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THE REGULARITY OF SOLUTIONS TO SOME VARIATIONAL PROBLEMS,
INCLUDING THE p-LAPLACE EQUATION FOR 2< p < 3

ARRIGO CELLINA
Abstract. We consider the higher differentiability of solutions to the problem of minimizing
[ Lo + g vanln o o+ W5 (@)
Q

where L(&) = I(|¢]) = i\&\p and u® € WP(£2). We show that, for 2 < p < 3, under suitable regu-
larity assumptions on g, there exists a solution u to the Euler-Lagrange equation associated to the
minimization problem, such that

Vu € W,h2(0).

loc

In particular, for g(z,u) = f(z)u with f € W12(£2) and 2 < p < 3, any W?(£2) weak solution to the
equation
div(|Vul|P*Vu) = f

is in W22(£2).

loc
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1. INTRODUCTION

We consider the regularity, in the sense of the higher differentiability, of solutions to the problem of minimizing

[ [L(F0@) + glav@)ide on u+WH(@) (1.1)

where L(&) = I(|¢]) = %|§\p and u® € W1P(£2). As it is well known, for p = 2, under reasonable assumptions
on the term g, there exists a solution u to the Euler-Lagrange equation associated to (1.1) that belongs to
Wif (£2); however, whenever p > 2, the matrix of the second derivatives of L vanishes at 0, an obstacle to
establishing that the gradient of a solution u is a Sobolev function.

The regularity of solutions to minimization problems with a Lagrangian L growing like %\5 [P or, more precisely,

to their Euler-Lagrange equations, has been known since the work of Ladyzhenskaya and Uraltseva [10]; however,
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1544 A. CELLINA

in their work, the Lagrangians are defined near the origin so as to satisfy a strict ellipticity condition of the
kind

E ) : > | |2
AUZ'U]‘ v\
i.j gj

with v > 0, thus removing the degeneracy at the origin (L() = %\5 [P does not satisfy this condition for p > 2);
the same approach has been used since (cf., for instance, [7] and, for different regularity results, [8,15,16]);
hence, the assumptions on L used in establishing the regularity of solutions to problem (1.1) in the case of
p—growth, do not apply to L(§) = %|§\p, unless p = 2.

The purpose of the present paper is to show that, for L(§) = %|§ [P and 2 < p < 3, under suitable regularity
assumptions on g (Assumption 2.1 below), there exists a solution u to to the Euler—Lagrange equation associated
to the minimization of (1.1), such that

Vu € W2(02).

loc

In particular, for g(x,u) = f(z)u with f € W12(2) and 2 < p < 3, any WP(£2) weak solution to the equation

div(|VulP~2Vu) = f (1.2)

is in VVf)f (£2). Our assumption on f is stronger than the assumption required for the case p = 2 [13]. Hence, to
extend the regularity result to 2 < p < 3, we pay the price of assuming more regularity on f.

When f = 0, a solution to (1.2) is a p-harmonic function, and properties of such functions have been
extensively studied (se, e.g., [1,2,4,5,12,14]). Still. it seems that the regularity we present in this paper is not
known even in this case.

Our proof is based on a variation that is a nonlinear function of |Vul, suited to contrast the fact that the
matrix of the second derivatives of L tends to zero. The proof fails at p = 3, since in this case the required
function of |Vu| would have to grow like the logarithm, that is unbounded near the origin.

For semilinear problems, in particular for L(§) = %\5 [P, a recent comprehensive survey of pointwise estimates

for the gradient of a solution (hence, different from our results) is presented in [9].

2. NOTATIONS AND PRELIMINARY RESULTS

The transpose of a is a’; the dimension of the space is N and 2 C R¥; |{2| is the measure of £2. For a
fixed coordinate direction ey, we set dpe,u to be the difference quotient of the function w, defined by dpe, u(z) =

M. For a variation 7 to be defined, D, is such that |Vn(z)| < D,, and suppn is the support of . By
H, we mean the Hessian matrix of the function v.
The assumptions on g are:

Assumption 2.1. There exist 7 € L*(§2) and a non-negative A\, € L%(2) such that, for a.e. z € 2 and every
u, we have

(i) glz,u) = 7(x) — Ag(2)|ul
(i) gu(z,u) = f(x) + G(u), with f € WH2(£2) and G uniformly Lipschitzian of Lipschitz constant Ag and
differentiable except at most finitely many values.

Under the assumptions on g, the composition of g, with a Sobolev function v is a Sobolev function and

Vgu(z,v(x)) =V f(x)+ G (v(x)) - Vou(z).
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The purpose of this paper is to prove the following result:

Theorem 2.2. Let 2 be a bounded open subset of RN let L(£) = %\ﬂp for2 <p<3.

1) Let g satisfy Assumption 2.1; then, there exist u, a solution to the Euler—Lagrange equation, i.e. such that

/QKVL(VU(SE))» Vn(z)) + gu(z, u(@))n(z)]dz =0

for every n € CL(£2), such that Vu € W,"2(12)

loc

ii) Let f be in WL2(2) and let u be a WP (£2) weak solution to the equation
div(|VuP~2Vu) = f;

then u is in W22(£2).

loc

Under some additional assumptions, mainly when g is convex in the variable v (in particular, g linear in v), a
solution to the Euler-Lagrange equation is actually a solution to the minimization problem (1.1).

The Proof is based on (a modification of) Nirenberg’s method and will also depend on approximating L by
the following auxiliary Lagrangian. For 7 <1 < T and t > 0, set

1 1 1
571)—2152_,_ <__§> P for0<t<rT
p
1
e (t) = q S 1P forost<T

1 1
TP TP (6= T) 4 (o= VTP (= T) for t 2T
p

so that, for ¢t > 0,

1 3—-p 1 1 1
—p—DEP—(p—2t—- "+ =4 t—-D+=(p-Dt—-12< L) <t 2.1
0= D= (=2t =5 = (= D+ 50— D= 1) < lr(t) S U (2.1)
and
TP=2¢ for 0<t<T
Loty =3t for 7<t<T

TP~ Y2—p)+(p—1)TP 2%t for t>T;
set also L, (&) = L r(|€])-
Let ™7 be a solution to the problem of minimizing

/Q[LT,va(x))+g<x,v<x>>1dw on ul+WH(Q). (2.2)

The Lagrangian L, r(|¢]) is of quadratic growth; moreover, it satisfies a “quadratic strict convexity condition”
in the sense that, for a positive constant v, we have

(VL(21) — VL(22), 21 — 29) > v|z1 — 22|%; (2.3)

hence (see [6]) we have that, for each i, both ™7 € W2?(£2) and EX (o

loc [VurT|
In order to prove Theorem 2.2 we shall need the following Lemmas.

T
D u;’iT IS W1’2(Q).

loc
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Lemma 2.3. Let 2 and g as in Theorem 2.2; let u™T be a solution to the minimization of (2.2); let ¢ € W12(2)
with support compactly contained in §2. Then, for s=1,..., N, we have

/ < Lo (VU ), V¢> /Q (di%guc,u”))gb

Proof.
a) We have that Vu™7 is in T/VlOC (2), so that 57— \VUTT| = <|§ZT 1, Vg, 7. The map
P2 for 0<t<T
M: tp—2 for 7<t<T
t w +((p-1)TP"%2 for t>T .

is (uniformly) Lipschitzian and it is not differentiable only at at ¢ = 7 and ¢t = T'; then, as it is known, the map

(V™" (@)])
VuTVT 7T

[Vur T ()]
0 for |[Vu™T(z)| <7

3 Yu™ T
(p —2)|Vu™T (z)|p~3 < VT VuTiT> for 7 < |Vu™T(2)| < T (2.4)

TP~ 1(p—2) VuT . .
( Vur T ()2 ) < Vur T V“x?T> othenvise

T — is a Sobolev function with

/

d Lr(VerT(@)) _ [( ;,T(t)) o [Vur T (1)

dz; Va7 (z)] t

Then
d z;,T<VuTvT<w>|>.W%)] :MW%% d M) VurT(z).  (25)

dz; [VunT(z)] |Vu™T (z)] dz; |VunT(x)]

i .(£2): in fact, 3 T/(t) is bounded and, from (2.4), the absolute value of the second
. Hence, VL, r(Vu™T) is in WL2(02).

loc

Both terms above are in L?

term is at most |V,

b) Under the assumptions of the Lemma, the Euler-Lagrange equation holds for u™7 in the sense that, for
Y € WH2(£2) with support compactly contained in {2, we have

/QKVLT(VUT’T), V) + gu(z, u™T)]dz = 0.

For h sufficiently small, and s = 1,..., N, consider the variation ¥ = d_j. ¢ to obtain
7,7 _ 7,7
/ <VL-,-’T(VU (x 4+ hes)) = VL 7(Vu (x)),v¢(x)>dx
Q h
x — hes) — ¢(x -
— [ sutewr @)D= gy [ 5, g otz (26)

Since VL, ¢(Vu™T) is in W12(B(supp, |h|)), we obtain that the family (¥2zr(Fu” Cathes )) Virz(Yun T(y)))
is bounded in L?(B(supp,|h|)) and we can assume the existence of a sequence (h,,) such that

L, ~T n€i)) — VDL nT
VL r(Vu"T(z+h (;L)) VL, r(Vu™'(z) %VLT,T(VM’T)

so that the left hand side of (2.6) converges to [, (52 3o VL r(Vu” T), V).
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We also have, from Assumption 2.1, that g, (z, u™") is in W?(£2) and hence that the family (65,e, gu(z,u™7))
T,T) N T

h
is bounded; then we can assume that along the sequence (h,,), we have that 5, . gu(z,u (z,u™"),

thus proving the Lemma. O
Lemma 2.4. There exists K (z'ndependent of 7,T), such that ||Vu™T | 120y < K and |[u™T | 12(0) < K.

Proof. Choose 3 such that 23P% = E— L and call ko the resulting constant V + 2ﬁ JIfP?+28P2 [ |[Vuw® . We
obtain

8
so that 1(p — 1) [ |[Vu™T

3 —2 1
20-1) [ v <220y o) 19w TR g
2 < 2(1;_%1)2\Q| + ko; hence, there exists kq such that

/‘VUT’TF < /C1.

From this, making use of w® € W2 and of Poincaré’s inequality, we infer that for some ko, we also have
fQ |u™T|? < ko. The constants ki, ko are independent of 7, T'.

0

a) Call P the Poincaré constant in Wy*(2); we have [|u™T]? = [|w® — (™7 — w®)]* < 2 [|u®? +
2P? [|V(u™T —w®) 2 <2 [ |w°? 4+ 4P? [ |Vu™T|?> + 4P? [ |Vw°|?. From Assumption 2.1 and from A\g|u™T
216 )\3 2ﬁ\uT’T 2, for a constant 3 to be fixed, we obtain

/Qg(x,uT’T) > /T - % /()\g)2 - %@4]32[/ |Vu™ T2 + / |V 2. (2.7)

b) From (2.1) we have

V= /Q L(Vu(e)) + gl u(z)]dz > / (Lo (Vu(2)) + g, u(z))]dz

0
> / (L (VurT (@) + gl w7 (2))]de.
0

Hence, again from (2.1) and from Assumption 2.1,

1 3 — 1
IR e e L I C A R R Rt
02 02

gv+/ H% (Ag)2+25P2/\VUT’T|2+2ﬂP2/|VwO\2

. . 3
that gives, since —Tp + 5 >0 for p > 2,
—1 1
VT - zmﬂ} /|VuT’T 2 ¢ /(p VT 4V — /T +55 [ Qo) +20P? / VP
Choose 3 such that 23P? = % and call ko the resulting constant V — [ 7+ % J(Xg)? 4+ 268P% [|VwO|?. We

obtain
g -1 /|VuTT

so that $(p — 1) [|Vu™T

2

2<2( ) |Q‘—|— /‘VUTT

2 < 2%\Q| + k; hence, there exists k; such that

/\VuT’TF < k.

From this, making use of w® € W2 and of Poincaré’s inequality, we infer that for some ko, we also have
fQ |u™T|? < ko. The constants ki, ko are independent of 7, T'. O

0
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Proof. Since the case p = 2

a) From (2.5) we have

a (LT
dzs |VurT i
for |[Vu™T
b) Set

A. CELLINA

3. PROOF OF THEOREM 1

is well known, we shall assume that 2 < p < 3.

TP_Qu;;Z;S
. VUT,T
=DV (e VT T T,
TP=Yp—2) / Vu™T 7\ 7 TP=1(2 —p) o\ .
Vo TR\ Ve T] Vug ™ yugs + TN T (p— TP Juiry,
TP_Qu;’Z; ,
N Vu™ T ul
\V4 7,7 |p—2 _9 ,V 7,7 T; -r,‘T ,
v {@ ) < VurT] Y ) ]
TP 2(p—2) N T ;’iT p—1 T\, 7T
|VurT g |VurT|’ Vit |VurT| " _T+p Ve e

(3.1)

<7, for 7 < |Vu™T| < T and for [Vu™T| > T respectively.

T3P for |t|<T

t2-p for 7<|t|<T
Anrlt) = ! for t> T|
or >T:

A7 is globally Lipschitzian and differentiable except at t = 7; then, since z — |Vu™7T ()|
function x — A, 7(|Vu™T (x)])

Tr=2(p — 2)[-T + 5=5t]

is in T/Vlf)cz(()), the
is in W,"%(£2) and

loc

0 for |Vu™T(z)| <7
7, T|1—p VUT’T T, T T
d (2 = p)IVu™7| mav%’l for 1< |Vum'| <T
(VT = .,
. ’ —1 T,
s 5 Vu , Vul T for |Vu™T| >T.
p— 1 ‘VUT,T| i

Tp73(p —2) <_T + quT’T >

Then, the map

is in W22 (£2) and

loc

@ = v r(@) = A r (V™ (@) Jup! (2)

)

3D for |Vu™T(z)] <7
@] < § Ve T @7 for 7 < [Vur (@) < T (3.2)
|Vu™T ()| for  [Vu™"(z)| > T.
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Moreover,
., 7, T
2=pymT (9 — )|V~ T|2-P Vurt \vid Ts Vo T [2=pymT
T Pugg, (2= p) VU VurT|’ Uy VurT] + [V FPug
d
i 1 -7 VurT V™|
i ( ,Vul Dyul T + ul T
Tp—2(p _ 2) 1 2 |VUT’T| T4 Ts p— 1 TsT;
(_T + p—vu‘r,T|) T+ m|vHT,T|
p—2 -
Tzip’LLT’T
Tsxi)
VUT,T uT,T
\V4 7,T|2—p ‘r,T. _ -9 ’v T,.T T
VTP [, — -2 (i VT )
[Vur | T _ T < vur” W,T> i
—1 LsTi -1 T, T\’ z; T ’
Tr-2(p—2) (-7 + 2= |urT 14 P2 gy ) N IVET [Vart]
p—2 p—2
(3.3)
for |[Vu™T| < 1, for 7 < |Vu™T| < T and for [Vu™T| > T respectively.
c¢) From (3.1) and (3.3) we have
d '/I'T(|vuT,T|) T d p 2 T
dx, ( |VurT| a ) da; Vir = Ug,a,, for [Vu™7 [ <7
vuT7T 7,T u;;T
= (uxsxz -(p-2) <Wv Vug, > [VurT
VUT,T T T, T .
7, Ti T, .
X <(p — 2) <W,Vuxs > ‘VUTVT‘ + umﬂ%) s fOI‘ T S ‘VU ‘ S T,
B 1 urT T < Vu™ T VuT’T> ul’
(=T + E5IVur ) [ (=T + 5 VarT) N IVer ]2 /[ vurT]
vuT,T TT.T p— 1 i i i
X {T<W,Vu;’f> |V;TT| + (—T+ ZTQWu T|) uzf,;s} , for |Vu™T| > T.
For future use, notice that, summing over s, we have
s d (Ll ) A
— dx [VumT| i d:ri%’T
|H.,|? , for |[VumT| <1
VUT,T vuT,T
2 2 T
HP 027 (o oy for 7 <[Vur T < T
2

T
|Hu|2 -

VUT,T VUT,T

—1
T + p—‘VUT’T‘
p—2

(

|Vu™T| >T

2
> for

|VunT| " | VurT|
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so that
|H,|?, for [Vu™T| < 7

d ZTT ‘VU D T, T d s 2 2 7T
2w g 2 ) (L e 2 for < [V < T (3.4)
(p — 2)|H,|?, for |[Vu™
then, setting g = min{p — 2, (1 — (p — 2)?)}, so that g > 0 since p < 3, we have

d Lo(Ve™T]) o d
Sl — > u|H,|?. 3.5
; (dl’s |V'ILT’T| ux; d.TZ FYT,T = ILl/| u‘ ( )

d) Let 2° and 6° be such that B(z" 46°) cc (Z Let n € C5°(B(2°,26%)) be such that 0 < n < 1 and that
n(z) =1 for x € B(2°,4°); then the map ¢ = n? ‘i isin W12(£2) with support compactly contained in 2

and Vo = 20Vnys o + 12V p.
From Lemma 2.3, we infer that, for every s,

5 (A (LT ) (o
s T _ A8 2 - s _ . .
/_Q p (dl’s ( ) Ug; (77 dl,i’yT,T_F 7777,,’77—,71) dx G (3 6)

where Gy = [, 1* (32 gu (-, uT’T))Wf_’T)dac; summing over s the previous equations, from (3.4) we obtain

) T d s
up” s da

/
,T(\VU’
/77:U’|HuTT| dw</ § ((daz i
d
:_2: 2V — | 7T | d EGS. 3.7
is/Q nn 7,%,de3< \VuT’TI uy> x + d (3.7)

L ([VumT])

e) On the other hand we have

4 (Ea0veT) Y
dx, [VumT| Ya; T

SARTIS . .,
Vu™ Uy
((P -2 <W’ VU;;T> o+ U;Z;) up !
Vu™T Tul” -1 1
(<W, Vu;;T> < f—lT + (—T + p—2|VuT,T|) u;’gg) =1 u;;T

respectively for [Vu™T| < 7, for 7 < |[Vu™ |Vu™T| > T. Then we obtain

S o (0 (7D Y
i Mhas dzg ‘VuT,T| i Vr, 17

20(Vn" Hyrr Vu™T)
o, T T Vurt Vurt T
21 | (VT H o Vu™T) + (p — 2) |WT,T|HM‘T ] (Vu™T,Vn)

7,7 7,7
Vu Vu7 ><VUT’T,V77>

2n | (V" Hyrr Vu™ ") +

umT

T

p—1
T+ ——|Vu™T|

p—2
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and, for a constant « to be fixed, we have

d Lo(Vert]) | .
> 20, (dw (e ) ) i
1,8

an?[H,-r|? + L D2V T2
a"/]2|HuT,T‘2 + iD%‘VUT’TF + (p _ 2)[@772‘HMT,T|2 + éD%WuT’TF]
an?|Hyrr > + 2DEVu™T > + (p — 2) [an?|Hyrr|? + L D2[Vu™T]?]

IN

so that, for some constant C(p), we have

d (Lo(Vu"T])
> 2., o\ v

[Vur ]

1
e T)) Vi £ O [ar?| Hyer P+ LDV (3.5)

f) Tt is left to estimate

ZIGI—Z’/ (—gu u” )>%wa Z’/f

We have d%sgu(x,uT’T) = dz flz) + G W T (x ))di%uT’T(w); from the estimate (independent of 7,T") for
[Vu™" || 120y of Lemma 2.4 and the estimate for |y ;| in (3.2), we obtain that, for some ki, [ 7|20y < ki1
we also have that

’y'r T)

d

ot twtw)| <aex
dzs 12(2)
and hence, for some K, we obtain
> 1Gs| < Ka. (3.9)
S
g) From (3.6)—(3.8) and (3.9) we obtain
1
/ 0 p|Hy-r |2de < C(p)/ [an?|H -7 |* + aD%\VuT’T\z}dx + K¢. (3.10)
Q Q

1
Choose « so that C(p)a = Sh Recalling the estimate of Lemma 2.4 for ||Vu™ we obtain that, for a

constant H (independent of 7,7"), we have

/ n?|H,-r|*dz < H. (3.11)
2

h) Set 7 = % and T' = n; set also um" = u" and Lw" = L. Recalling the estimates of Lemma 2.4, we can
assume that

/ Vu"|? < K? (3.12)
B(z9,89)

and
/ |H,n|? < K2. (3.13)
B(x°,89)

Then, the family (Vu"),, is contained in a compact subset of L?(B(x?,4§°)).
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Consider (llll(‘vvqijﬁl)ug) . From (3.1) we have

for |Vu"|<T
| for T<|Vu|<T

+ |ul ] for |Vu"| >T.

n
|u$1$5

d [U(Vu™)
dx, ( |Vunr| up, )] =g Ve

P72 (p = 2)|Vug | + [l
nP=2(p - 2) [|Vug,

We can write

- p—2 _ 1 _
|Vu™ P 2‘VUZS\ < m‘vun|p Ly E\Vugs p—1
and ) L
_ P — _ _
|Vu"‘17 Q‘uglzs < EIVun‘p 1 + pTl‘u;lLIs p—1

Since fB(IO 50)[\Vu”|p*1]% = [, |Vu"[?, and, similarly, fB(mO 60)[|Vugs|p*1]% = [, |VuZ |> and the same

for [u? , [P~1, from (3.13) and (3.12), we can assume that, for some constant K, independent of n, we have

that, fori =1,..., NV,
!/ n
[ fe (s,
B(x9,50) |Vun|

and, since ;%1 > 1, that the family (%Vu")n is contained in a compact subset of L7-T (B(2°,4%)).
The arbitrariness of 2o allows us to extend the previous results from B(z°,4°) to any w CC (2.

2
p—1

<K,

i) We claim that u is a solution to the Euler-Lagrange equation, i.e., that, for every n € C1(2),

/QKVL(VU(SE)), V(@) + gu(z, u(z))n(z)]dz = 0.

Fix n € C(£2). There exists a subsequence (n,) such that u™ — wu in L?(supp7), that Vu™ — Vu in
U (|[Vu™

L?(suppn) and pointwise a.e., and that "”qu,,Lulu DVU”“ —din L1 (supp n7). Moreover, we have that

/Q (VL™ (V™ ), Vi) + gular,u™ Y] da = 0

and that g,(z,u)

= f(x) + G(u), where G is uniformly Lipschitzian of Lipschitz constant Ag. Then, from
Jo lgu(a, u™) = gu(z, u

)ldz < Ag [, [u™ — u|dz we obtain

/ [(d, V1) + gu(z,u)n]dz =0
Q

and we have to show that d = VL(Vu).

Fix x such that Vu™ (z) — Vu(z). When Vu(x) # 0, there exists a ball B(Vu(x),e) such that for v suffi-
ciently large, VL (§) = VL(§) for every £ € B(Vu(x),¢), so that d(x) = lim VL(Vu™) = VL(Vu(z)); when
Vu(z) = 0, we can assume that [Vu™| < 1; fix arbitrarily 7, then I/, (|Vu™|) < |Vu™ |-max{7P~2, |Vu"™ [P~2},
thus proving the claim.

This proves statement i) of the Theorem 2.2.

j) To prove statement ii), first notice that, in this case, a solution u to the Euler-Lagrange equation is a solution
to the problem of minimizing

/Q L(Vo(@) + f(z)o(@)]dz on u+ WIP(Q):
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in fact, the problem is jointly convex in (Vv,v). We claim that, for this problem, uniqueness of solutions holds.
Once this claim is proved, part i) will apply to w.

Proof of this claim: let u and w be solutions to the minimization problem; then, for every n € C1(£2), we
have

/ (|VulP~2Vu — |[Vw|P~?Vw, Vn)dz = 0.
o)

Since |Vu[P~2Vu — |[Vw[P~2Vw € L7 and u—w € Wy'?, by approximating u — w with a sequence in C(£2), we
obtain

/ (|Vu|P~2Vu — |Vw[P~?Vw, Vu — Vw)dz = 0.
o)

On the other hand, from [3,11], we have, for any & and &, that

(|6]P728 — |&]P 726, & — &) > 2P| — &P

and hence that

/ 227P|Vuy — Vw|Pdz = 0
7

that implies that u = w. O

(1]
2]

[9]
(10]

(11]
(12]

(13]
(14]

(15]
(16]
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