — 0 as 1t is the case for the sequence {y.} in Theorem 3.9. In the
proof of Lemma A.5 from [29] it is shown that — + A% : Yy — LY (Jp; [dom(A,)]*) is an isomorphism if

&+ A, Y, 0 — LY(Jp; X) is one. The same proof applies for T;‘  and [T} ]*, where all involved spaces remain
the same. Hence, — & + [Ty )" 2 Y 7 — LY (Jr; [dom(A,)]*) is an isomorphism for ¢ € (1£-,00). To derive
a representation of [T}'_|*, we collect information about the adjoint mappings of the single components which
define T}.. Lemma 3.11 yields that multiplication with % fe(yd, 2¥) is well-defined as a mapping from LI(J7)
into L4(Jp; X) and ia%fs (yZ, zg)] t = (-, %fs(yg, z%))x . Similarly, z}%fs(y;‘7 z%) is a linear continuous mapping
from L9(Jp; X*) into LY(Jp; X). Moreover, [Sa%fs(yg,zg)} is given by multiplication with Sa%fs(yg,zg).
The adjoint of T, maps any v € LY (J7) to the function ¢ € L¢ (J7) which may be identified with the unique
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solution of
(1) = 0(1) + S Ly (1), 2 ()alt) — W EWalt) for t € Jr, o(T) =0,

S* and [SA,]* are given by multiplication with S and SA,. Furthermore, SA, € [X“]* by the assumptions
on w in (A3) in Assumption 2.11. All bounds are independent of ¢ if 7, and Z. in Theorem 3.9 are considered
and if € is small enough. We obtain

_ P . b *
(T3l = Ay = | £ - [ fo (g, 2T S (_A,,+ ayﬁ(ys,zz))]
I

r q %

— = [ttt o+ [l = s | | e | nos )

r E

0 0 0
:A;_ _@fE(ygaZg)_ +S |:Ap ayf (ysa s):| [Tzus]*<a£f€(ygvzg)>X

Since —g; + [Ty'.]" : Y 7 — LY (Jr; [dom(A,)]*) is an isomorphism there exists for each
neld (JT, [dom(A,)]*) a unique function p? € Y| 7 with

(-5 )=

For given n € LY (Jr; [dom(A,)]*) let ¢7 be the representative in L (Jr) of the solution of

(1) = (P2(0), 3 o0, 2] x S Loy (0),2E(0)ale) — S (2 (0))al) for t € Jr,
q(T) =0.

Let also (y»", 2%") be the solutions of (3.9) and (3.10) for some given h € L?(J7; X). Then we obtain with

(3.9) and partial integration:

T
/ (0 + S, B xdt
0

T
.U u 8 u u u a u u u
- / 92"+ Ay — g felyd, 20" — o fel 22 x o+ (Sl B xdt
0

T *
o 9. .
=/ (—=p? + A,pl — {ayfg(ye,z;“‘)} Py dom(a,) + (S¢7, k) x
0
B
- <pga %fE(ygazg»XZg’hdt

By definition of g7 the last term on the right side is equal to

T 0
/ (q'?+5fe(y§,2é‘)s s )qe)z;"hdt.
0 5‘2
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Another partial integration together with (3.10) and canceling out some terms yields
T T b *
[ sazmxar= [ agt = | 00| 0 o + (S22
0
—qlSs [(—Ap + affg(y;‘7 zé‘)) wh h} dt.
Y

By definition of p? we finally arrive at

T T T
/ (p + Sq, by xdt = / (4 [T P 5 oy = / 0,5 dom .
0 0 0

We can directly write down an adjoint system for a solution u. of problem (3.1), (3.2), (3.7).

Theorem 3.13 (Adjoint system regularized problem). Adopt the assumptions of Theorem 3.9 and the notation
from Lemma 3.12. Fori € {1,2} and e € (0,¢e.] let u. € U; be an optimal control for problem (3.1), (3.2), (3.7).

Then the adjoint variables for y, € Yoo and Z. € HY(Jr) are given by p. := pys Y ¢ Yor and q. := qys Yd ¢
HY(Jr). There holds B} (p. + Sqe) = —(k+ 1)U+ in L2(Jr; U;) and the following system of evolution equations
1s satisfied by p. and q:

*

o o 0 )
—Pe + Appe = |:ayf8(y57ya):| pe+ 8 [—Ap+ a—yfg(ya,ze) qe + Y. — ya fort € Jr,

p=(T) =0, (3.16)
. o .. _ o .. _ 1_,._
e = <p€7 &fe(ym 25)>X + S&fe(ym za)Qe - g\:[/ (ZE)QE fOT' te JT;
¢ (T) = 0. (3.17)

Proof. Note first that we can choose ¢ = ¢’ = 2 in Lemma 3.12 since 2 > 12— < « < 4 which is the case

by (A2) in Assumption 2.11. Moreover, the expression (7. — ya, y2™ P ") 211 dom(a,)) = fOT Jo@. — ya)

yBite:Bihqpdt is well-defined: With I, as in Definition 2.5, yZi%=:Bih € dom(A,) = ran(I,,) may be identified with
the embedding of I, 1yBi%-Bi" from Wllﬂg (Q) into Wl{g (Q) ~ X*. Note that p <2 < p. Since (A, +I,) "
E(X7 Wr’g(Q)), see Remark 2.7, we can first estimate

HI 1 BLuE,B1 HI 1 BLuE7Bh

)Hw;’g’(g HW%’[’; (%)

s

B;u.,B; h

c(xwie @) Iz Hdom(Ap)

for a.e. t € Jr and with the identification of Wllﬂg ,(Q) with X* we conclude

T
/ /@s_yd%yfﬂf’&hdxdt =
0 Q

< 7. = Buyallee || (4 + 1)

T
0

B;u.,

llyz (Jrsdom(A,))-

H (xwir (@)
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The Gateaux-derivative of Jreg(u) := Jreg(Ge(Biu), u;u) = J(Ge(Byu),u) + 3 ||u —ul|?;, with respect to u has
to be zero at W, by optimality. Applying Lemma 3.12 we compute for h € U;:

0= Jlosltie; ] = @ — ya, y2 P12 (1psdom(a,)) + K(Te, Byu, + (Te — T, h)y,

= ((pe + Sqc), Bih>L2(JT§X) + (5 + Due =@, h)u, = (B (pe + Sqe) + (5 + Due — @, h)y, -

3.6. Estimates for the adjoints of the regularized problem

Similar to Section 3.5 of [9] and Lemma 4.14 of [31] we estimate the norms of the adjoint states p. and g,
from Theorem 3.13 independently of £ and of the norms of the optimal controls u.. In Section 4, we take a
sequence {e} with ¢ — 0 and apply those bounds to extract (weakly) converging subsequences of p. and g..
Those finally yield an adjoint system for problem (1.1)—(1.3), see Theorem 4.12.

Lemma 3.14 (Uniform bounds). Adopt the assumptions and the notation of Theorem 3.13. There ezists a
constant ¢ > 0 which is independent of € and some eg € (0,4 such that the following holds true. If € € (0,£¢),
then

1T,
0< laclogm + 3 [ WGl < (3.18)
T
[ s < (3.19)
0
Ipelly;,. < ¢ (3.20)
8 . B *
PRLUEEDIINE <c (3.21)
y LZ(.]T7[X04]*)
0
Hsafe(yaze)% <e¢, as well as (3.22)
y L2 (Jr;[X]*)
IlSAPQEHC(ﬁ;[Xa]*) <ec (3.23)

Proof. Firstly, Theorem 3.9 yields . — @ in U;, . — ¥ in Y2 o and in C(Jr; X®) and Z. — Z weakly in H'(Jr)
and strongly in C(Jr). As in the proof of Theorem 3.13 we obtain that g, — y4 is bounded in L?(J7; [dom(A,)]*)

by |7, — Biyallr2 (s x) H (Ap,+ 1) H ) (Q =: ¢p. This constant can be estimated independently of ¢
W s P
because {g_} is uniformly bounded in C(JT, ) For any ¢ € L?(J7; X), Lemma 3.12 yields
<ps + SQS15>L2(JT;X) = <ya - yd7yeBiﬂE’€>L2(JT;dom(Ap)) < COC(ye)HgHLz(JT;X)-

Because 7. — 7 in C(Jr; X®) we can find some gy > 0 such that C(7,.) = C(¥) for all € € (0, g0). From reflexivity
of L2(Jr; X) we conclude

||p5 + Sq€||L2(JT;X*) < C()C(?) =:C (324)

for all € € (0,e0). We continue with estimates for g.. We test (3.17) with g./|qe|, integrate from any ¢ € Jr to
T and apply (3.11) from Lemma 3.11 and (3.24) to obtain

O+ 2 [ WG = [ o9+ 5009, 5 L) D) e

1o} _
&fe(ysy Ze)

<Cl

< aK(y.). (3.25)

L2(Jr;X)
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W.lo.g. for the same g as before there holds ¢1 K (7.) = ¢1 K(7) =: ¢ for all € € (0,£¢). Note that ¥”(z.) > 0
by convexity of W. This yields

1 T
0 o + 2 [ VE(Dlax(9)ds < e (3.26)
0

for all € € (0,£0). We conclude Sq. € L?(Jr; X*) and then by (3.24) also p. € L2(Jr; X*), both with a norm
which is independent of € € (0,ep). We continue by estimating

T T T
[ taelds < [ 10e06) + Saclo), S D+ £ [ W) ()l

0

Because of (3.25) the right side is bounded by 2c¢3 so that fOT |ge(s)|ds < 2¢o =: ¢3 for € € (0,&p).

To proceed, we exploit boundedness of the mapping (f% + A]’;)f1 : L2(Jr; [dom(4,)]*) — Y57 and (3.16)
to obtain

d N\
||ps||Y2fT < (_(115+Ap)

*

o .. _ o .. _ _
|:ayfa(y5aza)] pe + 5 [_Ap + ayfs(ygvze):| Qe +Y: — Yd

d -1
Iy L
(&)

(ijmymza)

HI5Ap[lxeg-

ﬁ(LQ(JT§[d0m(Ap)]*)vY2*,T)

L2(Jr;[dom(A,)]*)

IN

£(L2 (Jrifdom(A,)]*), Y 1)

lPe + Sqellv2(gpsx+)

L(L2(J7;X %), L2 (Jr; X))

qSllC(ﬁ) + Y. — deLQ(JT;[dom(Ap)]*)) .

(3.11) from Lemma 3.11, (3.24), (3.26) and the bound [[J. — Yally2( sy (dom(a,)) < co yield

(ClK@) + ||5Ap||[Xa]*C2 + Co) =:c4
L(L2(Jr;[dom(Ap)]*), Y5 1)

d N\
Pelly;, < || (dt +Ap)

for € € (0,ep). In a similar way one obtains (3.21)—(3.23) from the estimates

HpEHLZ(JT;X*)y
LL2(Jr;X*),L2(Jr; X))

H [;uym}*pg

o, _
< Ha [, ze)
L2(Jp;[X2]*) Y

HSq5||L2(JT§X*)

o .. _
Hsa fs(ysazE)qé
Y L(L2(Jp; X ), L2(Jr; X))

0
< [|== —  —
) — Hayf&(yaaza)

L2 (Jp;[X ]

and

HSquE”c(ﬁ;[Xa]*) < 154 || xa)- qEHc(ﬁ)'
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4. ADJOINT SYSTEM AND OPTIMALITY CONDITIONS FOR THE OPTIMAL
CONTROL PROBLEM

As in Section 4 of [9] and Theorem 4.15 of [31] we are interested in the limit ¢ — 0 in Theorem 3.13 to
obtain an adjoint system for problem (1.1)—(1.3). In Sections 4.1-4.3 we study the general case with spatially
distributed or boundary controls, i.e. i € {1,2}. Particularly, in Section 4.1 we derive an adjoint system (p, q) for
problem (1.1)—(1.3) for the optimal control @ from Theorem 3.9, see Lemma 4.1. Moreover, we gather information
about the continuity properties of ¢. Section 4.2 contains the optimality conditions for problem (1.1)—(1.3) for
the optimal control @ in terms of the pair p and ¢, see Lemma 4.11. In Section 4.3 we summarize the results
from Sections 4.1-4.2 in Theorem 4.12. Afterwards, we consider the particular case when f is continuously
differentiable. In Corollary 4.13 we improve the optimality condition (4.7) from Theorem 4.12 for this instance.
Both optimality conditions (4.7) and (4.13) are restricted to test functions yZ%5:" with h € U;, i € {1,2}.

In Section 4.4 we focus on the setting when the controls act inside of 2, i.e. on ¢ = 1. In Corollary 4.14
we improve the optimality conditions from Theorem 4.12 as well as those from Corollary 4.13 by extending
inequalities (4.7) and (4.13) to any test function of the form vy with v € dom(4,), Sv > 0 and ¢ € CF(Jr).
Dividing the corresponding inequality by Sv yields, at least in (4.13), an optimality condition with arbitrary
test functions ¢ € C5°(Jr). For ¢ = 1 we also prove uniqueness of p and ¢ if f is continuously differentiable, see
Corollary 4.15.

4.1. Adjoint system for distributed or boundary controls

In this section, we derive an adjoint system (p, g) for problem (1.1)—(1.3) and collect regularity properties of
p and g. The evolution equation of p can be derived pretty much straight forward as the limit equation of (3.16)
for e — 0, see Lemma 4.1. This is not possible for g. The reason is that in Lemma 3.14 we could bound the
norm of ¢. independently of € only in L (Jr). As a remedy we split the interval Jr into the set Iy of times t at
which the limit Z(¢) is contained in the open interval (a,b) and the rest Iy where Z(t) € {a, b}. It turns out, that
the evolution of ¢ in Iy can be described in form of an evolution equation, see Lemma 4.3. As for Iy, we have
to pass to weak- convergence of ¢. and consider the limit dy of 1¥”(2.)q. in C(Jr)*. Driving € to zero yields
an equality for dg in the sense of measures on Iy, see Lemma 4.5. The abstract measure du, having support in
Iy, remains part of this evolution equation. It also appears in the optimality conditions for problem (1.1)—(1.3)
in (4.7). In order to complete the description of ¢ by analyzing the measure du, we will introduce a regularity
Assumption 4.7 on S%(t) for ¢t € Is. With this assumption, we can characterize du in a subset of Iy. This allows
us to characterize ¢ in open subintervals of Iy and we can prove continuity of ¢ at so-called (0, 9)-switching
times, see Lemma 4.9. In Remark 4.10 we generalize Lemma 4.9 to the setting when Assumption 4.7 is not
satisfied.

Lemma 4.1 (Adjoint system in the limit). Adopt the assumptions and the notation of Theorem 3.13. For
i€ {l1,2} letwe U;, y=G(u) and Z = WI[SY] be defined as in Theorem 3.9. Then every sequence {e} with
e — 0 has a subsequence {e} such that the following holds true. There exist functions functions p € Y5 and
A1, A2 € L2(J1; [X2]*) such that as k — oo, pe, — p in Y5r and

*

0 . al*
|:8yf5k(y5kazsk):| psk - >\l m L2(JT; [X ] )5

0 . a*
S@fak(?ek’sz)qak =Xy in L2(Jr; [X°T9).

Moreover, there exists a function q which has bounded variation, i.e. ¢ € BV(Jr), such that g, converges
pointwise to q with k — co. There holds Var(q) < liminf., o Var(q., ). Alternatively, ¢., — dq weak-*in C(Jr)*
with k — oo for some signed reqular Borel measure dq € C(Jr)*. The relation between q and dq is given by
q(t=) — q(s+) = dq((s, 1)) and q(t+) — q(s—) = dq([s,]) for [s,t] C Jr.
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The function p solves the evolution equation

—p+A, =M+ A~ SAq+Y—ya forte Jr, p(T)=0. (4.1)

If [ is continuously differentiable from X x R into X then \; = {a%f@,?)} pand Ay = Sa%f(y,?)q.
Furthermore,

Bi(p+Sq) = —ku in U;. (4.2)

Proof. Theorem 3.9 implies u. — @ in U;, . — 7 in Ya 0 and in C(Jr; X*) and Z. — Z uniformly and weakly in
H!(J7) with e — 0. By (3.20), (3.21) and (3.22) in Lemma 3.14, reflexivity of all spaces yields a subsequence {e} }
and some functions p, A1 and A such that p., — pin Y57, (%fek (yek,zsk)] Pe, — A1 in L2(Jp; [X9]*) and
Sa%fgk ey Zer )0e, — A2 in L2(J7; [X?]*) with k — co. The condition p(T) = 0 is included in the definition
of the space Yy'7. From (3.19) we conclude that g. has bounded variation, i.e. ¢- € BV(Jr), with a norm
which is bounded independently of . This implies that (w.l.o.g. the same) subsequence ¢., converges pointwise
to some ¢ € BV(Jr) with k¥ — oo and Var(q) < liminf,, ,o Var(ge, ). Alternatively, by Alaoglu’s compactness
theorem, ¢., — dgq weak-* in C(J7)* with k — oo for some signed regular Borel measure dg € C(Jr)* and the
relation between ¢ and dq is given by ¢(t—) — q(s+) = dq((s,t)) and q(t+) — q(s—) = dq([s, #]) for [s,t] C Jr
([9], Sect. 4). We apply weak continuity of —& + Ay from Y5'r to L2(Jr; [dom(A,)]*) to conclude

. . o, . _ ] 9 ., _ _
0= —Dey, + AppEk - |:8yf6k (y6k725k):| Dey, + SquEk - S@fa(ygk,zek)qu - (ysk - yd)

= —p+ AL =M\ — e+ SAq — (T — ya)

in L?(Jp; [dom(A,)]*) with k — co. Consequently, p € Y5'; solves equation (4.1). Note that we can set f. = f if

f is continuously differentiable from X x R into X and in this case \; = {a%f@, E)] pand Ao = Sa%f@, Z)q.
Moreover,

0= Bi(pey +5¢e,) + (5 + Due, —u = Bi(p+ Sq) + ~u
in U; with k — oo since B is weakly continuous . This implies (4.2). O

To obtain information about ¢ from Lemma 4.1 we continue similar as in Section 4 of [9].

Definition 4.2 (Partiti(&of Jr). Consider z from Theorem 3.9. We split the interval Jr into Io := {teJr:
Z(t) € (a,b)} and Iy := Jp\Ip = {t € Jr : Z(t) € {a,b}}. We further introduce I§ := {t € Jr : Z(t) = a} and

I5 = {t € Jr:z(t) = b}.
Note that Iy is open because Z is continuous.

Lemma 4.3 (¢ in Iy). Adopt the assumptions and the notation of Lemma 4.1 and consider the subdivision
of Jr from Definition 4.2. For any interval (c,d) C Iy the limit q in Lemma 4.1 belongs to H(c,d) and there
exists some v € L2(Jr) such that —¢ = v in L?(c,d). If f is continuously differentiable from X< x R into X
then v = (p+ Sgq, %f@,?))x.

Proof. By Theorem 3.9,Z. — % uniformly in Jr. Let (¢,d) C Iy and choose [s,t] C (c,d) arbitrary. (A4). in
Assumption 3.2 implies that (w.l.o.g for g > 0 from Lemma 3.14) ¥”(Z.) = 0 on [s,t] for all € € (0,&g). For
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e € (0,&0) we integrate from (s,t) in (3.17) in Theorem 3.13 and obtain

00 = 06 = [ ~(p5) + 80.9) 5 £(0.9) 7(5)) .

Consider {ej} from Lemma 4.1. Lemma 3.14 together with Lemma 3.11 imply uniform boundedness of
(pg,%fg@a,?gﬁx and <Sq5,%f5(yg7§5)>x in L2(Jr) if € € (0,59). Hence, we obtain a subsequence of
{ex} (still denoted by {e,}) and functions vi,1o € L?(Jr), such that (p.,, 2 f-(F., %= ))x — v1 and
(S¢e,, %fek (Yo, %)) x — v2 in L2(Jp) with k — co. If f is continuously differentiable from X x R into
X we can set f- = f and get v1 = (p, 2 f(¥,2))x and v2 = (Sq, 2 f(7,%))x. In the general case we obtain

T t t
0 _
R R A e R A
0 s s

with k& — co. So the weak derivative of ¢ exists in L?(c,d) and is given by —v. O

Our next goal is to understand the behaviour of ¢ in Iy.

Lemma 4.4 (g in I5: Relation to P(Sy)). Adopt the assumptions and the notation of Lemma 4.1 and consider
the subdivision of Jr from Definition 4.2. With P =1d — W, cf. Lemma 2.10, there holds [ P[Sy](t)] q(t) =
0 for a.e. t € Iy.

Proof. Consider ¥ from Definition 3.1 and ¢ and ¢ from Lemma 3.14. By Theorem 3.9, Z. — z uniformly so
that Z.(t) — b for t € I} and Z.(t) — a for t € I with e — 0. Hence, there exists some &1 € (0,0] such that

a<Z(t)<b+1 fortel} (4.3)

for all € € (0,£1). Remember ¥;(z) = (z — b)3(4+b—2) and ¥ = 0 on [a,b]. For € € (0,¢1) and t € I} we
obtain

V'(Ze (1) = W (Ze (1) X oz <vr2} (1) = 4(3 = (Z=() — b)) (Ze(t) — D) X o<z <vr2y (1), (4.4)
U"(Z:(t) = 12(Z=(t) — D)2 — (Z=(t) — D)]X{b<z. <br2} (1). (4.5)

We apply estimate (3.18) from Lemma 3.14 together with (4.3) and (4.5) to conclude

€

17 "= 1 "(=
ez [ W= 1 [ Y E (o)l

_ ! / 12(22(6) = B)[2 — (Z+(t) — DX (pes. <vr2y |- (5)]ds
I

g b
)

v

1
[ 1260 - Dxpes. coim e (9)ds (4.6)
18

for all e € (0,e1). We apply the convergence results from Theorem 3.9 in (3.2) and the representation W+ P = Id
from Lemma 2.10 to obtain the weak convergence

1 . . .. d d
7\11/ 76 = m —75 — Y — z = — Yy — m = — 1y
6 (Ze) = SY. — 2. =~ Sy —=2 p” (Sy — WIS7]) dtP[Sy]
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in L2(J7) with € — 0. Furthermore, by Lemma 4.1, |g., | — || strongly in L?(Jr) with k — oo and $P[Sy] =
| L P[SY]| ae. in I} by definition of I}. This together with (4.4) and (4.6) yields

o< [ [57ism|laias = tim 2 [ @Gl ol

k—o0 Ef

= Jim = [ 43 )~ )0 — e, <orapla (9)]ds

k—o00 €} 3
.12 _ 9 . _
< lim — [ (Ze,(8) = b)"X{p<z., <b+23]de, (5)|ds < ¢ lim sup(Z, (s) —b) = 0.
k—oo € Jrb —00 sEIg
Similar estimates for I§ and the decomposition Iy = I§ U Ig prove the statement. O

Next, we pass to the limit in (3.17) to obtain the following result:

Lemma 4.5 (¢ in Iy: Relation to du). Adopt the assumptions and the notation of Lemma 4.1 and let v be
as in Lemma 4.3. Consider the subdivision of Jr from Definition 4.2. We denote dju. := é\Il”(Zg)qs. There
exists a measure du € C(Jr)*, such that a subsequence {duc, } (w.l.o.g we may consider {ex.} from Lemma 4.1)
converges weak-* to du in C(Jp)* with k — co. The support of du is contained in Iy. For any ¢ € C(Jr) there
holds

/0 —p(t)dg(t) + / p(t)du(t) = / () (t)dt.

This implies du = dq + vdt as measures on Iy.

Proof. By (3.18) in Lemma 3.14 the functions du. are bounded in L!(J7) independently of ¢ for all € €
(0,£0). Consequently, a subsequence of {du.} converges weak-* in C(Jr)* to some measure du. By (A4). in
Assumption 3.2 and the uniform convergence of Z. to Z there holds ¢ %\I/’ "(Ze)ge = 0 as soon as ¢ is small enough,
if o € C(J7) has compact support in Iy. Therefore, the support of du is contained in I ([9], p. 343). The other
statements are shown similar as ([9], Lems. 4.6 and 4.7). O

There also holds:

Lemma 4.6 (Discontinuity properties of q). Adopt the assumptions and notation of Lemma 4.1. The absolute
value of q can only jump downwards in reverse time. Consequently, for any t € Jr there holds |q(t—)| < |q(t+)]
and q¢(T—) = q(T) = 0. Moreover, q is right continuous in [0,T) and left continuous at T

Proof. From Lemma 4.1 we conclude that g., converges to ¢ in L(Jr) and that dg., = ¢, dt converges to dq
weak-* in C(Jr)*. From Chapter XII.7 of [40] it follows that ¢ has bounded variation and that the limit is right
continuous in [0,7) and left continuous at T'. The rest of the statements are shown just as ([9], Lem. 4.4). O

The unknown measure dyu has support in Iy so that we only know the behaviour of the sum —dg + du in
C(J7)* but not that of dg alone. In order to analyze ¢ also in Iy we make the following regularity assumption,

of. ([9]

Assumption 4.7 (Regularity assumption). Let 3 be as in Theorem 3.9 and consider the subdivision of Jr
from Definition 4.2. We suppose that the function P[S7] satisfies %7)[5@] # 0 a.e. in Iy. Equivalently, Sy >
0 a.e.in I§ and S7 <0 a.e.in 15.

In order to analyze the behaviour of ¢ and dg in I N Iy we introduce the following categories of times as in
[9):
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Definition 4.8 (Switching times). Consider the subdivision of Jr from Definition 4.2. We call a time ¢ a
(0, 9)-switching time if ¢ € In N Iy and if there exists some £ > 0 such that (¢t —¢,t) C Ip and [t,t +¢) C Iy. We
say that ¢ is a (0, 0)-switching time if ¢t € Iy N Iy and if for some € > 0 we have (¢t —¢,t] C I and (¢,t+¢) C Io.

Lemma 4.9 (¢ at switching times). Adopt the assumptions and the notation of Lemma 4.1. If t is a (0,0)-
switching time in the sense of Definition 4.8 and if Assumption 4.7 holds then there exits a constant € > 0
such that ¢ =0 on [t,t + &). Moreover, q is continuous at t with t = 0. Furthermore, for every open interval

(¢,d) C Iy there holds ¢ =0 in [c,d).

Proof. Let (¢,d) C I be arbitrary and suppose that Assumption 4.7 holds. Then Lemma 4.4 implies ¢(¢) = 0
for a.e. t € (¢,d). By Lemma 4.6, ¢ is right continuous in [0,T") so that ¢ = 0 in [¢, d). Consequently, for every
subinterval [3,7] C (¢, d) we have 0 = g(y—) — ¢(8+) = dq((8,7)) so that dg = 0 as a measure on (¢, d). Again
by Lemma 4.6 the absolute value of ¢ can only jump downwards in reverse time. By Lemma 4.3, ¢ € H!(e, ¢)
for any interval (e, c¢) C Iy. Consequently, whenever an interval (e, c¢) C Iy is followed by an interval [c,d] C Iy,
then ¢ is absolutely continuous on [e, d).
Let t be a (0,0)-switching and consider ¢ > 0 such that (¢t —e,t) C Iy and [t,t + &) C Ip. Then setting
e=t—¢,c=tandd=1t+ e proves the rest of the lemma.
O

Remark 4.10. In the setting of Lemma 4.9 one can prove even more about the continuity properties of ¢ if f
is continuously differentiable and for i = 1, even in absence of Assumption 4.7:

— Note first that when ¢ € Iy is a (9, 0)-switching time then ¢ might jump at ¢ no matter if Assumption 4.7
holds or not. If it g is continuous at ¢ then under Assumption 4.7 there holds ¢(t) = 0. It is also possible to

prove that ¢ may only jump up at ¢ if ftF (p+Sq, %f@, Z))x ds > 0, where either t~ =t~ (t) € (¢, T]NI§
is (essentially) the first time in (¢, T') for which there exists some ¢ > 0 such that Sj < 0 a.e.in (t~,t~ +¢),
or t— = T. It can further be shown that the size of the jump is bounded by f: (p+ Sq, %f@, Z))x ds.

+
Analogously, one can prove that ¢ may only jump down at ¢ if ftt (p + Sq, %f@, Z))x ds < 0, where
either t+ = tT(t) € (t,T] N1} is (essentially) the first time in (¢,7) for which there exists some € > 0

. +
such that Sy > 0 a.e. in (t7,¢T¢), or t = T. In this case the size of the jump is bounded by — f: (p+
Sqa %f(yv E)>X ds.

— Other categories of times can be considered. Those include isolated times in Iy or subintervals of Iy in
which Sy = 0 a.e. The latter can only occur if Assumption 4.7 does not hold. Also for those categories
one can show sign conditions for dg and du and upper bounds for jumps.

The proof of these continuity properties is very technical and exceeds the scope of this work. The results will
be published in the dissertation of the author.

4.2. Optimality conditions for distributed or boundary controls

We derive optimality conditions for problem (1.1)—(1.3) for the optimal control @ from Theorem 3.9 in terms
of the pair p and ¢ from Lemma 4.1. We can not expect a pointwise maximum condition as in Section 5
from [31] since the hysteresis and its derivative, and then also F’[g,-] in Theorem 2.14, act non-local in time.
This implies that if for some direction ¢ € C(Jr; X) and some set I C Jr of positive measure F'[y;(](7) =
F'y(m), W[Sy](7)); (C(7), W[Sy; SC](7))] # 0 for all 7 € I, then the values of the derivative in I might have an
influence on its value at any ¢ with max{r € I} <t < T. That is, we can only expect an optimality condition
for problem (1.1)—(1.3) which includes integration at least over a part of the time interval Jp. Nevertheless, we
follow the steps in Section 5 from [31] as long as possible. The optimality condition for ¢ € {1,2} is derived in
Lemma 4.11 and improved in Corollary 4.13 for the case when f is continuously differentiable. We can even
further improve this condition for the case when the controls act inside of §2, i.e. for ¢ = 1. Also in this case
we cannot expect to obtain an inequality without integration in time. But since the range of B; is dense in
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X, we are able to derive a condition without variation in space. The result can be found in Corollary 4.14 in
Section 4.4.1. For ¢ = 1 we are also able to prove uniqueness of p,q and du if f is continuously differentiable,
see Corollary 4.15 in Section 4.4.2.

Because the range of Bs is not dense in X, we treat the general case ¢ € {1,2} first.

Lemma 4.11 (Optimality condltlo Adopt the assumptions and the notation of Lemma 4.1 and let v be as
in Lemma 4.3. For any h € U;, y® h = G'|Byu; B;h) and

P yB B0 () = FI(5(0), WISTI(0); (4B TBih (6), W[ST: SyBTBR)(1))] (see Thm. 2.14), there holds the
optimality condition

)
w,B;

T
/ (M + A2 + Sy, yBiﬂ’Bih>d0m(Ap)dt
0

T
S/ SyBﬂ’B"hdqu/ (p+ Sq, F'[g; yP™Ph) xde. (4.7)
I 0

Proof. Since @ is an optimal control, the directional derivative of the reduced cost function 7 has to be greater
or equal than zero in each direction. With yPi®Bi* = G'[B;u; B;h] this implies for any h € U; that

0 < T h] = (T — ya, y" P ") 2 (dpidom(a,)) + KT, Mo, - (4.8)

The function yB7%Bi* solves the evolution equation (2.4) in Theorem 2.14 with y replaced by 7 and h replaced

by B;h. We test this equation with p + Sq, integrate over time and apply (4.2) to compute

T T
/ <p+ S’q, yBﬂhBih + ApyBiu,Bih>th _/ <p+ Sq,F’[@; yB,iu,BihDth
0 0

T
:/ (p+ S, Bih)xdt = — (T, K}, (4.9)
0

We integrate the first term on the left side of (4.9) by parts, insert (4.1) from Lemma 4.1 and use the
representation of dg from Lemma 4.5 to observe

T
/ <p_~_sq7y~B,-u,Bih+ApyBiu,Bih>th
0
T —
= / A1+ X2 = SApg+ T — Y, ¥ P dom(a, dt
0

T T
—/ SyBBitdq + / (SApq, Y™™ P ) dom(a,)dt
0 0
T B T B
A1+ A2+ 7 — Y, yBiu’Bih>dom(Ap)dt — / SyBimBihqq
0

0
T 3 T -
= / A+ Xo + 7 — ya,yBiB h} dom(a,)dt — SyBiwBihgy, —l—/ vSyBitBihq, (4.10)
0 Io 0
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We insert (4.9) into (4.8) and apply (4.10) to obtain

T
0< / @ = ya, ¥ P dom(a, ) dt + K(T, by,
0

T T
= / A1+ X2, g7 M) Gomeaydt + [ SyPBildy — / vSyPBilgy
0 0

Is

T
+/ (p+ Sq, F'[g; y?™ 5y xdt.
0

4.3. Summary: adjoint system and optimality conditions for distributed or boundary
controls

We summarize our results for the general control problem with ¢ € {1,2}.

Theorem 4.12 (Adjoint system and optimality condition). Let Assumptions 2.11 and 3.2 hold. For i € {1,2}
suppose that w € U; is an optimal control for problem (1.1)—(1.3) together with the optimal state § € Ya
and Z = W[Sy] € H'(Jr). Consider the subdivision of Jr from Definition 4.2. Then there exist adjoint states
p € Y5r and g € BV(Jr) of the following kind: There holds B} (p + Sq) = —ru in U;. For some functions
A1, A2 € L2(Jr; [X9]*) we have

—p+Ap=XA+ X~ SApq+y—ya forte Jr, p(T)=0.

q is right continuous in Jr, left continuous at T and absolutely continuous in Iy. There exists v € L?(Jr)
such that q solves —q = v in every open subinterval of Iy. %P[Sﬂ](t)q(t) =0 for a.e. t € Iy and there exists
a measure dp € C(Jp)* with support in Iy such that du = dq + vdt as measures on Iy. For all h € U; and
yBi®Bil — G'[Byw; B;h] (see Theorem 2.14) there holds the optimality condition

T
/ (M + A2 + Sy, yBiu’Bih>d0m(Ap)dt
0

T
< SyB"H’B"hd/Hr/ (p+ Sq, F'[g; y? ™ Bit]) xdt, (4.11)
Iy 0

where F'[; yB@Bih () = f/[(5(t), W[ST)(1)); (yBoBih(t), W[Sy; SyBi®Bih|(t))]. The absolute value of q can
only jump downwards in reverse time so that ¢(T—) = q(T) = 0 and |q(t—)| < |q(t+)| for all t € Jp. If the
reqularity Assumption 4.7 is valid then q is continuous at every (0,0)-switching time t (see Def. .8) with
q(t) = 0. In this case, ¢ =0 on [c,d) holds for every open interval (¢,d) C Ip.

We can improve the results of Theorem 4.12 if f is continuously differentiable:

Corollary 4.13 (Adjoint system and optimality condition for regular f). Let Assumptions 2.11 and 3.2 hold.
Moreover, suppose that f is continuously differentiable from X x R into X. For i € {1,2} assume thatu € U;
is an optimal control for problem (1.1)—~(1.3) together with the optimal state § € Yoo and Z = W[Sy] € H!(Jr).
Consider the subdivision of Jr from Definition 4.2. Then there exist adjoint states p € Y5 and q € BV(Jr) of
the following kind: There holds B (p + Sq) = —xu in U;. We have

*

. . 0 ,_ _ _
—p+Ap= {ayf(y, z)} (p+Sq) — SAq+TG—ya forteJr, p(T)=0. (4.12)



OPTIMAL CONTROL OF REACTION-DIFFUSION SYSTEMS WITH HYSTERESIS 1483

q is right continuous in Jp, left continuous at T and absolutely continuous in Iy. q solves the evolution equation
—¢ = (p+ S4q, %f@, Z))x in every open subinterval of Iy. %P[S@](t)q(t) =0 for a.e. t € Iy and there exists a
measure dpu € C(Jp)* with support in Iy such that du = dg + (p + Sq, %f@, Z))xdt as measures on Iy. For all
h € U;, yBi®Bih = G'|Byw; B;h| (see Thm. 2.14) and P =1d — W (see Lemma 2.10) there holds the optimality

condition

T

P _ _

| @+ S0 1@ sm sy B ha < [ Syt (113)
0 Ip

The absolute value of ¢ can only jump downwards in reverse time so that ¢(T—) = q(T') = 0 and |q(t—)| < |g(t+)|
for allt € Jp. If the regularity Assumption 4.7 is valid then q is continuous at every (0, 0)-switching time t (see
Def. 4.8) with q(t) = 0. In this case, ¢ =0 on [c,d) holds for every open interval (¢,d) C Iy.

Proof. If f is continuously differentiable then according to Lemma 4.1 and Lemma 4.3 we can replace \; =
L%f@, E)} D, Ao = S(%f@,?)q and v = (p + Sq, %f@, Z))x in Theorem 4.12. This yields all statements
except for the optimality condition. (4.7) takes the form

1o ’ B 0 7.8,
JR | I P Y (R
0

4 f(@,2)W'[ST; SyPi@Bih)) wdt.

T
. o
< [ sy¥ ’B"hdu+/ (p+ 8¢, 5-F(@ 2y ™" + -
0

I dy

Because P = Id — W (see Lem. 2.10) we have SyB:%Bih — W'[Sy: §yBiwBih] = P! Sy;; SyBiwBih],
This yields the optimality condition (4.13). O

4.4. Improved optimality conditions and uniqueness for distributed controls

We want to replace yZi®5i" in (4.11) and (4.13) by an arbitrary function of an appropriate space. This

would certainly improve the optimality conditions in Theorem 4.12 and Corollary 4.13. It is not possible in the
general case ¢ € {1,2} without density of the range of B;. Therefore, we restrict ourselves to problem (1.1)—(1.3)
with distributed controls u € U; in this section. Suppose that p in (Al) in Assumption 2.11 is chosen close to
two such that > 1 — % — 4. Then 2 < dd_p;, and by Remark 2.7 from [32] we have the compact embedding
W%g/(Q) <« [L2(Q)]™ which is also one-to-one. That is, By has dense range. In Corollary 4.14 in Section 4.4.1
we improve the optimality conditions from Theorem 4.12 and Corollary 4.13 for this case. For i = 1 we also
prove uniqueness of p,q and dp if f is continuously differentiable, see Corollary 4.15 in Section 4.4.2.

4.4.1. Improved optimality conditions
We improve the optimality conditions (4.11) and (4.13).

Corollary 4.14 (Optimality condition for distributed controls). Let Assumptions 2.11 and 3.2 hold and let
% >1-— % — %. Assume thatw € Uy is a solution of problem (1.1)~(1.3) with i = 1, together with the statey € Ya o
and z = W[Sy] € H'(Jr). Let v € dom(A,) with Sv > 0 and ¢ € C3°(Jr) be arbitrary. Then in addition to
(4.11) in Theorem 4.12 there holds

T
v
/ <>‘1 + A2, §<p>dom(z4p) + V<Pdt
0

S/ wdu+/ (p+Sq, f'1(7,2); ((v/Sv)p, W'[ST; ])]) xdt.
0

Iy
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If [ is continuously differentiable then in addition to (4.13) in Corollary 4.13 there holds

T G,
|+ So 5L r@ N xPIsmede < [ edu for ally € CROI.
0

Is

Proof. Since B has dense range one proves just as in Lemma 5.2 of [31] that the set {yP*%5ih . h € Uy} is
dense in Y3 . Unfortunately, we can not continue as in Theorem 5.3 of [31] to derive a pointwise optimality
condition. The reason is that for any ¢ € C(J7; X®) the function W'[S7; S¢] is non-local in time. Nevertheless,
we can still make use of the fact that W/[S7; -] and f’ are positive homogeneous. For arbitrary given n € Y3,
we choose a sequence in {yP1%B1ih . b € U;} which converges to n. We pass to the limit in (4.11) and obtain

T T
/ (A1 + A2 + 5V, M) dom(a,)dt < / Sndu + / (p+ Sq, F'[g;m]) x dt,
0 Is 0

where F'[g;n](t) = f'[(g(t), W[SH](t)); (n(t), W' [ST; Sn](t))]. Let v € dom(A,) with Sv > 0 be given. Further-
more, let ¢ € C§°(Jr) be arbitrary. Then vy € Yoo and W/[ST; S(ve)] = SvW'[ST; ¢]. Setting n = v and
rearranging yields

T
/ (A1 + A, @0)dom(a,) + rSud
0

T
< [ osudu+ [+ 50,2 (g SOV [S5i  xct
Is 0
Dividing both sides by Sv proves the first statement. The second inequality is shown analogously. O

4.4.2. Uniqueness of the adjoint variables

If f is continuously differentiable we can also show uniqueness of the adjoint couple.

Corollary 4.15 (Unique adjoint system for distributed controls). Let Assumptions 2.11 and 3.2 hold and let
% >1-— % — é. Moreover, suppose that f is continuously differentiable from X* x R into X. Assume thatw € Uy

is a solution of problem (1.1)~(1.3) with i = 1, together with the state § € Yo and z = W[Sy] € H'(Jr). Then
in the setting of Corollary 4.13 the adjoint couple p € Y5'r and q € BV (Jr) together with the measure du in

C(Jr)* are unique.

S
Proof. Because B; has dense range we have ker(B7) =ran(B;) = {0}. Therefore, Corollary 4.13 implies
p+Sq=—k(B})"'u in X* ae. in Jr, (4.14)

¢f. Theorem 4.15 from [31]. Suppose that two adjoint couples (p1,q1), (p2,g2) exist which satisfy the conditions
of Corollary 4.13. Let ¢ € L?(Jz;dom(A,)) be arbitrary. Then by (4.12) and (4.14) there holds

(P2 — P1, )12 (Jridom(A,))
0 * .
= <[8yf(y’ 2’)} (p1+ Sq1 — (p2 + Sq2)) — Ay(p2 — p1) — SAp(a2 — @1); ()12(Jrsdom(4,))

0
J@,2)) 2 (grsx) — (P2 +Sq2 — (p1 + Sq1), ApQ)r2(gpx) = 0.

= Sq1 — S —
(p1+Sq1 — (p2 + Q2)7ay
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This implies p2 = py in L2(Jr; [dom(4,)]*). Together with py(T) = p2(T) = 0 € [dom(A4,)]* we obtain p; = ps
in L2(Jr; [dom(A,)]*). Since the embedding dom(4,) < X is dense, the embedding of X* into [dom(A,)]* is
one-to-one and p; = py also in L?(Jp; X*) and then in Y5';,. Let v € dom(A,) be given with Sv > 0. We already
know p; = py so that S(g; — ¢g2) =0 in X* a.e. in Jr because of (4.14). Hence,

a1 —q2= (@1 — 42)Sv = (a1 = 42), v)x =0 in X" a.e. in Jr,
Sv Sv

so that q; = qo in L!(Jr). This way we obtain

T
/ |dg1 — dga| = sup {/ (@1 —g2)dt = ¢ € Cy(Jr), |l < 1} =0,
(0,77 0

which implies dg; — dgz = 0 as measures on Jr according to page XIL.7 of [40]. This yields ¢; = g2 € BV(0, 7).
From Corollary 4.13 we conclude du; = dus and the proof is complete. O

5. HIGHER REGULARITY OF THE SOLUTIONS OF THE OPTIMAL CONTROL
PROBLEM

In this section we improve the regularity of the optimal control u € U;, i € {1, 2} and then also of the
optimal state ¥ = G(B;u) and z = W[Sy]. We denote U; := [L?(Q)]™ and Uy := H] 1 L2(Tn,, Ha—1). We want
to exploit the equation B (p + Sq) = —« in [U;]* a.e. in Jp which follows from Theorem 4.12. In order to
apply the time-regularity of p + Sq we need to enforce the conditions on B;.

Assumption 5.1. For i € {1,2}, the operator B; : U; — X in (N5) is also continuous as a mapping into X7 for
some 7y € (0, 1]. We denote by I,y the canonical embedding from X7 into X. Then the assumption is equivalent

to the fact that B; = I(V)B for a linear and continuous function B U — X7.

Theorem 5.2 (Higher regularity). In the setting of Theorem 4.12 let Assumption 5.1 hold for some v € (0,1].
If v > 3, then w € L>(Jr; U) Yy € Yso and Z € WL3(Jr) for arbitrary s € (1,00). If d < p, which is the
case when d =2 and p > 2 in (A1) in Assumption 2.11, this implies § € C(Jz; [L>(Q)]™). If in addition Q is
a Lipschitz domain then y is Holder continuous in time and space.
If v < %, then u € Lﬁ(JT; Ui), Y€ Yo (1-25),0 and Z € Wl’ﬁ(}p) for arbitrary s € (0,7). This implies
7 € C(Jr; X9 for any 6 € (0, % +79). If v > %, with d and p from (A1) in Assumption 2.11, this implies
7 € C(Jr; [L®(Q)]™). If in addition Q is a Lipschitz domain then 7 is Hélder continuous in time and space.

Proof. First note that for 0 < 8 < v < 1 we have the compact and dense embeddings X7 « X By X ([25],
Thm. 1.4.8). This implies X* < [X?]* < [X#]*. By standard results on complex interpolation and Remark 2.7
there holds

[[dom(A)]", X*]1—y = [X7, [dom(A,)]], = [X, dom(Ap)]5, = [X7]". (5.1)

— We prove statement when Assumption 5.1 is fulfilled with v > %:
Since 1 — v < % we obtain (as in Rem. 2.8) an embedding

Y5 C H (Jrs [dom(A)]") NL2(Jr; X*) < C(Jr; [[dom(A)]", X™1—,).

Therefore, by (5.1) the regularity p € Y5 r in Theorem 4.12 implies that we can identify the function p €

L?(Jp; X*) and the representative p of p in C(Jp; [X7]*). This allows the identification of Bfp € L*(Jr; [T:]*)
and Bip € C(J7;[U;]*). We also have Sq € L>®(Jp; X*) since ¢ € BV(Jz) by Theorem 4.12 and because
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S € X* by (A3) in Assumption 2.11. That is, B} Sq € L (Jp; [U;]*). Again with Theorem 4.12 and we arrive
at

Bp+ B Sq= B} (p+ Sq) = —ku in [U;]*, a.e. in Jy.

Both functions on the left side are contained in L (Jp;[U;]*). We identify [U;]* with U;, so that @ €
Lo (Jr; Ul) Now we use the higher regularity of @ to prove a better regularity also for 7. Since © € L (Jr; Ul),
Theorem 2.14 yields § € Y, o for arbitrary s € (1,00). From Remarks 2.7 and 2.8 we obtain 5 € C(Jr; X?)
for arbitrary 6 € [0,1). According to Theorem 3.3 from [37], X’ is a subset of [L>(€)]™ if 6 > (1 + %). By
Remark 2.7 we are guaranteed that we can choose p > 2. So at least if d = 2 there is some 6 € (0,1) with
6>1(1+ %) and therefore 5 € C(Jr; [L>°(Q)]™). If d = 2 and p > 2 and if Q is regular enough, for example
a Lipschitz domain, then by Theorem 4.5 of [16] the state 7 is even Holder continuous in time and space.
— We prove the statement for the case when Assumption 5.1 is fulfilled with v < %:
From Theorem 3 and (22) of [1] it follows

Y3 € HY(Jp; [dom(A)]*) N L2 (Jp; X*) < LT (Jps [[dom(A)]*, X*]1_,)

for arbitrary s € (0,7). Hence, the regularity p € Yy in Theorem 4.12 together with (5.1) implies that we

can identify p € L?(Jr; X*) and the representative p of p in Lﬁ(JT; [X"]*) and then Bfp € L2(Jr;[U;]*)
and B;«"ﬁ € Lﬁ(JT; [U:]*). We proceed as for the case v > % to prove uw € Lﬁ(JT;Ui) for arbitrary

5 € (0,7). Theorem 2.14 yields § € Y5/(1—2s),0 for arbitrary s € (0,7) and from Remarks 2.7 and 2.8 it follows

_ —1
y € C(Jp; X?) for arbitrary 6 € [0,1 — (1—225> ) =1[0,1 +s). Because s € (0,7) is arbitrary, this holds for

all 6 € [0, % + 7). The remaining statements are shown just as for v > % O

Remark 5.3. For example, take d = 2 and p > 2 in (Al) in Assumption 2.11 and adopt the assumptions and
the notation from Theorem 4.12. By Remark 2.7 of [32] we have the compact embedding

WP () < [L2(Q)]™ = [(1]°

because p’ > 1 and then 2 < dcﬁ’;/ = 22_1”;,.
the assignment [, u-vdz, Vv € W%g l (Q). We slightly reinforce Assumption 2.11. Suppose that Assumption 2.2
from [21] holds for Q and for all I'p,, j € {1,...,m}. This essentially means that Assumption 2.2 holds for all
x € 00 and that the functional determinant of each bi-Lipschitz transformation ¢, is constant a.e. For example,
this is the case if Q is a Lipschitz domain ([21], Rem. 2.3). The rest of Assumption 2.11 remains the same. With
this assumption one has

Therefore we can interpret functions u € U; as elements W;;’p (©) by

(W P (Q), [L2(Q)] ] = W27 ()

for 0 € (0,1\{;}, ; = =04 - ([21], Thm. 3.1). This way we obtain an embedding U, — W;ﬁ’p(Q).
Furthermore, we have

Wi, P (Q) = W, P(Q), Wi (@), = X7

for =9 = —1+ 2 by ([21], Thm. 3.5) and Remark 2.7. For any v € (0, 3)\{5;} there holds 6 € (0,1)\{;;} for
0 = 1 —2v so that we obtain an embedding U, — X7. Therefore, Assumption 5.1 is fulfilled for By with any v €

(0, %) By Theorem 5.2 it follows T € L= (Jp;Uh), 7 € Y1/(1—2¢),0 and Z € Wl’ﬁ(JT) for arbitrary s € (0,~).
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Since d = 2 and p > 2 we can choose v € (0, ) such that v > %. Theorem 5.2 yields 7 € C(Jr; [L*°(Q)]™). If
Q) is a Lipschitz domain, then 7 is Holder continuous in time and space.
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