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A SEMI-LAGRANGIAN ALGORITHM IN POLICY SPACE
FOR HYBRID OPTIMAL CONTROL PROBLEMS

ROBERTO FERRETTI'™ AND ACHILLE SASSI?

Abstract. The mathematical framework of hybrid system is a recent and general tool to treat control
systems involving control action of heterogeneous nature. In this paper, we construct and test a semi-
Lagrangian numerical scheme for solving the Dynamic Programming equation of an infinite horizon
optimal control problem for hybrid systems. In order to speed up convergence, we also propose and
analyze an acceleration technique based on policy iteration. Finally, we validate the approach wvia some
numerical tests in low dimension.
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1. INTRODUCTION

In the last two decades, the concept of hybrid control system has provided a sound mathematical framework for
treating control systems in which continuous and discrete control actions mix together, and this framework has
also been successfully adapted to optimal control problems. Among the various systems covered by this theory,
we mention economic models with restocking, multigear and hybrid vehicles, and, more in general, systems with
switchings in the dynamics and/or impulsive changes in the state. In this work, we study efficient numerical
methods for applying Dynamic Programming techniques to hybrid optimal control problems of infinite horizon
type.

Various mathematical formulations have been proposed to treat optimal control problems for hybrid systems.
Here, we will adopt the one given in [4, 6], which suits the framework of viscosity solutions for the related
Hamilton—Jacobi-Bellman equation, and allows therefore to apply a well established theory [1] for the conver-
gence of numerical approximations. Let T = {1,...,m}, and consider the controlled system (X, Q) satisfying:

X(0) ==z (1.1)
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where z € R?, and ¢ € I. Here, X and @ denote respectively the continuous and the discrete component of the
state. The function f: R? x I x U — R is the continuous dynamics, for a set of continuous controls given by:

U ={a:(0,00) = U |« measurable, U compact}.

The trajectory undergoes discrete transitions when it enters two predefined sets A (the autonomous jump set)
and C (the controlled jump set), both of them subsets of R% x I. More precisely:

e On hitting A, the trajectory jumps to a predefined destination set D C R? x I. The jump driven by a
transition map ¢ : R x I x ¥V — D, where V is a discrete finite control set. Denoting by 7; a time at which
the trajectory hits A, the new state will be (X(T;—),Q(T;_)) = g(X(Ti_), Q(r), wi), for a control w; € V.

e Entering the set C, the controller can choose either to jump or not. If the controller chooses to jump, then
the continuous trajectory is moved to a new point in D. Denoting by & one such time of jump, we will have

(X(&),Q(&)) € Cand (2/,¢) = (X (&), Q&) € D.

The trajectory starting from x € R? with discrete state ¢ € I is therefore composed of branches of continuous
evolution given by (1.1) between two discrete jumps at the transition times 7; or .

Now, considering an optimal control problem in the infinite horizon form, and including all control actions
in a control strategy

6 := (a(~), {w; }ien, {(gkvx;wq;f)}kel\l) €0,

where the set of admissible control strategies © is
O=UxV xRy x DN

we associate to 6 a cost defined by:
+oo
Tegi6) = [ UX@.QM).al0)e N
0

+) ea(X (1), Q(r; ), wi)e
i=0

+ Y eo(X(6), Q& ), X(§), Q&) ) e (1.2)
k=0

where A > 0 is the discount factor, £ : R? x I x U — R is the running cost, c4 : A x V — R, is the autonomous
transition cost and c¢ : C' x D — R, is the controlled transition cost. The value function V of the problem is
then defined as:

V(z,q):= inf J(z,q;0). (1.3)

We point out that, in this generality, the problem requires strong assumptions to be mathematically well-posed.
In particular, it should be ensured that the value function (1.3) is continuous, and that the so-called “Zeno
executions” (i.e., the occurrence of an infinite number of transitions in a finite time interval) are avoided. We
will give in the next section a precise set of assumptions, whereas in the examples we will apply the numerical
technique under consideration in more general situations, showing that the recipe is robust enough to handle
them.

To the best of our knowledge, the first rigorous theoretical study of the convergence of numerical schemes for
the approximation of the value function of (1.1)—(1.2) has been given in [8]. Here, solvability of the scheme by
value iteration is proved, along with a convergence result based on the Barles—Souganidis theorem [1]. In spite
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of its robustness, however, value iteration is a relatively inefficient technique to compute the numerical solution,
and an acceleration strategy would be highly desirable.

From the very start of Dynamic Programming techniques [2,9], policy iteration (PI) has been recognized
as a viable, usually faster alternative to value iteration in computing the fixed point of the Bellman operator.
Among the wide literature on policy iteration, we quote here the pioneering theoretical analysis of Puterman
and Brumelle [11], which have shown that the linearization procedure underlying policy iteration is equivalent to
a Newton-type iterative solver. More recently, the abstract setting of [11] has been adapted to computationally
relevant cases [13], proving superlinear (and, in some cases, quadratic) convergence of policy iteration. This
result has been further generalized in [3], which provides the convergence analysis we will use in this paper.
We mention, moreover, that an adaptation of policy iteration to large sparse problems has been proposed as
“modified policy iteration” (MPI) in [12], and has also become a classical tool.

In the present paper, we intend to study the construction, convergence and numerical validation of a semi-
Lagrangian (SL) scheme with PI/MPI sover for hybrid optimal control. To this end, we will recall the general
algorithm, provide implementation details for the simple case of one-dimensional dynamics, and test the scheme
on some numerical examples in dimension d = 1, 2.

The outline of the paper is the following. In Section 2 we will review the main results about the Bellman
equation characterizing the value function, and construct a SL approximation for V' in the form of value iteration.
In Section 3 we will improve the algorithm by a policy iteration technique, and prove superlinear convergence.
Finally, section 4 will present some numerical examples of approximation of the value function and construction
of the optimal control.

2. A SEMI-LAGRANGIAN SCHEME FOR HYBRID CONTROL PROBLEMS

First, we recall some basic analytical results about the value function (1.3). To this end, we start by making
a precise set of assumptions on the problem.

2.1. Basic assumptions and analytical framework

In the product space R? x I, we consider sets (and in particular the sets A, C' and D) of the form
S:{(x,q)GRdxH:xe&;,q:i}, (2.1)
in which S; x {i} represents the subset of S in which g = i. We assume that:

(A1) For each g €1, A4,, C,, and D, are closed subsets of R?, and D, is bounded. A, and dC, are C2.

(A2) The function f is bounded. Moreover, it is Lipschitz continuous in the state variable x and uniformly
continuous in the control variable a.

(A3) The map g: A x ¥V — D is bounded and uniformly Lipschitz continuous with respect to x.

(A4) O0A is a compact set, and for some v > 0, the following transversality condition:

f(‘ra(LQ) : 77x,q S _27

holds for all z € 0A,, and all a € U, where 1, , denotes the unit outward normal to 04, at z. We also
assume similar transversality conditions on 9C.

(A5) We assume that, for all i € I, d(4;,C;) > 5 > 0 and d(A4;, D;) > 8 > 0, where d is the Euclidean distance.

(A6) The control set U is a compact metric space, and V is a finite discrete set.

(A7) £:R%x 1 x U is a bounded and non-negative function, Lipschitz continuous w.r.t. the x variable, and
uniformly continuous w.r.t. the a variable.

(A8) ca(x,q,w) and cc(x,q,2’,q") are uniformly Lipschitz continuous in the variables z and 2, and bounded
with a strictly positive infimum. Moreover, for any x and ¢, the function cc satisfies (for some A > 0)
the inequality

CC($7 q, xl7 q/) < CC(.’E, q,, CY) + CC(fv q, xla q/) -A
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Via a suitable generalization of the Dynamic Programming Principle, it can be proved that the Bellman equation
of the problem is in the form of a Quasi-Variational Inequality. More precisely, defining the Hamiltonian by

H(xz,q,p) = 51612{ —l(z,q,a) — f(x,q,) -p}

and the transition operators M and A by:

Mo(w,q) = inf {6(g(,q.w) +cale, )} (2.9) € A

weyY

Nofw.q)i= inf {o(@.q) +eclw.aa’a)} (@ eC

we have the following

Theorem 2.1 [6]. Assume (A1)—(A8). Then, the function V is the unique bounded and Hélder continuous
wiscosity solution of:

AV (z,q) + H(z,q,D.V(2,q)) =0 (z,q) € (RT xI) \ (AU C)
max {V(w,q) = NV (2,4), V(@,q) + H(2,0, D,V (2,0) } =0 (,0) € C (2:2)
V(m,q)—/\/lV(m,q) =0 (x,q) eA

Note that uniqueness follows from a strong comparison principle, which also allows to use the Barles—
Souganidis Theorem [1] for proving convergence of stable and monotone schemes.

2.2. Numerical approximation

In order to set up a numerical approximation for (2.2), we construct a discrete grid of nodes (z;,¢) in the
state space and fix the discretization parameters Ax and At. In what follows, we will denote the discretization
steps in compact form by § := (At, Az) and the approximate value function by Vj.

Following [8], we write the fixed point form of the scheme at (z;,q) as

mln{N‘/(s(xZaq)72(x17Qa%)} (miaq) S c
0l = Vs(zi,q) = { MVs(xi,q) (zi,q) € A (2.3)
X(xs,q, Vs) else

in which N, M and X are consistent and monotone numerical approximations for respectively the operators N,
M and the Hamiltonian H. More compactly, (2.3) could be written as

Vs = T5(Vs).

We recall that, for A > 0, under the basic assumption which ensure continuity of the value function, the right-
hand side of (2.3) is a contraction [8] and can therefore be solved by fixed-point iteration, also known as value
iteration (VI):

Vsi+1 = T5(Vs5)- (2.4)

To define more explicitly the scheme, as well as to extend the approximate value function to all z € R? and
q € I, we use an interpolation Z constructed on the node values, and denote by Z[Vs](x,q) the interpolated
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value of V5 computed at (x,q). With this notation, a natural definition of the discrete jump operators M and
N is given by

MVs(w,q) := min {Z[Vs) (g(w, . ) + calw,q,w) | (2.5)
NVs(w,q) = min {TVil(@',d)) +ccr,0.2',4)] (2.6)

On the other hand, a standard semi-Lagrangian discretization of the Hamiltonian related to continuous control
is provided (see [7]) by

E(Iia q, V5> = rnellr} {At Uz, q,a) + e MY I[V:i] (-73% + At f(xi7Q7 O‘),q)}' (2.7)

In the SL form, the value iteration (2.4) might then be recast at a node (z;,q) as

i)nel% {I[‘/(S,]](g(x’uq7w)) +CA(1'i,q,'UJ)} (337,7(]) € A
Uz(,qj)Jrl = | min {( /m/i)neD {Z[Vs,1(2",d') + cc(wi, .2, d)} D, q, Va,j)} (zi,q) €C (2.8)
T ,q
X(xi,q,Vs,j) else

with X given by (2.7), and j denoting the iteration number.

Convergence of the scheme can be proved by using the arguments in [7,8]) if the interpolation Z is mono-
tone. This occurs, for example, in P; or Q; finite element interpolations (respectively, piecewise linear on
triangles/tetrahedra and piecewise multilinear on rectangles). We have the following

Theorem 2.2 [8]. Assume (A1)—(A8). Assume in addition that A > 0, and that the interpolation I is monotone
and invariant w.r.t. the sum of constants. Then, Vs ; — V5 for j — oco. Moreover, the approzimate solution Vs
converges to V locally uniformly in R? x I for Az, At — 0.

3. POLICY ITERATION ALGORITHM

Following [14], we give now a practical form of the scheme, whose matrix form is the one applied to the
one-dimensional examples of Section 4. First, the structure will be given in a form independent of the state
space dimension, then we will consider a detailed example for the one-dimensional case.

Setting up a space grid of nodes 1, ..., x,, the discrete solution may be given the vector structure

v = (v(l),v@), .. ,v(m)) e R™™

in which v(@ := (qu), e 707(;1)) denotes the discretized value function associated to the g-th component of the
state space.

Keeping the same notation for all vectors, a € U™ will denote the vector of controls of the system, agk)
being the value of the control at the space node z; while the k-th dynamics is active. We also define the vector
s € ["™ representing the switching strategy, so that sl(»k) = [ means that if the trajectory is in z; and the active
dynamics is k, the system commutes from k to [. Note that we will limit ourselves to the situation occurring
in the numerical examples of Section 4, in which discontinuous jumps will always appear only on the discrete
component of the state space. In this case, for example, we have 2’ = z and this data need not be kept in
memory (we will use the term switch to denote a state transition of this kind).

In the general case, we would also need to keep memory of the arrival point of the jump and/or of the discrete

control w in the case of an autonomous jump. In general, the arrival point is not a grid point, so that we also
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need to perform an interpolation in (2.5)—(2.6). Therefore, the details for the general case can be recovered by
mixing the basic arguments used in the following construction.
Our aim here is to put the problem in the standard form used in policy iteration,

.. N (B(e, s)v — c(a, s)) =0, (3.1)
with explicitly defined matrix B and vector ¢. Here and in what follows, the min operator applied to a vector
should be understood elementwise (in order to make this convention clear, we have denoted the right-hand side
of (3.1) as a vector). Note that, in (3.1), we have made clear that a policy is composed of both a feedback
control o and a switching strategy s.

Consider now two matrices D4, Do € {0,1}™"™*™™ These matrices (which depend on s) represent changes
in the state due to the switching strategy: D 4(s) corresponds to autonomous switches and D¢ (s) to controlled
switches, with the rule that a unity element at the position (a, b) means that s performs a switch from the node
(24, k) corresponding to the index a towards the node (x;, sgk)) corresponding to the index b, the remaining
elements of the matrices being zero. Note that in both D4 and D¢ there exists at most one nonzero element
on each row, and that, since the sets A and C are separated (see assumption (A5)), the two matrices cannot
have a nonzero element in the same row for Az small enough. We will detail this construction later, in the
one-dimensional example.

We turn now to the continuous control part. First, we write X’ in vector form as

X(x,k,v) = min {At Lz, k,a®) 4 e AE (x, k, a(k))v(’“)} ,
aF)eyn

where the matrix &(z, k, a(®)) € R"*™ is defined so as to have
E(x, k, a®)o® = T[Vj) (a: L ALf (:c k, a(k)) k)

and Z[Vs](z + At f(z,k,a®), k) and £(z,k, a®)) denote vectors which collect respectively all the values
I[V};](mi + At f (x4, k7a7(;k)), k) and £(z;, k7a(k)).

1
At internal points, using a monotone Py or Q; interpolation for the values of v results in a convex combination
of node values. On the boundary of the domain, the well-posedness of the problem requires either to have an
invariance condition (which implies that f (aci,k,az(-k)) always points inwards) or to perform an autonomous
jump or switch when the boundary is reached. Therefore, we need not care about defining a space reconstruction
outside of the computational domain, although this could be accomplished by extrapolating the internal values.

The matrix E(a, s) € R™*™™ ig then constructed in the block diagonal form:

E(l)(a(l)’ 3(1)) 0 0
@) (a® g2y -, :
E(a,s) := 0 EP (™, s1)
: 0
0 0 E(m)(a(m)vs(m))

Here, we have denoted by E(k)(a(k), s(’“)) € R™ ™ a sparse matrix in which the non-zero elements ez(-g-)

determined so as to implement a P, /Q; space interpolation (i.e., they coincide with the corresponding elements

are

Hl’ll’[l

of &) if and only if sl(-k) =k, i.e., if no switch occurs at the node (x;, k). Then, if a switching strategy z €
doesn’t perform any switch (i.e., sz) = k for all (i, k) € N x I), we would obtain, for all k € T,

E® (a®, 2))0®) = £z, k, a®)o®),

whereas, in the general case, if a switch occurs at z;, then the corresponding row of the matrix E*) is zero.
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Finally, we define the vector ¢(a, s) € R™ with a block structure of the form:
cla, 8) = (cu) <a<1>73<1>) e (a<2>73<2>) et (a<m>, s<m>))

with ¢®) (a®) 5(F)) € R™ such that, for every (i, k) in {1,...,n} x I,

_ _ (k) (k) _
§e (a(k) s(k)> B Attt (xz,k,ai ) s, =k
e k) (k)
¢ (k.5) s £k
where &(k, 1) denotes the switching cost (c4 or ¢¢) from dynamics k to [.
With these notations, we can write the SL scheme (2.3) in vector form as
v = min {[Da(s) + Dc(s) + e ' E(a,s)] v — c(av, )}, (3.2)

(e, 8)eUP™ xIom

or, defined the matrix
B(a, s) := —Iym + Da(s) + Do(s) + et E(a s),

as
i B(a,s)v —c(a, s)) =0.
an i . (Ble,s)v - cla,9))
Once we have reformulated the Semi-Lagrangian scheme for the hybrid control problem in the standard form,
we can solve it using Algorithm 1. The only difference with a standard PI algorithm is to include the switching
strategy in the control policy.

Algorithm 1. Policy Iteration, matrix form
<0
STOP <+ FALSE
oy € UM
sp € "™
while STOP = FALSE do
if [stopping criterion satisfied] then
STOP «+ TRUE

else
v; < w solution of B(ay, s;)w = ¢(ay, 8;5) (Policy Evaluation)
(0j41,8541) < argmin  (B(a,o)v; —c(a, o)) (Policy Improvement)
(a,0)eUnm xInm
JjJ+1
end if
end while

Ezxample: one-dimensional construction.

To be more explicit, we construct the matrix form of the scheme for the one-dimensional case. We set up a
1-D space grid of evenly spaced nodes z1,...,x, with step Az. In this case, a natural vector structure is such
that, within the vector @, the element a:z(-k) appears with the index (k —1)n + 4, and the corresponding elements
of v, i, s... appear at the same position.

It remains then to construct the matrices D4, Do and E. In order to determine the positions of the nonzero

elements da,(s) = 1 in the matrix Dy, we apply the following rule. For all (i,k) € {1,...,n} x L, if the
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following conditions hold:

sk +k (a switch occurs)

(24, sgk)) € g(x;,k,V) (the switch is in the image of g),

then,
a=(k—-1n+i
b=(s® —1)n+i.
Similarly, the nonzero elements of the matrix D¢, dc,(s) = 1, follow a slightly less strict rule. For all

{1,...,n} x I, if the following conditions hold:
(z;,k) e C
sl(-k) £k (a switch occurs),

then,
a=(k-1n+1
b=(s® —1)n+i.
Assuming for simplicity that we work at Courant numbers below the unity (although this is not necessary for

(k)

the stability of SL schemes), each block E(k)(a(k), s(k)) € R™ ™ is a sparse matrix with non-zero elements € ;

determined as follows: for every (i, k) € {1,...,n} x I, define

hig = %f (xi, hai}c))

and (k) (k)
k
s\ — e 1(a,8) =1+ h;y
if ! then k !
hik <0 ez(-’i)(oz,s) =—h;
else,
) sz(-k) =k eg?(a, s)=1—h;
if then .
hig >0 eg’i)ﬂ(a, s)=hix

Note that such a construction of the interpolate is useful for solving the linear system related to policy evaluation.
In the case of MPI (which will be soon introduced), no linear system has to be solved, and the coding of the
scheme does not require strong modifications with respect to its VI form. In particular, interpolation may be
performed via primitive instructions (e.g., interpn in Matlab).

3.1. Convergence analysis

We prove here that some of the theoretical results obtained in the “classical” setting are also true in the
hybrid setting. In particular, convergence might still be obtained by means of the theory carried out in [3]. In
order to apply these convergence results, we first rewrite (3.1) in a form suitable to be used in [3], by simply
changing the sign of B and v so that the new vector v := —wv is the solution to

i Bla, 8)o — c(a, s)} = 0. 3.3
i {Blas)o - ele.s)} (3.3)

where B := —B.
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With these notations, we can prove that the matrix B and the vector c satisfy the following properties
(P1)—(P2).

(P1) For every (u,s) € U™ x I[** the matrix B(u,s) is monotone. That is, B(u,s) is invertible and
B~ 1l(u,8) >0 elementwise.
(P2) The functions B : U™ x I"™ — M,,,(R) and ¢ : U™ x I"™ — R™™ are continuous.

Proof of (P1)—(P2). The matrix B = —B is monotone for every « ed s if and only if the system

Bla,s)w =0»b

has a non-negative solution w for every non-negative vector b. Equivalently, we can prove that, for every
non-negative vector b, the system
B(a,s)w=>b (3.4)

has a non-positive solution w. On the other hand, recasting (3.4) in fixed point form as
w = [D4(s) + Dc(s) + e ME(a, s)|w — b,

we have (using the arguments in [8]) that, in the case of a monotone interpolation, the right-hand side is a
contraction for all policy vectors a and s, and the solution can be recovered as the limit of the sequence

wjt1 = [Da(s) + Do(s) + e E(a, s)|w; — b.

Due to the monotonicity of the interpolation, all matrices D4, Dc and E have non-negative elements and
preserve therefore the sign of w;, whereas the vector —b is non-positive. Therefore, starting for example from
an initial vector wy = 0, every element w; of the sequence (and thus its limit w) is non-positive. Hence, the
matrix B is monotone.

The continuity of B and c is trivial if we endow the product space U™ x I™™ with the usual, metric topology
for ar, and with the discrete topology for s. Then, a sequence (e, s;) converges to (o, s) if and only if a; — «
and there exists an integer jo such that s; = s for all j > jo.

Once proved that (P1) and (P2) are satisfied, we can state the convergence theorem, which summarizes
Theorems 2.5 and 3.4 in [3]. Clearly, convergence of v is implied by the convergence of © (as in the original
version). In what follows, inequalities between vectors are to be understood elementwise, and || - || denotes any
discrete Holder norm for vectors, and in particular the norm || - ||co-

Theorem 3.1 [3]. Assume (P1)—(P2) hold. Then, there exists a unique v € R™ solution of (3.3). Moreover,
the sequence {v;} generated by Algorithm 1 satisfies the following:

(i) w41 <wj for every j > 0;
(ii) v; = v as j — +oo, for every initial vector vo;
(i) [[vj41 — vl = o(llv; — vll) as j — +oo.

3.2. Modified policy iteration

A different iterative solver for the numerical scheme has been first proposed and analysed in [12], and is known
as modified policy iteration. It consists in performing the minimization in (2.8) only once every N;; iterations. In
other terms, the policy evaluation step is replaced by N;; iterations of linear advection (in which, however, the
transport may occur among different components of the state space). For N;; = 1 we obtain the value iteration,
whereas for N;; — oo the transport steps converge to an exact policy evaluation, and the algorithm coincides
with the previous “exact” PI algorithm.

The pseudo-code in Algorithm 2 shows the MPI algorithm in matrix form, for a comparison with the exact
algorithm (Algorithm 1).
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Algorithm 2. Modified Policy Iteration, matrix form
70
STOP <+ FALSE
oo € UM
s € "™
while STOP = FALSE do
if [stopping criterion satisfied] then
STOP + TRUE
else
if =0 (mod Ny¢) then

(ajt1,8541) < ( a).rg min  (B(a,o)v; —c(a, o)) (Policy Improvement)
a,o EUHI’I) XHHI’I]

else
(o1, 8541) < (0, 85)
end if
Vi1 4= [Da(8j+1) + Do(sjrn) + e M E(ayt1, 8541)] vj — e(@ji1, 8541)
(Inezact Policy Evaluation)
j<g+1
end if
end while

In the numerical test section, the MPT algorithm has been applied to the two-dimensional examples. Although
the formulation in dimension d = 2 could be accomplished by a suitable redefinition of the vectors and matrices,
in practice the MPT algorithm does not need such a formalism.

Concerning convergence, the hybrid case can be treated with minor adaptations of the original proof in [12],
which, except for being formulated for a maximization problem, still relies on the monotonicity of the (dis-
cretized) Bellman operator. Note that the original paper considers stochastic transition maps, which imply
positive transition probabilities; in our case, positive interpolation coefficients correspond to such transition
probabilities. Moreover, the sequence considered in the convergence proof of [12] is the sequence of approxi-
mations obtained after each policy improvement. In our notation, this is the subsequence v; corresponding to
j = IN;; + 1. Taking into account the monotonicity property proved in the previous theorem for the hybrid SL
scheme, we have therefore the following

Theorem 3.2 [12]. Assume (P1)—(P2) hold. Let v € R™™ be the solution of (3.2) and {v;} be the sequence
generated by Algorithm 2. If

min (B(a, 8)vg — ¢(ev, 8)) <0,

«,s

then, for any N > 1, the subsequence v; obtained for j = IN;; + 1 satisfies the following:

(i) vip1 <oy for everyl > 0;
(ii)) v; — v as | — +oo.

4. NUMERICAL TESTS

We give in this section some numerical examples in one and two space dimensions, comparing the performances
of Value and Policy Iteration — exact PI algorithm in one dimension, and MPI in two dimensions. The comparison
shows a substantial improvement in the convergence of the solver for the exact PI algorithm, whereas the MPI
performs roughly the same number of iterations as the VI. Here, the bottleneck is apparently the contraction
coefficient of the Bellman operator. Nevertheless, the MPI allows to avoid the minimization step in a large
majority of the iterates, thus reducing the CPU time. Note that in both two-dimensional examples the control
appears only as a switching strategy, and the complexity of policy evaluation steps is reduced by a factor 1/m.
For more complex control actions the improvement in computing time would be even greater.
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TABLE 1. Choice of parameters, weak-strong test.

d1 da C1,2 C21 C1 C2 A tf
0.5 2 0.2 0 0.25 4 1 20

TABLE 2. Number of iterations (VI and PI) for a given tolerance €, weak-strong test.

€ Nv Np
1073 456 8
1076 1147 10
10712 2786 12

4.1. Stabilization of an unstable system

We now apply this technique to a stabilization problem: we consider a system with two dynamics: one “strong
and expensive” and the other “weak and cheap”. Only the former is able to keep the state of the system within
the given set over time.

The state equation X () = F(X(),Q(t), a(t)) is defined by

f@,q,0) = {x—l—dla q=1
T r+dox qg=2
where d; < dz and —1 < «a(t) <1 for every ¢t in [0, +00). Switching is mandatory only when the dynamics ¢ = 1
is active and | X (¢)| = 1, which implies that the state of the system belongs to the interval [—1, 1] for all ¢ in
[0, +00).
Here and in what follows, ¢; ; denotes a constant switching cost from ¢ = ¢ to ¢ = j, and the cost functional
is defined as

2

224+ ca? g=1

2 (]:2

Ux,q,a) =
(7,q,a) { 22 + cpa
The values assigned to all the parameters are summed up in Table 1, whereas Table 2 reports the number of
iterations required for given stopping tolerances. In the first three examples, the stopping criterion reads

[vj —vj-1llec <

Note that, according to Table 2, squaring the tolerance makes the number of iterations Np of the PI algorithm
increase linearly, which indicates roughly quadratic convergence, while the number Ny for VI has a geometric
behaviour as expected.

Figure 1 shows the optimal strategy obtained for At = 0.0067, Az = At||f||«, (X(0),Q(0)) = (0.5,1), and
t € [0,tf]. This strategy consists in using the unstable dynamics ¢ = 1 as long as the state belongs to the interval
[-Z,Z] (where the value of Z € [—1, 1] depends on the given data). On the other hand, as soon as | X (¢)| > z,
the optimal choice is to switch from ¢ = 1 to ¢ = 2 in order to stabilize the system and force it back towards
the origin, then switch again to the first dynamics which can be used at a lower cost.

4.2. Three-gear vehicle

In this test, we consider the optimal control of a vehicle equipped with a three-gear engine, focusing on the
acceleration strategy and the commutation between gears. Physical parameters correspond to the italian scooter
Piaggio Vespa 50 Special.
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FIGURE 1. Value function, trajectory and optimal control, weak-strong test.

The state equation for the speed of the vehicle is defined, for each gear q € {1,2,3}, by

flz,q,a) = e (T(ﬁqx)a - cd:c2)

m TPq
where T'(w) := 7 (ﬂ — (%)3> is the power band of the engine, 7 and v are respectively its maximum torque and

14
r.p.m., B, := 2% is a conversion coefficient with
’ Fq TTPq

transmission shaft r.p.m.
Pq =

crankshaft r.p.m.

r is the radius of the wheel and ¢y the drag coefficient. The control a(t) € [0, 1] represents the fraction of
maximum torque used and the running cost is a linear combination of z and a:

Uz, 0) = —cp + cou

¢, and ¢, are positive weights. Last, we define ¢; ; as the switching cost from from ¢ =i to ¢ = j.

The numerical results are obtained by assigning realistic values (Tab. 3) to the parameters defining the
dynamics. The number of iterations is shown in Table 4 for various tolerances. The constant number of iterations
obtained by PI might be due to the fact that optimal solutions (seem to) work with increasing values of ¢, this
possibly meaning some sort of “causality” in the propagation of the value function.

Figure 2 shows the power band corresponding to our choice of 7 and v. Figure 3 shows the optimal solution
obtained with At = 0.027 [s], Az = At||f||, (z,¢) = (0.28 [m/s],1) and t € [0,tf]. The optimal strategy is to
reach the highest gear as fast as possible and then stabilize at a value a = 0.5. A different scenario is shown
in Figure 4, in which we set the initial state to (z,¢) = (14.58 [m/s],1). Here, the control lets the vehicle slow
down, then switches to the third gear in order to replicate the previous strategy.

4.3. Bang—Bang control of a chemotherapy model

In this test, we consider the control of a two-compartment model of tumor growth. For this model, and cost
functionals of the kind we will consider below, optimal controls are known to be of bang-bang type (see [10]). In
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TABLE 3. Choice of parameters, three-gear vehicle test.

m pP1 P2 P3 T Cq T v

140 [kg] 0.06 0.09 0.12 0.2 [m] 0.3 10 [Nm] 6 x 10® [min™']

Ca Cx Ci,j A 123
01 i+

1 0.5 { T B
0 1=

TABLE 4. Number of iterations (VI and PI) for a given tolerance €, three-gear vehicle test.

€ Nv Np

1072 337 6

107% 586 6

1072 1084 6
11
10 -
ol i
8 i
. i
4 i
3 i
) i
] i
GO 1000 2000 3000 4000 5000 6000

o[min™"]

FI1GURE 2. Power band of the engine.

this case, we can recast the problem in hybrid form, by considering an evolution in lack of chemotherapy (Q = 1):

{Xl(t) = —ale(t) + 2@2X2(t) (4 1)
Xo(t) = a1 X1 (t) — as Xo (1) '
and a different evolution at full-dose chemotherapy (Q = 2):
Xi(t) = —a1 X, (t)
{ , Y (4.2)
Xg(t) = ale(t) — CLQXQ(t).

Here, the two compartments represent the number of cells at different stages of their lives, and the chemotherapy
acts by preventing the generation of new tumor cells in the first compartment by inhibiting the mitosis of cells
in the second compartment.
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FI1GURE 3. Value functions, trajectory and optimal control, three-gear vehicle, first case.
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FIGURE 4. Value functions, trajectory and optimal control, three-gear vehicle, second case.

The cost functional is defined as
Hoai6) = [ () + raXa() + QO - 1) e Nt (43)
0

in which X (¢) and X5(t) are given by (4.1)-(4.2) for respectively Q(t) = 1 and Q(t) = 2, and we have to
minimize a combination between the growth of the tumor mass and the toxic effect of the drug on healthy cells
(note that this latter term appears only when @Q(t) = 2). Due to the geometric properties of the problem, Zeno
executions cannot occur, and we can avoid to introduce a switching cost, which would have no practical meaning.
Setting the switching cost to zero also causes the two value functions to coincide, i.e., V(z,1) = V(z,2), and in
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TABLE 5. Choice of parameters, chemotherapy test.

a1 a2 T1 T2 A T1 T2
0.197 0.356 6.94 3.94 0.1 2 1

TABLE 6. Number of iterations for a given tolerance e, chemotherapy test.

e Ny Np
1073 192 192
107° 528 526

FI1GURE 5. Value function and optimal switching for the chemotherapy test.

this case a switch can occur at ¢ = 0*. While the general theory usually rules out this situation, no particular
problems arise in this specific case.

The values of the parameters are assigned as in Table 5, according to the current literature (see [10]).
Figures 5-7 show the value function(s) of the problem, the optimal switching with respect to time and space
and a sample trajectory starting from the initial state (z1,22) = (2,1). The value function has been computed
with a 100 x 100 grid on the domain [0,2]?, and At = 0.1. Note that there exists a clear discontinuity for
the gradient of the value function, which corresponds to the switching curve in Figure 7, which separates the
black region, in which the optimal solution is Q(¢) = 1, from the white region, in which the optimal solution is
Q(t) = 2. The approximate optimal control shows a limit cycle in which a quasi-periodic switching between the
two dynamics takes place.

Table 6 compares the two (VI and MPI) numerical solvers. Here and in the following test, the MPT algorithm
has been implemented with N; = 10, and an initial block of 10 value iterations has been performed at the
very start in order to provide a better initial guess. As remarked above, the Modified Policy Iteration algorithm
performs essentially the same number of iterations than the value iteration algorithm, but at a lower cost.

4.4. DC/AC inverter

The last test presents a single-phase DC/AC inverter, whose conceptual structure is sketched in Figure 8.

In this device, a DC source generates an AC output by means of a suitable operation of the switches St, ..., Sy,
as well as a suitable choice of the three components (R, L and C) which appear in series in the RLC load.
Following [5], we consider as state variables X; = iy (the current through the inductor L, i.e., through the
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FIGURE 7. Optimal switching map for the chemotherapy test.

load) and X5 = v (the voltage across the capacitor C'), the state equations being

. \% R 1
Xi(t) = “2HQ(1) — 2) = FXa(t) = £ Xa(1)
' 1 (4.4)
Xo(t) = 5X1(t)'
The physical meaning of the discrete state variable depends on the state of the switches S1,...,S4, and more
precisely
1 if Sl, Sg =OFF and SQ, S4 =O0ON
Q)=12 if 51,54 =OFF and So,53 =0ON
3 if S27S4:OFF and 51,S3:ON.

The cost functional is defined so as to force the system to evolve (approximately) along an ellipse of the state

space (see [5]), namely
2 2
T | T3
atE =
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FIGURE 8. Abstract structure of the single-phase DC/AC inverter.

TABLE 7. Choice of parameters, inverter.

Vbe R L c w c  Ax1 X2
200 [V] 0.7 [£2] 0.1 [H] 0.1 [F] 27 [s~] 22500 1 0 200

TABLE 8. Number of iterations for a given tolerance €, DC/AC inverter test.

€ NV Np
1072 469 469
1076 13481 13491

in which the constants a and b are defined in terms of the physical parameters R, L, C' and of the desired
pulsation w. This makes it natural to define the running cost as

O TS
K(m,q,a) = <(12 + 1)72 - C) . (45)

With the parameters chosen (see Tab. 7), a =~ 0.84, b ~ 1.34 and the required output of the system would
be given by two sinusoids of amplitude respectively 126 A for X; and 200 V for X5, both at the frequency
of 1 Hz. The approximate solution has been computed on a 100 x 100 grid on the domain [—250,250]?, with
At = 0.01, and state constraint boundary conditions have been treated by penalization, assigning a stopping
cost of 5 x 10% on the boundary. The effect of the lack of full controllability is apparent in Figure 9, which shows
one component of the value function (they are visually undistinguishable from one another) and the optimal
switching with respect to time. Figure 10 shows the output (X (t), X2(t)) of the controlled system, whereas, as
an example, Figure 11 reports the switching map of the second component of the state space. Here, the optimal
solution is to keep Q(t) = 2 in grey regions, commute to Q(¢) = 1 in black regions and to Q(¢) = 3 in white
regions.

Finally, Table 8 compares the two numerical solvers (VI and MPI). In this last test, the stopping condition
has been computed on the relative {* update,

|v; —vji—1llx

<€
l[vj 11 ’

to avoid problems with both high values of the solution and the occurrence of a discontinuity caused by the
lack of controllability.
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FIGURE 9. Value function and optimal switching for the DC/AC inverter.

00000

FIGURE 10. Trajectories X;(t) and X5(t) for the DC/AC inverter.

FIGURE 11. Optimal switching map for ¢ = 2 for the DC/AC inverter.
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CONCLUSIONS

We have constructed, analyzed and validated a Semi-Lagrangian scheme for hybrid Dynamic Programming
problems in infinite horizon form. The numerical scheme has been made more efficient by a Policy Iteration
type solver. Numerical tests performed on examples of varying complexity show that the scheme is robust and
that the approximate optimal control policy obtained is stable and accurate, although the complexity remains
critical with respect to the dimension of the state space.

This validation suggests that this could be a feasible method to design optimization-based static controllers
in low dimension.

(1]

(2]
(3]

(4]
(5]
[6]
[7]
(8]

[9]
(10]

(11]
(12]

(13]
(14]

REFERENCES

G. Barles and P.E. Souganidis, Convergence of approximation schemes for fully nonlinear second-order equations. Asymptotic
Anal. 4 (1991) 271-283.

R. Bellman, Dynamic Programming. Princeton University Press, Princeton NJ (1957).

O. Bokanowski, S. Maroso and H. Zidani, Some convergence results for Howard’s algorithm. STAM J. Numer. Anal. 47 (2009)
3001-3026.

M.S. Branicky, V. Borkar and S. Mitter, A unified framework for hybrid control problem. IEEE Trans. Autom. Control 43
(1998) 31-45.

J. Chai and R.G. Sanfelice, Hybrid feedback control methods for robust and global power conversion. IFAC—PapersOnLine
48 (2015) 298-303.

S. Dharmatti and M. Ramaswamy, Hybrid control system and viscosity solutions. SIAM J. Control Optimiz. 34 (2005),
1259-1288.

M. Falcone and R. Ferretti, Semi-Lagrangian approximation schemes for linear and Hamilton—Jacobi equations. STAM,
Philadelphia (2013).

R. Ferretti and H. Zidani, Monotone numerical schemes and feedback construction for hybrid control systems. J. Optimiz.
Theory Appl. 165 (2014) 507-531.

R.A. Howard, Dynamic Programming and Markov processes. MIT Press, Cambridge MA (1960).

U. Ledzewicz and H. Schattler, Optimal bang—bang control for a two-compartment model in cancer chemotherapy. J. Optimiz.
Theory Appl. 114 (2002) 609-637.

M.L. Puterman and S.L. Brumelle, On the convergence of policy iteration in stationary dynamic programming. Math. Oper.
Res. 4 (1979) 60-69.

M.L. Puterman and M.C. Shin, Modified policy iteration algorithms for discounted Markov decision problems. Manag. Sct.
24 (1978) 1127-1137.

M.S. Santos and J. Rust, Convergence properties of policy iteration. STAM J. Control Optimiz. 42 (2004) 2094-2115.

A. Sassi, Tecniche di Programmazione Dinamica nell’ottimizzazione di sistemi di controllo ibridi. MSc Thesis, Universita
Roma Tre (2013).



	Introduction
	A Semi-Lagrangian scheme for hybrid control problems
	Basic assumptions and analytical framework
	Numerical approximation

	Policy iteration algorithm
	Example: one-dimensional construction.
	Convergence analysis
	Modified policy iteration

	Numerical tests
	Stabilization of an unstable system
	Three-gear vehicle
	Bang–Bang control of a chemotherapy model
	DC/AC inverter

	Conclusions
	References

