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A CLASS OF INFINITE-HORIZON STOCHASTIC DELAY OPTIMAL CONTROL
PROBLEMS AND A VISCOSITY SOLUTION TO THE ASSOCIATED HJB
EQUATION *

JIANJUN ZHOU!

Abstract. In this paper, we investigate a class of infinite-horizon optimal control problems for stochas-
tic differential equations with delays for which the associated second order Hamilton—Jacobi—Bellman
(HJB) equation is a nonlinear partial differential equation with delays. We propose a new concept for
the viscosity solution including time ¢ and identify the value function of the optimal control problems
as a unique viscosity solution to the associated second order HJB equation.
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1. INTRODUCTION

In this article, we consider the following controlled differential equations with delays:

dX"(t) = F(X"(t), (a, X{") mr, u(t))dt + Fy (X*(t — 7))dt
+G(Xu(t)7 (Ca X#)Hvu(t))dw(t% te [0,+OO), (11)
X¢=x¢€ H X*0) =1z € R,

where
X 0)=X"“(t+6), 0 €[-1,0], u(-) € U[0,+00).

In the above equations, H denotes the Hilbert space L?([—7,0]; R?), and {W(¢),t > 0} is an n-dimensional
standard Wiener process; the unknown X"(s), representing the state of the system, is an R¢-valued process;
the control process u is left-continuous predictable process with respect to the Wiener filtration and takes its
values in a compact subset U of R%. The terms a(-) and c(-) are two given functions that satisfy the appropriate
smoothness properties. The coefficients F', F; and G are assumed to satisfy Lipschitz conditions with respect
to appropriate norms. Thus, there exists a unique adapted process X“(s,z,zp), s > 0, solution to (1.1).
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We wish to minimize a cost functional of the form
—+oo
J(x,x0,u) = E/ e (X (0,2, x0), u(0))do (1.2)
0

over all admissible controls belong to U[0, +-cc). Here, the term ¢ is a given real function on R? x U, and the
constant A is sufficiently large. The definition of U[0, +00) will be given in Section 2. We can then introduce the
value function

Vi, = inf  J(x,z0,u). 1.3
@)= ot J(e.zo.0) (13)
The goal of this article is to characterize this value function V' when z € D and z(0) = x¢. Here D denotes the
set of the right-continuous, R%valued functions on [—7,0] such that it belongs to H. We consider the following
second order Hamilton—Jacobi—Bellman (HJB) equation:

—A\V(z) +S(V)(z) + H(z, V4,V (2, 2(0)), V2, V(z,2(0)) =0, =€ D(S(V)), (1.4)

where

H(z,p,1) = inf [(p, F(2(0), (0, @), u) + F1(2(=7))) pe + %tr[ZG(ﬂf(O)z (c;)m,u)
G (x(0), (¢, )5, u)] + q(z(0),w)], (z,p,1) € D x R x T'(R?).

Here, G denotes the transpose of the matrix G, I'(R%) denotes the set of all (d x d) symmetric matrices and
(,-)ga denotes the scalar product of R?. V,,V and V2 V are first and second Fréchet derivatives of V with
respect to the second variable. The definition of a weak infinitesimal generator S will be given in Section 3.

We will develop a viscosity solution to the second order HJB equation given in (1.4) (see Def. 4.2 for details)
and then show that the value function V defined in (1.3) is a unique viscosity solution to the HJB equation
given in (1.4).

The type of problem above occurs in many different fields, including finance and economics (see [19] for an
overview on their applications). We refer to [9,25] for mathematical finance and to [6,24,27-30] for portfolio
optimizations. We also refer to [15-17] for advertising models with delayed effects and to [11,14] for Pension
funds.

These optimal control problems for stochastic systems with delays have been thoroughly investigated in
recent years (see [1,7,13,25,26,34,35]). However, to the best of our knowledge, none of these results include our
case. References [1,7,25,26] established the stochastic maximum principles. Reference [1] showed a maximum
principle of infinite horizon optimal control for stochastic delay equations. References [13, 34, 35] derived the
existence and uniqueness of the mild solution for the second order HJB equations associated with stochastic
systems with delays. Reference [12] studied the mild solution of the elliptic equations in Hilbert spaces associated
with infinite horizon optimal control problems without delays. However, the continuous differentiability of the
diffusion term and the drift term in the state equation is required to obtain the results in these references.

It is well known that the approach to the treatment of the optimal control problems given by (1.1) and (1.2)
is to reformulate them as optimal control problems of the evolution equation in a Hilbert space (see, e.g., [5,10]
for deterministic cases, and [15] for stochastic cases). However, in such cases, the initial condition of the state
equations have the form X = z € H and X%(t) = 29 € R?, and the state equations do not contain the term
X¥(-—7). In [2,3], the term X*(- — 7) in state equations is considered; in these problems, however, X“(- — 7)
is a linear term. In our case, because the coefficient F is a genuinely nonlinear function about X*(- — 7), this
form of the initial condition X} = 2 € H and X“(t) = 79 € R? does not guarantee that the value function can
be considered as a viscosity solution to the associated HJB equation. To overcome this difficulty, we consider
state equations with the initial condition X§ = x € D and study the viscosity solution to the associated HJB
equation in the set D.
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The theory of viscosity solutions for second order HJB equations has been well developed. We refer to [8]
for the basic theories of viscosity solutions. References [18,20-22,32] extended the notion of viscosity solutions
to Hilbert spaces by using a limiting argument based on the existence of a countable basis. To the best of our
knowledge, the viscosity solution to the second order HJB equation (1.4) has not been previously considered.
The primary difficulty stems from the lack of a local compactness of the set D. Thus, the standard techniques for
the proof of the comparison theorem in references [18,20-22,32], which rely heavily on compactness arguments,
are not applicable in our case.

We continue our previous work [36], in which a parabolic equation was studied. However, the approach of [36]
is not directly applicable in our case, because equation (1.4) is time independent. We know that the classical
definition for the viscosity solution to the elliptic HIB equation is time independent (see [32]); however, to use
the left maximization principle (see Lem. 4.1), we need to introduce a new viscosity solution (see Def. 4.2)
that includes the time ¢. This definition is entirely different from the definition of the viscosity solution in [36].
Hence, one difficulty in defining the viscosity solution in our case is that we must ensure that the value function
is a viscosity solution to (1.4). Secondly, to do this, we also need to relax the conditions of viscosity solution.
Specifically, we replace the “local maximum point” condition by “global maximum point” condition in the
definition of viscosity solution. This relaxation brings a lot of difficulties in the proof of uniqueness for viscosity
solution. In fact, the superior properties of the functions in the set D are needed in the proof of uniqueness for
viscosity solution. Thanks to Lemma 4.1, which provides the “global maximum point” condition, the uniqueness
of the viscosity solution can be proved under our definition. Thirdly, a dynamic programming principle (DPP)
for infinite-horizon stochastic delay optimal control problems (see Thm. 3.3 for details) is also needed, which
is difficult because the value function is independent of the times ¢. Finally, the Lemma 5.3 (see also Thm. 8.3
in [8]) and a limiting process are used to obtain the uniqueness result. Because the “global maximum point” in
the set D is not the classic global maximum point, this makes it very difficult to find the limiting process. To
the aforementioned challenges, we use another approximating process to converge to the limiting process.

The plan of this article is as follows. In the next section, some notations are fixed, and stochastic differential
equations with delays are examined. The dynamic programming principle (DPP), which will be used in the
following sections is proved in Section 3. In Section 4, we define the viscosity solution of the HJB equation (1.4)
and show that the value function V' defined by (1.3) is a viscosity solution. Section 5 is devoted to proving the
uniqueness of the viscosity solution to (1.4), and in Section 6, we study the deterministic cases.

2. PRELIMINARIES

Here, we define the notations used in this paper. We use the symbol |- | to denote the norm in a Banach space
G. The norm symbol is subscripted when necessary. For the vectors =,y € R?, the scalar product is denoted by
1

(z,y) pe, and the Euclidean norm (z, z)2, is denoted by |z|. For every T' > 0, let C([0, T], R%) denote the space
of the continuous functions from [0, 7] to R?, which is associated with the usual norm |f|c = supgeo 7y [(6)]-

Let 7 > 0 be fixed. H denotes the real, separable Hilbert space L?([—,0]; R?) for the scalar product (-,-)z. Let
D denote a subset of H:

D :={x € H : z is a right-continuous, R%valued function on [—7,0]}.

Let Dp denote a subset of D:
Dp :={z € D: x is bounded}.

We define a norm on Dp as follows:

|z|py = sup |z(0)|, =€ Dpg.
oe[—T,0]
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Then, (Dg, |- |ps) is a Banach space. For every N > 0, we define Dy by
Dy = {x eD:|zly < TN, |2(0)] < N}.

We define the | - |g-norm on H by
0
|x|‘}3 = / (Bx)4(s)ds,

-7

where
0
(Bz)(s) :/ x(0)dl, s e [-T,0].

The notations Dy and |- | will be used to prove the uniqueness of the viscosity solution in Section 5.
Let 0 <t < 400, w,w € D be given. We can then define w ®; w € D by

w ®t w = (IJ,
where

~(0) — @(6), (=) v(-m)<6<0,
DO) = e+ 0), T <0< (=) V(=7

For every 0 < T < +00, we define w ®[o 7 & by
w ®[O,T] W= {(JJ R (A_}|t € [O,T]}

Let 2 := {w € C([0,+00), R™) : w(0) = 0}, the set of continuous paths with initial value 0, W the canonical
process, P the Wiener measure, Fn, the complete o-field generated by {W(t),t > 0}, {F;}i>o the filtration
generated by {W(t),t > 0}, {F:}+>0 the filtration generated by {W(t),¢ > 0}, augmented with the family A" of
P-null of Fu. The filtration {F;};>o satisfies the usual conditions. For every [a,b] C [0, +00), we also use the
notations:

Fl=o(W(s)—W(a):s€ab]) and F°=FLVN.

Let us consider the following controlled state equations:

dX"(t) = F(X"(t), (a, X{* ), u(t))dt + Fi (XM(t — 7))dt
+G(X"(1), (¢, Xi")m,u(t))dW (t), t € [0, +00), (2.1)
X¢=x€ H,X*0) =1z € R,

where
X 0)=X"(t+0), 6 €[-7,0], u(-) € U]0,+00).

Here, for every ¢ > 0, we let U[t, +00) denote

Ult, +00) := {u(-) : [t, +00) = Ulu(-) is an {F?}>-left-continuous predictable process with

values in a compact subset U of Rdl};
and

U0, 4] := {u(-) : [0,] = Ulu(-) is an {F,}s>o-left-continuous predictable process with values in

values in a compact subset U of R%}.



STOCHASTIC DELAY OPTIMAL CONTROL AND A VISCOSITY SOLUTION TO HJB EQUATION 643

We make the following assumptions:
Hypothesis 2.1.

(i)  The mappings F: R x R x U — R? and Fy: R — R? are measurable, and there exists a constant L > 0
such that for every (x1,y1), (z2,v2) € R x R,u,u’ € U,

|F(z1, y1,w)| V [Fi(z)] < L1+ |21] + |y1]),
|F(x1,y1,u) = F(22,y2,u))| V| Fi(21) — Fi(22)| < L(|z1 — 22| + [y1 — ya| + |[u —']).

(ii) The mapping G: R* x R x U — RY*™ is measurable, and there exists a constant L > 0 such that for every
(xlvyl)a (xZayQ) S Rd X R,'U,,’U,/ S U;

‘G(‘/Ehylau” < L(l + |(E1| + |y1|)7
|G(21,y1,u) — G2, y2,u")| < L(|z1 — 2| + |y1 — ya| + |u —u'|).
(iii) a(-),c(-) € Wh2([~7,0]; RY) and a(—1) = ¢(—7) = 0.

Remark 2.2. Here W12([—7,0]; RY) := {x = (z1,%2,...,24)|z; € WY2([-7,0]; R),i = 1,2,...,d}. To obtain
the properties in Theorem 2.4, we need to assume a(-), c(-) € WH2([—7,0]; R?). Under the assumption a(—7) =
¢(—7) = 0, through a simple calculation, we obtain (a,z)y < 73|a|w1.2|z|s and (¢, 2)y < 73|c|wrz2|z|p for
every x € H, which will be used in the proof of Theorem 2.4. However, we can choose the function a(-) and ¢(+)
from a wide class, which allows us to consider various economic phenomena.

We say that X* is a solution to equation (2.1) if it is a continuous, {ft}tzo—predictable process with values
in RY, and it satisfies: P-a.s.,
t t
XU(0) = a0+ [ FX(0), (0, X2)mu(o)do + [ A(X( =)o,
0 0

+ /0 G(X"(0), (¢, X i, u(o))dW (o), t € [0, +00), (2.2)

where X = 2 € H. To emphasize dependence on initial data, we denote the solution by X“(-,x,xg) or
X¥(-,0,z,x0).

For every T > 0 and p > 1, let L%, (£2; C([0, T]; R%)) denote the space of predictable processes {Y (s), s € [0, T}
with continuous paths in R?, such that the norm

Y["=E sup [Y(s)]”
s€[0,T)

is finite. Elements of L, (£2; C([0, T]; R%)) are identified up to indistinguishability.
We first recall a result on the solvability of (2.1) on a bounded interval that is shown in [13,23].

Theorem 2.3. Assume that Hypothesis 2.1 holds. Then, for all T > 0 and p > 1, a unique process X €
LE(£2,C([0,T); RY)) exists that is a solution to (2.1) on [0,T].

Let g € C(R), x € D be given. We can then define g(z) € D by
g(x)(0) :== g(x(9)), 6 €[-7,0].

Let us now study equation (2.1) and consider certain continuities for the solution X*(-) of equation (2.1). These
properties will be used in the proof of Theorem 3.2.
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Theorem 2.4. Assume that Hypothesis 2.1 holds. If we let A = 48[3°+2632+1+283%72a},1 . +472|c[jp..) LA+
%, then a unique continuous process X exists that is a solution to (2.1). Moreover,

E|X"“(t,z,z0)|

+ ’ / T (o)) do

-7

0
<o (1 T o] + [e]s + (@)l + ] | Ftlons

< Co(1 + |zo| + \x|)eAt, t>0, (2.3)

E|Xu(t,x,$0) - Xu(t? y7y0)‘
<Cs <|330 —yol + [z =yl +|Fi(z) — Fi(y)ls + ‘ Fi(x(0)) — Fi(y(o))do

+‘ [ (:T)AO Fi(2(0)) — Fi(y(0))do >eAt 7

< Cu(|zo = yo| + |z — ylm)e™, t >0, (2.4)

and
) t
E|X“(t,x,20) — X“ (t,2,20)> < C4E/ lu(o) —u/(0)|?de, t >0, (2.5)
0

for some constants Cy,Cs,C3,Cy > 0 depending only on L, 7, a(-) and c(-).

Proof. Existence and uniqueness are satisfied by Theorem 2.3. We only need to prove that (2.3), (2.4) and (2.5)
hold true. For every ¢ > 0, we have that

Ee_t\X“(t,x,x0)|4

t 4
< 2zl + 26L4E( | e 0+ X oz + ri|aW1,z|X#<x,xo>|B>da)
0

(t—7)A0
/ Fi(z(0))do

—T

t 4 4
+29L4E</ e%t(l + | X*(o, z,x0)|)d0> + 2% 71
0

¢ 2
+26L4e_tE</ (1+ | X0, 2, 20)* + T%|c|‘2,vl,2|Xg(x, mo)QB)do>
0

(t—7)AO
/ Fi(2(0))do

-7

4

< 2%zo[* +2° +3'2%(293%al 12 + [eljyr2) T LYz + 2°L%(2'0 4+ 3 + 2437)

t
+2031[3° L4 4+ 2032 L% 4 L* + 283272 L4 alfy1e + 2272 LA el 2] (/ Ee 7| X%(0, z, x0)|4da>.
0

The Gronwall Lemma implies that

4

Ee ' X“(t,z,x0)]* < 2° + MyeHot

(t—7)AO0
/ Fy(z(o))do

—T

0 4
+(22 4+ 21%) (/ F (m(a))da) ot 4 212 00| Fy ()| ot
where

Mo = 2%|zo|* 4+ 3228%(268%|a| {12 + |c|iyr2 ) T2 LA x| + 2904 (210 + 3 + 2133),
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and
Ko = 203'[3° + 2032 + 1 + 2°3%72|aljp12 + 472 cljy.2] L2

Therefore, there exist some constants Cy,Cy > 0 depending only on L, 7, a(-) and ¢(-) such that (2.3) holds
true.
Moreover, for every ¢t > 0 we have that

Ee ' X"“(t,x,20) — X“(t,y,90)|*

t 4
< 26L4E</ eT(|Xu(O',JZ,,Z‘O) - Xu(gay7y0)| +T%|a|W1*2‘Xg(me0) - X};(%?JONB)dU)
0
4

(t—7)AO0
/ Fy(2(0)) - Fi(y(0))do

—T

t 4
+29L4E(/ e | X" (o, x,20) — X“(U,y,y0)|da) + 2%
0

t 2
+26L4e-tE( 00 00) = X4 90)? + el X o) — X yo>|23>da)
0

+2% "z — yo!*
4
+ 29(28|a\%4/1,2 + |C|%V1,2)72L4‘x - yﬁB

(t—7)A0
/ Fy(2(0)) - Fy(y(0))do

—T

< 28|29 — yo|* +2°

+27[2233 + 2233 +1+ 21OT2|04|%/V1,2 + 22T2|C‘§1/V1,2}L4
¢
X </ Ee 7| X"(0,2,20) — X“(a,y7y0)|4do>.
0

The Gronwall Lemma implies that

Ee_t|Xu(ta z, xo) - Xu(t7 Y, y0)|4

(t—7)A0
/ Fy(2(0)) - Fy(y(0))do

—T

4

S 29 +M16K1t

0 4
12 4 2) ( | Rt - Fl(y(o))do) it 92 | Fy () — Fy (y)[5er,

—T

where

My = 2%z — yol* + 2°(2%|aljy .2 + [eljyr2) T2 LY 2 =y,
and

Ky =27[2%23% 4+ 2233 + 1+ 21972 |afjr2 + 2272 c[f2 ] L2

Therefore, there exist some constants C3,Cy > 0 depending only on L, 7, a(-) and ¢(-) such that (2.4) holds
true. By the similar (even simpler) process, we can show that (2.5) holds true.
The proof is now complete. (I

Remark 2.5. We note that the solution X"(-) to equation (2.1) is continuous with respect to ¢ € [0, 4+00)
even if the initial value (z,z0) belongs to the space H x RY.

3. A DPP FOR OPTIMAL CONTROL PROBLEMS

In this section, we consider the controlled state equation

XU(t) = wo +/

0

t

F(X“(0),(a, X g, u(c))do + /0 Fi(X"(o — 71))do,

—i—/o G(X“(0), (e, X3 pg,u(o))dW (o), te€[0,400), (3.1)
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where Xt = x € H, X*(0) = 29 € R%, and we consider a cost function of the form
+o00
J(x,x0,u) = E/ e M q(X (0,2, 20),u(0))do. (3.2)
0
Our aim is to minimize the function .J over all controls u € U[0, +oc). We define the function V : H x R — R
by

Vx,xg) := ueui[(r)lf+oo) J(x, o, u). (3.3)

The function V is called the value function of the optimal control problems (3.1) and (3.2). The goal of this
paper is to characterize this value function V' when z € D and x(0) = .
We make the following assumptions:

Hypothesis 3.1. The mapping of ¢ : R* x U — R is measurable, and there exists a constant L > 0, such that
for every x,y € R , u,u' € U,

lg(z,w)] < L1+ |z), lg(z,w) = q(y,u')] < L(jx = y[ + |[u— o).
Our first result includes the local boundedness and the continuity of the value function.

Theorem 3.2. Suppose that Hypotheses 2.1 and 3.1 hold. Then, there exists a constant Cs > 0 such that for
every x,y € H, xg,yo € R and \ > A,

|V (z,20)| < Cs(1+ |zo| + |2]H), (3.4)

). (3.5)

and

0
Wmmw—w%mns%Qm—meme+mm%4umB+\ Fi(2(0)) - Fi(y(0))do

—T

Proof. From the definition of J and from Hypothesis 3.1, we know that

“+o0
|J($7 Zo, ’LL) - J(ZU, Yo, u)l < / e_)\gE|q(Xu(o-a €, 1‘0), U(O')) - q(Xu(U7 Y, yO)a u(O’))'dO’
0
+oo
<L e BX0mm0) - X¥(0,y p0)ldo

0

According to Theorem 2.4, we obtain that for a constant C5 > 0,

|V($,$0) _V(yay0)| < sup |J($,$0,U/) - J(y7y07u)|

wEU[0,+00)

0
< Cs (Iwo — ol + |z —ylz + |F1(z) - Fi(y)ls + ‘ Fi(z(0)) = Fi(y(o))de

—T

By a similar procedure, we can show that (3.4) holds true, which completes the proof. (]

Second, we present the following result, which is called the dynamic programming principle (DPP) for the
optimal control problems (3.1) and (3.2).

Theorem 3.3. Assume that Hypotheses 2.1 and 3.1 hold true. Then, for every (z,x¢) € H x R, t € [0, +00)
and A > A, we know that

¢
V(z,z9) = ui[gf : [/ e M Eq(X (o, x,x0), u(0))do + e MEV (X (xz, z0), X (¢, z,0)) |- (3.6)
ue ,+o0 0
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To prove the above theorem, we need the following Lemmas 3.5, 3.6 and 3.7. To this end, we need to consider
a controlled state equation on an arbitrary interval [¢, +00) C [0, 00):

S

X(s) = 20 + / " F(X(0), (4, XY a1, u(o))do + / FyU(X"(0 — 7))do,

t

+/fs G(X“(0), (e, X)), u(0))dW (o), s € [t,+00), (3.7)

where X} = x € H, X"“(t) = 79 € R%, and we denote by X"“(-,t,x,z0,u), the solution. Moreover, we consider
a cost function of the form

+o00
J(t, 2,20, u) = E{/ e_)‘oq(X“(mt,sc, x0), u(o))do
t

]:t:| , uE€ U[O, +OO) (38)

We define the value function V : [0, +00) x H x R* — R by

V(t,’l},.’]}o) = uEZ/II[Itlf;roo) J(t,x,xo,u). (39)

We start from the definition of the cylindrical o-field BZ.

Definition 3.4. For an interval Z C R, let RT denote the set of all functions x : Z — R. A finite dimensional
rectangle in RT is any set of the form {x : (t;) € J;,i = 1,2,...,n} for a non-negative n, intervals J; C R
and times t; € Z, i = 1,2,...,n. The cylindrical o-field B? is the o-field generated by the collection of finite
dimensional rectangles.

With the help of the above definition, we can state the following lemma, which is the key to prove Theorem 3.3.

Lemma 3.5. Assume that Hypotheses 2.1 and 3.1 hold true. Then, for every (z,z0) € H x R%, t € [0, +00)
and X > A, we know that

V(x,xz0) = MV (t,z,20), t € [0,400). (3.10)

Proof. We note that F, = a(Wio,s)- In fact, by Corollary 12.9 in [4], we obtain that o(Wp ) C F,. On the
other hand, for every I € [0,s] and Q € B, we have that {w: W(l) € Q} = {w: Wjo 4 € D} € 0(Wg4), where
D = {z(:) € R%! : z(I) € Q}. Then we obtain that F, C o(Wio,s))- Therefore, we can consider Wiy 4 as a
measurable mapping from (Q,f's) to (RO, BlO-s),
For every u € U[0,+00) and s > 0, by the Theorem 2.1.11 in [33], there exists a measurable function ¢4 from
(RI9s1 B0s]) to (U, B(U)) such that
U(S) = ¢S(W[O,s])-

We define v’ by
Wt + 5,0) = 6s(Vio (@), 520, (3.11)
where V(1) = W(t +1) — W(t), | € [0,s]. Then, u'(t +-) and u(-) have the same distribution._
Now let us show that u'(-) € UJt,+00). By the definition of ', it is clear that u'(s) is F;7-measurable for

every s > t. So we only need to prove that u'(¢ + -) is left-continuous. In fact, for every w € {2, there exists an
wy € §2 such that V(s,w) = W(s,ws) for all s > 0. Then,

ul(t + s,w) = QSS(V[O,S] (w)) = ¢S(W[O,s] (w1)) = u(s,wr).

Because u is left-continuous, we obtain that u/(¢ + -) is also left-continuous.
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Since the coefficients of (3.7) do not depend on time, by (3.11) we have
X“(-,0,z,m0) = X“/(t +-,t,x,20), t>0,

where = denotes equality in distribution. Therefore,

+oo
J(t,x,m0,0u') = E/ ef)‘”q(X“ (o,t,m,39),vu (0))do
t

+oo
= e_/\tE/ e Mg XY (t+ o, t,2,20),u (t 4 0))do = e M (x, 20, u).
0

As a consequence, we obtain that
V(z,z0) > MV (t, x, x0).

By the similar procedure, we can show that
V(x,xz0) < MV (t,,x0).
This concludes the proof of the Lemma. O

Lemma 3.6. Assume that Hypotheses 2.1 and 3.1 hold true. Then, for every u € U[0,+00) and A > A, we
know that

J(t,x, x0,u) > e MV (x,x0), (t,x,20) € [0,400) x H x R, (3.12)

Proof. For every u,u’ € U[0,+00), we know that
—+oo
E|J(t,z,x0,u) — J(t, 2,20, u')| < / e M E|q(X%(0,t,z,10),u(c)) — q(X* (0,t,2,20),u (0))|do
t

+oo
< L/ e ME|XY(0,t,z,20) — X¥ (0,t, 2, 20)|do.
t

According to Theorem 2.4, we know that for a constant C' > 0,

+o0o
E|J(t,z, z0,u) — J(t, z,z0,u’)| < C(/ Ee 2 |u(0) — u’(0)|2da> : (3.13)
t

On the other hand, for every u € U[0, +00), there exists
u™(s) = Z Lapu™(s), s> t,
i=1

where {A7 }1<i<y is a partition of (Q,]:"t), u™ is an {ﬁts}szt—left-continuous predictable process, such that, for
all s > ¢,
u™(s) = u(s) as n = +o0.

Then by the uniqueness of solution for state equation (3.1), we obtain that
n

J(t, x, x0,u™) = Z LanJ(t, @, 20, u™").
i=1

By the definitions of J and V we know J(t,z,zo,u™") € R and J(t,z, xg,u™") > V(t,2,70). Then
J(ta z,To, un) > V(ta &€, ‘TO)'
Letting n — 400, by (3.10) and (3.13), we obtain (3.12). O

In order to prove the Theorem 3.3, the following lemma is also needed.
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Lemma 3.7. Assume that Hypotheses 2.1 and 3.1 hold true. Then, for every (z,x¢) € H x R, t € [0, +00)
and A > A, we know that

“+o0
J(t, X{ (0,2, x0), X“(t,0,2,20),u) = E{/ e_)“’q(X“(a7 0,2,20),u(c))do
t

ft] , u €U0, 400).
Proof. By the definition of J, we obtain that

—+oo
J(t,z, o, u(")) = E[/ e*)‘”q(X“(a,t,x,xo),u)dcr
t

}'t] = E[n(t,z, zo, u)|F].

By Lemma 1.1 in [31] there exists a sequence of H x R%valued F;-measurable simple functions
Nop
. d — (m)
fm Q2= Hx R fn, = ];hk Iy _pmys Nm €N,

where hgm), cey R are pairwise distinct and {2 = UkN;"'l{fm = h;cm)}, such that
| frn(w) — (X0, 2, 20), X“(£,0,2,20))(w)| L 0 for all w € 2 as n — oo.
Then we obtain that, for any B € Fy,

E[IpJ(t, X{(0,2,20), X“(t,0,z,x0), u)]
N, N,

= i 3BT, gy 00 ) = Jim 3B (1l o Bl 01 7))
k=1 k=1

N,
= lim E(Z [IBI{fm:hgm}n(t,hém),u)} ) = %@mE(IB"(t’y’“”y:fm)

= E(IBn(tv Y, u)|y:(X;“(O,z,a:o),X“(t,O,m,zo))) = E[IBn(ta XZL(Oa €, -TO)a Xu(ta 07 x, xO)a U)]
Using the identities X"(o,t, X{(0,z,20), X" (¢,0,2,20),u) = X%(0,0,2,x0,u) and

Xg(th?(Ovxva)vXu(tvoaxaxO)vu) = X:;(Oaxa anu)7 we obtain
J(ta X?(Ov z, xO)v Xu(tv Oa z, xO)a 'LL) = E[n(ta X;L(Ov z, .’to), Xu(tv Ov €T, xo), u)|]:t]

= E[/:oo e q(X%(0,0,z,z0),u(c))do ]-‘t} .

The proof is now complete. O

Proof of Theorem 3.3. For any u € U[0,4+00),t > 0 and € > 0, by Theorem 3.2 and its proof, there is a constant
d > 0 such that whenever |x — y|g + |20 — yo| < 0,

|J(t,x,x0,u’) - J(tvyay07ul)| + ‘V(t,l‘,]}o) - V(t7y7y0)| S g, v ul € Z/{[t,—i—oo)

Let {D;};>1 be a Borel partition of H x R, with diameter diam(D;) < 8. Choose (z%,z}) € D;, then for each
1, there is u; € U[t, +00) such that

J(t,xt xd ui (1) S V(2 xh) +e.
Therefore, for any (z,z¢) € D;, we have that

J(t,x, w0, u;) < J(t,at xh,ug) +e < V(t ot xl) + 26 < V(¢ x,20) + 3e. (3.14)
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Now let us define a new control

(o) = u(o), o €10,t],
u;(0), o € (t,+00), (X{(x,x0), X“(t,z,20)) € D;.

By Lemma 3.7, we obtain

+oo -
J(t, X0, z,20), X“(¢,0,2,20),4) = E {/ e (X %0,0,z,20),4(0))do
¢

7.

t ~ “+o00 ~
V(z,xo) < J(x, 20, 1) = E/ e (X %0,0,z,20), u(c))do + E/ e (X %0,0,z,0), 0(c))do
0 t

From the definition of V' and (3.14), it follows that

SN

_ E/ e G(X (0,0, 2, 0), il(0))do + BI(t, X0, 2, 20), X™(£,0, 7, 20), i)
0
t
< E/ e (X (0,0, 2, 30), i(0))do + BV (¢, X1(0, 2, ), X" (£, 0, 2, o)) + 3¢
0
t
_ E/ 7 G(X (0,0, 2, 20), u(0))do + ¢ MEV (X0, 2, 20), X"(£,0, 2, 0)) + 3¢.
0

Thus,

t
V(z,xg) < Mi[gf )[/ ef)‘”Eq(X“(J,O,x,xo),u(a))do+ef)‘tEV(Xt“(0,1’,xo),X"(t,O,x,xo)) .
ue ,+oo 0

On the other hand, for any € > 0, there exists a u® € U[0, +00) such that
t € er £
V(z,xz) +¢ 2/ e M Eq(X (O',O,CC,.CE()),UE(O'))dO'Jr/ e MEq(XY (0,0,2,20),u(0))do
0 t
t
:/ e M Eq(X" (0,0,2, x0), uf(0))do + EJ (¢, X1 (0,2, 20), X (£,0, z, x0), u°).
0
Then by Lemma 3.6, we have that
¢
V(z,x0) + ¢ z/ e M Eq(XY (0,0, z,20),u°(0))do + e MEV (X (0,2, 20), X (£,0, 2, 20))
0

t
> Mi[gf : {/ e M Eq(X%(0,0,2,20),u(c))do + e MEV (X0, z, z0), X“(t,0,x,20)) .
ue ,+oo 0

Hence, (3.6) follows. O

Our next goal is to derive the Hamilton—Jacobi—Bellman equation for the value function V. To begin, let us
introduce the weak infinitesimal generator S. For a Borel measurable function f: H x R? — R, we define

S(F)(w) = im_ 2 [fGn, Fa(0) ~ fa2(0)], @D,

h—0t

where 7 : [-7,T] — R? is an extension of  defined by
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in addition, for every t > 0, Z; € D is defined as
z(0)=2(t+0), 6¢e[-1,0].

For every measurable function f : H x R? — R, we denote D(S(f)) as the domain of the function S(f) for the
set © € D such that the above limit exists for this set.
We denote by C; (H x R?) the space of functions & : H x R* — R such that V2& : (H x RY) — (H x R) x

(H x R%) are continuous and satisfy, for a suitable constant K > 0,
IV20(t,2) — Va2d(t, )| (mxrayx(xrt) < K| = ylgxpe, t€[0,T], 2,y € Hx R

We also denote by C’lli’;([(), +00) x (H x R%)) the space of functions @ : [0, +00) x (H x R%) — R such that

®; 1 [0,4+00) x (H x R") — R and V2® : [0, +00) x (H x R?) — (H x R%) x (H x R?) are continuous and satisfy,
for a suitable constant K > 0,

IV2d(t, ) — V2Ot y)| (1 x ety x (1x ey < K|& — ylprxga, t€[0,+00), z,y € Hx R
Here, and throughout this article, V,® and V2® are first and second Fréchet derivatives of ®.

Theorem 3.8. Let V denote the value function defined by (3.3). If V € Clzip(H x R%), then V satisfies the HJB
equation

“AV(x)+S(V)(x) + H(z, V4, V(x), Vf:OV(x)) =0, z€ D(SV)), (3.15)
where

H(r,p,0) = inf [(5, F(z,w) + Fu(@(~7) s + 5rl1Ga, 0) G ()

+q(x(0),u)], (z,p,1) €D x R x I'(R),

I'(R%) denotes the set of all (d x d) symmetric matrices, and Vg,V and V2V are first and second Fréchet
derivatives of V' with respect to the second variable. Here, and throughout this article, for simplicity, we let
V(z), F(z,u) and G(z,u) denote V(z,x(0)), F(z(0), (a,x)m,u) and G(x(0), (¢,x)u,u), respectively, if x € D.

To prove the above theorem, we need the following lemma.

Lemma 3.9. Suppose that Hypothesis 2.1 holds. If g € C’lli’pg([O,—Foo) x (H x R%)), then for each (t,x) €
[0,400) x D(S(g(t,-))), the following convergence holds uniformly on u(-) € U[0,+00):

lim [Eg(t +te X —gltw) _ 1/t+6 E(V.,9(t,z), F(z,u(0)) + Fi(z(—7)))gedo

e—0t € €

—% 06 Etr[ViOg(t,x)G(x7u(a))GT(x,u(a))]da —ge(t,x) = S(g(t,))(x)| =0. (3.16)

Here, and throughout this article, for simplicity, if function g : [0,4+00) x (H x RY) — R is measurable, we let
g(t,x) denote g(t,x,2(0)) when t € [0,+00) and x € D.

Proof. The proof is very similar to Theorem 5.1.3 in [35]. Here, we omit it. O

The following three lemmas hold are about the properties of the weak infinitesimal generator S, which will
be used in the proof of uniqueness for the viscosity solution.
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Lemma 3.10 (See Lem. 3.6 in [36]).
If g(z) = go(|z|%), = € D, where go € C(R), then

S(9)(@) = go(|2l7)(@*(0) — 2*(=7)).

(3.17)

Lemma 3.11 (See Lem. 3.7 in [36]). If ¥ (x) = ¥o(lg(z) — a|}),a,z € D, where 19 € C*(R) and g € C(R),

then

S()(x) = 4g(|(g(x) — a)B)(1B(g(z) — @) B(g(x) — a), g(x(0))1{—r.0) — 9(2)) mr-

Here, the function 1|_; q) is the characteristic function of [—,0].
Lemma 3.12. If¢(z) = z/JO(f_OT z(0)dd — a),a € R,z € D, where ¢y € C*(R) and g € C(R), then
0
s)a(e) = vo( | atel6)a0 - a) (o(o(0) - g(al-7))
Proof. By the definition of 1), we have that, for some [ € (0,1),
((g(ze)) —(g(2))) = 1W(g(ﬂf) +Ug(@e) — 9(2)))(9(Zc) — g(2))]

€

0 0
wé(/ g(z(0)) + 1(g(Z(0)) — g((0)))do — a) [ 9(@.(0)) — g((6))de.

A= =

On the other hand, we have that

— g(x(0)) — g(x(—7)) as e = 0,
Then, letting e — 0 in (3.20), we get (3.19).
We conclude this section with the proof for the Theorem 3.8.

Proof of Theorem 3.8. We fix u € U, and then, for every z € D(S(V)), it follows from (3.6) that
0< / e M Eq(XY(0,x),u)do + e MEV(X%(z)) — V(x).
0
According to Lemma 3.9, the above inequality implies that

1 S
0< lim - {/ e M Eq(X (o, x),u)do + e MEV(XY(x)) — V(z)
s—0t S 0

= AV (@) + S(V)(@) + (Ve V), Fw, ) + F (=) s
50V, V)G G (2,w)] + a(e(0),w)

Thus, we know that

0< —AV(z) +S(V)(z) + H(z, V,, V(2), V2, V(2)).

(3.18)

(3.19)

(3.20)

(3.21)
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On the other hand, let z € D(S(V)) be fixed. For any € > 0 and s > 0, according to (3.6), there exists a
@ = u®® € U]0, 4+00) such that

52 [ MBI (0,0) i(0))do + ¢ VBV (XE(@) - V(o)
0

=-AV(z)s+S(V)(z)s + <VIOV(£L'),/ E[F(z,u(0)) + Fl(l'(—’l'))]dd)

. s 0 R
+/ Eq(z(0),u(0))do + / %tr[ViOV(x)G(x,ﬂ(a))GT(;v,ﬂ(a))]da +o(]s])
0 0
> AV (z)s + S(V)(z)s + H(z, V.,V (x), ViOV(w))s + o(]s]).
Then, dividing through by s and letting s — 0, we obtain
e> =NV (z)+S(V)(z) + H(x, V,, V(z), ViOV(x)).

Combining this equation with (3.21), we obtain the desired result. a

4. VISCOSITY SOLUTION TO THE HJB EQUATION: EXISTENCE THEOREM

In this section, we introduce a new concept for a time-dependent viscosity solution. In our previous work [36],
a new concept for the viscosity solution to the first order HJB equation was introduced. Its uniqueness was
proven by Lemma 4.1 in [36]. However, it is not applicable in our case. We need the superior properties of the
function in the set D. Before giving the definition of the viscosity solution, let us introduce the following key
lemma for the proof of the uniqueness of the viscosity solution.

Lemma 4.1 (Left-maximization principle). Let v : [0, +00) x (H x R%) x (H x R?) — R be continuous and let
there be an integer k > 0 such that for every t € [0,4+00),z, 71,22,y y1,y2 € R x H,

[o(t, 2, y)| < L1+ || + |y))*,

lu(t,x1,91) — v(t, 22, y2)| < L(|lz1 — 22| + |91 — y2|)". (4.1)

Finally, let limy_,, oov(t,z,y) < A for a constant A uniformly on z,y € Dy. For simplicity, we denote
v(t,z,2(0),y,y(0)) by v(t,z,y) when x,y € D. Then, for each (t,7,7) € [0,+00) x Dy x Dy and M > 0, if
v(t,&,7) > A, there exist (t,%,7) € [0, +00) x Dy x Dy and k,l € [0, M(t—1)], such that (Z,7) = (TR T, R77),
v(t,z,7) > v(t,T,7) and

v(t, z,

<
=

B _Sup v(t, T R0, art—)) > Y Qo.M t—1)] Y)- (4.2)
(t,x,y)€[t,00)x DN XDN

Here, and throughout this article, for simplicity, we let SUD(¢,2,)€[f,00) X Dy X Dy v(t, TR0, M(t—0)] > YQ0,M(t—7)] y)
denote

sup sup v(t, T @ 2,7 DY)
t€lfto0) (Lr.a.y)€l0,M(t—B)]x[0,M(t—B)]x Dy X Dy

Proof. Without loss of generality, we can assume that v(f, Z, ) > v(f, Z+elg, g+ f1o) for all e, f € R? satisfying
le +2(0)| V |f + 7(0)] < N. Because v(t,%,7) > A and limy_,; oov(t,2,y) < A uniformly on z,y € Dy, there
exists a constant T' > 0 such that

v(t,x,y) <v(t,z,9), t>T, z,y € Dy. (4.3)
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We set mg = v(i, &, §) and

T_fLO = ~sup (t, T ®[O,M(t—f)] xZ, g ®[0,M(t—£)] ) > mg.
(t,z,y)€[t,TIXxDN xDnN

If o = mo, we let (£, %, 7) = (, %, §) and finish the procedure. Otherwise, there exist (t1,z1,y1) € (£, T] x Dy x
Dy and s1,1; € [0, M(t; —t)] such that 1 = ¥ ®, x1,y1 = § @, y1 and

my = v(tl’xhyl) > w

- 2
We set
my = sup (t; 1 ®[0,M(t—t1)] X, Y1 ®[O,M(t—t1)] y) > mi
(t,z,y)E[t1,T)XDNn XDN
If my = my, then we let (¢,Z,7y) =
(tir Ly yi) S

(t1,21,y1) and finish the procedure. Otherwise, for i = 2,3, ..., we can find,
(ti—1,T) X Dy x Dy and s;,1; € [0, M (¢; — t;—1)] such that the following hold: x; = ;1 ®, x; and
Yi = Yi—1 Ou; Yiy U

(tiyxi i) > v(ti, x; + elo,y; + flo) for all e, f satisfying |e + z;(0)| V |f + :(0)| < N
mi—1 + m;—
mi = v(ti, T4, yi) > %;
and

my sup

(t, 2 ®o,M(t—t:)] T Yi Do, M(t—t)] Y) = M

(t,z,y)E[t:, TI|XDn XDn

The procedure continues till the first time m; = m;. The proof is completed by setting (¢,z,7y) = (t;, zi, y;)-
For the last case, in which m; > m; for all i = 1,2,..., we know ¢; 1 ¢ € [0,7], we can then find Z,§ € D
such that T = z; ®y= s, 7,5 = 4 Oy 1, U We can choose |Z(0)| V |g(0)] < N such that v(¢,z,y) >
v(t, T + elo,y + flo), for all e, f such that |e + Z(0)| V |f + 5(0)] < N.

Now let us show that Z,§ € Dy. Because |Z(0)] < N, we only need to prove |Z|g < 72 N. According to the
definition of z, if £ — ¢ < 7, we obtain

0 0
B :/ |:E(9)\2d9:/ (0] d9+z/ (9)[2d0
-7 f—f—T —5;
0
/ |2(6]°d6 + lim Z/
t—t—1

—s;

— OIRG
< mm—>+c>c‘~73m|?—1 < TEN-

If t —t > 7, there exists an integer j such that

(4.4)
0 0
72 = / 15(6)[2d0 — / 1 (6%d6 + Z / (0)2d0

T t—t;j—7 i=j+1Y 5
0

:/ |2, (0)%d6 + hm Z / 0)|*de

E—tj—T l ]_,’_1 -
< T o0|@m|% < 72N, (4.5)
By (4.4) and (4.5), we obtain Z € Dy. By the similar way, we can prove § € Dy
On the other hand, according to

_ _ m; +m; My —my
M1 — Mip1 <My — =

2 2 ’
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there exists m € (mo, M), such that m, | m and m; T m. From the definitions of Z and g, we obtain x;(s) — Z(s)
and y;(s) — g(s) for almost all s € [—7,0]. There exist two subsequences of z;(0) and y;(0) still denoted by
themselves such that x;(0) — a, y;(0) — b and |a| V |b] < N, respectively. Thus, according to (4.1), we obtain

m= lim m; = hm v(ts, i, y;) < v(t, T, 7).
i—00

Now let us show that v(t;, x;,y;) — v(t, %', 4"), where

z(0), 0€[-1,0),

Because if t — < T,

0
|22 :/ 0|2d9+z |xk 0)|2do
-

i*t*T —Sk

0
- [ 0|d9+z |£Ek )|?d6 = |z'|? as i — oo,

t—t—T —Sk

and if £ — ¢ > 7, for sufficiently large i, there exists an integer j such that

0
|; |2 :/ Z(0)%d0 + Z |mk )|*d6
t

i—tj—T —_]-‘rl —Sk
*)/ |Z(0]2d6 + Z / |z (0)2d0 = |Z'|* as i — oo.
tj—T k=j+1

By the similar way, we can prove |y;|? — |%/|? as i — oo. Then by the dominated convergence theorem, according

to (4.1), we obtain

lim |v(tzaxzayz) (Ea )‘ < lim Hv(thw%yl) (tiai'/v:z/” + |U(tivf/’y/) - ’U(E, *’Zlvgl)”
1—00 i—00

< lim Lz — @'|a + |2:(0) — al + lyi = 7'l + |yi(0) = b]) = 0.

71— 00

Thus

m= lim m; = lim v(t;, 25, 9:) = v, 7,7) <vE T,7).
71— 00 11— 00

We claim that (4.2) holds for this (¢, Z, ). Otherwise, according to (4.3), there exist (¢, z,y) € (£,T] x Dy X Dy,
d>0and sl €[0,M(t—1t)] withx =7 ®, 2 and y =y ®; y, such that

v(t, T @, 2,y @ y) > v(t,T,9) +06 > m+ 9,

and the following contradiction occurs:

3

0(t, T ®s 2,§ Q1Y) = v(t, 2 Qsyyee s, (T Qs ),y Quine, 1, (T @1y)) < my —
The proof is now finished. O

From the above lemma, we can now give the following definition for the viscosity solution.
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Definition 4.2. w € C(H x R?) is called a viscosity subsolution (supersolution) of (3.15) if for every ¢ €
C}i’j([a +00) x (H x R%)), whenever the constants v, A\, A > 0 and the function w? — ¢ (resp. w” + ) satisfy
A<M\ A—A=n,and
(w’Y - @)(Sa Z) = sup (w‘y - @)(t, z ®[0,(t—s)] JL‘),
(t,z)E[s,+00) XD

(respectively, (w” + ¢)(s,2) = (WY + )(t, 2 ®o,(t—s)) )5 )

inf
(t,x)€[s,+00)xD

where w(s, z) = e" " w(z), (s,2) € [0,4+00) X D and z € D(S(p(s,-))), we have

—Aw(z) + €0y (s, 2) + €7 S(p(s,))(2) + H(z, €7 Vi, (s, 2), €7V 0(s, 2)) 2 0,

(respectively, —:\w(z) — e p,(s,2) — e S(p(s,))(2) + H(z, —e" V4, 0(s, 2), —e'YSViogo(s, 2)) <0).

w € O(H x RY) is said to be a viscosity solution to (3.15) if it is both a viscosity subsolution and a viscosity
supersolution.

Remark 4.3.

(i) A viscosity solution V of the HIJB equation (3.15) is a classical solution if it further lies in Clzip(H x R%)
and D C D(S(V)).

(ii) The classical definitions of the viscosity solution to the elliptic HIB equation in infinite dimensions are
time independent and the uniqueness is proven by using the weak compactness of separable Hilbert spaces
(see Exp. [32]). In our case, the elliptic HIB equation is defined on set D, which does not have weak
compactness. For the sake of the uniqueness proof, our new concept of the viscosity solution is enhanced to
include t. At the same time, our modification leads to a slight additional difficulty in the existence proof.

(iii) Assume that the coefficients F(z,y,u) = F(x,u), G(z,y,u) = G(z,u), (v,y,u) € R*x Rx U and F; = 0.
Let the function V(z) : R? — R be a viscosity solution to (3.15) as a functional of V(z) : R x H — R.
Then, V is also a classical viscosity solution as a function of the state.

We conclude this section with the existence proof for the viscosity solution.

Theorem 4.4. Suppose that Hypotheses 2.1 and 3.1 hold. Then, for A > A, the value function V(x) defined
by (3.3) is a viscosity solution to (3.15).

Proof. First, for every 0 < XA < \, we let v > 0 satisfies A\ — A = y and let ¢ € Clli’pz([(), +00) x (H x R%)) such
that
ar = (V7 —p)(t,z) = sup (V7 =)z ®jo,-1 Y),
(Ly)Elt,400)xD
where (t,z) € [0, +00)xD and x € D(S(¢(t,-))). Then, for a fixed u € U, according to the dynamic programming
principle (Thm. 3.3), we obtain

S

o(t,x) =e "V (z)—a; <e ' [ e MEq(X"(0,z),u(0))do + eV MEV (XY () — a

<e

S— 5

e M Eq(X(0, ), u(0))do + e_:\sEgo(t + 5, X% (x) + e a; — ay.

Thus,

1 [° 1 5 1 5
0< f/ e ME¢(X (0, ), u(0))do + —e" e M Ep(t + 5, XX () — @(t, )] + - (e a; — ay).
s Jo s s
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Now, applying Lemma 3.9, we show that
0 < g(2(0),u) = AV (@) + e [ (t,2) + S(p(t, ) () + (Vo p(t, 2), F(,u) + Fi(2(~7))) pa
—i—%tr[ViOcp(t, 2)G(z,u)G T (z,u)]].

Taking the minimum in u € U, we know that V is a viscosity subsolution to (3.15).
Next, for every 0 < A < A, we let 7 > 0 satisfies A — A = and let ¢ € Clli";([O, +00) x (H x R%)) such that

= (V" t ) = inf VY l, ),
ag = (V7 +¢)(t, z) <z,y>eﬁf1+oo>xp( + @)L,z ®0,(1-1)] )

where (t,2) € [0,400) X D and = € D(S(¢(t,-))). For any € > 0, according to (3.6), one can find a control
uf(-) = u*(-) € U[0,400) such that

es—o(t,r) =e "V (z) —as +es
S
> e_"’t/ e M E(X" (0),uf(0))do + e M EV (XY — ay
0

>e / e VEq(X" (0),uf(0))do — e M Ep(t + 5, X) + e az — as.
0

Then, by Lemma 3.9, we obtain

—As u® —Xs
e VEp(t+ s, XY ) — ot x) L rt® a2 — a2

1 [° c
evle > 7/ e ME¢(XY (0),u(0))do — 7
S Jo S

> 3eplt,) = g (t,) = Sl )@) + 1B [ a(el0).08(0)) - (Tt ),

F(z,u(0)) + Fi(x(—7)))ge — %e”ttr[vgiocp(t, 2)G(z,uf (0))G T (z,uf(0))]do — XeTtay + o(1)

—AV(2) =it w) — ' S(p(t,))(x) + inf [q((0),u) — " (Vayp(t, 2), F(w, u)

v

1
+F1 (x(_T)))Rd - ie’ﬂtr[viotp(ta l‘)G(‘/I"a U)GT('Z‘7 U)H + 0(1)
Letting € — 0, we show that

02 MV (2) = it 2) = "' S(p(t, ) (@) + inf [g(w(0),u) = " (Vay ot 2), Fa,w)

PR — 5" 0]V, 0l 2) G, 0) G (o )]

Therefore, V is also a viscosity supsolution to (3.15). This step completes the proof of Theorem 4.4. (I

5. VISCOSITY SOLUTION TO THE HJB EQUATION: UNIQUENESS THEOREM

This section is devoted to a proof of the uniqueness of the viscosity solution to (3.15). This result, together
with the results in the previous section, will give a characterization of the value function of the optimal control
problems (3.1) and (3.2).

We can now state the main result of this section.
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Theorem 5.1. Suppose that Hypotheses 2.1 and 3.1 hold, and assume \ > (5L+3L*+1)V(L|a|%4+3L3?|c|%)V A.
Let W (resp. V') be a viscosity subsolution (resp. supsolution) to (3.15). In addition, let there exist a constant
A > 0 such that for (z,x0), (y,y0) € H x R,

(W, z0)| V[V (2, 20)] < AL+ [zo| + |2]m), (5.1)

). (5.2)

From this theorem, the viscosity solution to the HJB equation (3.15) can characterize the value function V()
of our optimal control problems (3.1) and (3.2) as follows:

|W({,C,£L'O) - W(ya yO)' \ |V(.’E, (E(]) - V(yvyO)‘
0

< A(m ol e — gls + [Fu(@) - By (9)]s + ‘ | R0) - Fits(e)ao

-7

Then, W < V.

Theorem 5.2. Let Hypotheses 2.1 and 3.1 hold, and assume X\ > (5L + 3L? + 1)V (L|al% + 3L3|c|%) V A.
Then, the value function V defined by (3.3) is a unique viscosity solution to (3.15) in the class of functions
satisfying (3.4) and (3.5).

Proof. According to Theorem 4.4, we know that V' is a viscosity solution to (3.15). Thus, our conclusion follows
from Theorems 3.2 and 5.1. O

We are now in a position to prove Theorem 5.1.

Proof of Theorem 5.1. The proof of this theorem is rather long. Thus, we split it into several steps.

Step 1. Definitions of the auxiliary functions and sets.

To prove the theorem, we assume on the contrary that there exists € > 0 a small number such that m :=
SUD (; 4oye s ra W (@, 20) = V (2, 20) — 2¢(|2|3; 4 |x0]*)] > 0. Because simple functions are dense in H, according
to (5.2) there exist a simple function g = >\, ailp, t,.0), ti € [-7,0],4=1,2,...,m+1 and a constant a € R?
such that W () — V(&) — 2¢(|2|3; + |2(0)[*) > (3 Ve~ ), where & = § + alo(-). First, we can let € > 0 be
small enough such that

v
eL sup |2(0)% + 2eL + 3eL? <

0e[—7,0] 16

Next, for every a > 0, we define, for any (z,y) € D x D,

U(x,y) = W(z) = V(y) — dalz,y) — e(zlf + 20 + lylE + [y(0)),

and
W’Y(t7 x? y) = ei’th(J; y)?
where
da(z,y) = 5[2(0) = y(O)P + S le(=r) = y(=7)* + Tlo = ylfs + L 1Fi(x) - Fi(y)l}
« 0 2
+5( [ Ao - Rwo)) . 6.3
and
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Finally, for every M > 0, we define

My = sup  V(t,% o T, T D0, Y)s
t>0;x,y€EDMm
where

My >M,:=sup sup V', TR x,T® x)>
t>0 z€Ds;l€[0,t]

1\3‘31

Step 2. Properties of U7 (¢, z,y). o
For every M, a > 0, from the definition of M, we can fix t > 0,k,[ € [0,f] and Z,§ € Dy, satisfying

_ _ 1
a
By the definition of ¥, we obtain that

2U(z,y) =¥ (z,z) +¥(y,y) + V(z) = V(y) + W(z) = W(y) — 2da(z,y).

Therefore,

U(z,y) < %(\W(af )| + [y, y)| + [V (z) = V(y)| + [W(z) = W(y)]) - dalz,y)

#2120~y +| [ F(a10) - B8] + 2 sl + 170~ il
—da(fL‘, )
oA 2 A2
St =+
Q « 202
Letting a > (1 + %)2, we obtain that
~ 1 Y “ TN~
!I/(a?,y)gm+§(e Y —e 1)

As W(2) — V(&) — 2e(|#]3, +]2(0)|?) > (3 Ve~ 5*)rn, there exists a constant T < I such that for all M > 0

2

1
Wﬁy(tax,y)_ki <MO¢7 t2T7 ZC,yEDM
«

Now, we can apply Lemma 4.1 to find £ € [0, 7), k,l €0, (f—1)],#,9 € D, which satisfies & = 7 @ &, § =
y ®@; g with (¢, 2,79) > W7 (t,2,y) > ¥7(0,%,Z) such that
U (t2,9) > O (t, & ®o,(t—#)] T+ 9 Blo,(t—1)] y), t>t,xz,y € Dyy. (5.4)
In particular, we know that
(2, §) > V(8,2 R ) 2, 9), U2, 9) > (8,2, ®o,—p) ¥),t > {2,y € Dy

(]
We should note that (f,%,9) depends on %, k,1,Z, 7, a, M.
Step 3. For every M > 0, we have

e’T
da(#,) < S +[W(@) - W] + V(@) ~ V(@) = 0 as a = +oc. (5.5)



660 J. ZHOU

Let us show the above. We can confirm that

e Mdo(&,9) + e (2[5 + [2(0) + [517 + [5(0))

< e W (@) V)~ Mo <+ (W(@) - V(@) ~ M, (56)
< é +C — M,,

where C := 2A(1 + M + 72 M). We also know that

2M. < 2 W) = W(G) + W) = V() + e (W(@) - V(@) + V(@) - V()

< 2 4 (W)~ W) + V(@) V)) +2M, — 207 (2,9).
Thus, 1
e da(#,9) < — + e (W(@) = W)+ [V(E) - V().
Therefore,
dali,5) < S W)~ W) + |V (E) ~ V(i) (57)

According to (5.6), we obtain
1
—do(Z,9) = 0 as o — +o00.
!

Then combining (5.2) and (5.7), we see that (5.5) holds.
Step 4. There exists M > 0 such that (5.4) holds true for all (¢,2,y) € [f,+00) x D x D and a > Ny, A.
We note that there exists an M > (1+772 )(1+ 24 independent of o, that is sufficiently large that
(0, 7,5) = W(F) - V(3) — 23l + 150)) > 0> (¢, ,9),
where t € [0,+00) and x € D\ Dy or y € D\ Dyy. Therefore, for this M > 0, we know that (5.4) holds true
for all (t,x,y) € [t,+00) x D x D and a > Ny, a.

Step 5. Completion of the proof. o
For the fixed M > 0 in step 4, we find £ € [0,7),k,l € [0,(f — )], 2,9 € Dy and & = 7 ®; &,§ = § ®; § with
U (t,2,9) > WV ( z,5) > ¥ (0,7 %) such that

W (E,2,9) > W (8,8 @ iy T 0 Ppo ey ¥)s t = L2,y €D, (5.8)
We put, for (¢,z,0), (t,y,v0) € [0,+00) x H x R%,
Wit @, z0) = e VW (x,20) — e(|zol? + [2]?) —elt — * — el — 2[5 — (|2 — |2[*)?)],
Vi(t.y,90) = e [V(y,50) + (|yol® + [yl*) +elt —i* +ely — 915 +e(lyl* — 19%)%]-

For simplicity, we denote W1 (t, x, z) and Vi (¢,y,y0) by Wi(t,z) and Vi(t,y), respectively, when z,y € D and
2(0) = z¢, y(0) = yo. Moreover, we define, for (¢,z,x0), (t,y,y0) € [0, +00) x D x R,

Wi(t,x,z9) = sup [Wl(t, 2,m0) — e Vipo(x,2) — e”tha(z)} Lt >,

z:fc®[01<t7£)] z,2(0)=z¢

Tty 0) = in [v1<t, 21 90) + € pa(y, 2) + e“hau)] >
2=0®0, (1 —)]%2(0)=yo

>

)
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and
Wl(t,x,xo) = Wl(f,x7m0)7 t <1,
Vl(tay»yo) = vl(fa y»y(])u t < tAv
where
P, y) = alz(—7) — y(—7)|* + 20% |z — y|3,
and
0 Fi (3 Fi(§ 2 &)+ @)
ot =a( [ etoy - PEOLEAGED) V' ol O LRGN
—T B
Then we obtain that
- . _ 2
Wa(t 2, 2(0)) — T (2,2, y(0) - e 0O
= sup [Wl(t, z,2(0)) — e "'po(x,2) —e ' he(z)
=20, (41— 1)) T Y=IB0, (1)) ¥
_ 2
A1 p(0) ¢l 2) — o hgly) o SO ZVOL
< sup [W1 (t,z,2(0)) — e "ha(z) — Vi(t, ¥, y(0)) — e ha(y)
T=EQ0, (t— )] T Y=U®0,(t—)]¥Y
ot N (N2 _ 2, & 4
e S lle(=7) = y(=7)I" +]2(0) = y(O)]" + 5|z — 5]
< up W40 0(0) = Va2 0(0) — )]
T=EQo, (t—1)TY=T®0,(t—#)¥Y
S Wl(Av ‘%7 ‘%(0)) - Vl (tAa Qv g(o)) - e_vtda(‘(i’.a Q)v (59)

where the last inequality becomes equality if and only if t = ¢ and « = &,y = ¢, the first inequality becomes
equality if and only if z = %, and the second inequality becomes equality if x = Z,y = . Then we obtain
that

(
< Wl(ﬁjwﬁ(o)) - Vl(f,z),yA(O)) - e—"/fda(j7g)’ te [Lt’ T],

and the equality only holds at #,2(0),9(0), % = I;ry Set r = %f, for a given L > 0, let p € C12((0,T) x R?)
be a function such that Wi(t, 2, o) — (t, z0) has a maximum at (5,Zg) € (0,7) x R moreover, the following

inequalities hold true:

|5 —t| + |Zo — 0| <,

[Wi(5. 2, Z0)| + | Vup(5, Z0)| + [Vae(5, 20)| < L.
Noting that if 5 < £, we have Wi (¢, 2,20) — @(t + 5 — ,20) has a maximum at (£, %) € (0,T) x R%. Without
loss of generality, we can assume 5 > f. We can modify ¢ and extend it to (0,4+o00) x R? and such that

@ € CY2((0,+00) x RY), Wi(t, 2,20) — @(t, o) has a strict positive maximum at (5,Zo) € [£,T) x R* and the
above two inequalities hold true. Now we consider the function

Y (t,x,20) = Wi(t,x,x0) — e Vpa(x, 2) — e Tha(z) — @(t,z0), (t,2) € [f,+00) x D x R™
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We may assume that ¢ grow quadratically at co. For every d > 0, by the definition of W1, there exists z° such
that

z5(0) =Zg, 2° =& ®p :ZZ(S, Wi(s, x‘s,io) - e*ﬁpa(é,x‘s) — efvgha(z‘;) > Wl(g, 2,ZTg) — 0, (5.10)

where p € [0, (5 — #)]. By Lemma 4.1 and Step 4, there exist M > 0 independent of §, (£, %) € [5,00) x Dy; and
p € [0, (f — 5)] such that
i=a2"@y% Y& 2(0) > T (520, %),

and

(i, &,2(0)) > T(t,z,x(0)),

where t € [f,+00),2 € D,z = & ®|g ;g . Then

Letting § — 0, we obtain
t — 5, #(0) = Zg, as § — 0.

Thus, by the definition of the viscosity subsolution, noting v = %, we know that
—ye W (&) — ye M e(|B(0) + |#]%) + elf — 8 + el — &l + (|E] — [2°)° + pa(,

tha(#)] +2e7 el — £) + @i (£, 2(0 ))+e_7f5[4(|3(ff— 2)[5 Bz — 1), #(0)1—r0) — &)m
+(2J2* = 212 +1)(2%(0) — &*(=7)] + 8¢ (|B(& — £)|5 B(F — £), #(0)1(—r,0) — @)

+agw¢/<ﬂ<> %@um+fum»wMWE@m»—Pﬂﬂ—ﬂD
1
2

2)

-7

+8e 2 (|B(F1 (%) — = (Fi(2) + Fi(9)))| 4 B(Fy (%) — 1(Fl( )+ Fi(9))),
Fy(2(0)1(—r0) — m>+eWHuwW¢&<w+%wwwwﬁ@ﬂw+%nza

where [ will stand for the identity matrix in any dimension. Letting  — 0, by the definition of H, it follows that
there exists a constant C' such that b = ¢.(5,Zg) > C. Then by the following Lemma 5.3 to obtain sequences
th, sk € (0,T), zk, yk € R? such that (t,x8) — (£,2(0)), (sk,y§) — (£,9(0)) as k — 400 and the sequences of
functions ¢y, ¥r € CH2((0,T) x R?) such that

Wi(t, 2,20) = pu(t,x0) <0, Vi(t, 2,20) — ¢u(t,x0) = 0,

equalities hold true at (tx, k), (sk,yt), respectively,

(@k)t(tkaxlg) — b17 (wk)t(ska ylg) — b2a
Vaepr(te, 24) = ae " (2(0) — 9(0)),  Vaotbr(sk,ys) — ae” " (2(0) — 9(0)),
V20r(tr,af) = e X, V24 (s, y8) — Y,

where by + by = —ve ”ft%| (0) — §(0)]? and X,Y satisfy the following inequality:

4a<é?>g()o()o,>§2a<_fl_][). (5.11)
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Noting that if ¢, s, < , we have

Wi (tn, 2,20) — r(te, x0) = Wi(L, 2, m0) — or(t + ty — T, 20),
Vi(sk, 2,m0) — Vi(sk, x0) = Vi(t, 2, m0) — Yr(f + s — £, 20).
We may assume that ¢y, s, > t. We can modify ¢y, and extend them to (0, 4+00) x R? such that ¢y, €
C12((0,4+00) x R%) and the above formulae hold true. We may without loss of generality assume that oy, —p
grow quadratically at oco.
Now we consider the function, for t,s € [f, +00) and x,y € D,

Ni(t,s,z,y) = Wilt, o) = Vi(s,y) — e " Pa(z) — e Paly) — ¢u(t, 2(0)) + vu(s, y(0)),
where
Pa(x) = pal, 2) + ho(x), x€D.
For every k and & > 0, by the definitions of Wi and Vi, there exist % and y*° such that
20(0) = af, 2™ =7 ®,, a0, Wi(tg, 2F°) — e Y p (aF0) > W (ty, 2, 28) — 6, (5.12)
and

yk75(0) = yl()c7 yk76 = Z} ®lk yk767 Vl (sku ykﬁ) + e_’YSkﬁa (yk76) S V](Sk7 27 yg) + 57 (513)

where py, € [0, (t —t)] and I}, € [0, (sx —t)]. By Lemma 4.1 and Step 4, there exist M > 0 independent of 4,
(£,8,2,9) € [tk, +00) X [sk, +00) X Dasr X Das and p € [0, (f — tx)],[ € [0, (5 — s)] such that
g=a" ez, =y 9,
Ni(1,8,2,9) = Nty s, a0, y"),
and
Tl(ﬂ '§7 :i'7 g) > Tl(t7 S, &, y)v
where t € [f,+0),s € [§,+00),2,y € D,x = Q10,1 Y = U Do,(t—5)] Y- Then

Wi, 2,#(0)) = Vi(3, 2,5(0)) — @r (£, 2(0)) + (5, (0))
> Wi(£,2) = Vi(5,) — e ""Pa(®) — @k, #(0) — e *pa (i) + i (5,(0))
> Wiy, @) = Vi (s, y™°) — eﬂt’“ﬁa(xk’é)—sﬁk(tkvxo)—e 7% po (y™0) + (i, )
> Wl(tk,é,xo) Vl(sk,z yo) gpk(tk,mlg) +1/Jk(sk,y§) — 26.

Moreover, letting 6 — 0, we obtain
f— ty, 2(0) = af, 5 — s, 9(0) = yk, as § = 0;
and
Wi(E#) = Vi(3,9) — e hal(@) — e *ha(y) — er(f,
= Wit 2,25) = Vi(sk: 2,96) — onte: 26) + Vi (sk, 46
Letting § — 0 and k — oo, by (5.9) we show that

£(0)) + ¥k (5,5(0))
)

as 6 — 0.

lim lim [Wl(ﬂ:z,gz( ) = Vi(3,5,9(0) — e o (F) — e ¥ pa(y)

k—o00 §—0

= lim
k—o0

Wl(tk,z xo) Vl(sk,z yo)

>
—

WA, 2, 2(0)) = Vi (6,5, 9(0)) — e Pda (3, §) + et 2O —IOF, (5.14)
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We claim that

lim_Jim (7 — &[4 + (7% = [22)° + | — g1% + (5 — 15%)2) = 0. (5.15)

k—o00 §—0

In fact, if not, there exist a v > 0 and two subsequence of k and ¢, still denoted by themselves, such that
ellz — &5 + (121> = [22)* + 19 — 9l + (191> = 191*)*] = »v.
We can assume § < £, then
Wil &,(0) = Vi(5,5,2(0) — e "pa(@) — e *pa(y)
= e W (@) — e(|2(0)] + [2°) — el — &|} — elf = 1” — e(|@]* — [¢]*)® — Pa()]
+e =V () — e(19(0)* + [91%) —e]5 = 3 —elg — gl — (91> = [9*)* — Pa(9)]
< e W(E) — e(|2(0)] + |2[*) —elf — ] — eV (5)
—ee V(GO +[51° + 18 = &) — e da(3,9) + 7
= e W (@) — eV () —ee T (EO) + & + [9(0)]” + [9°) + eV ()
_ial2(0) — 5(0)[?

—e V() — ee (|5 = 8 + [E— %) — e M d (3, 9) + e 5 —e My
10 — A (0)[2
< W8, 8,5(0)) — Vi(E,5,5(0)) — e o (3, 9) + O IOL
eV () = eV ) e (5 3 4 i = i) — e
Letting 6 — 0 and k& — oo, we obtain
limy oo limg 0 | Wi (£, &, £(0)) = Vi (5,9, 2(0)) — €™ "*pa(F) — ¢ "*pa(9)
A _ A 2 R
< Wl(tA 7 .’IAT(O)) _ ‘/1(1?7@7 g(o)) _ e—vtda(.%’g) + _WtOZ'.’L'(O) y(0)| e—’yty

This is in contradiction to (5.14). Then we get (5.15) holds true. Therefore, from the definition of viscosity
solution it follows that

) B2 — [21)2 + P (@)
(£.5(0) + e (| B(& — )}y B — ). #0)1 o) ~ D
) — & (=7)] + 8 a(|B(@ — )3 B(& — 2),#(0)1_r.0) — D)1

(0

B 0 1
+2e*7t0z/ (F1(2) = 5 (F1(&) + F1(9)))(0)d0(F1(2(0) — Fi(2(=7)))

1

—7e W (&) — v e(|Z(0)[? + |2]?) + elf — 2 + €|z — d[f +
-|-2e_’ylE (f — tA) + ( )
+(2][* - 2/ + 1)(a

-7

t8e 0 (IB(RL(E) — 5(F(#) + R@)EBRGE) — 5(F(@) + Fi(@), B E0)rg

—F(%)g + e—WfH(x,e7 Vaon(f,#(0)) + 2e5(0), e V2 (£, #(0)) + 261) > 0, (5.16)
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and
—e V(@) + e P le(|9(0) P + [91) + &l5 — £ + ely — 915 + (|5 — 191*)% + Pa ()]
—2e77%e(5 — 1) — (¥1):(5,5(0)) — e *e[4(|1 B — 9) 5B — 9), §(0)1(—r0) — D

—@lg1* = 203 + D(E*(0) = §*(=7))] = 8 (| B(§ — )| B — 2), 9(0) {70 = D)
~2ea [ (Fi(5) = S(R(@) + Fi5) OO 50) - Fi(3(-7)

8 (| B(R(G) — 5(Fi(2) + RO BEG) — 5(R@)+ F6), RGO w0
FL(5) 1+ e H(, eV (5,5(0)) — 255(0), ~e V2 (5,5(0)) — 21) <O, (517)
Letting § — 0 and k — oo, by (5.16) and (5.17) we obtain
AW (@) — (O + [312) — 75a (&) + by + [i2(0) - 32(-7)]
0
+803|B(E B — 2,50 r ~ D)+ 20 [ (@)~ 5(R6@) + Fi(5)(0)d0
< (P (3(0)) — Fu(#(~))) + 802 (B(F (2) — 3(Fy(3) + @)} B () — & (Fi(#) + FL(3)).
F(#O0)) 1) — Fu(8))r + H(E, 0(#(0) — §(0)) + 222(0), X +221) > (518)
and
AV @) + e HOF + 15) +16ad) — €7 — ?(0) — (7))
0
~82(|B(5 — )4 B ~ 2. 00 0~ 9)n —2a [ (F1(3) ~ 3R + Fi(5)(0)d0
< (F1(5(0)) ~ Fy(5(-))) — 80 (BUA(®) ~ 3 (A(E) + B @) BRG) — 1 () + A(0)
(01 —r — F ()1 + H(5, a(20) ~ §(0)) — 25§(0), ~Y — 2¢T) < 0. (519)
Combining (5.18) and (5.19), we obtain
AW (@) = V@] + 72O + Gl + 5O +197) +7(Pa(@) + 5a(9))
< =5 1#(0) = O)P + £li(0) — #(=7) + §7(0) — §*(~7)]
Fa2(1BG — )}y BE — ), #(0) 1 — &~ HO) - + D)
0
+a [ (Bi(@) = F@)OWB(FEO) - Fi@(-r) = Fi([0) + Fi(3(-7)
+a*(|B(Fi(2) = F1(9))[5 B(Fi(2) = F1(9)), F1(2(0)1[—r0) = F1(2)
RO r) + Fa(5)) i + H(E, ali(0) — §(0)) +222(0), X + 2¢1)

—H(g, a(2(0) - §(0)) — 2¢9(0), =Y — 2¢1). (5.20)
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On the other hand, by a simple calculation we obtain

H(z, a(2(0) — g(0)) + 2¢z(0), X + 2eI) — H(g, a(2(0) — §(0)) — 2¢9(0), =Y — 2el) < sup(J1 + J2 + J3), (5.21)

welr
where
Ty = (F(&(0), (a, &), u) + Fy(2(=7)), (&(0) = §(0)) + 2¢(0)) g
—(F(§(0), (a,9)rr,u) + Fi(§(=7)), (&(0) = §(0)) — 22§(0)) pa
< aL(|#(0) = §(O)* + [2(0) — §(0)|[7 ¥ [alwr2[& — g5 + [#(=) — §(=7)]]) (5.22)
+2eL[#(0)[(2 + [2(—7)| + |2(0)] + |a| m|2])
+2eLI§(0)[(2 + [9(=)] + [§(0)| + lal |9]);
Jo = S0l(X +21)G(E(0), ()10, w)CT (20), €, )1, )]
fétrKfY —2e1)G(§(0), (¢, 9)u, )G (9(0), (¢, §)rr, )]
< alG(&(0), (¢, &), u) — G(H(0), (¢, §) s w) [
+e|G(#(0), (¢, &), w)GT (#(0), (¢, ) a, )]
+e|G((0), (¢, 9, w)G T ((0), (¢, §) rr, w)|
< al?([#(0) = §(0)* + 72 [clp1.2 |3 — 91%)
+3eL(2+ [2(0)]* + [§(0)* + [ef3]1* + [elF191%); (5.23)
and
Js = q(#(0),u) — q((0),u) < L|#(0) — §(0)|. (5.24)

Combining (5.20)—(5.24), we obtain
VW (@) = V(@) +7e(20)]* + 27 + [5O0) + [31%) + 7 (Pa(2) + Pa(9))

< *’Y%@(O) = 5(0)* +e[#*(0) — &*(=7) +§(0) = §*(~7)]

o, . od s al? R o s R R
—|—§|w(0)—y(0)|2+372|x—y|%+7\m(0)—y(O)\2+772|F1(3:)—Fl(y)|%

2
al?

0
ra( [ Fil60) - Fia)0) + 23-(30) - 30 +1(-1) - o))
+2aL|#(0) = §O) + aLlrafiyzl — 3l + [2(-7) - §(-7)]*)
(5L + 32L2) (#(0)? + 5(0)[*) + eL(a(—7)* + [(-7) )
+(eLlafy; + 3 L2} ) (312 + [91%) + L2 (12(0) — §(O) + 7 [cliyaal — 13)

+L|2(0) — 9(0)| + 4eL + 6 L*. (5.25)
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Recalling 2,9 € Dy and ¥7(£,2,9) > ¥ (0,7, %), and combining it with e L SUPge(_r o) [Z(0)[°+2eL+3eL? < Am
and A > (5L + 3L + 1) V (L|a|% + 3L?|c|%), it follows that

o2

m < AW (@) - V(&) - 2¢(|2]4 + [£(0)[?

<A () = V(§) - da(,9) — e(|2]h + |$(0

| < (E, &, 9)
*+ 1913 + [9(0)]*)]

3@ — g% + |F1 (@) — F(@)[%)

)
)

< (24 8L + 8L — M) 7[#(0) — §(0) +

[\D

0 2
ra( [ RGO) - REEW) + 22+ 2D)Fla-7) - i)

L aPyrs + L2 eRyon)ali — g% + L150) — 50

+(5eL + 3eL? + ) (|2(0)]* + [9(0)]*) + eL(|2(—7)[* + [9(—7)[*)
+(eLlal3 + 3¢ L?|c|3) (121* + [9])

+4eL 4 6L — Ne(|2]% + |2(0) | + |13 + [9(0)])

3
32— 9% + [F(&) - FL(9)[%)

< (2+8L%+ 8L — )\)%|§c(0) — 02+ 5

0 2
sa( [ RGO) - REEW) + (22 +20)Fla-7) - i)

Y
12 2 1,2 A a2 A IN Am
(L afyns + L2 efn)ale — g% + LI0) — 5(0)] + -
Letting o — 400, the following contradiction is induced:
Am o Am
[P Sl
4 — 8
The proof is now complete. U

The following Lemma is needed in the proof of Theorem 5.1.

Lemma 5.3. Let u; € C((0,T) x RY), i =1,2, ¢ : (0,T) x R?* — R be once continuously differentiable in t
and twice continuously differentiable in x. Suppose that

wi(t, x1) + us(t, z2) — o(t, 1, 22)

has a mazimum at (£,%) = (t,&1,42) € (0,T) x R?>®. Assume, moreover, that there is an r > 0 such that for
every M > 0 there is an C such that fori=1,2

b; > C whenever (b;, q;, X;) € P2’+ui(t,xi),
2 — il £ — 8] < and [us(t, )| + lail + |1 Xl < M. (5.26)

Then for each & > 0 there are X; € I'(R?) such that

(i) (bi, Va,0(2), X;) € P2Hu,(t,3;) fori=1,2,

(i) — (i + I|D||) I< ( ) < D+eD?, (5.27)

(ZZZ) b1 + bg (pt(t $1,1‘2

where D = V2¢(t, 21, &2). (For the definitions of the parabolic “superjet” P?*u and its closure P>tu see [8)).
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Proof. Let v;(t,z;) = u;(T — t,x;), (t,x1,12) = (T — t,21,22), (t,21,22) € (0,T) x R¢ x R, i = 1,2, then
vi(t, 1) + va(t, w2) — P (L, 21, 22)

has a maximum at (T —{,2) = (T — t, 41, 22) € (0,T) x R??.
Moreover, for every M > 0, let

(=birqi, Xi) € PP Hoi(t, @), |y — &i| + [t — T+ < and [oi(t, ;)| + @i + || Xa]| < M.
Then
(bi,qi,Xi) S 732’+ui(T — t,l‘i), |.’L‘l — .f?z| + ‘t - T+ ﬂ < r and |ul(T — t,l‘i)| + |Q¢| + HXZH < M.

Therefore, by (5.26), there is an C such that —b; < C, i = 1,2. Thus, v;, i = 1,2, and ¢ satisfy the condition
of Theorem 8.3 in [8], then we obtain that for each & > 0 there are X; € I'(R%) such that

(1) (=bi, Va,0(2), X;) € P2H0i(T — 1, 4;) for i = 1,2,
X, 0
(i) —E+ppr< | < D+eD? (5.28)
c 0 X
(i) — by — by = (T — £, 21, &2).

Thus, we obtain (5.27) holds true. O

6. DETERMINISTIC CASES

In this section, we study the deterministic delay optimal control problems and the associated first order HJB
equation.
We consider the controlled state equation

X“(t):xo—i—/o F(X“(a),(a,X;‘)H,u(U))dJ—F/0 Fi(X“(o—7))do, te]0,400), (6.1)

where X = x € H, and a cost function of the form

+oo
J(x, xo,u) = /0 e M q(X (0,2, x0), u(0))do, (6.2)

where
u(-) € U[0, +00) := {u(-) : [0, +00) = UJ u(-) is measurable},

with U representing a compact subset U of R%*. Our aim is to minimize the function .J over all controls
u € U[0, +00). We define the function V : H x R? — R by

V(z,z0) :== ueui{gi@)J(@m,u). (6.3)

The function V is called the value function of the optimal control problems (6.1) and (6.2).
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Theorem 6.1. Assume that Hypothesis 2.1 holds. If we let A = 2L(1 + T|a|w1.2), then a unique continuous
function X : [0, +00) — R exists that is a solution to (6.1). Moreover,

0
|X“(t,x,x0)§01<1+mo+‘/ Fy(2(0))do| + ‘/ (0))do

< Co(1+ |wol + || m)e™, t>0, (6.4)

1 |Baly + | B (x >|H)e“

for some constants Cy,Cy > 0 depending only on L, T and a(-), and

| X (t, @, 20) = X*(t,y,90)]|

< Cs<|fro — ol + ‘ /OT Fi(2(0)) — Fi(y(o))do

(t—7)A0
H [ R - Rl

—T

C1Bla—y)ln + B () — F1<y>>|H)eAt

< Cy(|mo — yol + |z — ylm)e™, t >0, (6.5)
for some constants C3,Cy > 0 depending only on L, 7 and a(+).

Proof. Existence and uniqueness are satisfied by Theorem 2.2. We only need to prove that (6.4) and (6.5) hold
true.
By the definition of X" we know that

t t
| X (t,z,20)| < |20 +/ |F(X*“(0,2,x0), (a, X2(x,20))H,u(0))|do + ’/ F(X"(oc —T,2,20))do
0
(t— T)/\O
<fool +| [ (0))do

F2L(1 + 7lalyz) / X% (0, 2, z0)|do.
0

+ 7Llalw1.2|Bx|g + Lt

The Gronwall Lemma implies that

/0 Fy(2(0))do

’ / T (o)) do

where A = 2L(1 + 7|a|y1.2). Therefore, there exist some constants C1,Cy > 0 depending only on L, 7 and af(+)
such that (6.4) holds true. Now, let us show that (6.5) holds.

Xt 2, 20)] < ( n

L
+ rLlalwrz|Bly + A)eAt

+/1 |BF1 )|He

t ‘r /\O
X"(t, 2, 20) = X* (3, 0)| < |0 — ol + \ / Fy(2(0)) — Fa(y(0))do| + 7 Llalwsa| Bz — o)l

t
1oLl +T|a|wm>( | et - X“(o,y,yonda).
0

The Gronwall Lemma implies that

0
X (12, 20) — X*(t,y,y0)] < (|xo ol + ] / Fu(2(0)) - Fy(y(0))do

H [ T Bee) - Ay(e))do

+ 7Lla|w1.z2|B(z — y)|H>eAt

+ A3 [B(Fi(x) — Fy(y)| e’
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where A = 2L(1 + 7|a|y1.2). Therefore, there exist some constants C3, Cy > 0 depending only on L, 7 and af(+)
such that (6.5) holds. The proof is now complete. O

By the similar (even simpler) procedure in Section 3, we can show that Theorems 3.2 and 3.3 also hold true
for the value function V defined in (6.3) when A = 2L(1 + 7|a|y1.2), and Lemma 3.9 holds for g € C'(H x R?)
and G = 0.

Now we consider the following first order HJB equation

“ANV(z)+S(V)(x)+ H(x, V. V(x)) =0, =€ D(SV)), (6.6)
where

H(w,p) = inf [(p, F(x,u) + Fi(2(=7)) pa + q(2(0),w)], (2,p) € D x R".

inf
uelU
Here, and throughout this article, for simplicity, we let V(z) and F(z,u) denote V(x,x(0)) and
F(z(0), (a,x) g, u), respectively, if z € D.

Theorem 6.2. Let V denote the value function defined by (6.3). If V € C'(H x R?), then V satisfies the HIB
equation (6.6).

Proof. The proof is very similar to Theorem 3.8. Here, we omit it. (]

We now give the following definition for the viscosity solution.

Definition 6.3. w € C(H x R?%) is called a viscosity subsolution (supersolution) of (6.6) if for every ¢ €
C([0,400) x (H x R%)), whenever the constants v, A, A > 0 and the function w” — ¢ (resp. w” + ) satisfy
A< A A—A=7,and

(W —p)(s,2) = sup (W = @)(t, 2 B, (t—s)] T),
(t,z)E[s,+00) XD

(respeCtiVGIYa (w’y + 90) (S’ Z) = (w’Y =+ 30) (t7 z ®[O,(t—s)] 1')7 )

inf
(t,z)€[s,+o00)xD

where w7(s, z) = e "w(z), (s,2) € [0,+00) x D and z € D(S(¢(s,*))), we have

—dw(z) + €7 p(s,2) +€°S(p(s,))(2) + H(z, €7 Vao(s, 2)) 2 0,
(respectively, —Aw(z) — €"%p4(s, 2) — 73S (p(s,-))(2) + H(z, -7V, 0(s, 2)) < 0).

w € C(H x R?) is said to be a viscosity solution to (6.6) if it is both a viscosity subsolution and a viscosity
supersolution.

By the similar (even simpler) procedure of Theorem 4.4, we have the existence result for the viscosity solution.

Theorem 6.4. Suppose that Hypotheses 2.1 and 3.1 hold. Then, for A > A, the value function V defined by (6.3)
is a viscosity solution to (6.6).

We now state the comparison principle for the viscosity solution.

Theorem 6.5. Suppose that Hypotheses 2.1 and 3.1 hold, and assume A\ > 2L(1+7|aly1.2) V (5L +1)V L|a|?%.
Let W (resp. V) be a viscosity subsolution (resp. supsolution) to (6.6). In addition, let there exist a constant
A > 0 such that for (z,70), (y,y0) € H x R%,

W (2, 20)| V |V (x,20)] < A+ |zo| + |2|5), (6.7)
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|W(IL’,LL‘0) - W(yvyO)‘ \ |V(£L’,:Ij‘0) - V(yay0)|

0
< A(m ol + ‘ | Fitato) ~ Futy(o))do] + Bo — )l +1B(Fi ) - F1<y>>|H>. (6.8)

Then, W < V.

From this theorem, the viscosity solution to the HJB equation (6.6) can characterize the value function V' of
our optimal control problems (6.1) and (6.2) as follows:

Theorem 6.6. Let Hypotheses 2.1 and 3.1 hold, and assume X\ > 2L(1+Tla|y1.2)V (5L+1)V L|a|%. Then, the
value function V' defined by (6.3) is a unique viscosity solution to (6.6) in the class of functions satisfying (3.4)
and (3.5).

Proof. According to Theorem 6.4, we know that V' is a viscosity solution to (6.6). Thus, our conclusion follows
from Theorem 3.2 and Theorem 6.5. (]

We are now in a position to prove Theorem 6.5.

Proof of Theorem 6.5. The proof of this theorem is rather long. Thus, we split it into several steps.

Step 1. Definitions of the auxiliary functions and sets.

To prove the theorem, we assume on the contrary that there exists € > 0 a small number such that m :=
SUD (; oye s ra (W (@, 20) = V (2, 20) — 2¢(||3; 4 |x0]*)] > 0. Because simple functions are dense in H, according
to (6.8) there exist a simple function g = > i, ailp, ¢, ti € [=7,0],4=1,2,...,m+1 and a constant a € R?
such that W () — V(&) — 2¢(|2|3; + |2(0)[*) > (3 Ve ), where & = § + alo(-). First, we can let € > 0 be
small enough such that

A
eL sup |#(0)]> +2¢L < Am
oc[—,0] 16

Next, for every a > 0, we define, for any (z,y) € D x D,

W(z,y) = W) = V(y) - Sd(z,y) — e(ald; + [2(0)2 + [y} + y(O)),

2
and
U (t,z,y) = e VW (x,y),
where
d(z,y) = |2(0) = y(0)]* + [&(=7) — y(—=7)]* + |B(z — y)[3
0 2
+‘ [ Fi(x(0)) = Fi(y(o))do| +|B(Fi(z) — Fi(y))r, (6.9)
and
A
Y= 3

Finally, for every M > 0, we define

M, = sup Wv(ta z ®[O,t] x, T ®[O,t] y)v
t>0;z,y€Dy
where

My > M,:=sup sup V', TQ2,T® x)>
t>0 z€Dp;l€[0,t]

1\3‘31
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Step 2. Properties of U7 (¢, z,y).
For every M, a > 0, from the definition of M, we can fix £ > 0,k,l € [0,f] and Z,y € Dy, satisfying

_ 1
,x) <W(t,z,y) and W”(t,f,g])+a>Ma.

Hl

I=IQ;% §=2Q;y, P7(0,%
By the definition of ¥, we obtain that

W(z,y) =¥(x,x) +¥(y,y) + V(z) = V(y) + W(z) - W(y) — ad(z,y).

Therefore,
U(z,y) < %(\W(ﬂ? o)+ Wy, )l + V() = V() + [W(z) - W(y)]) - %d(%y)
§m+4Ad%(aﬁ,y) gd(x y) < fn—l—%.

Letting o > 1 + %, we obtain that
(78 —e" T )m

W(x,y) <m+

As W (z) — V(2) — 2¢(|12[% + |2(0)[*) > (3 Ve~ 5*)rm, there exists a constant T' < 3T such that for all M > 0

-2 %
and o > Mp, A = e T V(14 ¥ _e_%x)ﬁl),
1
U (t,x,y)+ — <My, t>T, z,y €Dy
o

Now, we can apply Lemma 4.1 to find £ € [0,T), ke [0, (ft —1)],&,9 € Dy, which satisfies & = Z ®p &, §=
y ®; § with U7(¢,2,9) > ¥7(£,2,5) > (0,7, %) such that

WY (E,2,9) > (13 @ iy T8 Opo iy ¥)> t > 1,2,y € Dy (6.10)
In particular, we know that
I (t,2,9) > (4,2 R, i) 2. §), OV (EE,9) > (6,2, R,g—p) Y)t > t,2,y € Dy
We should note that (f,#,9) depends on %, k, 1, Z, 7, a, M.
Step 3. For every M > 0, we have
%d(@,g) < — + [W(@) - W@ + V(&) = V(H)| = 0 as a = +oo. (6.11)
Let us show the above. We can confirm that

QO . F . A —~Es A ~ ~ ~
5¢ (&) + e (|25 + [2(0) + [g]7 + [5(0))

2
< e (@) - V() - Mo < 4 (W(E) — V(7)) ~ M, (6.12)
< 1 +C — M,,
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where C' := 2A(1 + M + 72 M). We also know that

2M. < % eI (E) — W)+ W) = V() +e (W (@) = V(E) + V(@) - V(i)

—ae " d(, ) — 2ee” 7 (|&[3 + |2(0)]* + (9% + 19(0)]?)

< 2 +e (W (@) — W(@)| + |V (&) - V(@)]) + 2M. — 20”7 d(&, ).
Thus,
ae™d(#, ) < é + e (W (@) — W) + V(@) - V)
Therefore,
~yT
ad(#,9) < % FW (&) -~ W@)| + V(&) - V(@) (6.13)

According to (6.12), we obtain d(Z,4) — 0 as & — +00. Then combining (6.8) and (6.13), we see that (6.11)
holds.
Step 4. There exists M > 0 such that (6.10) holds true for all (¢,z,y) € [t,+00) x D x D and a > Ny, .

We note that there exists an M > (1 + T_Tl)(l + %), independent of ¢, that is sufficiently large that
v(0,2,7) = W(2) — V() — 2e(12[3; +2(0)*) > 0> (¢t 2,y),

where ¢ € [0,4+00) and x € D\ Dys or y € D\ Dyy. Therefore, for this M > 0, we know that (6.10) holds true
for all (¢,2,y) € [f,+00) x D x D and a > Ny, A.

Step 5. Completion of the proof.
For the fixed M > 0 in step 4, we find £ € [0,7),k, € [0, (f —1)],#,9 € Dy and & = 7 @, &,§ = § @; § with
(L, 2,9) > W (t,z,9) > ¥ (0, %) such that

(L, &,9) > U7 (& Q-] T ) Qo) Y)s t =ty €D. (6.14)
Then, we know that
U (t,2,9) >V (t, 2 R, g5y T, §),t > t,x € D.

Thus, by the definition of the viscosity solution, we know that

=AW (&) = (A= N)(V () + gd(w §) + e(lal + [2(0)1* + 917 + [5(0)))

(
+e(|2(0)* = [#(=7)1*) + a(B(@ = §), #(0) 1170/ (") = #)n

+
+a(B(Fi(2) — Fi(9)), Fi(2 (0))1[77,01()—1*1( ) (6.15)
0

+a(F1(#(0)) — Fl(f?(*T)))/ Fi(£(0)) — F1(9(0))do

—T

+H (2, a(2(0) — 9(0)) + 2e2(0)) > 0,
and also, according to (6.14), that

W’Y(fa‘%vﬁ) > W’Y(ta‘%vg ®[0,(t—ﬂ] y)7 t> tAay eD.
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Thus, we obtain

AV (@) + A = N (=W (&) + %d(i%z)) +e(l2[7 + 120 + 1917 + 15(0)[*)

—e([9(0)* = [§(=)1*) + a(B(& ~ §), §(0)1(~r0) = §)
+a(B(Fi () = F1(9)), F1(9(0)1—r0)(-) = F1(9)u

0
+a(F(§(0)) - Fa(3(~)) / F1(3(0)) — Fy(9(0))d6
LH(G,a((0) — §(0)) — 224(0)) < 0.

Note that A =\ —y = % Combining (6.15) and (6.16), we obtain

(W (@) = V(@) + ad(@,§) + 2e(|2[ + 12(0)]* + |17 + [5(0)[)]

< e([90) = [g(~=7)* + |2(0)|* — |2(~7)I?)
Fa(B(E =), #(0)1 7,01 (-) = & = §(0)1{—r0) () + D) &
+a(B(FL(2) = F1(9)), F1(2(0) 170 () = F1(&) = FL(§(0)) 1701 () + F1(9))

B GH0) ~ A - BGO) + R [ AG §(0))d0
+H (&, a(2(0) — 9(0)) + 2e2(0)) — H (g, «(2(0) — §(0)) — 2€5(0)).
On the other hand, by a simple calculation we obtain

H(&, a(2(0) = §(0)) + 2e2(0)) — H(g, a(2(0) — §(0)) — 2€5(0))

< sup(Jy + Jo),

uelU
where
J1 = (F(2(0), (a, ), u) + F1(2(=7)), a(£(0) — §(0)) + 222(0)) g
—(F(9(0), (a,9) #r, w) + F1(§(=7)), «(2(0) = §(0)) — 264(0)) g
< aL(|2(0) = 5(0)* + [2(0) — g(0)l[lalw2|B(& — §)|a + |#(=7) = §(=7)I])
+2eL|2(0)[(2 + [2(=7)[ + |2(0)] + |alm|Z]#)
+2eLIg(0)|2 + [9(=7)| + [9(0)| + |a| |9 r);
and

J2 = q(2(0),u) = ¢(9(0), u) < L|2(0) — §(0)].

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)
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Combining (6.17)—(6.20), we obtain

Wl >

(W (@) = V(@) + ad(@, §) + 2e(|2f5 + [2(0)]* + 917 + [5(0)])]

< (9O + [#(0)) + Sp(2,9) + 2L O)|(2 + [#(~7) | + 2(0)] + lalaliln)
+2eLIG(O)|(2 + [§(~)] + [9(0)] + lal|d]) + LI2(0) — 5(0)]
< c(1§(0) + [2(0)) + Sp(#,9) + 5=L(O) + |5 (O)) + (-1 +[3(~7)P)
teLlaf3 (1203 + 9%) + 4L + LIE(0) — §(0)],
where
p(#,9) = |BG — )% + [r(1 + L2) + 2L2]12(0) — GO + 2L[e(~7) — y(—7)P
HB(F (&) ~ F@) + \ / OT Fy(2(6)) — Fu(y(0))d6]
F2L(21#(0) — §O)P + [afy1.2 B — )5 + |#(—) — a(~7)P).

Recalling &, € Dy and W7 (£, &, ) > ¥7(0,%, %), and combining it with eL SUPge(—r.0] 2(0)]? + 2eL < 32 and
A > 2L(1 + 7lalwr2) V (5L + 1) V Lla|%, it follows that

T:n < %WV(@ — V(&) — 2e(|7[3 + |E(0)*)] < %w@,@,@

< 50(,9) + LIE(0) = §(0)] + (5L + D)e(|5(0)* + [2(0)[*) + eL(|2(=7)[* + [§(—7)I*)

+eLlalf (2[5 + [913) +4eL — Ae(|2lF + |2(0)* + 1513 + [5(0)*)

< Sp(,9) + LIE(0) — §(0)] + -

[\

A

Letting o — +00, the following contradiction is induced:
Am o Am
AP SRl
6 — 8
The proof is now complete. O
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