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HOMOGENIZATION OF A VISCOELASTIC MODEL FOR PLANT CELL WALL
BIOMECHANICS *

MARIYA PTASHNYK! AND BRIAN SEGUIN?

Abstract. The microscopic structure of a plant cell wall is given by cellulose microfibrils embedded in
a cell wall matrix. In this paper we consider a microscopic model for interactions between viscoelastic
deformations of a plant cell wall and chemical processes in the cell wall matrix. We consider elastic
deformations of the cell wall microfibrils and viscoelastic Kelvin—Voigt type deformations of the cell
wall matrix. Using homogenization techniques (two-scale convergence and periodic unfolding methods)
we derive macroscopic equations from the microscopic model for cell wall biomechanics consisting of
strongly coupled equations of linear viscoelasticity and a system of reaction-diffusion and ordinary
differential equations. As is typical for microscopic viscoelastic problems, the macroscopic equations
governing the viscoelastic deformations of plant cell walls contain memory terms. The derivation of
the macroscopic problem for the degenerate viscoelastic equations is conducted using a perturbation
argument.
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1. INTRODUCTION

To obtain a better understanding of the mechanical properties and development of plant tissues it is important
to model and analyse the interactions between the chemical processes and mechanical deformations of plant
cells. The main feature of plant cells are their walls, which must be strong to resist high internal hydrostatic
pressure (turgor pressure) and flexible to permit growth. The biomechanics of plant cell walls is determined
by the cell wall microstructure, given by microfibrils, and the physical properties of the cell wall matrix. The
orientation of microfibrils, their length, high tensile strength, and interactions with wall matrix macromolecules
strongly influence the wall’s stiffness. It is also supposed that calcium-pectin cross-linking chemistry is one of
the main regulators of cell wall elasticity and extension [30]. Pectin can be modified by the enzyme pectin
methylesterase (PME), which removes methyl groups by breaking ester bonds. The de-esterified pectin is able
to form calcium-pectin cross-links, and so stiffen the cell wall and reduce its expansion, see e.g. [29]. It has
been shown that the modification of pectin by PME and the control of the amount of calcium-pectin cross-links
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greatly influence the mechanical deformations of plant cell walls [23,24], and the interference with PME activity
causes dramatic changes in growth behavior of plant cells and tissues [31].

To address the interactions between microstructure, chemistry and mechanics, in the microscopic model for
plant cell wall biomechanics we consider the influence of the microscopic structure, associated with the cellulose
microfibrils, and the calcium-pectin cross-links on the mechanical properties of plant cell walls. We model the
cell wall as a three-dimensional continuum consisting of a polysaccharide matrix and cellulose microfibrils. It was
observed experimentally that plant cell wall microfibrils are anisotropic, see e.g. [10], and the cell wall matrix, in
addition to elastic deformations, exhibits viscous behaviour, see e.g. [14]. Hence we model the cell wall matrix
as a linearly viscoelastic Kelvin—Voigt material, whereas microfibrils are modelled as an anisotropic linearly
elastic material. Within the matrix, we consider the dynamics of the enzyme PME, methylesterfied pectin,
demethylesterfied pectin, calcium ions, and calcium-pectin cross-links. A model for plant cell wall biomechanics
in which the cell wall matrix was assumed to be linearly elastic was derived and analysed in [26]. The interplay
between the mechanics and the cross-link dynamics comes in by assuming that the elastic and viscous properties
of the cell wall matrix depend on the density of the cross-links and that stress within the cell wall can break
calcium-pectin cross-links. The stress-dependent opening of calcium channels in the cell plasma membrane
is addressed in the flux boundary conditions for calcium ions. The resulting microscopic model is a system of
strongly coupled four diffusion-reaction equations, one ordinary differential equation, and the equations of linear
viscoelasticity. Since only the cell wall matrix is viscoelastic we obtain degenerate elastic-viscoelastic equations.
In our model we focus on the interactions between the chemical reactions within the cell wall and its deformation
and, hence, do not consider the growth of the cell wall.

To analyse the macroscopic mechanical properties of the plant cell wall we rigorously derive macroscopic equa-
tions from the microscopic description of plant cell wall biomechanics. The two-scale convergence, e.g. [4,21],
and the periodic unfolding method, e.g. [7,8], are applied to obtain the macroscopic equations. For the viscoelas-
tic equations the macroscopic momentum balance equation contains a term that depends on the history of the
strain represented by an integral term (fading memory effect). Due to the coupling between the viscoelastic
properties and the biochemistry of a plant cell wall, the elastic and viscous tensors depend on space and time
variables. This fact introduces additional complexity in the derivation and in the structure of the macroscopic
equations, compered to classical viscoelastic equations.

The main novelty of this paper is the multiscale analysis and derivation of the macroscopic problem from a
microscopic description of the mechanical and chemical processes. This approach allows us to take into account
the complex microscopic structure of a plant cell wall and to analyse the impact of the heterogeneous distribution
of cell wall structural elements on the mechanical properties of plants. The main mathematical difficulty arises
from the strong coupling between the equations of linear viscoelasticity for cell wall mechanics and the system
of reaction-diffusion and ordinary differential equations for the chemical processes in the wall matrix. Also
the degeneracy of the viscoelastic equations, due to the fact that only the cell wall matrix is assumed to be
viscoelastic and microfibrils are assumed to be elastic, induces additional technical difficulties in the multiscale
analysis of the microscopic model. To derive the macroscopic equations for the viscoelastic model for cell wall
biomechanics we consider perturbed equations by introducing an inertial term. Once the macroscopic problem
of the perturbed equations is derived, the perturbation parameter is sent to zero. By showing that the limit
problem (as the perturbation parameter tends to zero) of the two-scale macroscopic problem for the perturbed
microscopic equations is the same as the two-scale macroscopic problem for the original microscopic equations, we
obtain the effective homogenized equations for the original viscoelastic problem coupled with reaction-diffusion
and ordinary differential equations. A perturbation approach, by considering a viscosity term multiplied by a
small perturbation parameter in the elastic inclusions, was also used in [11] to derive a macroscopic model for
an elastic-viscoelastic problem.

A multiscale analysis of the viscoelastic equations with time-independent coefficients was considered previ-
ously in [12,13,18,27]. Macroscopic equations for scalar elastic-viscoelastic equations with time-independent coef-
ficients were derived in [11] by applying the H-convergence method [19]. A microscopic viscoelastic Kelvin—Voigt
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model with time-dependent coefficients in the context of thermo-viscoelasticity was analysed in [1] and macro-
scopic equations were derived by applying the method of asymptotic expansion.

The paper is organised as follows. In Section 2 we formulate a mathematical model for plant cell wall
biomechanics in which the cell wall matrix is assumed to be viscoelastic. In Section 3 we summarise the main
results of the paper. The well-possedness of the microscopic model is shown in Section 4. The multiscale analysis
of the microscopic model is conducted in Section 5.

2. MICROSCOPIC MODEL FOR VISCOELASTIC DEFORMATIONS OF PLANT CELL WALLS

The main feature of plant cells are their walls, which must be strong to resist high internal hydrostatic
pressure and flexible to permit the growth. To better understand the interplay between these in some sense
conflicting functions, we consider a mathematical model describing the interactions between the mechanical
properties and the chemical processes in cell walls, surrounding plant cells. Plant cell walls are separated from
the inside of the cell by the plasma membrane, modelled as an internal boundary of the cell wall (see Fig. 1a).
Individual cells in plant tissues are joined together by a pectin network of middle lamella. The primary wall of a
plant cell consists mainly of oriented cellulose microfibrils imbedded in the cell wall matrix, which is composed of
pectin, hemicellulose, structural proteins, and water. It was observed experimentally that in addition to elastic
deformations the plant cell wall matrix exhibits viscoelastic behaviour [14]. Hence, in contrast to the model
considered in [26], here we assume that the deformations of the plant cell wall matrix are determined by the
equations of linear viscoelasticity.

To model mechanical deformations of plant cell walls, we consider a domain 2 = (0,a;) X (0,a2) x (0,as3)
representing a flat section of a cell wall, where a;, with ¢ = 1,2, 3, are positive numbers. We assume that the
microfibrils are oriented in the zs-direction (see Fig. 1b). We shall distinguish between six disjoint parts of the
boundary 912 of the domain (2. The interior boundary I’z = {0} x (0,az2) x (0, a3) represents the cell plasma
membrane, the exterior boundary I's = {a1} x (0,a2) X (0,as3) denotes the side of the cell wall which is in
contact with the middle lamella, on the top and bottom boundaries 174 = (0,a1) x {0} x (0,a3) U (0,a1) X
{az2} x (0, a3) we will prescribe traction boundary conditions, reflecting the turgor pressure. On the boundaries
I'p = (0,a1) x (0,a2) x {0} U (0,a1) x (0,a2) x {as} we consider periodic boundary conditions.

To determine the microscopic structure of the cell wall given by cell wall microfibrils, we consider ¥ =
(0,1)2 x (0, a3) and define Y = (0,1)?, together with the subdomain Yz, with Yz C Y, and Ya; = Y\ Y. Then
Yp = Yp x (0,a3) and Ya; = Yas x (0,as) represent the cell wall microfibrils and cell wall matrix, rescaled to
the ‘unit cell’ Y (see Fig. 1c). We also define I'=0YrNdYy and I' = dYr N OYa,.

We assume that the microfibrils in the cell wall are distributed periodically and have a diameter on the order
of e, where the small parameter ¢ characterise the size of the microstructure, i.e. the ratio between the diameter
of the microfibrils and the thickness of the cell wall. The domains

Q= U {e0r +6 x (0,a5) | (Y +6) C (0,a1) x (0,a2)} and 25 =2\ 25
cez?

denote the parts of {2 occupied by the microfibrils and by the cell wall matrix, respectively. The boundary
between the cell wall matrix and the microfibrils is denoted by

I = 0825, N 0%

We adopt the following notation: 27 = (0,7) x §2, 25, 7 = (0, 1) x 25, I'tr = (0,T) x I't, 't = (0,T) x I'%,
FL{,T = (O,T) X Fu, Fg,T = (O,T) X Fg, and Fgu’T = (O,T) X (Fg UFL{), and define

W) = {uec H' (2;R?) | / udz =0, / [(Vu)12 — (Vu)21]dz = 0 and u is as-periodic in x5},
o) o)

V(025) = {n € H'(£25)| n is as-periodic in 23}
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FIGURE 1. (a) A schematic of a plant cell with an indication of the domain {2 as a part of the
cell wall. (b) A depiction of the domain {2 with the subsets representing the cell wall matrix
25, and the microfibrils 2%.. The (hidden) surface I’z corresponds to the plasma membrane
and is in contact with the interior of the cell, the surface I'c is facing the outside of the cell
and is in contact with the middle lamella, and I, is the union of the surfaces on the top and

bottom of {2. (¢) A depiction of the ‘unit cell’ Y.

By Korn’s second inequality, the L?-norm of the strain defines a norm on W(2)
[allyy o) = lle)l 2o for all u € W(£2),

see e.g. [6,17,22]. For more details see also [26].

The microscopic model for elastic-viscoelastic deformations u® of plant cell walls and for the densities of
esterified pectin pj, PME enzyme p5, de-esterified pectin nj, calcium ions n§, and calcium-pectin cross-links b°

reads
div (E*(b%, z)e(u®) 4+ V(b°, z)0re(u®)) = in (27,
(E°(b%, z)e(u®) + VE(b°, x)0e(u”)) v = —pIV on I’z 7,
(E° (0%, z)e(u”) + V= (b°, z)Ore(u”)) v = on ey,
u® az-periodic in x3,
u®(0,z) = up(zr) in 2,
and

op° = diV(DPVPE) - FP(PE)

om® = div(D,,Vn®) + F,,(p%,n°) + R, (n®, b°, Ns(e(u®

D1b° = Ry(n®,b%, Ns(e(u®)))

in 25 7,
) in 2y,
in 25 7,

(2.1)

(2.2)
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where p¢ = (pf,p3)", n° = (nf,n5)", and div(D,Vp®) = (div(D,Vp]),div(D2Vp5))", and div(D,Vn®) =
(div(D}Vn5),div(D2Vn3))T, together with the initial and boundary conditions

D,Vp°v =J,(p°) on Iz,

D,Vp*v = —y,p° on Ier,

D, Vn® v = Nj(e(u®))G(n®) on I'rr,

D, Vn*v =1J,(n%) on Iecr, (2.3)
D,Vp°v =0, D,Vn°v=0 on I'; and Iy T,

p°, n° as-periodic in z3,

p°(0,2) = po(z), n°(0,2) =ng(x), b (0,z)="bo(x) in §25,.

Here Nj(e(u®)), defined as

n
Ns(e(u®)) = (ﬁ - tr (E°(b°, 7)e(u®)) di") in (0,7)x 2, ford>0, (2.4)

represents the nonlocal impact of mechanical stresses on the calcium-pectin cross-links chemistry, where Bs(z)
is a ball of a fixed radius § > 0 at = € (2. From a biological point of view the nonlocal dependence of the
chemical reactions on the displacement gradient is motivated by the fact that pectins are long molecules and
hence cell wall mechanics has a nonlocal impact on the chemical processes. The positive part in the definition
of Ns(e(u®)) reflects the fact that extension rather than compression causes the breakage of cross-links. The
boundary condition (2.3)3 reflects the fact that the flow of calcium ions between the interior of the cell and the
cell wall depends on the displacement gradient, which corresponds to the stress-dependent opening of calcium
channels in the plasma membrane [28].
_ The elasticity and viscosity tensors are defined as E°(§,z) = E(£,2/¢) and V({,z) = V(,2/e), where the
Y-periodic in y functions E and V are given by E(¢, y) = Enm(§)xy,, (v) +Erxy, (v) and V(. y) = Vi (€)xy,, (v)-

For a given measurable set A we use the notation (¢1,¢p2)a = [ 4 $1¢2dz, where the product of ¢1 and
¢9 is the scalar-product if they are vector valued. By (¢1,%2)v v we denote the dual product between i, €
L2(0,T;V(925,)) and 5 € L2(0,T;V(§25,)"). We also denote Iﬁ = (—p, +00)*, for an arbitrary fixed p > 0 and
k e N.

Throughout the text we shall use boldface letters, either upper or lower case, to denote vectors. However,
matrices are not denoted with bold letters. Blackboard bold characters, with the exception of the standard
symbols for the real numbers and the integers, denote fourth-order tensors.

Assumption 2.1.

1. DI € R3*3 is symmetric, with (D€, €) > d,|€|? for all £ € R? and some d,, > 0, where a = p,n, j = 1,2,
and 7y, > 0.

2. F, : R? — R? is continuously differentiable in Z7, with F},1(0,1) = 0, F,2(£,0) = 0, F,1(&,7) > 0, and
[Foa(€1)] < 1(E)(1+) for all €7 € Ry and some g € CL(Ry;R).

3. J, : R? — R? is continuously differentiable in Z2, with J,1(0,7) > 0, J,2(£,0) > 0, [J,1(&,m)] < vs(1+€),
and |J,2(&,m)| < g(&)(1+n) for all £, € Ry and some v, > 0 and g € C1(R;R,).

4. F,, : R* — R? is continuously differentiable in Iﬁ, with F,, 1(£,0,12) > 0, F,, 2(€§,11,0) > 0, and

|Fo1(&,m)| S vE(1+g2(€) + [m)),  [Fr2(&m)| <51+ g2(8) + |n)),

for all € = (£1,&)7, n = (m,m2)T € R2 and some v5,7% > 0, and g» € C*(R%;R,).
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5 R, :R® xR, — R? and Ry, : R? x Ry — R are continuously differentiable in Iﬁ x Ry and satisfy

Ry 1(0,82,1,() >0 [Rn1(&m, Q)| < Bu(L+ €] +n)(1+C),

Ry 2(61,0,m,() >0 |Rn2(&m, )| < Ba(1+ €] +n)(1+C),

Rb(&voa C) > 07 |Rb(£7"7a <)| < 53(1 + |£| + 77)(1 + C)v (Rb(Ev 7, C))+ < 54
for some 3; >0, j=1,...,4,and all £ = (&,&)7 2, CeRL.

6. J,, : R? — R? is continuously differentiable in Iﬁ, w1th J 1(0,77) >0, Jn2(£,0) >0, [J1(&n)] <1 +9),
and |J,2(£,m)] <A2(1+&+n) for all £,n € Ry and some ;1,72 > 0.

7. G(&,1) : R? — R? with G(&,7) = (0,71 — 72n)T for n € R and some 71,72 > 0.

8. V€ CI(R) possesses major and minor symmetries, i.e. Vas ikt = Varri; = Var it = Varijik, and there
exists wy > 0 such that V (€)A- A > wy|AJ? for all symmetric A € R3*3 and ¢ € R,

9. By € C! (R), Er, Eps possess major and minor symmetries, i.e. Er jjx = Er wij = Er jie = Er i, for
L = F, M, and there exists wg > 0 such that EpA- A > wg|A|?, Epm(§)A- A > wg|Al?, and B, ()A-A >0
for all symmetric A € R**3 and ¢ € R. There exists vy, > 0 such that [Ep(€)] < vas for all € € R,

10. The initial conditions po = (po.1,P02)7,n0 = (no1,m02)T € L®(2)2, by € H(2) N L>°(£2) are non-
negative, and ug € W(£2).

11. f € HY(0,T; L*(I'e U Ty))? and pr € H(0,T; L*(I'7)).

Remark 2.2. Notice that Assumption 2.1.9 is not restrictive from a physical point of view, since every biolog-
ical material will have a maximal possible stiffness. Also, in contrast to [26], we assume that (Ry(€,7,¢))" is
bounded, see Assumption 2.1.5. This assumption is used to derive a priori estimates for solutions of the equa-
tions of linear viscoelasticity, independent of b%, and to prove the global in time existence of a weak solution of
(2.1) and (2.3) for arbitrary initial data and boundary conditions satisfying Assumptions 2.1.10 and 2.1.11. The
local in time existence of a weak solution or the existence of a weak solution for small data can be shown by
considering the same assumptions as in [26], i.e. without the assumption of the boundedness of (Ry(&,7,¢))".
Notice that possible biologically relevant forms for reaction terms in (2.2) are given by F,(p) = (Reg(P), )T,
F, (b, 1) = (Ros(p) — 2Rae(m) — Rant, —Rao(n))T, R0, b, N (e(w))) = (2B (BN (e(w)), Ron ()N (e(w) T
and Ry(n,b,Ns(e(u))) = Rae(n) — Rpp(b)Ns(e(u)). Then the boundedness of (Ry(&€,n,¢))", assumed in As-
sumption 2.1.5, is ensured if (Rq.(€))" is bounded for nonnegative &; and &, e.g. Ry. is a Hill function.

A weak solution of (2.1)—(2.3) is defined in the following way.

Definition 2.3. A weak solution of the microscopic model (2.1)-(2.3) is a tuple (p®,n®,b°, u®), such that
bs € HY(0,T; L?(£25,)), p5,n® € L2(0,T;V(£25,))%, &:p°, 0 € L?(0,T;V(£25,)")? and satisfy the equations

(0p%, v + (D VD, Ve )z, . = —(Fy(p%). )5, + (35(P°), @, >r” — (WP%, D)1
(0%, @)y + (D V0%, V)05, = (Fa(p0%) + R (07,0, Ns(e(w)) b1 ) e (2.5)
+ (Ns(e(u)Gn%), ¢,,)p,  + <Jn<n€>, ¢>n>pg,T
for all ¢, ¢, € L*(0,T;V(£25,))?,
0ib* = Ry(n®,b%, Ns(e(u®))) ae. in 25, (2.6)
and u® € L2(0,T; W(£2)), with dse(u®) € LQ((O,T) X 95\4)3, satisfies
(E*(b°, w)e(u®) + V(b°, )9, ¥)) g, = (E:%) rewr — P2V, $) 1o 1 (2.7)

for all ¢ € L2(0,T;W(£2)). Furthermore, p, n®, b° satisfy the initial conditions in L?(£25,) and u® satisfies the
initial condition in W(2), i.e. u®(t,-) — ug in W(£2), p°(t,-) — po, n°(t,-) — ng in L*(£25,)?, and b°(¢,-) — by
in L2(£25,) as t — 0.
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3. MAIN RESULTS

The main result of this paper is the derivation of the macroscopic equations for the microscopic viscoelastic
model for plant cell wall biomechanics. The main difference between the homogenization results presented here
and those in [26] is due to the presence of a degenerate viscous term in the equations for the mechanical
deformations of a cell wall. The fact that only the cell wall matrix is viscoelastic and the dependence of the
viscosity tensor on the time variable, via the dependence on the cross-links density 5%, make the multiscale
analysis nonclassical and complex.

First we formulate the well-posedness result for the model (2.1)-(2.3).

Theorem 3.1. Under Assumption 2.1 there exists a unique weak solution of (2.1)—(2.3) satisfying the a priori
estimates

16 Loe (0,110 (22, )) + 1(06b%) Tl Loe 0,752 (25,)) < Ci,s (3.1)

where the constant Cy is independent of € and 6,
[0l Lo 0,7 w(2)) + 10r€(0®)|[L2((0.1)x 22,) < Co2, (3.2)
where the constant Cy is independent of €, and

IP%[[ oo (0,752 (25,)) + IVPTllL20g, ) + 0%l L 0,150 (05,) + 1Vl 120, ) < Cs,
) < Cs, (3.3)
16nP° = P ll2(025, ) + 000" = 0%[[L2(0s ) < Csh'/*

M,T—h

0:6°[| Low (0,7; (022,

for any h > 0, where Opv(t,z) = v(t + h,x) for (t,x) € Q5,1 4, with h € (0,T), and the constant Cj is
independent of € and h.

The proof of Theorem 3.1 is similar to the proof of the corresponding existence and uniqueness results in [26].
Thus here we will only sketch the main ideas of the proof and emphasise the steps that are different from those
of the proof in [26].

To formulate the macroscopic equations for the microscopic model (2.1)—(2.3), first we define the macroscopic
coeflicients which will be obtained in the derivation of the limit equations. The macroscopic coefficients coming
from the elasticity tensor are given by

Ehom,ijkl(b) 2]{? [Eijri(b,y) + (E(b,y) éy(wij))kl Jdy,

(3.4)
Rty ,b) = ][ (E(b(t + 5),9) &, (v (£, ), d,
v
and the macroscopic elasticity and viscosity tensors and the memory kernel read:
~ 1 o
Enom, ik (0) = Enom,iju1(0) + = [ (Var(b) Bréy(w")),, dy,
Y| Sy
1 N ij
Vhom,ijkt(0) = =— [ [Varijm(b) + (VM(b) ey(XV)> | dy, (3.5)
Y] Sy kil
- 1 o
Kijri(t,s,b) = Kijri(t, s,0) + — (VM(b(t +5)) Orey (VY (2, s)))kl dy,

Y| Jv
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where w/, Xé;‘ , and v, with i,j = 1,2, 3, are solutions of the ‘unit cell’ problems

divy (E(b,y) (&, (W) +by;) + V(b y)dé, (w")) = in Yo,
w(0,2,y) =0 inY,
divy (Var ()&, (x¥) + biy)) = in Vs, (36)
VM(b)(ey(XV) + bij)v = on I,
/ widy =0, / ngy =0, w, X%,j ?—periodic,
v Y

where bj, = 2(b; ® by + by ® b;), with {b;}1<j<3 being the canonical basis of R®, and

div, (E(b(t + s,2),y)é,(v7) + V(b(t + s,2),y)0éy(v7)) =0  in Yoo,

Vij(oasaxay) :XV (Sa%y) —W”(Sa%y) in }A/v (37)
/ Vijdy = / Ygdy, v Y-periodic7
Yy Yy

for x € 2 and s € [0,T], where Yg is an extension of Xéf from Yy, into Y. Here for a vector function
v = (v1,v2,v3)T we denote divyv = 0y,v1 + Oy,v2 and &,(v) is defined in the following way: €,(v)s3 = 0,
&, (v)s; = &,(v)js = 30,03 for j = 1,2, and &,(v);; = 3(9y,v; + 0y, v;) for i,j = 1,2.

The macroscopic diffusion coefficients are defined by

Dglj_f (DL + + (DL Vv, gl)]dy for i,j=1,2,3, a=pmn, 1=1,2, (3.8)
Ym

where Vyva ;= (8y1va o> 8y2va ;»0)T and the functions vi,l are solutions of the ‘unit cell’ problems

divzg(bﬁyv@vi,l) =0 in Yy, j=12,3,
(3.9)

(ZA)lanvi,l +D'bj)-v=0 onT, v) Y — periodic, / vi’l dy =0,
Y

a,l

where Vg = (9y,,0y,)7, DL, = (D, ;)ik=1.2 and D!, = (D, ;)i=12.k=123, with [ = 1,2 and o = p,n

Applying techniques of pel“lOdlC homogenization we obtain the macroscopic equations for plant cell wall
biomechanics.

Theorem 3.2. A sequence of solutions of the microscopic model (2.1)—(2.3) converges to a solution of the
macroscopic equations

op = div(D,Vp) — F
o = div(D,,Vn) + F,,
8tb = Rb(n b N5 ( (

(P) mn (2,
(p,n) + Ry, (n, b, N5 (e(n))) in 27, (3.10)
) in Qr,

together with the initial and boundary conditions

D,Vpv =0, 3,(p), D,Vnv =0,/ G(n)NT(e(u)) on I'rr,

D,Vpv = —01;[17,, p, D,Vnv = 9;41Jn(n) on I'ep,

D,Vpr =0, D,Vnv =0 on Iy T, (3.11)
p, n as-periodic in x3,

p(0) =po, n(0)=ny, b(0) = by n §2,
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where Opr = [Yar|/|Y], and the macroscopic equations of linear viscoelasticity

div (Ehom(b)e(u) + Vhom(b)Ore(u / K(t —s,s,b)0se(u)d ) =0 in 7,
<]Eh0m(b) (u) + Viom (D) / K(t — s,s,b)0se(u)d > =f on I'sy,T,
(3.12)
<]Eh0m(b)e(u) + Vhom(b)0re( / K(t — s,s,b)0se(u )ds> = —prv on I'r T,
u as-periodic in x3,
u(0) = uy in 0.
Here

¢ +
N (e(u)) = (ﬁ} ( mtr{ﬁhom(b)e(u)Jr /0 K(t—s,s,b)@se(u)ds]di,‘) for (t,z)c (0,T)x 2. (3.13)

4. EXISTENCE OF A UNIQUE WEAK SOLUTION OF THE MICROSCOPIC PROBLEM (2.1)—(2.3).
A PRIORI ESTIMATES

In the derivation of a priori estimates for solutions of the microscopic problem (2.1)—(2.3) we shall use
an extension of a function defined on a connected perforated domain {25, to 2. Applying classical extension
results [2,9,15,22], we obtain the following lemma.

Lemma 4.1. There exists an extension v° of v from WP (05,) into WLP (), with 1 < p < oo, such that
[0l e (0) < millv®llLe(og,) and (VU [|Lo0) < mall VoS |loeos,)

where the constant py depends only on'Y and Yy, and Yar CY is connected.
There exists an extension W° of w® from H'(§25,)% into H'(£2)? such that

[WllLe(o) < pllWlle(es,),  IVWEllr(2) < p2llVW Lo,y l6(W9)llee) < palle(W)llLras,),
where the constant pa does not depend on w® and €.

Remark 4.2. Notice that the microfibrils do not intersect the boundaries I'’z, I, and s, and near the bound-
aries I'p = 02\ (I't UT's UIy) it is sufficient to extend v® and w® by reflection in the directions normal to the
microfibrils and parallel to the boundary. Thus, classical extension results [2,9,15,22,25] apply to £25,.

In the sequel, we identify p® and n® with their extensions.

First we show the well-posedness and a priori estimates for equations (2.2) and (2.3) for a given u® €
L>(0,T;W(£2)). Next for a given b° we show the existence of a unique solution of the viscoelastic problem (2.1).
Then using the fact that the estimates for b° can be obtained independently of u® and applying a fixed point
argument we show the well-posedness of the coupled system.

Lemma 4.3. Under Assumption 2.1 and for u® € L*°(0,T;W(£2)) such that
[u®[| o< 0,7 (2)) < C, (4.1)

where the constant C is independent of €, there exists a unique weak solution (p®,n°,b%) of the microscopic
problem (2.2) and (2.3), with p* = (p5,p5)T and n® = (n5,n3)7T, satisfying

p;(t,z) >0, n5(t,x) >0, b°(t,x) >0 for (t,x) € (0,T) x 25, Jj=12,

and the a priori estimates (3.1) and (3.3).
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Proof. The proof of this lemma follows along the same lines as the proof of Theorem 3.1 in [26]. The only
difference is in the derivation of the estimates for °. Using the non-negativity of n§, n§, b, and Assumption 2.1.5
we obtain from the equation for b®

0 <5 (t,2) < o]l (@) + T (Ry(n, b, N ((u)) | o im0 < € for (£,2) € i

(00 (£,2)) < | (Ro(0, b, Ni(e(u ) | e 123,y < B for (ha) € Zip. )
Hence, the bounds for b° and (9;b°)" are independent of the bound for [[u®|| (o 7w (s2))- This fact is important
for the derivation of a priori estimates for u® and for the fixed point argument in the proof of the existence of
a global weak solution for the coupled system.

Using the equation for b¢, the definition of Ny, and the estimates for ||n® ‘|Lw(07T;Loo(Q]€w)), ||b ‘|Lw(07T;Loo(Q]€w)),
and [[u®|| e (0,7;w(2)) We obtain the estimate for [[0;0%(| < (0,7, (0z,)) uniformly in e.

Similar to [26], integrating the equations for p® and n® over (¢,t + h), with h € (0,T), and considering
¢, = 0pp° — p° and ¢, = ;n° — n° as test functions, respectively, we obtain the last estimate in (3.3). O

Next we prove the existence, uniqueness and a priori estimates for a solution of the viscoelastic equations for
a given b® € L>(0,T; L>°(£25,)).

Lemma 4.4. Under Assumption 2.1 for a given b* € L>°(0,T; L>=(£25,)), satisfying

16| Lo 0, Loe (22, )) + 1(06%) Fll oo 0,15100 (25,)) < B, (4.3)

where the constant B is independent of e, there exists a weak solution of the degenerate viscoelastic equa-
tions (2.1) satisfying the a priori estimate (3.2).

Proof. Using the estimates for u® and d;u®, similar to those in (4.5), along with the positive definiteness of E
and V, and applying the Galerkin method, yield the existence of a weak solution of the problem (2.1).
Since dre(u®) is only defined in £25,, to derive a priori estimates we first consider an approximation of d;u®

1 t

8tu5’g(t, .T) = E
t—

1 [ste
agz / u®(o,z)do ds (4.4)
¢ s

as a test function in (2.7), then integrate by parts in the elastic term and take the limit as ¢ — 0. Using the
assumptions on E and V| together with the non-negativity of b°, the boundedness of b° and (9;6°)*, independent
of € and u®, and the trace and Korn inequalities, we obtain

M) =

“E o) ()30 + v 000 Fa(os, ) < (0 Bl (0)elu), e, _ + Cale(uo)l (o
HE ) rey, . — (pzv, O0%)ry, < Calle(w®)|22(q, ) + olle(u®)(T)[|72(0) + Co [Ilatf\liz(rm,)
HOpzllLa(ry )+ NEONL (e + P22y + IEON T2 1) + IIPI(O)Hia(rI)} +Cs

for 7 € (0,T]. Choosing o sufficiently small and applying the Gronwall inequality imply

le(u®)[ Lo (0,1;L2(2)) + [|Ore(u®) | L2(q:,

o S C, (4.5)
with a constant C' independent of €. Then the second Korn inequality yields (3.2). g

Now applying a fixed point argument and using the results in Lemmas 4.3 and 4.4 we obtain the well-posedness
of the coupled system (2.1)-(2.3).
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Proof of Theorem 3.1. For a given u® € L>(0,T;W(£2)), with [|0®|| 0, ryw(2)) < C, Lemma 4.3 implies the
existence of a non-negative weak solution (p®,n<, %) of the problem (2 2) and (2.3), where the estimates for
10°(| oo 0,715 (025,)) and [[(9¢0°) ¥ || oo (0,715 (025,)) are independent of u® and e. Thus b° satisfies (4.3) from
Lemma 4.4 and we have a solution u® of (2.1).

We define K : L*(0,T;W(£2)) — L=(0,T;W(£2)) by K(u®) = u®, where u® is a solution of (2.1) for b°
given as a solution of (2.2) and (2.3) with U instead of u®, and show that for sufficiently small T € (0, T}, the
operator K : L(0,T; W(£2)) — L>(0,T; W(£2)) is a contraction, i.e. there is a v € (0,1) such that

IC@) — K@) e 0 2wy < MT = T2 o opiyy  for TLT2 € L0, T;W(12)).

Considering the difference of equation (2.7) for (u®!,5%!) and (u®?,b%2), and taking the approximation of
d¢(us! —u?), defined as in (4.4), as a test function, in the same way as in the proof of Lemma 4.4, yield

S 07, m)e(u® (1) — (7)), e(u (7) — w2 (7)q + (V° (65, m)dhe(u! — ), die(u! — u*?))o,

1
—§<8tb6’1E'1\4(b5’1)e(u6’1 o 116’2),9(116’1 o ue,2)>9E

M, T

= ((Ear (%) = Exr(b71))e(u™?), gre(u”! — u?)) o

M, T

H{(Var(b™?) = Var (b)) dre(u™?), dre(u™! —u™?)) o

M, T

for 7 € (0, 7). By the assumptions on E¢ and V¢ and the boundedness of %! and b*2, we have

le(u™!(7)) — e(u™*(7))l|72(0) < 01H(atbg’l)+||L°c(o,T;L°°(n;,))/O le(u™! —u®?)[|72 s \dT
+ Clle™) B o pp o 10— 52 -
Applying the Gronwall inequality and the estimates for (9;65*)* and e(u®?) implies
o) — ()2 o oy < ol D212 o (46)

for T € (0,T].

Now we shall estimate ||b5 — b52]|2

in terms of T|le(u®!) — e(u™?)]|? for any

o0 (0,7 Lo (€25,)) o (0,TL2(02))
T € (0,T]. Following the same calculations as in [26], we first consider equation (2.5)2 for n®! and n®?, take

¢, = (|n7]7?ny, w59 ~°n5)", where @5 = n3 - n§’2 with 5 = 1,2 and ¢ > 2, and subtract the resulting

equations. Usmg the definition of N, the assumptions on G and J,,, and the trace inequality, the boundary
terms are estimated in the following way

Ns(e(@))[G(n™") — Gm™?)], ([a5]7?ng, [m5]"*n3) ) . <0,
(30(0=1) = 3, (0°2), (125, [m51-275)7) 1, < Coglln™ 021, e
+0o(g—1)/¢* [VIn=! =0 |F[|72 g
and
(G e [N (@) - N (e(@=)]. (5~ o ™) o] € Cola = Dllng" = 57120
+o(g—1)/¢°||VIng" (C/Q)HNé( (@) = Ns(e (~52))\|Lq(9

with an arbitrary o > 0. Using the assumptions on F,, and Rn and the uniform boundedness of p*, n®7, and
b59, with j = 1,2, we obtain

(F, (pF 1) = By (pF ), (5 2, [7517275) ) o, < Culln® = m®2 %, .
(B (0 G () R 2,052, (o). (52, ™), < o [ING(e(E Dot

+ N5 (e(@™?) ]| Lo () + 1] [IIHE’1 n“?g, gs)+—\|b“ b2, )+—IIN5( e(@)) — Ns(e(@)[ 40 -
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Then, the Gagliardo-Nirenberg inequality applied to [n®! — n® (e(u®7)), the a priori

estimates for u®! and U2, together with the estimate
N5 (e(@™")) — Ns(e(@™?))||]4 (g < C10~ ¥ [Jle@!) — e(@?)4. 2y F 07 = 6721700 ]
ensure

q
at”ns,l nt 2||Lq(QE ) + Q—HV‘HE 1 6,2|2 H%2(Qij) <C q5||n6,1 nt 2||Lq/2 25)

O+ 1) [p — b”nm )+ @) — o) 4201

Here we use the notation [n®! — n®2|* = |n$' — n$?|* 4 [n5'! %@, Considering iterations in ¢ as in ([3],
Lem. 3.2) with ¢ = 2" and k = 2,3,..., we obtain
[0 (r) = =2 (1) [ 0 g5, < G522V [lle(@) = (W) 0 120y + 107" = 2 M T 0 1005, )]

for 7 € (0,7] and Cs > 1. Taking the gth root, and considering ¢ — oo yield
[0 = 052 e o715,y < Cs[le(@) — (@)l 012y + 67 — 62 orazeion ] (A7)

Considering the difference of equations (2.6) for 6! and b2, multiplying by b'* —b%2, and using the assumptions
on Ry, and estimate (4.7) we obtain the following estimate for b*! — b52

165" — bsz“%w(o,r;Lm(nfw)) < C5T[‘|e(ﬁ€’1) —e(u” 2)HL°° 0,mL2(2)) T 165" b6’2||2Loc(o,r;L<>c(ni4))]

for 7 € (0,T]. Then, the iteration over time intervals of length 1/(2Cjs) ensures

6=+ = b%2I3 < CTle(@™! —u*?)|3 (4.8)

Lo=(0,T;L>(025,)) = (0,T;L2(£2))
for T € (0,7). Thus, combining (4.6) and (4.8) we have that the operator K : L%(0,T;W(2)) —
L>2(0, T; W(£2)), defined by K(u€) = uf, where uf is a weak solution of (2.1), is a contraction for sufficiently
small T , where T depends on the coefficients in the microscopic equations and is independent of (p®, n®, b, u®)
and u°. Hence, using the Banach fixed point theorem and iterating over time intervals, we obtain the existence
of a unique weak solution of the microscopic problem (2.1)-(2.3). O

Remark 4.5. Without the assumption that (Ry(n®, b, Ns(e(u®))))" is bounded we can prove a local in time
existence of a weak solution of the microscopic problem using a cut-off method. First we assume that

(Ry(n°, b, Ns(e(u)))) ™ < Bs(1+ [0°|| poe 0,710 (25, ) + 16| e 0,710 (22, ) ) (1 + Cs 0| s 0, 75m(2))) < B-

Then we have that b° satisfies (4.3) and obtain [[u®||z~0,rw(02) < C1eT(B(B)+C2)  The derivation of the
estimates for n® and b° yields

HbEHLOO(O’T;LOO('Q]ELI)) + HnEHLOC(O’T;Loo(_QJEM)) < C(201T(1+Hu5HLoc(O,T;W(n))) + 1) < C(QC’QT(ET<B(6)+03)+1) " 1).

Then for sufficient small T’ and an appropriate choice of § we obtain that (Ry(n®, b5, Ns(e(u®))))* < 3.
5. DERIVATION OF THE MACROSCOPIC EQUATIONS OF THE PROBLEM (2.1)—(2.3): PROOF
OF THEOREM 3.2

Due to the fact that the viscous term is positive definite in the cell wall matrix and is zero for the cell wall
microfibrils, to derive macroscopic equations for the microscopic problem (2.1)—(2.3) we consider a perturbed
problem by adding the inertial term ¥ 92u®?y 2z,, where ¥ > 0 is a small perturbation parameter,

Oxos, 07u™” = div (E°(b°7,2) e(u™?) + VS (b7, ) de(u™’))  in 2r, (5.1)
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and the additional initial condition
ou*Y(0,2) =0 in 1. (5.2)

We split the proof of Theorem 3.2 into three steps. First we derive the macroscopic equations for the perturbed
system. Then letting the perturbation parameter ¥ go to zero we obtain the macroscopic equations (3.10)—(3.12).
To verify that (3.10)—(3.12) are the macroscopic equations for the microscopic problem (2.1)—(2.3), we show
that the macroscopic two-scale problem is the same for the original microscopic model and for the perturbed
microscopic model when the perturbation parameter ¥ — 0.

Lemma 5.1. There erists a unique weak solution (p=?,n>? Y u>?) of the perturbed microscopic problem
(2.2), (2.3) and (5.1), together with the initial and boundary conditions in (2.1) and (5.2), satisfying the a priori
estimates

1 £ £ £
02|85 || oo (0,7:22(025,)) + 057 [l Loe 0,12y + [10r€(0™?) | L2(5, ) < C (5.3)
and 9 9 9 9
1% Lo 0,322 25,0 + IVPT L2025, ) + 105 | Loo (0,150 (25,)) + VDTl L2 25, ) < €
€9 =,
165N oo 0,752 (925,)) + 1060 || Low (0,71 (25,)) < C (5.4)

nghps,ﬂ N p€7'l9||L2(Q]EW’T_h) + ||9hn€,19 _ n€,19 |L2(QiLT_h) < Ch1/4’

where Opv(t,x) = v(t+ h,x) for (t,z) € 25y and h € (0,T), and the constant C' is independent of €, 9, and
h.

Proof. For a given u®? € L*(0,T;W(£2)), with [|u®?|| =0, 7w (2)) < C, in the same way as in Lemma 4.3 we
obtain the existence of a unique solution of the problem (2.2) and (2.3), satisfying the a priori estimates (5.4).
Notice that the estimates for b5¥ and (9;6%?)* are independent of u®?, ¢, and o.

Then fOI‘ bg’ﬂ - LOO(O,T,LOO(.Q]EW)), Wlth ||b670||LN(O,T;LN(Q§4)) S C and H(atb6719)+HLOO(OyT;LOO(QIEM)) S C,
similar to Lemma 4.4, we obtain the existence of a weak solution of the perturbed equations (5.1) with initial
and boundary conditions in (2.1) and (5.2), satisfying estimate (5.3).

Similar to the proof of Theorem 3.1, considering the difference of equation (5.1) for (u®? b5?9), with
j = 1,2, and taking the approximation of ;(u®?! —u®?"?), as in (4.4), as a test function yield

1 1
519||8tue,19,1(r) — atue,ﬁ,z(T)H%Q(QiI) + (B (057 p)e(us?! — u?2)(r), e(us? ! — ue,ﬁ,2)(7)>9

2
1
—§<8th ]Eh(bs’ﬂ’l)e(ug’ﬁ’l o us,ﬂ,Q)’ e(us,ﬂ,l o u5,0,2)>na
M,
+<V5(b5,19,1’ x)ate(us,ﬂ,l _ us,0,2)’ 8te(us,19,1 _ ue,ﬂ,Q)>

_ <(EM(bs,19,2) _ ]EM(bs,ﬂ,l))e(us,ﬂJ) + (VM(bs,ﬂJ) _ VM(be,ﬁ,l))ate(us,ﬂﬁ)’ 8te(us,19,1 _ u5,0,2)>

2.
QE

M,

for 7 € (0,T]. By the assumptions on E° and V¢, using the estimates for (9;67!)*, e(u®?2), and 9;e(us?"2),

together with the boundedness of b¥'! and b*%-2, and applying the Gronwall inequality we obtain
9,1 9,212 9,1 9,22
”e(us ) - e(uE )”LOC(O,T;LQ(Q)) < CHbE —b° ||Loc(0,f“;Loo(QIEVI)) (55)

for all T € (0, 7). Then, using the estimates (4.8) and (5.5), together with the a priori estimates for u®?, p=?,
n®Y, and b7, in the same way as in the proof of Theorem 3.1 we obtain the existence of a unique weak solution
of the perturbed problem (2.2) and (5.1), with the initial and boundary conditions in (2.1), (2.3), and (5.2).
O

To verify a relation between the perturbed and original microscopic problems, we show that a sequence of
weak solutions of the perturbed problem (2.2), (2.3), and (5.1), with initial and boundary conditions in (2.1)
and (5.2), converges as ¢ — 0 to a weak solution of the original problem (2.1)—(2.3).
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Lemma 5.2. A sequence of solutions {p>?,n%? b= u®’} of the problem (2.2), (2.3) and (5.1), together with
the initial and boundary conditions in (2.1) and (5.2), converges as ¥ — 0 to a unique solution (p°,n°, b, u®)
of the microscopic problem (2.1)—(2.3).

Proof. Estimates (5 3) and (5.4) ensure that there exist functions p®,n® € L2%0,T;V(£25,))% N
3

L0, T; L*>(£25)))?, € Wheo(0,T; L>(025)), u® € L*0,T;W(R2)), A° € L*(25,7)*?, and n° €
L>(0,T; L?(05)))? such that, up to a subsequence,

p’ = p°, n®Y —~n° weakly in L?(0,T; H'(£25,))?,

p>? = p°, n®? - n° strongly in L*(£25,.7)%,

b5V~ bF 9b5Y — 9b°  weakly in LP (2%.7), peE(2,00),

u? vl weakly in L2(0,T; W(£2)), (5.6)

dre(u™?) — A° weakly in L%(£25, Mo )5X3,

929057 — n° weakly in L*(£25, 7)%,

7

as ¥ — 0. Using the weak convergence of e(u”) we obtain that A° = d;e(u®) a.e. in L?(£25, ). Considering
the equation for bV at (t,z) and (¢, + h;) and using the assumptions on R, yield

1677 (7, hg) = 6 (7, ) 2, ) < oo+ By) = Bo() 2z, )+ C / 167t + 1ag) = 577 (8,3,

T 2
+Cy / (11057 2, -+ by) = 07 (8, B, )+ 0 / tr (B0, 3) e(u™(t,7))) d7|
0 ! Bs ;L(w)ﬁﬂ

L2(25, )

]dt

for 7 € (0,T], where h; = hbj;, with {b;};—1 23 being the canonical basis in R* and h > 0, 025, , = {z €
25, | dist(z,8925,) > 2h}, Bsu(z) = [Bs(x + h;) \ Bs(z)] U [Bs(x) \ Bs(x + h;)], and the constants C1,Cs
are independent of ¢ and h. Using the regularity of by, the estimates for Vn®? and e(u®”), the boundedness
of b°¥, and the fact that |Bs(z) N 2| < C62h for all € 2, and applying the Gronwall inequality we obtain

sup [[557(¢,- + hy) = b7 (8, ) | T2z, ) < Ch. (5.7)
te(0,T) e

The estimate for 9,67 ensures

150 C o) = ) e oy g, ) < CLb 000 o S O, (5.8)

where Cy is independent of ¥ and h. Combining (5.7) and (5.8), using the uniform boundedness of %Y, and
applying the Kolmogorov compactness theorem, see e.g. [5,20], yield the strong convergence of b*” in LQ((ZMT)

as 9 — 0. Using arguments similar to those in the proof of Theorem 5.4 we obtain
[0ne(u?) = e(@™)Fa(0.r—nyxa < Ch'/?, (5.9)
le(u®)|Z2z—n1x) < Ch,

with a constant C' independent of ¥ and h. The last estimates, together with the strong convergence of b*”, the
continuity of E,s, and Lebesgue’s dominated convergence theorem, ensure the following strong convergences

/]E(bs’ﬂ,w/e)e(us’ﬂ)dxﬁ/ E(b°, z/c)e(u”)dx in L?(0,7),
7 2

/ E(b5?, i /e)e(u™?)dz — E(b°, #/¢)e(u®)ds in L*(2r) and L*(I'z 1),
Bs(z) Bs(z)NN
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as ¥ — 0. Hence we can pass to the limit as ¥ — 0 in the weak formulation of equations (2.2) and (5.1), with
the initial and boundary conditions in (2.1), (2.3), and (5.2), and obtain that the limit functions (p®, n®, b%, u®)
satisfy the microscopic problem (2.1)-(2.3). The uniqueness of a weak solution of (2.1)—(2.3) ensures the con-
vergence of the whole sequence of weak solutions of the perturbed microscopic problem. O

W pes?
g , bE ,

Next we consider the convergence of a sequence of solutions {p?, n u®"} of the perturbed microscopic

problem as ¢ — 0.

Lemma 5.3. There exist functions p?,n” €  L20,T;V(2))? N L>(0,T;L>(2))?%, p’,a’ ¢
LX(Qp; HLL(Y)/R)? and b7 € WE(0,T;L°(2)), u’ € HY0,T;W(R2), &7 € L*(Qr; HL.(Y)/R)?,
o € LQ(()T;nger(f/}w)/R)3 such that for a subsequence of solutions (p=” , nY b57 u=?) of the perturbed
microscopic problem (2.2) and (5.1), with initial and boundary conditions in (2.1), (2.3) and (5.2), (denoted
again by (p=?, 07 b5Y u=?)) we have the following convergence results:

p’ = p’, n®’ —~n? weakly in L*(0,T; H'(12))?,

p>’ = p?, n® —n? strongly in L*(02r)?,

vps? — Vp? + Vyf)ﬂ, VoY — Vn? + @yﬁﬁ two-scale,

e =Y 9,057 — 9,b? two-scale,

T (b57) — b0 strongly in L*(27 x Yar), (5.10)
u? — u? weakly in L*(0, T; W(12)),

vus? — vu’ + @yﬁﬂ two-scale,

du®? — 9u? weakly in Lz(QT)?’ and two-scale,

X5, Vous? — Xy, (Vo,u’ + @yatﬁﬂ) two-scale,

as € — 0, where Oyus? and Vo,u®? are extended by zero from 5, into 2 and @yatﬁﬁ is extended by zero from
YM into Y.

Here 72 : LP(25; 1) — LP(0r x Yas) is the unfolding operator defined as 72*(4)(t, z,y) = o(t.e[z/ely,, +
ey, x3) for (t,x) € 2y and y € Y, where & = (x1,22) and [i‘/e]YM is the unique integer combination of the

periods such that #/e — [&/e]y, € Yar, see e.g. [8].

Proof. The a priori estimates in (5.4) imply the weak and two-scale convergences of p=?, n®?, bV and 9;b°".
Using the estimates for 6,p>? — p=?, 9,n>? —n>? VYn®? and Vp*? in (5.4), together with the properties
of the extension of n®¥ and p= from 25, into §2, see Lemma 4.1, and applying the Kolmogorov theorem, see
e.g. [5,20], we obtain the strong convergence of n®? and p*? in L?(Qr).

In the same way as in [26] we show the strong convergence 7.*(b=?) — b? in L2(27 x Yy;) as ¢ — 0. Here
we present only a sketch of the calculations. Using the extension of n®? from 25, into 2, see Lemma 4.1, we
define the extension of b>? from 25, into {2 as a solution of the ordinary differential equation

o7 = Ryt b0 Ns(e(u™))  in (0,7) x 2,

(5.11)
b*Y(0) = by in 0.
The construction of the extension for n®? and the uniform boundedness of S’ and n5"” in 25 7, see (5.4),
ensure

n=?

| Lo (0,751 (2)) < 01||n5”9||Loc(o,T;Loc(Q;4)) <C,

with the constant C' independent of € and 1. Notice that we identify n®? with its extension. Hence from (5.11),
using estimate (5.3) for u®¥, we obtain the boundedness of =¥ and 9;b°". We show the strong convergence of b*?
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using arguments similar to those found in the proof of Lemma 5.2 by applying the Kolmogorov theorem [5,20].
Considering equation (5.11) at (t,x + h;) and (¢,2), for j = 1,2, 3, taking b>?(t,x + h;) — b7 (¢,z) as a test
function and using the Lipschitz continuity of R} yield

1657 (- + by) = b7 (7, )| Za sy < Moo+ 5) = Bo() 220y + 1 /0 16572, - + ) = 057 (2, )2yt

2
dt
L2(Qgh)

for 7 € (0,7, where 25, = {z € 2 | dist(z,042) > 2h}, Bs p(z) is defined as in Lemma 5.2 with [Bsp(x) N 2| <
C62h for all x € 12, and the constants Cy, Cy are independent of ¢, 9, and h. Using the regularity of the initial
condition by € H'(£2) and the a priori estimates for e(u®?) and Vn®?, and applying the Gronwall inequality
we obtain

v [ (nnw(t, ) =0 6 [ B Deu (1,)da
0 ) B, n(z)N2

sup (|67 (¢, - + hy) = b7Vt < Cihe (5.12)
te(0,T)

Extending b%? by zero from {27 into R, x R? and using the uniform boundedness of b7 imply

2

16°7 17 s 052y 107 W2 an 1420y x2) < O (5.13)

where 23, = {x € R? | dist(x,082) < 3h} and the constant C is independent of €, ¥, and h. The estimate for
9,b°? ensures that

1657 (- 4 hy ) =057 (o) T2 o,0—myx ) < CLh?[[0:6°7

22000 < Cal®, (5.14)

where Cy and Cy are independent of €, ¢, and h. Combining (5.12)—(5.14) and applying the Kolmogorov theorem
yield the strong convergence of bV to b? in L?(921) as € — 0. The definition of two-scale convergence implies
that b9 = bY and, hence, the two-scale limit of =" is independent of y. Then using the properties of the
unfolding operator, see e.g. [7,8], we obtain the strong convergence of 7_*(b*?).

Considering an extension 9,a>? of 9,u®? from 25, into (2, see Lemma 4.1, and applying the Korn inequality,
see e.g. [22], yield

Hatus’ﬂ||L2(0,T;H1(Q;4)) <100 || 20,11 (2)) < C1 {11007 || 2207 + 1€(8T7) || 22 ] (5.15)
< 02 [Hatus’ﬂ |L2(QJEVI,T) + He(atug,ﬁ)”l/?(.ﬂijj)] < C3(1 + 197%)’ ’

where the constant C5 is independent of € and .
The estimates (5.3) and (5.15) ensure the existence of functions u’ € L2(0,7;W(R)), 0’ ¢

LA(Qp; HL L (Y)/R)?, €% € L2(0,T; HY(2))%, and ¢’ e L2(0r; HY..(Yar)/R)? such that
u? ~u?, vu©? = vu? + @yﬁﬂ two-scale,
)
Xgijatug’ﬁ - X{/Mfﬁv Xgijvatuw — XYM(Vfl9 +V,€) two-scale,

as € — 0, see e.g. [4]. Considering the two-scale convergence of u®” and d;u®", we obtain

¥l

—<€193 ¢>QT = ;i_)r%<atu€’l97 ¢>QIE\/I,T = - ;LI%<HE’19, at¢>le’T = |}A/,| <u197 at¢>QT
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for all ¢ € C5°(2r). Hence, dyu’ € L2(27)3 and ¢’ = d,u? a.e. in 27. Thus d,u’ € L2(0,T;W(£2)). The
two-scale convergence of Vu® and 9; Vu®? implies

N A A0 . .
|Y|71<atvul9 + vyé v¢>_QT X Yar = gﬂ%@tvu ’193¢>QE

M, T

- ;%<vu€7ﬂ’ at¢>915v1,T = —|3>\_1<Vu19 + @yﬁﬂ’aﬂw(hxfﬁu

for all ¢ € CF°(£27; Coe, (Y V')). Thus, 9;V, 0’ € L?(27 x Yar)?*® and Vyéﬂ = 9;V,u” a.e. in 27 x Yar. Therefore,

u’ € HY(0,T;W(12)), 0,4” € L2(2p; H o, (Yar)/R)? and x oz, dre(u®?) = xy. (dre(u?) + 9pé,(0”)) two-scale.
d

To derive macroscopic equations for the microscopic problem (2.1)—(2.3), we first derive the macroscopic
equations for the perturbed system (2.2) and (5.1), with the initial and boundary conditions in (2.1), (2.3) and
(5.2). Then letting the perturbation parameter go to zero we derive the macroscopic equations (3.10)—(3.12). By
showing that the macroscopic two-scale problem is the same for the original microscopic equations (2.1)—(2.3)
and for the perturbed microscopic problem as the perturbation parameter ¥ goes to zero, we conclude that
(3.10)—(3.12) are the macroscopic equations for (2.1)—(2.3).

Theorem 5.4. A sequence of solutions (p=”,n®? b5V u®?), of the perturbed microscopic equations (2.2) and

(5.1), with the initial and boundary conditions in (2.1), (2.3) and (5.2), converges, as e — 0, to a solution

5,19)

(p?,n?, b7, u?) of the perturbed macroscopic problem
Poju” — div ( pom(87) e(u?) + Vi (b7) Ore(u / K7(t — s,5,b”) 5e(u”) ds ) =0 inQr,
( o) e(u?) + VY (b7) 9,e(u? / KY(t — s,5,0”) Dse(u?) s) v="f on Leyr,
(5.16)
( o) e(u?) + VY (b7) 0,e(u? / KY(t — s, 5,0”) Dse(u?) s) vV =—prv on Iz,
u?’ as-periodic in x3,
u?(0) = uy, du’(0) =0 in £,
and
op’ = div(Dprﬁ) — Fp(pﬁ) in O,
om’ = div(D,Vn?) + F,(p’,n’) + R,,(n?,0? N (e(u?”))) in 2r, (5.17)
9;b” = Ry(n”, 0", N5 (e(u?))) in Qr,
together with the initial and boundary conditions
D,Vp’ v = 0,'3,(p?), D,Vn’ v = 0,}Gm")N§T(e(u’)) on I'r7,
'Dprﬁ v= —01;[17,, p’, D,Vn’v = 9;41Jn(n19) on Ier,
'Dprﬁ v =0, D,Vn’v =0 on Iy, (5.18)
p’, n’ as-periodic in xs,
pﬁ(o) = Po, nﬁ(o) = 1o, b(o) = bO n ‘Qv

where BY VP and K” are defined as in (3.4) and (3.5), with b?, w:;j, Xé{@: and Vfg instead of b, w7, Xé;‘,

hom?~

and v¥ | where wg, Xé/lg, and vf; are solutions of the ‘unit cell’ problems (3.6) and (3.7) with b” instead of b,

fori,j =1,2,3. The macroscopic dszuszon matrices DL, with « = n,p and | = 1,2, are defined as in (3.8) and
NEE s deﬁned as in (3.13) with b° and u’ instead of b and u.
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Proof. To pass to the limit in the equations for n®Y and b7, we shall first prove the strong convergence of
JoE(bY,z/e) e(u*?)dz in L?(0,T), as € — 0.

Considering the difference of (5.1) for ¢t and t + h and taking §"u®?(¢t,z) = u?(t + h,z) — u®’(t,x) as a
test function yield

T—h
/0 [<E€(b€”9(t + h), w)e(ug’ﬁ(t +h)) — ]Es(bs’ﬂ(t), x)e(us’ﬂ(t)), e(<5hu6’19)>Q

+ (Vo (057 (t + ))Ore(u™” (t + h)) — Var (657 () dre(u? (), e(5hu€”9)>gij dt

(5.19)
+9(5"0pu="(T — h),6"u" (T — h)),. —I(6"0u>"(0),5"u""(0))

25
o h g, e he sho e h hy e
2
:/0 [19||6 0=’ 72nz ) + (8", 6" >L2(Fw) —(6"pzv, 6 u™ >L2 r )}dt

To estimate the first term on the right-hand side we integrate (5.1) over (t,t 4 h) and take 9@V (t + h,z) —
8tﬁ€”9(t,as) as a test function, with 8,a®” being an extension of d,u®? from 25, into {2 as in Lemma 4.1, to
obtain

h e,
U|6" O |%2((O,T—h)><91€w) < hCy [HPIH%P(O,T;LQ(FI)) + ||f||%11 0 T-L2(Fgu))]

1 ¢ . (5.20)
+h2Calle(u™) [ o 120y + 10T ) T2 (0 + €(0007 ) T2z, )] < C(BY2 + h),

where the constant C' is independent of e, 9, and h, and h € (0,T). Here we used estimate (5.3), the equality
§hOuE Y (¢, x) = Opus Y (t+ h, ) — Opus? (¢, z) = tHh 02u®? (7, x)dr, and the property of the extension of d;us"’

from 25, into (2, i.e. [|e(30"7)| 12(02,) < CHe(atus’ﬂ)HL2(QIEM ,)» With a constant C' independent of £ and ¥, see

e.g. [22] or Lemma 4.1.

Using the estimate for ¥'/2||0;u (2z,)) in (5.3) we obtain

96" 0,u? (T — h), 6"u? (T — h)>% < 29|0u? o us? (T — ) L2es,)

T (5.21)
< 01191/2||/T hﬁtug’ﬂdtHLz(Qw < Coh 92|00 || oo 0,7 12(025, )) < Chh.

In the same way we also have
(5" 9yu="(0), 6"u=?(0)) oz, < Ch, (5.22)

where C is independent of ¢, 9, and h. To estimate the first two terms on the left-hand side of (5.19) we
use the uniform boundedness of b= and 9;b%”, the equality §"e(u*?(t,z)) = hfol ore(u?(t + hs,x))ds, and
estimate (5.3):

T—h

/ (B (t+ h), o) = E5 (627 (1), ) )e(u”’ (1)), e(8"u™" (1)) odt
0
< hC1 [0 i e )72 (g, < Cah,

T—h (5.23)
/ (Var (057 (t + h)dre(u™? (t + h)) — Vo (057 (t)) Ore(u™" (t)), e(8"u™" (¢))) oz, dt
0
< hCs|b°"|| Lo (0,131 (25, ) | Ore(u® )H%?(QMT) < Cyh,

with the constants Cj, for j = 1,2, 3,4, independent of €, ¥, and h. Then, the assumptions on E, f, and pz, the
boundedness of b*¥, and estimates (5.3) and (5.20)—(5.23) ensure

le(u™?(t + 1)) — e(u™ () [122 ((0.r—n)x ) < C(hY2 + 1),

(5.24)
le(u® ) |72 r—nmxe) < Ple(@™)3<or.L2()) < Chs
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with a constant C' independent of ¢, ¥}, and h. Thus, estimates (5.24), the Kolmogorov theorem, and the two-scale
convergence of u®?, yield the strong convergences, up to a subsequence,

/ gﬁdxﬁ/][ )+ &, (0”)]dyde in L2(0,T),

/ E®b?, z/e)e(u?)dz — /][ E(b”,y)(e(u”) + &,(0”))dydz  in L*(0,T), as € — 0.

Then the Lebesgue dominated convergence theorem ensures the strong convergence in L?(2r) and L?(I’z 1) of
JBs@ne e(u®”)dz and JBs@ne E(bY, % /e)e(us?)dz, as € — 0.

Now we can pass to the limit as ¢ — 0 in the microscopic equations (2.2) and (5.1), with initial and boundary
conditions in (2.1), (2.3), and (5.2). Considering ¢, (t,z) = ¢, (t,z) + 9, (t, 2,2 /c) as a test function in (2.5),
where ¢, € C3(0,T;C(2))? and az-periodic in z3, and 9, € C}(2r; C’;er( ))?, for a = p,n, applying the
two-scale convergence and using the strong convergence of 7(b°?) and p=”, n", see Lemma 5.3, along with
the strong convergence of fBg(aﬁ)ﬂQ E(b?,7/¢)e(us?)dz, we obtain the macroscopic equations (5.17) and (5.18)
for p?, n”, and b” in the same way as in [26].

The strong convergence of 7_*(b5?), along with the two-scale convergence of u?, e(u®?), d;u’, and
dre(us?), as e — 0, yields the macroscopic equation

(B0, y)(e(u”) +&,(0")) + V(' y)d(e(u”) + &,(0")), e(y) +&,(¥1)) g, v

(5.25)
_ﬂ‘YMKatu ’8t1/)>~QT |Y|[<f >F£Z/{,T - <pI’/a¢'>FI,T]
for ¢ € C3(0,T;C*(12))?, with 1 being as-periodic in z3, and 9, € C¢(2r; CL.(Y))?.
Taking @» = 0 we obtain
(E®Y,y)(e(u”) +&,(a”) + V(b’,y)d:(e(u”) + &,(0”)), &, (%)) g, 5 = O- (5.26)

Considering the structure of (5.26) and taking into account the fact that E(b”,-) and V(b”,-) depend on ¢, we
seek 01V in the form

Wt ay) = Y (el (ta)ywh (ta,y) + / De(u’ (s,2))ij Vi (t — 5,5,2,)ds]

i,j=1

and rewrite equation (5.26) as

(B0, y) (e(u’ Ei: le(u méy(wg)+/Ot5se(uﬂ)ijéy(vf§j)d5})’éy(¢1)>mxfx

3
+ (Vs 0") (Bre(u”) + 37 [dre(u”)ije, (wH) + e(u?)i; 018, (wy) (5:27)
i,j=1
+ 8te(u19)ijéy(vf9j (07 l,x, y)) + /0 ase(uﬁ)ijatéy(vg)ds} ) ) éy(¢1)>QT><Y]u =0.

Considering the terms with e(u”) and d;e(u?), respectively, we obtain that v 70, t,2,y) = xiiﬁ(t,az,y) -
wg (t,z,y) a.e. in 27 X Yar, where wg and x%iﬁ are solutions of the ‘unit cell’ problems (3.6) with b” instead of

b. Using this in (5.27) implies that vfg satisfies (3.7) with b” instead of b. Then, taking 1, = 0 in (5.25) yields
the macroscopic equations (5.16) for u’.
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Notice that the assumptions on E and V and the boundedness of b? and 0;b” ensure the existence of weak
solutions w, xi/ 9, and vij, with 7, j = 1,2, 3, of the ‘unit cell’ problems (3.6) and (3.7), with b? instead of b.

In the same way as for the macroscopic elasticity tensor for the equations of linear elasticity, see e.g. [16,22],
we obtain that Vgom is positive-definite and possesses major and minor symmetries, as in Assumption 2.1.8.
The assumptions on E and V and the uniform boundedness of b’ ensure ]Egom € LOO(O,T;LOO(Q))34,
EY . € L0, T;L>(2)%, Vi, € L®(0,T;L>(2))*, K’(t — s,5) € L>®(0,T;L>(0,t;L>(2)))*", and
K7(t — s,5) € L2(O,T;L°°(0,t;L°°(Q)))34. Notice that the positive-definiteness and symmetry properties of
VY ., together with the boundedness of EV = VY = and K”, ensure the well-posedness of the viscoelastic
equations (5.16). 0

Now we can complete the proof of the main result of the paper.

Proof of Theorem 3.2. To complete the proof of Theorem 3.2, we have to prove that the sequence {p”, n”,b” u”}
converges to a solution of the macroscopic problem (3.10)—(3.13) and to show that the limit problem as ¢ — 0
of (5.25), together with the corresponding equations for (p”,n?,5”) in (5.17) and (5.18), is the same as the
two-scale macroscopic problem for the original microscopic equations (2.1)—(2.3).

Using the fact that estimates (5.3) and (5.24) for u®? are independent of ¥ and ¢ and applying the weak and
two-scale convergence of u®?, together with the lower semicontinuity of a norm, yield

Huﬂnix(O,T;W(Q)) + He(uﬂ) + éy(ﬁﬂ)Hioo(o’T;L'z(QX{/)) < Cv

(5.28)
le(u’(- +h,-)) — e(uﬁ)”%,Q((O,Tfh)xQ) + He(uﬂ)“%%(Tfh,T)xQ) < C(h+h'7?),

with a constant C' independent of ¥ and h.

Similar to the proof of Lemma 4.3, using (5.28) we obtain the estimates for p” and n” in L2(0,T;V(£2))? N
L>=(0,T; L>=(£2))? and b7 in W1°(0,T; L>=(£2)), uniformly in . In a similar way as in the proof of Lemma 5.2,
we obtain

167G, + i) = 0717 o2 2y + 187+ Py ) = 87122y + 167 (4 By ) = 0|l Lo (07— ns= () < Ch, (5.29)

where b” is extended by zero from 27 into R, x R® and hy = hby, with h € (0,7) and k = 1,2,3. Then,
applying the Kolmogorov theorem we obtain the strong convergence in L"(0,T; L?(§2)), for 2 < r < oo of a
subsequence of b”, as ¥ — 0.

In a similar way as in the proof of Lemma 4.4, considering the assumptions on E and V, together with the
boundedness of b” and 9;b”, uniformly in ¥J, we obtain that the weak solutions of the ‘unit cell’ problems (3.6),
with bV instead of b, satisfy

w5l ., (7)) T 108y (W)l 120 112 (90 < C - for @ € 2, 50
||X§;,q9Hngr(}>M) <C for (t,z) € Or,

where the constant C' is independent of 9. The estimates (5.30) and boundedness of ” and d;b” ensure the
uniform in 1 estimate for the weak solutions of the ‘unit cell’ problems (3.7), with b” instead of b, i.e.

HV:;jHL‘X’(O,Tfs;Hl (Y)) + Hatéy(vg)”L?(O,T,S;L'Z({/M)) <cC (5.31)

per

for z € 2 and s € [0, 7.

Using the assumptions on Vj;, we obtain the symmetry properties and strong ellipticity of Vgom, see
e.g. [22,27], with an ellipticity constant independent of ¥. The assumptions on E and Vj;, the uniform bound-
edness of b7, and the estimates (5.30) and (5.31) ensure

||]E£0m(bl9)HL"’(O,T;L‘X’(.Q)) + HVgom(bﬂ)HL‘X’(O,T;L‘X’(.Q)) + ||K19(t - S, 8, bﬂ)||L2(0,T;L°°(0,t;L°°(Q))) < 07 (532)
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with a constant C' independent of 9.
Taking d;u” as a test function in the weak formulation of (5.16), using the btrong ellipticity of VP | together
with estimates (5.28) and (5.32), and applying the second Korn inequality for u”(t) € W(£2) yield

9 9
V|0 ||2L°C(0,T;L2(Q)) + flu ”%Il(O,T;W(Q)) <C, (5.33)
with a constant C' independent of 9. Hence we have the weak convergence, up to a subsequence, of u’ in

H'(0,T;W(£2)) and weak-* convergence of 9'/29,u” in L>(0,T; L*(12)), as ¥ — 0.
To pass to the limit as ¥ — 0 in the macroscopic equations (5.16) we have to show the strong convergence of

IE:gom’ Vgom’ and Kﬂ' ..
Considering the first equation in (3.6) for t+h and ¢, with h € (0,7) and b? instead of b, taking 6"wy (¢, z,y) =
Wf9j (t+h,x,y) — wg (t,z,y) as a test function, and using (Shéy(wl9 =h fo Oy (W (t + h7))d7, we obtain

<CyAJ|B7 ] L (0,751 (2)) 108y (Wi)II2 (Varr)

(0 TL2( + ||ey(W19 )||L2(Y ))] < Czh

||5hey(wf9j)‘|i (0,7—h)xY) (5.34)
+ 11007 20,7150 (2) (| €5 (W5 ||
for x € 2 and the constants C7 and C5 are independent of ¢ and h. Taking an extension 5h8t_” of sho,w?

from Yy; into Y as a test function in the weak formulation of (3.6)1, with b” instead of b, yields

||5hey(5tw )||L2((OT h) XYM) CIHbﬂHLOO 0,T;L> Q))‘|5héy(wg)||L2(YT_h,)”éy((ghatwf?j)HL2((O,Tfh)><Y)

(5.35)
+02[1 + l[&y(w, )||L2(YT) * ”ey(atw )”L? (Yo, 1) ]H(5hb19”%oo(07T_h;Lx(Q)) < 03(h1/2 +h)

for x € £2 and the constants C1, Ca, and C3 are independent of 1 and h. Here, we used estimate (5.34) and the
fact that due to the periodicity of wj and the second Korn inequality we have

16" 0w | 0. r—nsrr (30y) < ClNO" &y (OewWi )| 2 (0.7 nyx )
for z € {2, and the property of the extension,lzl'.e. ||éy(5h8th9j)HL2((0,T,h)X§/) < CHéy(dhatng)||L2((O,T7h)XYM),
where the constant C' is independent of 9;wy , ¥, and h. Estimates (5.30) ensure

<Ch and ||ey(8tw )] <Ch2" for 1< q<2.

g2
||ey(w19 )”LQ((T—h,T)xY/) La(T—h,T;L2(Yar)) —

Considering (3.6)1, with b” instead of b, for  + hy and x, where hy = hby, for k = 1,2, 3, and using (5.29)
imply

8™, (w

D2 p sy + 1167 018 (w < Ch, (5.36)

I 2y vy <

where 5h’“w (t,x,y) = “(t x+hg,y)— ”(t x,y), the function b” is extended by zero from 27 into Ry x R3,
Wﬂ is extended by zero from {2 into R?, and C' is independent of ¥ and h. In the same manner we obtain

||5hey(XV 19)||L2(QT ><YM) + H(shkéy(xg,ﬂ)”[;((h“ ><YM) = Cha (537)
where bV and Xé,jﬁ are extended by zero from 27 into R, x R3, and

&y (v (t =5+ B, ) = &, (V5 (t = 5. D201 nesoionsyy F180VE G5 20 rragen gy < Che (5.38)

Considering the difference of the equations in (3.7), with b” instead of b, for s + h and s and for = + hy, and
z, taking Vfg (t,s+ hyz,y) — vfg (t,s,z,y), 5h’“vf9j, and extensions of 0y (vfg (t,s+ h,x,y) — Vfg (t, s,x,y)) and
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oh atvfg from Yy into Y, as test functions, respectively, and using estimates (5.34)—(5.37) yield

||éy(vf9j (t - 58 + h)) - éy(Vy(t - S 5))”%2(0 T— h;L2(Qt><Y)) S Cha

1678, (v (t = 5. 5172 0 1202, 37y < O

10¢8y (VY (t — 5,5+ h)) — Dpéy (v (t — s s))||2L2(O ooy < CY2+R), (5.39)

18784y (v (1 — 5.2 07120 x 0y < CCB2 D),

2
< Ch,

L2((T—h,T)x )

T—s B
| [ [ eyt man]
0 Ym

for k = 1,2,3 and the constant C' is independent of h and ¢J. Thus, (5.34)-(5.39) along with the Kolmogorov
theorem and the strong convergence and boundedness of b” ensure the following strong convergences

/ é,y( Wﬂ )dy —>/ &y (W dy, ]Ehom(b ) — ]Ehom(b) in LQ((ZT),
) ey (w)dy — o8y (whdy, EYon(b”) — Ehom(D) in L9(0,T; L*(2)), 1 < ¢ < 2,
Ym Ym
/ éy(X%/{ﬂ)dy - N éy(Xélj)dy’ Vhom(b ) - Vhom(b) il’l LQ(QT)’
Ym Ym
/ &, (VY (t —s,8))dy — / &, (V7 (t — s,5))dy in L2(0,T; L*(2,)),
Y Y
K’(t —s,5,0") — K(t — s, 5,b) in L2(0,T; L(£2;)),

T—s B T—s B
/ Drey (v (t,s))dydt — / ey, (v (t,s))dydt in L*(Q2r),
0 YM 0 YM

T—s T—s
/ KY(t, s,0%)dt — / K(t,s,b)dt in L*(2r),
0

as ¥ — 0. The strong convergence of E’ and K” and estimate (5.33) ensure the strong convergence

hom
Nfﬁ(e(u ) — ;H( (u)) in L*(Q27) as ¥ — 0.

Hence, taking the limit as ¢ — 0 in the weak formulation of (5.16)—(5.18) we obtain the macroscopic equations
(3.10)—(3.12). Notice that for the integral-term in (5.16) we have

( / K- s, W)0se(u” (s,0)ds. lt,0)) = / : /Q dye(u’(s,2)) / K (1,5, 67 p(r + 5, 2)drdads

for all ¢ € C'(£27)3, 9 being az-periodic in x3. Thus, using the weak convergence of d;e(u”) and the strong
convergence of fOT_s K?(t,s,b”)dt we can pass to the limit in the last term in (5.16).

The assumptions on the elastic E and viscous V tensors together with the regularity and boundedness of b
ensure the existence of solutions of the ‘unit cell’ problems (3.6) and (3.7). As before, the assumptions on E and
V, the boundedness of b, and the estimates (5.30) and (5.31) yield the symmetry properties and strong ellipticity
of Viom, see e.g. [22], as well as the boundedness of the macroscopic tensors, i.e. Epom € L*(0,T; L“(Q))34,
Enom € L2(0,T3L%(2))*", Viom € L®(0,T;L=(2))%, K(t — s,5) € L>(0,T;L®(0,t;L>(£2)))*, and
K(t — s,8) € L*(0,T; L°°(0,t;L°°(Q)))34. This together with the assumptions on the coefficients and non-
linear functions in the equations for p,n, and b, see Assumption 2.1, ensures the existence of a unique weak
solution of the macroscopic problem (3.10)—(3.12). Thus the whole sequence {p”,n”,b”, u’} converges to a
weak solution of (3.10)-(3.12). Estimate (5.33) implies that u € H*(0,T; W(£2)). Hence, u € C([0,T]; W(£2))
and u satisfies the initial condition u(0,z) = ug(z) for x € (2. O
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To complete the proof of Theorem 3.2 we have to show that a sequence of solutions of the microscopic
model (2.1)-(2.3) converges as ¢ — 0 to a solution of the macroscopic equations (3.10)—(3.12). For this, using
the result of Lemma 5.2, we show that the two-scale macroscopic problem for (2.1)-(2.3) is the same as the
limit problem, as ¥ — 0, of the two-scale macroscopic problem for the perturbed microscopic equations (2.2)
and (5.1), with initial and boundary conditions in (2.1), (2.3), and (5.2).

Lemma 5.5. A sequence of solutions {p®,n® b, u°} of the microscopic problem (2.1)—(2.3) and a sequence of
solutions {p=?, 0 b5? us?} of the perturbed microscopic equations (2.2) and (5.1), with initial and boundary
conditions in (2.1), (2.3), and (5.2), converge ase — 0 and 9 — 0 to a solution (p,n,b,u,0) of the macroscopic
equations (3.10), (3.11), and

(E(b,y)(e(u) + &y (1)) + V(b,y)0(e(u) + &y(11)), e(¥) + &y(¥1)) o, v
= ‘Y| [<f71p>F£u,T - <pIV71p>FI‘T:| (540)

together with u(0) = ug in 2, u is az-periodic in x3, and

+
NEf (e ][ ][ tr (E(b,y)(e(u) + éy(0))) dydz for (t,x) € (0,T) x 0. (5.41)
Bs(z)N$2

Proof. The a priori estimate (3.2), together with the second Korn inequality, ensures the weak and two-scale
convergence of u® and dre(uc), i.e. there exist u € L*(0, T; W(12)), u' € L*(2p; H) (Y V) /R)3, A € L2(027)3%3,
and Ay € L*(2r x YM)3X3 such that

u® —u weakly in L%(0, T; W(12)), Vu® — Vua+ @yul two-scale, (5.42)
(w) |

dre(u®) = A weakly in L*(07)3*3, X0z, 0re(u®) = xy, A1 two-scale,
as € — 0, where d;e(u®) is extended by zero from 25, 1 to £2r. Using the two-scale convergence of e(u®) we
obtain that A, = d;(e() + &,(u')) in 27 x Y.
The estimates for p®, n®, and b° in (3.1) and (3.3) imply the existence of p,n € L2(0,T;V(02))? N
L0, T; L%°(£2))%, b€ Whe(0,T; L>(2 x Yy)), and pt,nt € L?(2r; per(YM)/R) such that
p°—p, n°—n weakly in L2(0,T; H'(12))?,
p°—p, n°—n strongly in L?(27)?,
Vp® — Vp + Vypl, Vn® — Vn + Vynl two-scale, (5.43)
b* — l~7, O4b° — O;b two-scale.
The strong convergence of p® and n° is ensured by the estimates in (3.3) and the Kolmogorov compactness

theorem. Using the a priori estimates and the convergence results for u®, p, and n®, in the same way as in
Lemma 5.3 (see also [26], Lem. 5.3), we show that b is independent of § = (y1,y2) and

T (b°) — b strongly in L2(£2 x Ya). (5.44)

Using similar arguments as in the proof of Theorem 5.4, we obtain the strong convergence
/ E(b, z/e)e(u®)dE — / ][ E(b, y)( é,(u'))dydi in L*(2r) and L*(I'rr).
Bs(z)N2 Bs(z)N2

Then the strong convergence of 7*(b%), together with the two-scale convergence of u®, e(u®) and d:e(u®), as
e — 0, yields the macroscopic viscoelastic equation

(E(b.y)(e(n) + &, (u")) + V(b,y)d(e(@) + &,(u'),e(s) + &, (¥1)) o, 5 = IVI[{F. %) reusr
— (pzv, ¥)ry .| (5.45)
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for ¢ € C§(0,T;C*(£2))3, with v being as-periodic in z3, and ¥, € C§(27r; CL..(Y ¥'))3. Using the two-scale and
strong convergence of p®, n°, and b° we obtain that p, n, and b satisfy the macroscopic equations (3.10) and
(3.11), where N2 (e(1)) is defined as in (5.41) with b, @1, and u’ instead of b, u, and .

Now we consider equation (5.25). Using the fact that estimates (5.3) and (5.24) are independent of 9 and ¢
and applying the weak and two-scale convergence of u®”, e(u®?) and d;e(u*?), as ¢ — 0, together with the
lower semicontinuity of a norm yield

[0’ || L0, mow(e2)) + lle(u?) + éy(ﬁﬂ)HLOO(O,T;L'L’(_QxY/)) + [[Oc(e(u”) + &, (1 ))HL2 @rxta) =6
191/2H6tu19\|L2(QTXYM) <C,
I(e(u”(- 4+ h,-)) —e(u”)) + (&, (0" (- + 1)) = &, (0" )| L2 (0.7 nyx 2wy < CHY,

He(uﬂ) + éy(ﬁﬂ)H[}((T_h’T)XQX}}) S Ch1/2,

(5.46)

with a constant C' independent of ¢ and h. Using the second Korn inequality and assuming ff, u’dy = 0 we
obtain that

&’
||u HLoo (0,T5L2(QH, (V) = Cilley(a )HLoo(o,T;m(QxY)) < Cs.

per

Hence, there exist u € L=(0,T;W(£2)), & € L>(0,T; L*(2; H}..(Y)/R))?, /12 € L2027 x YV)¥*3 and € €
L2(027 x Yar)3, such that u’ — u in L2(0, T; W((Z)) 0’ — @ in L2(2r; HY(Y))?, 9;(e(u 19) +&,(0%)) = Az in
L2(02p x Yar)?*3, and 91/20,u” — ¢ in L2(2p x Yar)3, as 9 — 0. The convergence of u? and a” implies that
Ay = 9;(e(u) + &,(1)) a.e. in 2 x Yar.

Using the strong convergence of b”, shown in the proof of Theorem 3.2, together with the convergence of u?,
0, 9;(e(u?) + &, (")), and ¥'/29;,u’, and taking in (5.25) the limit as 9 — 0 we obtain

(E(b,y)(e(u) +&, () +V(b, )0 (e(u) +&,(1)), e(4) +&,(¥1)) gy ey = IVI[(E, %) rever — (P20, %) 1rr]  (5:47)

for ¢ € C}(0,T;C(£2))3, with 1 being az-periodic in x3, and v, € C(92r; Cla(Y )3,
Also using the two-scale and strong convergences of p”, n?; b?, and fBé(z)mQ {3 E(b,y)(e(u”) +&,(0”))dydz
we obtain that p, n, and b satisfy the macroscopic equations (3.10) and (3.11) with V¢ (e(u)) defined in (5.41).
To show uniqueness of a solution of (5.40) with the corresponding equations for (p,n,b) in (3.10) and (3.11),
we first consider the equation for the difference of two solutions (u! —u? @' —@?) and take the approximations
of 9;(u! — u?) and 9,(a! — 4?), similar as in the proof of Lemma 4.4, as test functions to obtain

N NP EPUNIE
le(u’ —u?) + ¢, (a' - ||L°¢(O Tir2(oxy)) T [0 [e(u’ —u?) +&,(a' — &%) ]||L2 (0,T) x 2% Vir)

1 2112
<C11Hb —b H 0 (0,T;L°°(12))

for T € (0,T]. In the same way as for the microscopic problem we can show that

Hb1 - bz‘lzoo (0,T;L>(£2)) < ClT”e(ul —u ) + ey(ﬁ )”Loc(o T:L2(2xY))’

n?||? < Colle(u’ —u?) + &, (0" — 0|7 < 712(0nv)

Hp -p ||Loc(0TL2(Q))+Hn °0(0,T;L2(£2))
for T € (0, T)]. Considering T sufficiently small and iterating over time intervals we obtain the uniqueness result
for (5.40) with the corresponding equations for (p,n,b). Hence 1 = u, u! = @, p = p, 1 = n, and b=band
the whole sequences {p®,n®,b°, u®} and {p”,n?,b”, u’}, respectively, converge to a solution of the macroscopic
two-scale problem (3.10), (3.11), and (5.40).

Using the derivation of the macroscopic equations in the proof of Theorem 5.4 and convergence results in
the proof of Theorem 3.2 and Lemma 5.2 we obtain that (3.10)—(3.12) are the macroscopic equations for the

original microscopic problem (2.1)—(2.3). O
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