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LOCAL BOUNDARY CONTROLLABILITY TO TRAJECTORIES
FOR THE 1D COMPRESSIBLE NAVIER STOKES EQUATIONS

SYIVAIN ERVEDOZA! AND MARC SAVELY?

Abstract. In this article, we show a local exact boundary controllability result for the 1d isentropic
compressible Navier Stokes equations around a smooth target trajectory. Our controllability result
requires a geometric condition on the flow of the target trajectory, which comes naturally when dealing
with the linearized equations. The proof of our result is based on a fixed point argument in weighted
spaces and follows the strategy already developed in [S. Ervedoza, O. Glass, S. Guerrero, J.-P. Puel,
Arch. Ration. Mech. Anal. 206 (2012) 189-238] in the case of a non-zero constant velocity field. The
main novelty of this article is in the construction of the controlled density in the case of possible
oscillations of the characteristics of the target flow on the boundary.
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1. INTRODUCTION

Let us consider the 1d compressible Navier-Stokes equations stated in a bounded domain (0, L) and in finite
time horizon T > 0:

{ Oips + Oz (psus) =0 in  (0,7) % (0,L), (L.1)

Ps(Orus + usOpus) — VOpgts + Oup(ps) = 0 in (0,T7) x (0,L).

Here, ps is the density of the fluid, and u, represents its velocity. The pressure term p = p(ps) is assumed to
depend on the density ps, according to a law which can take different forms. In this article, we will only require
p e C? (R%;R), which encompasses the cases of pressure of the form

p(ps) = ApY, with A>0 and ~>1, (1.2)

corresponding to the isentropic law for perfect gases. The constant v > 0 stands for the viscosity of the fluid.
To be well posed, system (1.1) should be completed with initial data at ¢ = 0 and boundary conditions, but
we will not make them precise yet.
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Instead, we assume that we have a solution (p,u) of (1.1) in (0,7) x (0, L), which enjoys the following
regularity:

(5, @) € C*([0,T] x [0, L]) x C*([0,T] x [0, L]), with inf  p(t,x) > 0. (1.3)
[0,71%[0,L]

The question of local exact boundary controllability we aim at addressing is the following: if we consider a
solution (ps,us) of (1.1) starting at ¢ = 0 from an initial data close to (5(0, -),@(0,-)), can we find boundary
controls such that the corresponding solution of (1.1) reaches exactly (5(T,-),u(T,-)) at time T?

In order to state our result precisely, we introduce an extension of (p,u) on [0,7] x R, still denoted in the
same way for sake of simplicity, enjoying the same conditions as in (1.3):

(5,7) € C*([0,T] x R) x C%([0,T] x R), with o ijr}]f L P(ta) >0, (1.4)
,T]x
These regularity assumptions allow to define the flow X = X (¢, 7, ) corresponding to @ defined for (t,7,2) €
[0,7] x [0, T] x R as follows:

dX = .
E(t,T, x) =u(t, X(t,7,x)) in (0,7), (15)
X(r,7,2) = x.

Our main assumption then is the following one:
(X, T) is such that Vo € [0, L], 3t, € (0,T) such that X (t,,0,z) ¢ [0, L]. (1.6)

Before going further, let us emphasize that Condition (1.6) is of geometric nature and does not depend on the
choice of the extension of (p,@) on R, but only depends on the original target trajectory (p,u) defined only on
[0,7] x [0, L].

The main result of this article then states as follows:
Theorem 1.1. Let T > 0, and (p,u) € (C?([0,T] x [0,L]))? as in (1.3) be a solution of (1.1) in (0,T) x (0, L),
and such that there exists an extension (still denoted the same) satisfying the regularity conditions (1.4). Assume
that the flow X in (1.5) satisfies (1.6).

Then there exists € > 0 such that for all (po,uo) € H*(0,L) x H'(0,L) satisfying

| (pos wo)ll 7 0,y x H1 (0,1) < €5 (1.7)

there exists a controlled trajectory (ps,us) of (1.1) satisfying

(ps(oa')’us(oﬁ')) = (ﬁ(oa)’ﬂ(ov)) + (povuo) in (OvL)v (18)
and the control requirement
(ps(T,'),US(T,')) = (ﬁ(Tv')aﬂ(T")) in (07L) (19)

Furthermore, (ps,us) enjoys the following regularity:
ps € C°([0,T); H*(0, L)) N CY([0,T]; L*(0, L)) and us € H*(0,T; L*(0, L)) N L(0,T; H*(0; L)). (1.10)

Note that the control functions do not appear explicitly in Theorem 1.1. As said earlier, the controls are applied
on the boundary of the domain, i.e. on (0,7) x {0,L}. If one wants to make them appear explicitly, the
equation (1.1)—(1.8) should be completed with

ps(t,0) = p(t,0) 4+ vo,,(t) for te(0,T) with us(t,0) > 0,
ps(t,L) =p(t,L) + v ,(t) for te(0,T) with us(t, L) <0,
us(t,0) =(t,0) + vo,,(t) for te(0,7),
us(t,L) =a(t, L) + vp (1) for te(0,7),
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where g p, UL, p, Vo,u; VL,u are the control functions. Our strategy will not make them appear explicitly, but we
emphasize that these are the control functions used to control the fluid in Theorem 1.1.

Theorem 1.1 generalizes [13] where the same local boundary controllability result is proved when (5,7) is a
constant trajectory with @ # 0 and |[(po, o) 3 (0,)x #3(0,2) < € instead of (1.7). In this case, the geometric
condition (1.6) reduces to T' > L/[u| and coincides with the geometric constraint in [13]. Note that even when
considering the case of constant reference trajectories (p,u) with @ # 0, Theorem 1.1 is more precise than the
result in [13] as the smallness of (pg,ug) is required in the H'(0,L) x H'(0,L) norm in (1.7), while it was
required in the H3(0, L) x H3(0, L) norm in [13] due to the use of the work [24]. This improvement is obtained
by using the Carleman estimates recently derived in [3] instead of the ones in [16].

The proof of Theorem 1.1 follows the one in [13] in the case of constant trajectory and is based on a fixed
point argument on a kind of linearized system. The main novelty in our approach is on the control of the density,
which is more delicate than in [13] due to possible cancellations on the target velocity w at © = 0 and © = L. The
resulting difficulty is that the characteristics may be tangent to the boundary at some times. To overcome this
difficulty which arises on the boundary, we transform our boundary control into a distributed control problem
on an extended domain. This enlargement of the domain is carried out through a careful geometric discussion
(Sect. 2.2) which constitutes the main difference with the approach in [13] and the main novelty of our work.
This geometric consideration has important consequences on the construction of the controlled density and its
estimates (Sect. 3). The second main interest of this construction is that it simplifies the proof in [13] in the
sense that we now use only one parameter in the Carleman estimates we shall use in our fixed point argument,
while [13] requires the use of two parameters in the Carleman estimates. Of course, the geometric condition (1.6)
originates from the control of the density and it cannot be avoided when working on the linearized equations,
as pointed out for instance in the recent work [22]. Such geometric conditions also appeared in [3] in order to
obtain a local exact controllability result for the incompressible Navier-Stokes equations in 2 and 3d, but in
that context, the authors did not require regularity conditions on the controlled density, while we need them in
our problem.

Results on the local exact controllability of viscous compressible flows are very recent. The first one is due
to [2] in the one-dimensional case when the equations are stated in Lagrangian forms and the density coincides
with the target density at the time ¢ = 0. The work [13] then obtained a similar result as Theorem 1.1 but
in the context of constant trajectories (p,uw) with @ # 0 and T > L/|u|. This geometric condition appears
naturally when dealing with the linearized equations and can already be found in [25] for a structurally damped
wave equation, which is of similar nature as the 1d linearized compressible Navier-Stokes equations around
the constant state (p,0). This has later been thoroughly discussed in the work [8] on the stabilization of the
linearized compressible Navier-Stokes equation when the actuator is located in the velocity equation. When
the equations are linearized around constant trajectories (p,u) with @ # 0, some controllability results were
obtained in the case of controls acting only on the velocity field [7]. These results are also deeply related to the
ones obtained on the structurally damped wave equation with moving controls |6, 23].

The fact that we are dealing with the non-linear problem induces the use of a flexible tool to control the
linearized equations. Therefore, we shall use Carleman estimates in the spirit of [16]. But in our context, the
linearized equations encompass both parabolic and hyperbolic behaviors. We are therefore led to using Carleman
estimates with a weight function traveling along the characteristics of the reference velocity, following an idea
already used in several previous works, e.g. [1| for linear thermoelasticity, [3,13] for non-homogeneous viscous
fluids, or [6] for linear viscoelasticity with moving controls.

Let us also mention that other controllability results were derived in the case of compressible perfect fluids
corresponding to ¥ = 0. In that context, several results were obtained depending if one considers regular
solutions [21] or BV solutions [18,19]. But the methods developed in this context are very different from the
ones used for viscous flows.

The literature is also very rich for what concerns incompressible fluids (with homogeneous density) in the two
and three dimensional setting. With no aim at exhaustivity, we refer for instance to [10,17] for the controllability
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of the incompressible Euler equations, and to [9,12,14,15,20] for the controllability of the incompressible Navier-
Stokes equations.

Let us also mention that Theorem 1.1 states a result of local exact controllability to smooth trajectories
under the geometric condition (1.6). But this geometric condition may not be necessary in order to get a local
controllability result for the non-linear equations (1.1) based on the use of the non-linearity, for instance in the
spirit of the return method, see e.g. [10,17] where this idea has been developed in the context of Euler equations,
and [11] for several examples in which the non-linear effects help in controlling the equations at hand. To our
knowledge, this idea has not been developed yet in the context of compressible Navier-Stokes equations.

The article is organized as follows. Section 2 presents the global strategy of the proof and introduces the
mathematical framework. We will in particular present some geometrical considerations and we will define a
fixed point map subsequently. Section 3 deals with the control of the density equation, which is the main
contribution of this article. Section 4 is dedicated to the control of the velocity. Finally, Section 5 puts together
the ingredients developed in the preceding sections and concludes the proof of Theorem 1.1. The appendix
recalls a weighted Poincaré’s inequality proved in ([13], Lem. 4.9).

2. MAIN STEPS OF THE PROOF OF THEOREM 1.1

The aim of this section is to give the structure of the proof of Theorem 1.1 and its main steps.

2.1. Reformulation of the problem

We start by introducing the variation (p,u) of (ps,us) around the trajectory (p,@), defined by

(pw) = (pous) — (3@ (0,T) x (0,L). (2.1)

The new unknowns (p, u) then satisfy

Oup+ (T + W) p + PO+ (ﬁp’@) + am) p=fpu) i (0.7)x (0,L),

v (2.2)
(0w + wdpu) — vOzpu = g(p,u) in (0,T) x (0,L),
where
J(pu) = —p0au+ 20/ (p)p — Ouu 23)
9(p,u) = —p(0e(T + ) + (W + u)0, (W + w)) — pud, (T +u) — p'(p+ )0 (P + p) + P (p)0:7,
with initial data
(p(0,-),u(0,-)) = (po, uo) in (0,L), (2.4)

and controls acting on the boundary conditions, that we do not specify here. The control requirement (1.9) then
reads as follows:

(p(T,-),uw(T;-)) = (0,0) in (0, L). (2.5)

The strategy will then consist in finding a trajectory (p,u) solving (2.2)—(2.4) and satisfying the control require-
ment (2.5). This will be achieved by a fixed point argument that we will present in Section 2.4 and that will be
detailed in Section 5.
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FIGURE 1. Some possible trajectories ¢ — X (.,0,zg).

2.2. Geometric considerations

To deal with system (2.2), we introduce a suitable extension of the spatial domain (0, L) designed from the
extension @ on R. This will allow us to pass from boundary controls to distributed controls which is easier to
deal with from a theoretical point of view.

We first introduce the point zg € [0, L] defined by

zo =sup{z € [0,L] | 3, € [0,T), X(tz,0,2) =0 and Vt€ (0,t,), X(t,0,2) € (0,L)}, (2.6)

where X is the flow corresponding to % (recall (1.5)). This point z¢ has interesting properties due to the
uniqueness of Cauchy—Lipschitz’s theorem forbidding the crossing of characteristics (recall that @ belongs to
C?([0,T] x R) by Assumption (1.4)):

e All trajectories t — X (¢,0, z) starting from z € [0, z¢) first exit the domain [0, L] through z = 0;
e According to the geometric assumption (1.6), all trajectories t — X (¢, 0, x) starting from x € (¢, L] neces-
sary exit the domain [0, L] through « = L, and thus z in (2.6) can also be defined as

zg =inf{z €[0,L] | 3, €[0,T), X(tz,0,z) =L and Vte (0,t,), X(t,0,z) € (0,L)}. (2.7)

Besides, using again (1.6), there exists T < T such that X (15,0, x¢) ¢ [0, L].
If X(T%,0,20) > L, by definition of z, there exists T} € [0, T») such that X (77,0, z¢) = 0.
If X(T5,0,20) < 0, from (2.7), there exists T} € [0,7%) such that X (7},0,z0) = L.
We are therefore in one of the configurations displayed in Figure 1.
Using the change of variables x — L — x if needed, we now assume without loss of generality that

Y(Tg,o,l‘o) > Land T} € [O,Tg) with Y(Tho,l‘o) =0.

Using the continuity of X (T5,0,-), there exists 1 < g (z1 may not belong to [0, L] if zop = 0) such that
X(T3,0,21) > L, while due to Cauchy Lipschitz’s theorem, X (77,0, 21) < 0. By continuity of X(-,0,z1), we
also have the existence of 7] € (0,7%) such that X (77,0, 21) = X (71,0, 21)/2. We then define

X (T1,0, X (T»,0, L
o= X@:07) = <), p=XE0o)HL 2”“” (> L), (2.8)
and we set T
Ty = 71 (>0), T, =T, (€(1],T)), (2.9)
so that

X(2Tp,0,71) <a and X(Tr,0,z1) > b. (2.10)
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FIGURE 2. Choice of 21 and construction of the extended domain (a,b) and the times (Ty, 77)
in two different configurations: Left, 2o = 0, right, ¢ € (0, L).

Lastly, remark that due to the fact that two different characteristics do not cross each other due to the regularity
of @ in (1.4), we have the following counterpart of (1.6) on the domain (a,b):

Vr € [a,b], Ft. €(0,TL), X(t,0,2) ¢ [a,b]. (2.11)

We refer to Figure 2 for a summary of the notations introduced above.
For convenience, we then redefine the time horizon 17" by reducing it if necessary by setting

T := min{T, T}, + 1}. (2.12)

This can be done without loss of generality as a local exact controllability result on a given trajectory in some
time obviously implies a local exact controllability result on the target trajectory in all larger times.

2.3. Carleman weights

Our fixed point argument will be done in suitable weighted spaces coming from the use of Carleman estimates,
namely the ones in ([3], Thm. 2.5). In this section, we construct once for all the Carleman weights that will be
used along the article.

Let us introduce a cut-off function n € C*°(R; [0, 1]) such that

1 for x € [0, L],

VereR, n(x)= a L_—i—b) (2.13)

0 for J;ER\<2, 5
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We then construct a weight function v as follows:

Lemma 2.1. Let n as in (2.13). There exists 1 € C*([0,T] x R) such that:

V(t,z) € [0,T] xR, b+ nud, =0, (2.14)
V(t,x) € [0,T] xR, (t,z) € [0,1], (2.15)
vt e (0,T), 9u0(t,2a) >0, (2.16)
sup Oy < 0. (2.17)
[0,T] % [a,b]
Proof of Lemma 2.1. Let 1y € C?(R;[0,1]) such that 9,10 (2a) > 0 and
?ug 010 < 0. (2.18)
We then define ¥ as the solution of the equation
{ O +mudyp =0 in (0,T) xR, (219)
¥(0,-) = o in R

It is easy to check that ¢ € C?([0,T] x R) as u € C*([0,T] x R) (recall (1.4)) and 1y € C*(R). The function
Y takes value in [0,1] as 1o € C%(R;[0,1]). In order to check conditions (2.16)(2.17), we simply look at the
equation satisfied by 0,1):

{ 010p1h 4+ N0 (0p0) + 0 (@)Dt =0 in (0,T) x R,

. (2.20)
81'1/1(0, ) = 311/10 n R.

Tt follows that d,1(¢,2a) = Ox1o(2a) for all ¢ € [0,T], so that (2.16) holds true, and that the critical points of
¥(t,-) are transported along the characteristics of nju. As the velocity field nu vanishes outside (a/2, (L +b/2)),
the fact that 1o does not have any critical point in [a, b] (recall (2.18)) implies that (¢, -) cannot have a critical
point in [a, b]. Thus, 0, cannot vanish in [0, T] X [a, b], and the sign condition in (2.18) implies (2.17), therefore
concluding the proof of Lemma 2.1. O

For s > 1 and A > 1, we set = sA\%e?} and we define 6 € C2([0,T); R) as follows:

t :LL
1+ (1 — ?) for ¢ e[0,Tp),

0
1 for te [Ty, TL],
vVt e [0,T), 6(t)= T+T 2.21
[ ) ) nondecreasing for te {T T, z L}, ( )
1 T+1Tr
—_— f t —,T
T—1t or te { 2 >

where Ty and Tp, are defined in (2.9). Note that such construction is possible according to (2.12). We also define
¢ = p(t,x) by
o(t,x) = 0(t) </\e12’\ - eW(tvaG)) for all  (t,z) € [0,T] x R. (2.22)

These functions 6 and ¢ depend on the parameters s > 1 and A > 1, but we shall omit these dependencies
for simplicity of notations. Actually, the parameter A > 1 in the Definitions (2.21)—(2.22) of 6 and ¢ is chosen
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sufficiently large for Theorem 2.5 in [3], recalled in the present paper in Theorem 4.2, to be true and is fixed
in all the article. Yet, the Carleman parameter s > 1 is not fixed and will be chosen at the end of the proof.
Consequently, in all the article, constants C' never depend on the parameter s, except if specifically said.

These functions will appear naturally as weights when using Carleman estimates, see Section 4. Our approach
here is based on the Carleman estimate developed in ([3], Thm. 2.5), but it shares very close features to the
ones developed in [16].

Here, we will use the Carleman estimates developed in ([3], Thm. 2.5) as they allow to avoid doing a lifting
of the initial data and the use of technical results concerning the Cauchy problem (for instance [24] which was
used in [13]). The Carleman estimate in ([3], Thm. 2.5) has also been developed for weight functions ¢ = (¢, x)
depending on the time and space variables, which will be needed in our analysis to get estimates on the controlled
density, see Section 3.2.3. In this step indeed, we shall strongly use that 1) solves the transport equation (2.14).

2.4. Definition of the fixed point map

We now make precise the fixed point map and the intermediate results which will be needed to conclude
Theorem 1.1.

The controllability of (2.2)—(2.4) will be studied in the extended domain (a,b), where a and b are defined
in (2.8). Let (po,up) € HY(0,L) x H*(0, L) satisfying (1.7) with € > 0. This parameter ¢ will be chosen small
enough within our proof of Theorem 1.1, see Section 5 and more precisely Lemma 5.1. We thus extend (pg, uo)
such that (po,uo) € Hi(a,b) x H}(a,b) and

[(Pos wo) | e (a,b) x H (as) < CF (2.23)

where C' is independent of . We also introduce the characteristic function of (a,b) \ [0, L]

1 for z € (a,0)U (L, b),
\(z) = (2.24)
0 for x € [0,L].
Instead of considering the equations (2.2)—(2.4), we now consider the following system of equations:
o+ @t w0+ porut (/) +01) o= fp) b ux i O g
P(Opu + Wopu) — vOgau = g(p, u) in (0,7) x (a,b),
with initial data
(p(oa)au(ov)) = (pOaUO) in (a'ab)v (226)

source terms f(p,u), g(p,u) as in (2.3), and with boundary conditions

p(t,a) =0 for te(0,7) with (T4 u)(t,a) >0,

p(t,b) =0 for te(0,7) with (T4 u)(t,b) <0, (2.27)
u(t,a) = vy (t) for te(0,7),

u(t,b) =0 for te(0,7).

In (2.25) and (2.27), the functions v, € L((0,T) x ((a,0) U(L,b))) and v, € L*(0,T) are control functions and
will be chosen such that the solution (p,u) of (2.25)—(2.27) satisfies the control requirement

(p(T,-),u(T,-)) =0 in (a,b). (2.28)

The existence of a controlled trajectory (p,u) satisfying (2.25)—(2.28) will be obtained through a fixed point
argument that we now introduce.
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Let us first describe the functional space in which we will define our fixed point map. For s > 1, we introduce

]l 2, = sllepl| oo (0,02 ap)) + 10712 0upll oo (0.7:12(ap)) + 1€%7/ %0l Lov (0,715 (ap)) + 1020l 220,712 (a,0))
(2.29)
and
= 5"2]1e*ul 20,702 () + 52107 e P 00ul| 20,1 L2 (ap)) + 521072 Outil| L2 (0,712 (b))

+ 5721072 Opull 20,12 w.ty) + 510 e Ul 0 i), (2.30)

and the corresponding spaces

2y ={p e L*(0,T; H(a,b)) with |p]a. < oo}, (2:31)
Y, = {u e L*(0,T;L*(a,b)) with (2.32)

For s > 1 and R,, R, > 0, we also introduce the corresponding balls
Zsr, ={p € Zs with |pllo, <R},  Zir, (2.33)

The fixed point map is then constructed as follows: for (p,u) € 25 r, X % r
such that the controlled trajectories (p,u) solving

find control functions (v,, vy,)

w )

O+ @+ s+ 70+ (25 @)+ 0m) p= 1D+ o i O.T)x (ad),

(2.34)
P(Oru + Wpu) — vOzu = g(p, 0) in (0,T) x (a,b),
with initial data (2.26), source terms
F(5.) = =505+ L' ()5 — O, (2.35)
9(p, ) = —p(0(a + ) + (@ + )0, (a + 1)) — pudy(a+a) — p'(p+ p)9x(p + p) + ' (p)0:p; (2.36)

boundary conditions (2.27) (involving the control v,,), satisfies the controllability requirement(2.28).

Our main task is then to show that the above construction is well-defined for (p,u) € 25 r, x % r, for a
suitable choice of parameters s > 1, R, > 0 and R,, > 0, that the corresponding controlled trajectory (p, u) can
be constructed such that (p,u) € 25 r, X % r, and then to apply Schauder’s fixed point theorem.

System (2.34) is not properly speaking the linearized system of (2.25) due to the term ud,p in the equa-
tion (2.34)(1), which is quadratic. However, as in [13], this term cannot be handled as a source term due to
regularity issues. But still, the controllability of (2.34) can be solved using subsequently two controllability
results for linear equations. Indeed, one can first control the equation (2.34)2) of the velocity and obtain u and
v, from (p,u), and once u is constructed, the equation (2.34).;) of the density is a linear transport equation
which can be controlled independently. Our approach will then follows this 2-step construction.

Let us start with a controllability result for the equation of the velocity:

Theorem 2.2. There exist C,, > 0, so > 1, A > 1, such that for all s > sg, for all R, € (0,1), for all
R, € (0,min{1, [Onjl%nRﬁ/Q}), for all ug € Hy(a,b) and for all (p,u) € L r, X ¥ R, there exists v, € L*(0,T)
T

such that the solution u of

w2

p(Oru + Wdpu) — vOzu = g(p, 0) in (0,T) x (a,b),

u(t,a) = ( ) on (0,7), (2.37)
u(t,b) = on (0,7,

u(0,-) = in (a,b),
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where g(p,u) is defined as in (2.36), satisfies
u(T,)=0 in (a,b). (2.38)

Besides, u € % and satisfies the estimate

C.,
[ullz, < Cr(s)lluollr(ap) + Cullp + ﬁRu + O, R2, (2.39)

where C!,(s) depends on the parameter s.

Theorem 2.2 does not present any significant new difficulty compared to [3,13]. For sake of completeness, we
shall nonetheless provide some details in Section 4.
In a second step, we analyze the controllability properties of the transport equation (2.34)):

Theorem 2.3. Let A and so as in Theorem 2.2. There exist C, > 0, s1 > sg such that for all s > s1, there

exists €(s) > 0 such that for all e € (0,e(s)], for all (po,u0) € Hl(a,b) x Hi(a,b) satisfying (2.23), for all

R, € (O,min{l,[orr%}nRﬁﬂ}), for all R, € (0,1), for all (p,u) € Zsgr, X % g, and for u constructed in
T x

u

Theorem 2.2, there exists v, € L*(0,T; L*((a,0) U (L,b))) such that the solution p of

O+ @+ w0up + 700+ (L)1 00) p= FGD H o i 0.7) x @)

p(t,a) =0 fort e (0,T) with (W4 u)(t,a) > 0, (2.40)
p(t,b) =0 fort e (0,T) with (W4 u)(t,b) <0,
p(0,) = po in  (a,b),

where f(p,u) is defined as in (2.35), satisfies

p(T,) =0 in (a,b). (2.41)
Besides, p € Z5 and satisfies the estimate
C
ol < Cp(s)e + 7%(313 +Ry) + Co(R; + RY). (2.42)

where C),(s) depends on the parameter s.

The proof of Theorem 2.3 is developed in Section 3 and is the main contribution of our work.
The end of the proof of Theorem 1.1 then consists in putting together the aforementioned steps and show
that Schauder’s fixed point theorem applies. This last point will be explained in Section 5.

Remark 2.4. Theorems 2.2 and 2.3 are designed to be used later in the proof of Theorem 1.1 in Section 5.
Therefore, we only focused on giving precise estimates of the controlled trajectories (see (2.39) and (2.42)). In
particular, we did not provide precise regularity results on the controls v,, in Theorem 2.2 nor v, in Theorem 2.3.
One can check that the proofs of Theorems 2.2 and 2.3 provide controls which are more regular than simply L?:

e The control v, in Theorem 2.2 belongs to H3/*(0,T), the space of trace of L2(0,T;H?(a,b)) N
H'Y(0,T; L*(a,b)).

e The control v, in Theorem 2.3 belongs to L>°(0,T; L?((a,0)U(L,b)). Note that this regularity result on v, is
not sufficient to guarantee that the solution p of (2.40) belongs to L>(0,T; H'(a,b)). In fact, this regularity
will be deduced during the construction of the controlled trajectory p.

Notations. For simplicity of notations, we shall often use the notations

f:: f(ﬁ’ a)v /g\ = g(ﬁv a)v (243)

where f(p,u), g(p, ) are respectively defined in (2.35) and (2.36).
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3. CONTROL OF THE DENSITY

The proof of Theorem 2.3 is divided into two steps: the first step presents the construction of the controlled
trajectory and the second step is devoted to get estimates on it.

3.1. Construction of a controlled trajectory p
For the time being, let us fix f € L?(0,7; L?(a,b)) and assume that u satisfies
u € LI(O, T; W1’°°(a, b)) N LOO(O, T; L°°(a, b)), with H’IJ/HLI(O’T;WI,OC(a7b))nLOO(O7T;LOC(a7b)) < €0, (31)

for some g9 > 0 small enough that will be defined later as the one given by Lemma 3.1.
We then focus on the following controllability problem: find a control v, € L*(0,T; L?*((a,0) U (L,b)) such
that the solution p of

Oip+ (T+u)0zp + (gp’(ﬁ) + &ﬂ) p=f—P0u+v,x in (0,T) x (a,b),

p(t,a) =0 for te(0,T) with (@ + u)(t,a) > 0, (3.2)
p(t,b) =0 for te(0,T) with (@ + u)(t,b) <0,

p(0,-) = po in (a,b),

satisfies (2.41), where x is as in (2.24).

The construction of such solution is done following the spirit of the construction in [13] by gluing forward
and backward solutions of the transport equation. More precisely, using the function 7 in (2.13), we define ps
as the solution of

Oupy 4+ ooy + (20 4 0m) o =nf P00 QD x (@ gy
pf(()?) = pPo in (aab)a

and pp as the solution of
Aepo + (U + 1)y + (gp’(/‘)) + C%ﬂ) po=0(f =pdyu) — in (0,T) x (a,b), (3.4)
Pb(T, ) =0 in ((1, b)

Remark that in (3.3) and (3.4), we do not need to specify any boundary condition as (n(w + w))(t,a) =
(n(@ + u))(t,b) = 0. Besides, since pg € H{(a,b),

pr(t,a) = ps(t,b) =0 for all t e (0,7). (3.5)
Similarly, we also have

po(t,a) = pp(t,b) =0 for all te(0,T). (3.6)
We now construct a suitable cut-off function 77 traveling along the characteristics:

Lemma 3.1. Let x as in (2.24). There exist positive constants C > 0 and g9 € (0,1) such that for all u
belonging to L*(0,T; W1 (a,b)) N L>®(0,T; L>(a,b)) and satisfying (3.1), there exists ij = 7j(t,x) satisfying the
equation

N+ (T4 u)0,n = wx in (0,T) x (a,b), (3.7)
for some w € L2(0,T; L*((a,0) U (L,b)), (recall x in (2.24) is the indicator function of (a,0) U (0,b)), the
conditions

n(t,x) =1 for all (t,x) € [0,Tp] x [a,b], (3.8)

n(t,z) =0 for all (t,x) € [T, T] % [a,b], (3.9)
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and the bound

7l w o (0,7) % (ab)) < C,s (3.10)
for some constant C independent of eg.

Before going into the proof of Lemma 3.1, let us briefly explain how we can conclude the construction of
a controlled trajectory p satisfying (3.2) when u € L*(0,T; W (a,b)) N L>(0,T; L>(a, b)) satisfies (3.1) for
g0 € (0,1) as in Lemma 3.1.

It simply consists in setting

p(t,x) =n(t,x)ps(t,x) + (1 — 7t x))ps(t, x) for all (t,x) € [0,T] % [a,b], (3.11)

where 77 is the cut-off function constructed in Lemma 3.1. Indeed, one easily checks that p defined in that way
solves (3.2) with control function

vp = (1 =) [(@+ ) (70ps + (1 — 7)ups) — f +F0au] +wlps — po); (3.12)

and satisfies
p(t,a) = p(t,b) =0, forallte (0,T). (3.13)

Furthermore, using (3.8)—(3.9), we immediately get the two following identities:

p(t,x) = ps(t,x) for all (t,x) € [0, Tp] % [a, b], (3.14)
p(t,x) = pp(t, ) for all (t,x) € [Ty, T] % [a,b]. (3.15)

We now prove Lemma 3.1.

Proof of Lemma 3.1. We first extend u to (0, 7)) x R such that u € L1(0,T; W1>°(R))NL>(0,T; L>°(R)) satisfies

HuHLl(O,T;Wl,OO(R))OLOO(OVT;LOO(R)) < CEO (S C as g0 < 1) (316)
For (t,7,2) € [0,T] x [0,T] x R, we define the flow X associated to @+ u as the solution of:

dX
E(t,T, z) = (u—+u)(t,X(t,7,2)) in (0,7T), (3.17)
X(r,7,x) = .
Writing
d _ _
T (X - X) (t,r,x) =u(t, X (t,7,2) —u(t, X (t,7,2)) + u(t, X (¢, 7,2)) in (0,7T),
(X — 7)(’7’, T,x) =0,
using (1.4) and (3.16), Gronwall’s lemma yields
sup {\X(t,T, z) — X(t,T, J;)\} < Ceg.
(t,7,2)€[0,T] x [0,T] xR
Therefore, using (2.10), for €9 > 0 small enough,
X (2T0,0,21) < a and X(TL,0,21) > b. (3.18)

We then perform the construction of 7 in three steps, defining it separately on each time interval (0,27y),
(2T0, TL) and (TL, T)
On [0, 2T}), we simply set

n(t,x) =1—m(t)n2(x), for all (t,z) € [0,2T,] x R, (3.19)
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where 11 = n1(t) € C*°([0, 2T}]) such that n;(t) = 0 for all t € [0, Tp] and 71 (2Tp) = 1, and 1z = n2(x) € C*(R)
such that n2(x) =0 in [0, L] and n2(z) = 1 in (—o0,a] U [b, 00). On (27Ty,TL), we solve the equation

{ Oy + (T4 )07 = 0 in (2T, T1) x R, (320)
n(2T0,-) =1 —m(2To)n2(") in R.
On the time interval [T7,, T, we set

n(t,x) =0, forall (t,z)e [T, T]xR. (3.21)

The above piecewise construction (3.19)-(3.20)—(3.21) defines 7 on the whole time interval [0,T]. One easily
checks that this 7 solves (3.7) on (0,T) x (a, b) (with w(t, ) = —1,27,)(Oem (t)n2(x) + 11 (£) (T + 1) 0pn2(7))) as
(275, x) = (2T, x) for all z € (a,b) and (T} ,z) = 0 for all x € (a,b) according to (3.18) and the fact that
1(2To, x) = 0 for all x < a. Besides, 7 obviously satisfies (3.8)—(3.9).

We then check that 7 belongs to W1°°((0,T) x (a,b)). Of course, the only difficulty is on the time interval
(270, T1,). But we can then look at the equation satisfied by 9,7, i.e.

021(2T0,-) = —0zm2(+) in R,

and solve it using the flow X in (3.17). The regularity (1.4) and the bound (3.16) then yields 0,7 € L>((0,T) x
(a,b)) with an explicit bound independent of £y € (0, 1). We then deduce that 9;17 € L>*((0,T) x (a, b)) from the
equation (3.7) and the fact that w(t,z) = —1j0,27,)(Dem1 (£)n2(x) + 01 (8) (W + u)Iuma(x)) € L>((0,T) x ((a,0) U
(0,b))). This concludes the proof of (3.10). O

{ 8t(8xﬁ) + (ﬂ + u)ax(axﬁ) + 83:(“ + u)axﬁ =0 in (2T07 TL) x R,

3.2. Estimates on p

The purpose of this section is to prove that the controlled trajectory p constructed in (3.11) satisfies the
estimate (2.42) claimed in Theorem 2.3.

We shall then put ourselves in the setting of Theorem 2.3. In particular, in the whole section we assume the
following:

Assumption 3.2. Let (po,u) € H{(a,b) x H}(a,b) satisfying (2.23) for e > 0, (p,0) € 24 r, X %, r, for some
R, € (0,min{1, [anl%nRﬁ/Q}), R, € (0,1), and u the controlled trajectory given by Theorem 2.2.
T x

Further assume the condition (3.1) for g > 0 small enough so that the construction in Section 3.1 can be
done. The controlled trajectory p in (3.11) is constructed for f = f = f(p,u) defined in (2.35).

Note that due to the continuity of the embedding of L2(0,7;H?(a,b)) N HY0,T;L?*(a,b)) into
LY0,T; Wh*(a, b)) N L>(0,T; L>=(a,b)) and inf{s3/2e5? s'/2071e5¢ s71/2072e5¢} > Ce®, we have

—s —s C’U«
HUHLl(Wlm)mLN(LOO) < Ce *llullg, < Ce (C'I/,L(S)g + Cy + 5 + Cu)v

with (2.39), (2.23) and R,, R, < 1. Thus, the condition (3.1) for &9 > 0 given in Lemma 3.1 can be imposed by
choosing s > s large enough and £ < 1/CJ,(s).
3.2.1. The effective velocity

In order to derive estimates on the controlled trajectory p constructed in (3.11), similarly as in [13], we
introduce the following quantities, defined for (¢,z) € [0,T] X [a, b]:

v v
= nu+ ﬁ—zawpf, and Ly = Nu + ﬁ—zapr, (3.22)

where 7 denotes the cut-off function in (2.13).
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Tedious computations show that uy satisfies

8t/uf + 77(5‘1' u)ax/uf + kﬂ'f =h— plgax (gp/(ﬁ) + 6arﬂ) Pf in (O,T) X (a, b)7

—2 (3.23)
/’Lf(ov ) = nuo + %(%PO in (CL, b)7
and puy satisfies
. Vo (P omn) s
Oeiy, + 1(T + w)Oppip + kpp = h > O (Vp (p) + 8zu> pp in (0,T) % (a,b), (3.24)
wp(T,-) =0 in (a,b),
where -~ 55 5.5
k= gp/(ﬁ) + 0,u+ 0 (n(@+u)) + 2%0 + 2n(T + u) ;p, (3.25)
and
h=" (Zazﬁ g) + 2 0unf + {n(n(m u) =T — =0,7) — Zaxn} Ry
p\p P p p
P Oip 0:p _
+ Bp'(ﬁ) + 0,u+ 0y (n(T+ u)) + 2%’) + 2n(u + u)% + Oxn(u + u)} nu, (3.26)

in which f = f(p,u) and g = g(p,u) have been defined in (2.35)—(2.36).

The quantities py and g in (3.22) correspond to what is known as the effective velocity, and which has
been used for instance in [4,5] in the study of the well-posedness of some models of viscous compressible fluids.
These quantities have also been used in [13| in order to get good estimates on the controlled density. However,
the approach in [13] looks for a controlled density on the space interval (0, L) and thus requires estimates on
the trace of p at + = 0 and x = L, which cannot be achieved in our case as t — u(t,a) and ¢ — u(t,b) may
vanish for some values of time. Our approach avoids this difficulty by a careful discussion of the geometry of
the problem. In particular, this allows us to avoid the use of the second parameter \ in the weight function ¢
in (2.22), contrarily to what is done in [13].

The interest of using the quantities ;17 and j; can be understood in terms of regularity. Indeed, when looking
at the linearized version of (3.3), it seems that d,p¢ in L>°(L?) can be estimated in terms of d,,u in L*(L?).
But considering the linearized version of (3.23) instead, it rather seems that s in L>°(L?) can be estimated in
terms of d,u in L'(L?), and as d,py in L°°(L?) can be estimated immediately from g and u in L°°(L?), this
latter estimate seems better. The goal of the next sections is to make this argument completely rigorous.

3.2.2. Estimates on the coefficients
We start by estimating the coefficients appearing in (3.23)—(3.24):

Lemma 3.3. There exists C' > 0 independent of s > 1 and R,, R, € (0,1) such that the following estimates
hold true for all s > 1, R, € (0, min{1, [Onjl%nRﬁ/Q}), R, €(0,1), (p,u) € Zsr, X % R,:
X

)

1 osp C
1071 | 20,7502 (a,)) < ;(Rp +Ry,) + C(R; + RY), (3.27)
1 C
167 ¢ hll o0y < Ol + = (R, + Ra) + OB+ RY) (3.25)
&l 22 0,7:L (a,0)) < C(8)l|woll () + C, (3.29)

where f = f(p,u) is defined in (2.35), h in (3.26), k in (3.25) and C'(s) and C},(s) are constants depending on
the parameter s.
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Proof. In the proof below, we will often denote the norms by omitting the mention of the time and space
intervals, e.g. || - || 2(z2) for denoting || - ||z2(0,7:22(a,b))-

We deal with each estimate separately. R

e Proof of estimate (3.27). We derive the estimate on f = f(p,u) in (2.35) term by term:

107 e 0l z212) < 17l oz 07 €2 0uT] 1212 < CR, R,

1 s P s c
16~ e “";p/(p)pHLz(m) < Clle**pllpz(L2) < P

1,508 =~ 1 spn C
H9 1e‘¢8xpu“L2(L2) S 0”9 1e(¢u||L2(L2) S mRu.
Estimate (3.27) immediately follows.
e Proof of estimate (3.28). Taking the definition of A in (3.26) and using the bound (3.10), we remark that for
all (t,z) € (0,T) x (a,b),

h| < c{ ’%axfw F1F] + [u] + |Ou] + [uf? + |udyul |- (3.30)

The estimation for the term fis already done, see (3.27). The terms involving u can be estimated as follows:
167 ™ (Jul + |0zl + |uf® + [udoul) || L2(22)
< ||97168Lpu||L2(L2) + ||97165L’08xu||L2(L2) + HgileswquLz(Lz) + ||97165Lpuamu||L2(L2)
C
< @Hu\

C _ _
2+ g lullae + ullpe) 107 e ull 2z + lull o noo) 167 e Oau | 212,

< |ul

7, + C|lul

2
51/2‘ s

where we used ) )
1/2 1/2
||u||L°C(L°C) < HuHLoo(Hl) < CH“HHl(L'A’)HuHL?(H% < CH“‘

@, - (3.31)

Consequently, the proof of (3.28) will follow first from the above estimates and (2.39) from one side, and second
from an estimate on = 'e%?(vd, f/p + g), on which we will focus from now. Recalling (2.35)—(2.36), we obtain

V. o~ Voo Vo o V(P N~ i~ Vo Vo
:83:f +g9g=— :8300835” - :paxxu + :83: (Bp/(p)) P+p/(0)8xp - :83:acpu - :83:p6xu
p p p p v p p
— P (0@ + 1) + (T + )0, (T + @) — pudy (T + ) — p'(p+ p)0up + ' (9)0:p — ' (B + ﬁ)ax(ﬁ- :
3.32
We then use the following estimates:
1 soVa o ~ 1 soa ~ .
H0 le “"%axpaquLz(Lz) S CHO le “"8Ip||Loc(L2)||8mu\|Lz(Loc) S CRp||amquL2(L2) S CRpRu,
1 soV sy~ N 1 s .
16726 L0 1220) < Clpllmum 107" Orsil] sy < O, B
sV (P A sp ¢
16 "e S05(3’%(;p/(P))PHm(m) < Clle**pllr2(r2y < ;Rpa
107" (P)0ep — 1B + D)0 212) < Cllpllmam) 107000l 22 < CR2, (3.33)
1 osoV A 1 so~
1|6 1e‘¢%8mpu||L2(Lz) <C|6 te SDuuLz([p) < SSTRZ“
1 oV —n ~ 1 soa ~
116 le ”58wp8wu||Lz(L2) <C|6 le L0, 212y < mRu,

Q

1071 (=0 (5 + $)0aB + P (3)0aP) | 2(02) < ClIO~ €l a1y < =Ry

S
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For this last estimate, we have used p’ € C*'(R%;R) and [|p||p=(r=) < R, < [Orrql%nRﬁ/Q. Using (3.31) for u, we
T %

also get
10~ e*?5(0 (T + 1) + (W + ©) 0y (T+ 1)) || 2(12)
< C By + O\ 20 w1y 5720726504 210
+ OlIpll =) (107 e ([l + |02 | 12 r2) + [Tl oo (pooy [0 €500, 12(12))
< gR[, +CR,R, + CR,R2, (3.34)
and

10~ s 500, (T + )| p2(r2) < C\|9*1ewaazm|m(p) + C||9*Ies“"ﬂ8mﬁ||Lz(Lz)
_ . - _ . C

< CHO 1es‘puHL2(L2) + CHU||L°C(L°C)||9 1es‘PaxU||L2(L2) < mRu + CRi (335)
Combining the above estimates yields (3.28).
e Proof of estimate (3.29). From the definition of & in (3.25), we have

k] < C(1 + [u] + [B,ul).
Therefore,
[kl (o) < C+ llullprnoey + 102wl Lrpey < C+ ull Lz + llull 22y < €+ Cllul|g..

Using Theorem 2.2 and R,, R, < 1, we deduce (3.29). O

Remark 3.4. Let us point out that the estimate on h in (3.28) is based on the fact that the combination of
the terms p'(p)0.p and p’(p + p)d.p coming from the pressure in vd, f/p + g cancels out at first order in p,
see (3.33). This cancellation motivates the introduction of the term pp’(p)p/v in the left hand side of (2.34)(y)
and pp/(p)p/v in the source term f(p,u) in (2.35).

3.2.83. Energy Lemma

In order to get estimates on ps solving (3.23) and p solving (3.24), we remark that both quantities p17 and
wp satisty transport-type equation. Therefore, in this section we explain how to derive weighted estimates on
py and pp using weighted energy methods. It turns out that we will be able to get good L>(L?) estimates on
0='e*? ¢ only on the time interval (0,77,) and on 6~ ey, only on the time interval (7o, T) as 9,6 has constant
sign on each of these intervals (recall (2.21)).

We start with the estimates on the time interval (0,77,).

Lemma 3.5. There exists C > 0 such that for all s > 1, for all u with Ou € L'(0,Tr; W1 (a,b)), for all
K € LY(0,Ty; L>=(a,b)), for all H € L*(0,Ty; L*(a,b)) with
||971€SLPH||LQ(O,TL;LQ(a,b)) < +00, (3.36)
and for all co € L*(a,b), the solution ¢ of
Oc+n(u+ u)dc+ Ke=H in (0,T1) x (a,b),
(3.37)
¢(0,+) = co in (a,b),

satisfies

10 el oo (0,7 122 (a,b)
< €Il L1 o rp w00 (o, HIE I L1 0,7 100 (a,0)) (16~ e Hll L2 (0,10 22 (b)) + C' ()0l L2(apy) »  (3:38)

where C'(s) depends on the parameter s.
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Proof. Multiplying the equation (3.37) by #~2e?*%c and integrating in space, we get:

d b b
a(/ 926259"c|2dx> :/ (0:(072e*%) + 0, (0 %e*?n(u + u))) |c[*da
b b
—2/ 9_2623“0K|c\2dx+2/ 0 2e**¥ Hedx. (3.39)

Using then the choice of the weight function 1 in (2.1), which satisfies the transport equation (2.14), 6 in (2.21)
and ¢ in (2.22),

0:(072%e%%) 4 0, (0*2625“017(% + u)) = 0,(072%%) 4+ n(T + u)0, (97262&’0) + 0u(n(T@ + u))d 2%

= 20100 3% (—1 + sp) — 250 VO ud, 0™ 1e?? + 9, (n(T + u))d2e>¥

< O+ [10u(t) | wroe (a,5)0 2>,

as 0i0(t) <0 for t € (0,77) and sp > 2 for s > 1.
Therefore, (3.39) yields:

d ’ — s ’ — s ’ — s
E(/ 0 262‘¢|02dx) < C (14 |0u(®)|[wro () + ||K(t)HL°°(a,b))/ 0 262‘“°|c\2d96—|—/ 6~ 2e?5¥ H?dx.
a a a
(3.40)
The estimate (3.38) easily follows from Gronwall’s Lemma. O
Using now that 9;0(t) > 0 for all t € (Tp, T) by construction, recall (2.21), we get the following counterpart
of Lemma 3.5:
Lemma 3.6. There exists C > 0 such that for all s > 1, for all u with Qu € L*(To, T; W*°(a, b)), for all
K € LY(Ty, T; L*(a, b)), for all H € L*(To, T; L*(a, b)) with
\|0‘1e3“"H||Lz(TmT;p(a,b)) < +00, (341)

the solution c of

Oy + T+ u)dpe + Ke = H : To, T) % (a,b),
{tc n(u + u)dyc ¢ in (To,T) % (a,b) (3.42)

e(T,-)=0 m (a,b),
satisfies

) < CeCUHNOUl L1 g 1w .00 o HIE 1 crg im0 @) | g~ L5 || 2

167 > el Loe (7 7222 (a ) (To.T:L2(ab))-  (3-43)

Proof. The proof is exactly the same as Lemma 3.5. The only minor difference is that ¢ is singular at the time
t = T. In order to avoid this difficulty, we introduce 05(t) = 6(t — ) for t € [To + 6,T] and 65(t) = 1 for
t € [To, To + 6. We thus prove the estimate (3.43) with ¢ replaced by ps(t,z) = 05(t)(Ae'?* — AW (H2)+6))
uniformly with respect to the parameter § > 0, and we pass to the limit § — 0. g

3.2.4. Proof of Theorem 2.3

We are then in position to prove Theorem 2.3.
We start by choosing € € (0,e(s)) with

e(s) = min{1/C;(5),1/Cy(s)},

where (7, (s) and Cj(s) are the constants in (2.39) and (3.29), so that ||ul|z, < C and ||k|| 110,700 (ap)) < C
where k is defined in (3.25). Remark that the continuity of the embedding H'(0,7; L?(a,b)) N L2(0, T; H*(a, b))
into L1(0,T; W1 (a,b)) N L*(0,T; L°(a,b)) implies

Heu”Ll(Wl“X’)ﬂL‘X’(L‘X’) S C. (344)
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Indeed, introduce

1 for te [O,To]’
vte[0,T), 6o(t)= {Q(t) for t € [To, TY.

Remark that 65 < 0 and 0 < 90 < C@g where C is independent of s. We can then easily check
that [le”ull L2 g2ynm (12 a,. Inequality (3.44) follows from the continuity of the embedding
HY(0,T; L?(a,b)) N L?(0,T; H*(a,b)) into L' (0,T; W1>(a,b)) N L>=(0,T; L*>(a, b)) and % > 0.

Recall then that py and p, have been constructed as solutions of (3.3) and (3.4) respectively, with source

term f = f Using then Lemma 3.3 and Lemma 3.5 for ps, or Lemma 3.6 for p,, we get that 0~ 'e*?ps €
L>(0,Tr; L*(a,b)) and 0~ te*?p, € L>=(Ty, T; L*(a,b)).
Using Lemma 3.3, we can apply Lemma 3.5 to the solution py of (3.23) with K = k in (3.25),

14

P
H:h—p—zaw (V () + s u)pf,
where h is defined in (3.26) and ¢ = puy in (3.23):
107 ™ il oo 0,10 02(ap)) < C (1071 PRl L2070 02(a0)) + 1107 ppll 20,70 522(any) + C' ()£ (0, )| £2(ap))

c 1s
< C'(s)e + —=(R, + Ru) + C(R2 + R2) + 107" e psll 120,70 ;12 (a0 -

NG

Using the definition of p¢ in (3.22), we deduce

—1_s c —1,s
16 e P0upsl Lo 0,1y 512 + —=(R, + Ru) + C(R,zy +R)+ 67" “orllL2(0,10:L2(a.))-

(s)e N7

We then use the weighted Poincaré inequality in Lemma A.1 for ps (recall that p; vanishes at z = a and x = b,
see (3.5)): for s > s; large enough,

8||es“0/)f||L°c(o,TL,L2(a b)) + 1071200 ps || Lo (0,7252.2 (a0

(s)e + %(RP+RU) +C(R2+R2) < C'(s)e +

where the last estimate comes from (2.39).
Using then the equation (3.3) satisfied by p; and the estimates (3.27) on f = f and (2.39) on J,u, we deduce

c
%(RP + Ry) + C(R. + R}),

5||es“°/)f||L°c(o,TL,L2(a b)) + 10712 0ups | oo (0,12522(a0)) + 10208 L2007 L2 (art)

(s)e + © (R, + Ru) + C(R2+ R.) < C'(s)e

¢ 2 2
\/g + _(RP+RU) +C(Rp+Ru)?

N

\
\/_
We also have

1€5272p s | Lo 0,70 i1 (b)) < Cle™/ sl Loe (0,71 511 (a,1))
< Cs)|0e™/2pg || L 077522 (b)) + Clle™20ups || Lo 0,722 (arb))
< Cslle*?pyll Lo (0,11:L2(ap)) + ClO € 00pf | Lo (0,11512 (a,0)-

Combining the above estimates on py we get

sl psllLoo (0,10 02(a0)) + 1107 1€ 0up sl Loo (0,10 :12(a0)) + 11€°7/ 201 | Lo 0,70 L (a,1)

C
+ 10t 20,10 L2(ap)) < C'(5)e + %(Rp +R.) + C(R; + R). (3.45)
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Similar computations can be done for u, based on Lemma 3.3, Lemma 3.6, the boundary conditions (3.6)
satisfied by pp and the weighted Poincaré inequality in Lemma A.1. That way, we achieve:

SHGSLpprLoc(To’T;L2(avb)) + ||9_1e&pampb‘|L°°(T0,T;L2(a,b)) + Hesgp/Qpb“L°C(T07T§L°C(avb))
C
+10epvll L2(my 75220,y < C7(8)e + %(R[, +Ry) + C(R; + R%). (3.46)

We then recall that p is given by (3.11) with 7 constructed in Lemma 3.1 and satisfying the bound (3.10).
Using then the above estimates (3.45)—(3.46) and (3.14)—(3.15), we get (2.42).

4. CONTROL OF THE VELOCITY

The purpose of this section is to present the main ingredients of the proof of Theorem 2.2, which mainly
consists in a suitable adaptation of ([3], Thms. 2.5 and 2.6).

4.1. Construction of a controlled trajectory u

For the time being let us fix g € L2(0,T; L*(a, b)) and ug € H{ (a,b), and consider the following controllability
problem: Find a control function v, € L?(0,T) such that the solution u of

POu + pudyu — VOgzu =g in (0,T) x (a,b),

u(t,a) =v on 0,7,
(t,a) = vy (0,7) (4.1)
u(t,b) =0 on (0,7),
u(0,-) = ug in (a,b),
satisfies the controllability requirement (2.38).
We then claim the following result, strongly inspired in ([3], Thms. 2.5 and 2.6):
Theorem 4.1. There exist C > 0 and sg > 1 such that for all s > so, for all g € L*(0,T; L*(a,b)) with
H9_3/2e&pgHLz(O,T;LQ(a,b)) < +OO, (42)
for all ug € Hi(a,b), there exists a controlled trajectory u of (4.1) satisfying (2.38) with the estimate
lullz, < C'()l[woll sz @) + ClIO™ e gl L2(0, 1122 (a,b) - (4.3)

where C'(s) depends on the parameter s.

Sketch of the proof. Asin ([13], Sect. 3), we first extend the domain (a, b) into (2a,b) (recall a < 0), with g and
ug both extended by 0 on (2a,a), and instead of solving the controllability problem (4.1), (2.38) directly, we
consider a distributed control v supported in space in (2a, a). We therefore focus on the following system:

POu + Pyt — VO0patt = g + VX (2a,a) in (0,7) x (2a,b),
u(t,2a) = u(t,b) =0 in 0,7), (4.4)
u(0,+) = ug in (2a,Db).

Here, v is the control function and x(24,a) = X(24,q)(®) is the indicator of the space interval (2a, a): X (2q,0)(x) = 1
for x € (2a,a) and X(24,q)(z) = 0 for = € (a,b).
Our purpose now is to find v € L?(0,T; L?(2a,a)) such that the solution u of (4.4) satisfies

w(T,-)=0 in (2a,b). (4.5)

If we have such a controlled trajectory, then wu restricted to (a,b) provides a solution of the controllability
problem (4.1), (2.38).
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We then use the following weighted observability result, obtained in ([3], Thm. 2.5):

Theorem 4.2. There exist C >0, so > 1 and A > 1 large enough such that for all z € C*([0,T] x [2a, b]) with
z(t,2a) = z(t,b) =0 for all t € (0,T) and for all s > so, we have

b
s3 // §3e=25%?|z|? dtdx + 32/ e 25¢(0,)
(0,T)x(2a,b) 2a
+ s// fe= 25?0, 2|* dtdx < C’// e 25| (=pOy — vy )z|* dtdx
(0,T)x (2a,b) (0,T)x (2a,b)

+C’s3// 03 25%| 2|2 dtdx.  (4.6)
(0,T)x(2a,a)

As it is done classically for control problems, see e.g. [16], we then use duality. From now, our approach
follows very closely the one in ([3], Thm. 2.6 and Appendix A.2). Namely, for z € C°([0,7] x [2a,b]) with
z(t,2a) = z(t,b) = 0 for all t € (0,T"), we define

J(z) =2 / / 25| (—0,(p2) — Do (BUZ) — VOyz[2dtde
2 (0,T)x (2a,b)

3 b
+S—// 936_23“"\z\2dtdx—/ ﬁuoz(O)dx—// gzdtda. (4.7)
2 (0,7 % (2a,a) 24 (0,7) % (2a,b)

According to Theorem 4.2, the assumptions (1.4) and condition (4.2), for s large enough, the functional J can
be extended as a continuous, strictly convex and coercive function on the set

2(0,-)[?dz

H'Hobs

Yobs = {2z € C*(]0,T] x [2a,b]) with z(t,2a) = z(t,b) =0 for all t € (0,T)}

where ||+ |[obs is given by

e = [ | e | = au(p) — Oa(pmz) — v0ao +5° [ [ PPe 2 2]
(0,T) % (2a,b) (0.T)x (20.0)

Consequently, J admits a minimum z,i, on Yops. Using the Euler-Lagrange equation for J at zyin, (u, v) defined
by

. (4.8)
v=—530%"2% 20 in (0,7) x (2a,a),

solves (4.4)—(4.5), (see [3], Thm. 2.6).
The coercivity of the functional J in (4.7) immediately yields an estimate on the L?(L?)-norm of e*#u and
6=3/2e*¢v in terms of the L?(L?)-norm of §~3/2e*?¢ and the L? norm of e5¥()y:

{ u = e_2s¢(_at(ﬁzmin) - 83: (p_uzmin) - Vawwzmin) in (07 T) X (20,, b)7

3/2esap

53/ Hewu||L2(0,T;L2(2a,b)) + H9_3/2€‘wv\|L2(0,T;L2(2a,a)) < CH9_ gHL?(o,T;L2(2a,b)) + Cs'/? ||e3*"(07')u0 HL2(2a,b)~

The computations to get the L?(L?) estimates on 0 1e*?0,u, 0 2’90, u and 0~ 2e*?0;u closely follows the
ones in ([3], Appendix A.2). The only difference is that [3] considers an initial datum ug = 0 while we are not.
This introduces boundary terms in time ¢ = 0 when doing the weighted energy estimates ([3], Appendix A.2),
which are all bounded by the H(a,b)-norm of uge*#(%). To be more precise, following ([3], Appendix A.2), we
get

83/2 1/2”9—

lle*?ull 20,722 (2a,5)) + 8 1e‘waacunL?(O,T;L2(a,b))
+ ||973/265¢'U”L2(0,T;L2(2a,a)) + 5712|107 2e%% (9, u, Oza)|| £2(0,7:L2 (a,b))

< C|I0732e* gl 120,712 (20,0)) + 031/2Hewm")u0||H01(2a,b)~ (4.9)
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In order to conclude (4.3), we shall also get an L°(0,T; L%*(a,b)) norm of §~le*?u which has not been
derived in ([3], Thm. 2.6), though this estimate can also be obtained by weighted energy estimates. Indeed, if
we multiply (4.4) by s6~2e?*¢u and integrate on (0,t) X (2a,b), we easily obtain:

b
s/ p(H)0(t) 252D |u(t) > dx = 5// Dy (p02e** % )u? —23// pul%e**Pud,u
2a (0,t) x (2a,b) (0,t)x (2a,b)

+ 2sv // P02 udypu + 25 // 62> (g + VX (2a,a)) U
(0,t)x(2a,b) (0,t)x(2a,b)

b
+s/ 5(0,)0(0)2e2#(0) |yg|?da.  (4.10)
2

a

Using then (4.9) and the fact that
Or(072%e*%%) < Ose®*% in (0,T) x (2a,b),
we easily conclude (4.3). O

4.2. Estimates on g = g(p, u) in (2.36)

We wish to apply Theorem 4.1 to ¢ = § = g(p,u) defined in (2.36). We shall therefore show that for
(p,u) € Zsr, X s R, g satisfies (4.2):

Lemma 4.3. There exists C > 0 such that for all s > 1, R, € (O,min{l,[onjl%nRﬁ/Q}), R, € (0,1) and
T %
(5. @) € Zon, X Do, T = (5, 7) in (2.36) satisfies

w )

—3/2 sp~ C
167/2¢*°5]| 120,712 (a,0y) < CRp + 5 Bt CR.,. (4.11)
Proof. Some terms in g were already estimated in (3.34)—(3.35):

6~ 3/2g5¢ (8t(u—|—u)+(ﬂ—|—u (u+u )|L2 L2y + 107 3/2 e*?puly, (U + )| L2(12)
< 107165 (0T + B) + (@ + 0)0u (3 + ) |2z + 10 ¢# 500 (@ + )| 22

< g(RP + R,) +CR2.

We then only have to estimate the remaining terms in g. Since p’ € C*(R%;R) and ||p]| e (1) < R, < min_p/2,

[0,T] xR
one has
16722652 (—p/(p + )2 (B + D) + ' (2)0uP) || L2(12)
<|10722*p' (P + P)Dupl| 212y + 102> (W' (p) — P (P + 1)) DuP) L2(22)
< C(L+ [Pl poe ooy 1072220, Pl L2 (12) + Cl0~ /%€ p]| L2(12)
< CR,+CR. < CR,.
Combining the above estimates yields (4.11) and concludes the proof of Lemma 4.3. O

4.3. End of the proof of Theorem 2.2
Fors > 1, R, € (0, min{1, [O%%nRﬁ/Q}), R, €(0,1), (p,u) € Zsr, X% R, and g = g(p, u) in (2.36), applying
T %

Lemma 4.3, g satisfies (4.2). We can then apply Theorem 4.1 to g = g and concludes Theorem 2.2 simply by
putting together estimates (4.3) and (4.11).
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5. THE FIXED POINT ARGUMENT
Theorems 2.2 and 2.3 allow to define, for s > s; large enough, R, € (0, min{1, [Orrjl%nRﬁﬂ}), R, €(0,1) and
,T]x
€ € (0,&(s)) in (2.23) small enough, a map .7 : (p,u) € Zs r, X % g, — (p,u) € Zs X %, where

e  is the solution of the control problem (2.37)—(2.38) given by Theorem 2.2 with g(p, %) defined in (2.36),
e p is the solution of the control problem (2.40)—(2.41) given by Theorem 2.3 with f(p, u) defined in (2.35).

We then choose the parameters s > s1, R, € (0, min{1, [On%}nRﬁ/Q}), R, € (0,1)and € € (0,2(s)] in (2.23) where
T %

€(s) is given in Theorem 2.3, such that .# maps 25 r, X % r, into itself. This can be done according to the
following lemma:

Lemma 5.1. Let Cy, C (s) and C,, C,(s), s1,(s) be the constants in Theorems 2.2 and 2.3 respectively. There
exist s > s1, Ry, € (0,1), R, € (0, min{1, mnj%nRﬁ/Q}), e € (0,e(s)] such that
T %

C

. C
Ci(s)e + CuR, + ﬁRu +CuR. <Ry, and C)(s)e+—L

\/g

Proof. We set Cp = max{C,, Cy, 1, (Q[Onjl%nRﬁ)fl} and Cp(s) = max{C}(s), C;,(s)}, and we look for parameters
T %

s, R,, R, and ¢ such that

(R, + Ru) + Cp(R2+ RY) < R, (5.1)

Co

Ci(s)e + CoR, + %Ru +CoR%? < R,, and C}(s)e+ 7

U —

(R, + Ry) + Co(R> + R.) < R,,.

We thus choose
1 1

- R =
1202 +3" 7 4C
so that R, € (0,1), R, € (0,min{1, [OHII%HR'E/Q}) and satisfies:

T

R, = R,.

R, Ry R
CoRy <. CoR, <=, Co(Ry+RY) <"
We then choose
s = max{sy,4Cy, 902 (1 4 4Cy)?},

which guarantees

CO R, CO Rp

- < - v < P

s Ru_ 4 \/E(Rp'i'Ru)_ 3

Lastly, we choose € > 0 as follows:

¢ = min {6(8)’ 35/)?3)’ 4(,1*?15) } |

One then easily checks that the inequalities (5.1) are satisfied with these choices of parameters, and this concludes
the proof of Lemma 5.1. O

We thus fix the parameters s > s, R, € (0, min{1, [Orrjl%nRﬁﬂ}), R, € (0,1) and € € (0,&(s)] such that the
,T]x

inequalities (5.1) are satisfied. Using Theorems 2.2 and 2.3, we then have that .# maps 2% g, X % r, into itself.

We are then left to check that .# satisfies the assumptions of Schauder’s fixed point theorem. In order to do
that, we endow the set 25 g, x % g, with the L?(0,T; L?(a,b))-topology, which makes this set compact (for
the L2(0,T; L?(a, b))-topology) by Aubin—Lions’ theorem, see [26].
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It thus remains to prove that the map .# is continuous on 25 r, x % r, for the L?(0,T; L?(a,b)) topology.
This can be done as in ([13], Sect. 5.3), but we recall the main ingredients for the convenience of the reader.
Let us then consider a sequence (py,,Un) in 25 r, X % g, converging in L?(0,T;L?(a,b)) towards some (p, ),
and set (pp, un) = F (P, Un), (p,u) = F(p,u). As the sequence (pn, Uy ) is bounded in 25 x %, we then also
have the following weak convergences:

— p weakly *in L>(0,T; H'(a,b)) N H'(0,T; L*(a, b)), (5.2)
n—oo
U, — u weaklyin L?(0,T; H*(a,b)) N H'(0,T; L*(a,b)). (5.3)

Using interpolations of LP and H'! spaces (see [27], Sect. 4.3.1, Thm. 1), the functional space L?(0,T; H'(a,b))N
H'(0,T; L?(a,b)) is continuously embedded into W'/44(0, T; H*/*(a,b)) (see [27], Sects. 2.3.1 and 4.3.1]) with

q given by

1 3 1

3 1
— = - X X — = — —.
q 4 2 4p 8

But, for p > 6, we have ¢ > 4 and thus W'/44(0, T') embeds into some Holder spaces C%*(@ (0, T) with a(q) > 0
(see [27], Sect. 4.6.1). Therefore, using the compact embedding of the spaces of Holder spaces into the space of
continuous function (Ascoli’s theorem), the space L>°(0,T; H'(a,b))NH(0,T; L?*(a, b)) is compactly embedded
into the set of continuous functions C°([0, 7] x [a, b]). Furthermore, using Aubin Lions’ Lemma, we also have
a compact embedding of L?(0,T; H?(a,b)) N H*(0,T; L*(a,b)) in L°(0,T;L>(a,b)). We finally obtain the
following strong convergences:

1+1
p 4

Pn — P strongly in  L°°(0,T'; L*(a, b)), (5.4)
n—oo
Up — T strongly in ~ L*°(0,T'; L*(a, b)). (5.5)
n—oo
We then easily show that
(fBrs ), 9Py ) = (f( ), 9(B @) in (2'((0,T) x (a,b)))*. (5.6)

The control process in Theorem 4.1 is linear in (ug, g), and therefore, following the construction done in Section 4,
u, weakly converges to u in 2'((0,T) x (a,b)). As .# maps 25 g, X % g, into itself, u, is bounded in %, and
we can therefore also deduce the convergences

u

w, — u weakly in L?(0,T; H*(a,b)) N H'(0,T; L*(a, b)), (5.7)
n—oo

u, — u strongly in L°°(0,T; L*(a,b)). (5.8)
n—oo

We then focus on the construction of p,, p performed in Section 3.1 and its continuity with respect to u,, and
f(Pn, Un). We then introduce py,,, the solution of (3.3) with u,, instead of uw and f = f(p,, Uy). Due to (3.45), py.n
is uniformly bounded in H*((0,7%) x (a,b)) and therefore weakly converges to some Py in HY((0,TL) x (a,b)).
Using the convergences (5.8) and (5.6), we can pass to the limit in the equation satisfied by py,, and then obtain
that p} is the solution py of (3.3) with u and f = f(p,u). Similarly, the solutions py , of (3.4) with u,, instead of
wand f = f(pn,U,) weakly converge in H*((Tp, T') x (a, b)) to the solution py, of (3.4) with v and f = f(p,u). It
is then easy to check that the construction of the cut-off function 7 in Lemma 3.1 is continuous with respect to u.
Indeed, if we call 7j,, the cut-off functions constructed in Lemma 3.1 corresponding to u,, as the sequence 7, is
uniformly bounded in H*((0,T) x (a, b)), recall (3.10), we can pass to the limit in the construction and get that
7, weakly converges in H'((0,7) x (a,b)) to 7, the cut-off function constructed in Lemma 3.1 corresponding to u,
and thus strongly converges in L?(0,T; L?(a,b)) according to Aubin—Lions’ Lemma. Therefore, the sequence
P = Tinpgn + (1= in)py,n Weakly converges to p = fipg + (1 — A)py in 2((0,T) x (0, L)).
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We have thus shown that .7 (p,,, U,) weakly converges as n — oo towards . (p, ) in (2'((0,T) x (a,b)))%.
Moreover, the sequence % (p,,u,) is bounded in 2 g, x % r,. Recall then that this set is compact for
the (L2(0,T; L*(a,b)))? topology, so that the sequence .7 (p,,u,) strongly converges in (L2?(0,T; L?(a,b)))?
to .7 (p, w). This proves that .Z is continuous on 2 r, X % g, endowed with the (L*(0,T’; L*(a,b)))? topology.

We can then use Schauder’s fixed point theorem for .7 defined on the set 2 r, x % r, endowed with the
(L*(0,T; L*(a,b)))? topology. Let (p, u) be a fixed point of .Z. By construction, (p,u) € 25, r, X %s g, and solves
the controllability problem (2.25)—(2.26)—(2.28) for some v, € L*(0,T; L?((a,0)U (L, b)) and v, € L*(0,T). The
restriction of (p, u) on the space interval (0, L) provides a solution of (2.2)—(2.4)—(2.5). Therefore, (ps, us) in (2.1)
is a controlled solution of (1.1) satisfying the initial condition (1.8) and the controllability requirement (1.9)
with the regularity stated in (1.10). Besides, remark that the positivity of the density p; is assured by Lemma 5.1
since R, < [Orrj{}rleﬁ/Q. This concludes the proof of Theorem 1.1.

APPENDIX A. WEIGHTED POINCARE INEQUALITY
Here, we recall the following result, proved for instance in ([13], Lem. 4.9):

Lemma A.1 (A weighted Poincaré inequality [13], Lem. 4.9). Let ¢ as in (2.22) with 6 and ¢ as in (2.21)
and Lemma 2.1. There exist constants C > 0 and sz > 1 such that for all s > sa, for allt € [0,T) and for all
f e Hi(a,b),

s[e*?) fll 2oy < CIOTH ) 0s £l L2(a,0)- (A1)

The proof of Lemma A.1 is not difficult and simply requires that 1 in Lemma 2.1 does not have any critical
point in [a,b], i.e. Assumption (2.17). We refer the interested reader to ([13], Lem. 4.9) for a detailed proof.

Acknowledgements. The authors are indebted to Jean—Pierre Raymond for his advices and kind help during the prepa-
ration of this work.
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