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1. INTRODUCTION

In reference [9], Coron and the first author (H. Brezis) have investigated the existence of multiple S*-valued
harmonic maps. In the process they were led to introduce a concept of topological degree for maps f € H'(S?;S?).
Note that such maps need not be continuous and thus the standard degree (defined for continuous maps) is not
well-defined. Instead they used Kronecker’s formula

deg f = 722 det (Vf) (1.1)

valid for f € C'(S?%§?), and a density argument (C*(S%;S?) is dense in H'(S?%;S?)) due to Schoen and
Uhlenbeck [16], to assert that deg f, defined by (1.1), belongs to Z for every f € H*(S?;S?).

They also used the technique of “bubble insertion” which allows to modify the degree d; of a given (smooth)
map f : S? — S? by changing its values in a small disc B.(zg). More precisely (see [7,9]), for any € > 0 and
dy € Z one can construct some g € H'(S?;S?) such that g = f outside B.(z0), degg = do, and

/ Vg — Vf|? <8n|dy —di|+0(1) as e — 0 (1.2)
SQ

(in fact [9] contains a more refined estimate in the spirit of Lem. 3.4 below). This kind of argument serves as
a major source of inspiration for several proofs in this paper. As we are going to see, estimate (1.2) provides a
useful upper bound for the Hausdorff distance between homotopy classes in H(S?;S?).

Subsequently the first author and Nirenberg [11] (following a suggestion of Boutet de Monvel and Gabber [5],
Appendix) developed a concept of topological degree for map in VMO (SV;S") which applies in particular
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to the (integer or fractional) Sobolev spaces W*P(SY; SV) with
s>0,1<p<ooandsp>N. (1.3)

This degree is stable with respect to strong convergence in BMO and coincides with the usual degree when
maps are smooth.

In the remaining cases, i.e., when sp < N, there is no natural notion of degree. Indeed, one may construct a
sequence of smooth maps f,, : S — SV such that f,, — P (with P € SV a fixed point) in W*? and deg f,, — oo
([4], Lem. 1.1). Therefore, in what follows we make the assumption (1.3).

Given any d € Z, consider the classes

Ea={f e W*P(SV;S"); deg f = d}; (1.4)

these classes depend not only on d, but also on s and p, but in order to keep notation simple we do not mention
the dependence on s and p.

These classes are precisely the connected or path-connected components of W*?(SV:SV). [This was proved
in [11] in the VMO context, but the proof can be adapted to W*P.] Moreover if N = 1 we have (see Sect. 2)

£ = {f; F(z) = e 24, with o € WS’P(Sl;]R)} . (1.5)

Our purpose is to investigate the usual distance and the Hausdorff distance (in W#*?) between the classes &,.
For that matter we introduce the W#*P-distance between two maps f, g € W*?(SV:SV) by

dWS’P(fvg) = |f _g‘WS’Pa (16)

where for h € W*P(SN; RN*T1) we let

Blwer = Hh—][ hH ,
SN Wsp

and || ||w=» is any one of the standard norms on W*P. Let d; # dz and define the following two quantities:

distws.r (Eqy,Edy) := Inf  inf dws»(f,9), (1.7)

fe€€ay 9€€a,

and

Distws.» (Eqy,Edy) := sup inf  dws»(f,g). (1.8)
fe€q, 9€Ea,

It is conceivable that
Distyys.p (5d1 ,Ed,) = Distws.»(Eay, E4,),Vdy,do € Z, (1.9)

but we have not been able to prove this equality (see Open Problem 1 below). Therefore we consider also the
symmetric version of (1.8), which is nothing but the Hausdorff distance between the two classes:

H — distws.r (€4, , Ea,) = max {Distw s (Eay, Edy ), Distwer (Edyy Edy ) } - (1.10)

We should mention that even in cases where we know that (1.9) holds true, the qualitative properties of
the two quantities in (1.9) might be quite different. Consider for example the classes &g, ,Eq, in WH1(S;Sh)
when 0 < d; < da. It is shown in Proposition 3.2 that Disty1,1(Eq,,E4,) is attained by some f and g, while
Distyy1.1 (€4, E4,) is nOtL.

It turns out that in general the analysis of the usual distance distyys.» is simpler than that of Distyys.», so we
start with it. Note that we clearly have

disteo (€4, E4,) = 2, Vdy # do. (1.11)
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Indeed, on the one hand we have ||f — gllco < 2, V f,g, and on the other hand if ||f — g||co < 2 then
tf+ (1 -ty
tf + (1 =t)g|’
it was established in [11] that surprisingly, when s = 1/2, p = 2 and N = 1 one has disty1/2(£1,&) = 0,
and thus distymo (€1, &) = 0. The usual distance distys.»(Eq4,,Eq,) in certain (non-fractional) Sobolev spaces
was investigated in works by Rubinstein and Shafrir [15], when s = 1, p > N = 1, and Levi and Shafrir [14],
when s = 1, p > N > 2. In particular, they obtained exact formulas for the distance (see [15], Rem. 2.1, [14],
Thm. .4) and tackled the question whether this distance is achieved (see [15], Thm. 1, [14], Thm. 3.4). Another
motivation comes from the forthcoming paper [13], where we consider a natural notion of class in Wh1(§2;S!)
(with 2 C RY) and determine the distance between these classes. In particular, Theorem 1.5 is used in [13].

Throughout most of the paper we assume that N = 1. It is only in the last two sections that we consider
N > 2.

We pay special attention to the case where s = 1. In this case, we have several sharp results when we take

deg f = degg. [This is obtained by considering the homotopy H; = t € [0,1].] By contrast,

. 1/p
o) =1 =gl = ([ V=) (112)

The following result was obtained in [15].

Theorem 1.1. Let 1 < p < oo. We have
distyy 1 (Ea,, Eq,) = 2P 7PV 14, — dy|, Vdy,dy € Z. (1.13)

In particular
distwl,l(gdl,gd2) =4 |d1 — dg‘, Vdy,ds € Z. (1.14)

For the convenience of the reader, and also because it is used in the proof of Theorem 1.2, the proof of
Theorem 1.1 is presented in Sections 3 and 4.
In view of (1.13), it is natural to ask whether, given d; # ds, the infimum

inf inf  dyie = 2W/PH1,(A/p)=1 g g 1.15
(it b dwn (f,9) 7T |dy — da| (1.15)

is achieved. The answer is given by the following result, proved in [15] when p = 2.
Theorem 1.2. Let dy,dy € Z, dy # ds.

(1) When p =1, the infimum in (1.15) is always achieved.
(2) When 1 < p < 2, the infimum in (1.15) is achieved if and only if do = —d;.
(3) When p > 2, the infimum in (1.15) is not achieved.

We now turn to the case s # 1. Here, we will only obtain the order of magnitude of the distances distyys.», and
thus our results are not sensitive to the choice of a specific distance among various equivalent ones. [However,
we will occasionally obtain sharp results for H'/ 2(St;St) equipped with the Gagliardo distance defined below.]
When 0 < s < 1 a standard distance is associated with the Gagliardo W#%P semi-norm

— x| — _ D 1/p
daven(F.g) = ( [ /Slmac) 9(@) = () = )] dxdy) | (116

|z —y|tFeP

Theorem 1.3. We have

1. Let 1 < p < oo. Then
diStW1/p,p(5d1,gd2) =0, le, dy € 7. (117)
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2. Let s >0 and 1 < p < oo be such that sp > 1. Then
C;’p ‘dl — dz‘s < distyys.p (gdl,ng) < Cs,p |d1 — dg‘s (1.18)
for some constants Cs p, C’g,p > 0.
We next investigate the Hausdorff distance H — distyy=.» (still with NV = 1).

Theorem 1.4. We have

1. In WhH!,
DiStWLl(gdl,ng) = 27T‘d1 — dz‘, Vdy,ds € 7. (1.19)

2. If 1 < p < oo, then
H — disty/0(Eay,Eay) < Cpldy — do|YP, Vdy,dy € Z. (1.20)

3. If s>0 and 1 < p < oo are such that sp > 1, then

Distyws.» (Eqy, Edy) = 00, Vdi,da € Z such that dy # da. (1.21)
We do not know whether (1.20) is optimal in the sense that for every 1 < p < oo we have

Disty1/v.0 (Eay, Eay) > Ch |dy — do| /P, Vdy,ds € Z, (1.22)

for some positive constant Cz/r See Open Problem 2 below for a more general question. See also Section 7 for
some partial positive answers.

We now discuss similar questions when N > 2. We define distyys.,» and H — distyys» using one of the usual
W#P (semi-)norms.

For s =1, N > 2, p > N, and for the semi-norm |f — g|y1» = [|[Vf — Vg||L», the exact value of the WP
distance disty1.» between the classes &4, and &4,, di # da, has been computed by Levi and Shafrir [14]. A
striking fact is that this distance does not depend on d; and da, but only on p (and N).

We start with distyys.p.

Theorem 1.5. We have
1. If N>1and 1 < p < oo, then

distyyn/pp(Edy s Edy) =0, Vdi,ds € Z. (1.23)
2. If [l <p<ooands>N/p| or[p=1ands> NJ|, there exist constants Cs p n,C; , x > 0 such that
e < distwen (Eqy,Eay) < Cop v, Ydi,dy € Z such that dy # da, (1.24)
(here N > 2 is essential).

Remark 1.6. We do not know whether, under the assumptions of Theorem 1.5, item 2, it is true that
distws.r(ay,Ea,) = CL, n, Vdi,d2 € Z such that di # da, for some appropriate choice of the W*? semi-
norm. [Recall that the answer is positive when s = 1 [14].]

We now turn to the Hausdorff distance.
Theorem 1.7. Let N > 1. We have

1. For every 1 <p < oo

H — distyy~/op (Eays Eay) < Cpnldi — do|P, Vdy,dy € Z. (1.25)
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2. If s >0 and 1 < p < oo are such that sp > N, then
Distyws.» (Eqy, Edy) = 00, Vdi,da € Z such that dy # da. (1.26)

We conclude with three questions.

Open Problem 1. Is it true that for every di, da, N, s, p
Distys.r (Eqy, Edy) = Distws.r (Edy, Edy)? (1.27)
(recall that Distwe.r(Eq,,Ea,) has been defined in (1.8)). Or even better:
Does Distywer(Eay,E4,) depend only on |dy — da| (and s,p, N)? (1.28)

There are several cases where we have an explicit formula for Distyys.» (€4, E4,) and in all such cases (1.28)
holds. See, e.g., the proofs of Theorem 1.4, items 1 and 3, and Theorem 1.7, item 2. We may also ask ques-
tions similar to (1.28) for distws.»(Eq4,,Eq,) and for H — disty s (E4,,E4,) (assuming the answer to (1.28) is
negative); again, the answer is positive in many cases. A striking special case still open when N = 1 is: does
distyyz.1 (€4, , E4,) depend only on |dy — da|?

Open Problem 2. Is it true that for every N > 1 and every 1 < p < oo, there exists some Czll,N > 0 such that
Distyy~/p (Edys Eay) = C) yldy — do|''P, Vdy,dy € 77 (1.29)

A weaker version of Open Problem 2 is obtained when we replace Disty,~/p,» by H — dist WN/p:p (there will be
no difference of course in case the answer to Open Problem 1 is positive):

Open Problem 2'. With the same assumptions as in Open Problem 2, is it true that
H — distyyn/oo (Eay, Ea,) > Ch yldi — do|P, Yy, do € 27 (1.30)

The only case for which Open Problem 2 is settled is [N = 1,p = 1] (see Thm. 1.4, item 1). We emphasize three
cases of special interest: 1. [N = 1,p=2],2. [N =2,p=2] and 3. [N = 2,p = 1]. In case 1, the answer to Open
Problem 2’ is positive (see Cor. 7.6). See also Section 7 where further partial answers are presented.

Here is another natural open problem. Recall that for any f € WN/PP(SN;SV) and any sequence (f,) C
WN/Pp(SN:SN) such that |f, — fly /e — 0, we have deg f, — deg f. We also know (Thm. 1.5, item 1) that
there exist sequences (f,,), (g») in WN/PP(SV: SV such that |f, — gn|yw~/ee — 0 but |deg f,, —deg gn| = 1, Vn.

Open Problem 3. Is it true that | deg f,, — deg gn| — 0 for any sequences (fy), (gn) in WN/p,p(SN;SN) such
that
‘fn - gn|WN/p,p — 0 asn— oo

and
| frlw~/ow + |gnlwn/ee remains bounded as n — oo?

Our paper is organized as follows. In Section 2 we recall some known properties of WP (SV:SV). Sections 3-5
concern only the case N = 1, while Sections 6 and 7 deal with NV > 1. The proofs of Theorems 1.1 and 1.2
are presented in Sections 3 and 4. Theorem 1.3, item 1 and Theorem 1.4, items 2 and 3, are special cases of,
respectively, Theorem 1.5, item 1 and Theorem 1.7, items 1 and 2; their proofs are presented in Section 6.
Theorem 1.3, item 2 is established in Section 5. The proof of Theorem 1.4, item 1 appears in Section 3.
Theorems 1.5 and 1.7 belong to Section 6. Partial solutions to the open problems are given in Section 7. A final
Appendix gathers various auxiliary results.
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2. SOME STANDARD PROPERTIES OF MAPS f : SV — SV
In this section, we always assume that (1.3) holds.
Lemma 2.1. C>(SV;S") is dense in W*P(SV;SV).

When s =1, p =2, N = 2, the above was proved in [16]. The argument there extends to the general case.
When
0<s—N/p<l]or[s—N/p=1andp>1], (2.1)

we can complement Lemma 2.1 as follows.

Lemma 2.2. Assume that (2.1) holds. Then every map f € WP(SN;SN) can be approzvimated by a sequence
(fn) C C(SN:SN) such that every f, is constant near some point.

We note that condition (2.1) is equivalent to (1.3) + the non embedding W*? ¢ C!. The non embedding
is also necessary for the validity of the conclusion of Lemma 2.2. Indeed, a C' function f, say on the real
line, whose derivative does not vanish, cannot be approximated in C* by a sequence (f,) such that each f, is
constant near some point.

The proof of Lemma 2.2 is postponed to the Appendix.

Theorem 2.3 ([11]). For 1 < p < oo, the degree of smooth maps f : SN — SN is continuous with respect to
the WN/PP convergence.

As a consequence, under assumption (1.3) the degree extends to maps in WN/P2(SN:SN). Moreover, if (f,)
and f are in WN/PP and |f, — flwn/ow — 0, then deg f, — deg f.

This follows from the corresponding assertion for the BMO convergence [11] and the fact that WN/PP s
BMO.
When N = 1, an alternative equivalent definition of the degree can be obtained wia lifting [10,12]. In this
case, given f € W*P(S1;S1), it is always possible to write
fe?)y=e*@ vocR, for some p € WP (R;R) (2.2)

oc

(no condition on s and p [2]).
If, in addition, (1.3) holds, then the function (- 4 27) — ¢(+) is constant a.e. [2], and we have

dog f = o—(p(- +27) — o(). (23)

If instead of (1.3) we assume that either [sp > 1] or [s = 1 and p = 1], then ¢ is continuous and (2.3) becomes

deg f = 5-(p(2m) ~ 9(0)) = 5= ((r) — (7). (2.9
Finally, we mention the formula
deg f = QL/ fAF Y fewhi(shsh. (2.5)
™ Jst

3. WLl MmaPs

Proof of Theorem 1.1 for p =1, and Theorem 1.2, item 1.
Step 1. Proof of “<” in (1.14)
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With no loss of generality we may assume that di; > do and dy > 0. Set d := d; — ds and L := d + 1. We define
fe?) =0 c g ge?) := e c &,, where @,1) € WH((0,27)) are defined as follows:

0 {1 if 0 € [0,2d /L)
PYVT N Ldot + 2(dy — Ldo)w, if 0 € [2d /L, 27),

and
(6) = L dist(d, 27 Z/L), if 6 € [0,2d /L)
vo) = ©(0) —2d T, if 0 € [2d7/L,27)

(and thus on [0,2d 7/L] the graph of v is a zigzag consisting of d triangles).
ForkeZ, 0<k<d-—1,set

_[2k7 (2k+1)7 C[@k+1)7 (2k+2)7
Ik—|:L, 7 ]andJk—{ 7 5 7
Note that
LO—2km if 6 € I,
0) = ’
(o) {2(k—|—1)7r—L9, if 6 € Jy,

so that g = f on I and g = f on .Jj,. Hence

’f—"— 0, on Iy,
9= =2 (sinp) ¢, on J.

Therefore

Ji

Step 2. Proof of “>” in (1.14):

We may assume that d := d; — ds > 0. We prove that when f € &;, and g € &4, we have fsl \f — g| > 4d. The
map f/g is onto (since its degree is d # 0), and thus with no loss of generality we may assume that f(1) = g(1).
Write f(e'?) = e g(e¥?), with ¢ € WH1((0,27)). We have ¢(27) — ¢(0) = 2d 7, and we may assume that
©(0) = 0. Consider 0 =ty < 79 < t1 < -+ < Tq—1 < tq = 27w such that ¢(t;) = 27j, j = 0,...,d, and
() =2mj+m, j=0,...,d—1. Thus the function w := | f — g satisfies w(e"7) = 0 and w(e'™) = 2. Therefore,
we have [, [] > 4d. In order to conclude, it suffices to note the inequality || < If — gl ae. O

) d—1
F-il :2;;)[1k(cosw)/(9)d9 = 4d=4(di — dy).

We now turn to the properties of the Hausdorff distance in W1,

Proof of Theorem 1.4, item 1.

Step 1. Proof of “<” in (1.19):
By symmetry, it suffices to prove that for every f € £, and every € > 0 there exists some g € &y, satisfying

/Sl |f = gl < 2xldy — da| +&. (3.1)

By density of C*°(S*;S!) in WH1(St;St) it suffices to prove (3.1) for smooth f. Moreover, we may assume
that f is constant near some point, say 1 (see Lem. 2.2). We may thus write f(e*?) = *(?) 9 € [0, 2x], for some
smooth ¢ satisfying ¢(27) — (0) = 2w d; and constant near 0. For a small A > 0 define ¢ = ) on [0, 27] by

W(h) = @(0) — QdTﬂ 0, if6€[0,)

o(0) —2dm,  if 0 € () 27

(3.2)
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(where d := d; — ds), and then set g(e’?) := e(®) € &,,. Clearly,

A

[ 15 =al= [l - ey = 2idin = 2rlds .
st 0
Step 2. Proof of
DiStwl,l (gdl,gd2) > 2w |d1 — d2|, Vdi,ds with 0 < dj < ds. (33)
Let f(z) := 2% € &,. It suffices to prove that
|f = glwrr = 27 (d2 — dv), Vg € &as.

By the triangle inequality, for any such g, we have
[i=a= [1a1-171= | [ and| - 2md =25 (da] - @) = 27 a2 - ), (3.4)
since |f| = d; on S.

Step 3. Proof of
DiStW1,1(5d1,5d2) > 21 |d1 — dg‘, Vdi > 0, Vdo € 7Z with da < d. (35)

The case d; = 0 is trivial since we may take as above f(2) := 2% = 1 and apply (3.4).
We now turn to the case d; > 0 and dy < dy which is quite involved. Inequality (3.5) is a direct consequence
of the following

Lemma 3.1. Assume that di > 0 and da < dyi. Then for each § > O there exists f € E4, such that
|15 =iz Cn =) d - ), Vg€ (3.6)
Sl

Proof. For large n (to be chosen later) let f,(e?) = e¥»(?) € &,,, with ¢, € W1((0,27)) defined by setting
©n(0) =0 and

2jm/n?), (25 + 1 2
() =B beim/n) @it m/n] o 2ot (3.7)
—di(n—2), 0€((2j+1)7/n%), (2] +2)7/n"],
Therefore, the graph of ¢, is a zigzag of n? triangles. Note that the average gradient of ¢,, is dy, since
(2§+42) 7 /n? d;
/ o, =2r—, j=0,1,...,n* = L. (3.8)
2j 7/n? n

Hence fo% ¢, =2mwd;y (so indeed f, € £4,). On the other hand, note that

(27+2) /n?) d, o
/ ‘(,0;1|:2(’ﬂ—1)7'r—2,jZO,]_,...,’n,z—]_ = / \<p;1|=2(n—1)7rd1,
2 n 0

jm/n?
i.e., hmn_,oo anHLl(Sl) = Q.

Consider now any g € &g, and write g(e'?) = e¥(?) with ¢ € W1((0,27)) satisfying ¢(27) — 1(0) = 27 dy.
For convenience we extend both ¢,, and v to all of R in such a way that the extensions are continuous functions
whose derivatives are 27-periodic. Set h = f,7 € &; with d := d; — dy > 0. Hence, h(e?) = e with
N =, — . We can find d (closed) arcs on S!, I, ..., I, with disjoint interiors such that:

tj
I = {0 € [s;,1,]}, h(e™) = h(e"s) = 1 and / W =2m forj=1.....d
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For small £ > 0 define, for each j =1,...,d:

o; =max {6 € [s;,1;]; h(e?) =e*<}, B; =min {0 € [a; ,t;]; h(e?) = elm==)} (3.9)
aj =max {0 € 1B 5 tl; h(e?) = e’(”+5)}, ﬂ;‘ =min {f € [aj',tj]; h(e?) = e’(%*e)}. ’
Then, set Iji ={e?; 0 ¢ [aji,ﬁji]} Using the equality
fn—g=e¥r —e¥ =2 sin (Ll — 1/J> e (Pntv)/2
2 )
we obtain
= a? = cos? (2250 ) (ol i (o) (el o (3.10)

Note that by the definition of I ji we have

(220020

_ab +
z=-e GIj = 5

79” > sin(e/2). (3.11)

Combining (3.11) with (3.10) and (3.7) gives

: By
[ il zsinter) [V =0 P
g Y (3.12)
G5
> V/2sin(e/2) /i |0, | > V2sin(e/2) di(n — 2) | IF],

where \Iji\ = ﬁji - aji. If for one of the arcs Iji there holds
V2sin(e/2) di(n — 2) 1| > 2rd,
then we clearly have [, |f — | > 2md by (3.12), and (3.6) follows. Therefore, we are left with the case where
— co .
L < j=1,....4d 3.13
LGI< =1, 4 (313)

where ¢o = ¢o(dq,da,€).

While in the previous case the lower bound followed from the fact that |/ | is large (i.e., of the order of n),
the argument under assumption (3.13) uses another property of ¢,,. Namely, thanks to (3.8), the change of ¢,
on an interval of length O(1/n) (like is the case for Iji) is only of the order O(1/n). It follows that f,, is “almost”
a constant on the corresponding arc and an important contribution to the BV norm of f,, — g comes from the
change of the phase ¥ on the corresponding interval. The latter equals approximately m — 2¢, and summing the
contributions from all the arcs yields the desired lower bound. The details are given below.

In the sequel we will denote by ¢ different constants depending on dj,ds and e alone. A direct consequence
of (3.8) that will play a key role in the sequel is the following:

/soil
J

| fn(21) = fu(z2)] <

<

E, for every interval J C R with |J| < . (3.14)
n n

This implies that
, V21, 29 GI;t, jZl,...,d.

Slo
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Therefore, for each I ]i there exists 1/?E € S! such that

[fu(2) —vi| < =, Vzelf, j=1,....d (3.15)

By (3.15) we have
1= 9(2) = (ful2) = vO)I| <

c
n
Fix an arc If. By (3.16), we can define on [af, ﬁji] a Whl-function v, = v, +, determined uniquely up to
addition of an integer multiple of 27, by

9(e”) = (fale?) = v) = |g(e") = (fule’?) = vj") @, (3.17)

From (3.15)—(3.17) we have

 Vzelr, j=1,....d. (3.16)

V() _ gm(®)] < %7 Vo c [af,ﬁf], (3.18)
and ) c
19(e*) = fa(@)] = [g(e") = (ful(e') = v)| [17,(0)] > (1 - 5) ¥ (0)]. (3.19)
By (3.19), we have
. By
ot dalz (1= 2) [ W= (1= 2) ()~ vatad) (320)

By (3.18), (3.20),(3.14) and (3.9), we obtain

/,ji 19— ful 2 (1 - %) [0(857) — w(ag)] - % > (1- %)\n(ﬂf) G (1 - %) (r—2). (3.21)

Sio

Summing (3.21) over the 2d arcs I, I;', j=1,...,d yields

/Iji 1§ — ful > (1 - %) (21 d — 4ed). (3.22)

4
Finally we choose ¢ = 0/8 and n > 771' ¢(dy,ds,€) and deduce from (3.22) that (3.6) holds. O
Step 4. Proof of (1.19) completed:
Combining Steps 1, 2 and 3 we find that
Distyy1.1 (Eay, Eay) = 27 |dy — da|, Ydi >0, Vds € Z,

which yields directly
DiStwl,l(gdl,ng) =27 |d1 — dg‘, Vdi € Z, Vdy € Z. O

We close this section with some results concerning the attainability of Disty1.1 (€4, , €4, ). For any di # do we
may ask (question 1) whether there exists f € &;, such that

dwl,l(f, ng) = gleréf ‘f — g|W1,1 = Distwl,l(gdl,gd2) , (323)

and in case the answer to question 1 is positive for some f € £4,, we may ask (question 2) whether the infimum
infgee,, [f — glwra is actually a minimum, i.e., for some g € &g,

lf = glwra = dyra(f, Ea,) = Disty11(Eqy, Eay) - (3.24)
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There is a trivial case where the answer to both questions is affirmative, namely, when 0 = d; # ds. Indeed, for
f=1and g(z) = 2% we clearly have,

£ =glwes = [ 1] = 2ida] = Distua (80, €.
The next proposition provides answers to these attainability questions, demonstrating different behaviors ac-
cording to the sign of di(ds — dy).
Proposition 3.2. We have
1. If di(da — dy) > 0 then f € &g, satisfies (3.23) if and only if
di(fAf)>0 ae inS (3.25)

Among all maps satisfying (3.23), some satisfy (3.24) and others do not.
2. If di(d2 — dy) < O then for every f € &4, we have dy1.1(f,E4,) < Disty1.1(Eqy,E4d,), s0 (3.23) is never
satisfied.

The proof relies on several lemmas.

Lemma 3.3. Let dy,ds € Z be such that dy(da — dv) > 0. If f € Eq, satisfies (3.25) then

/ If = gl > 27|y — dal, Vg € Eq,. (3.26)
Sl
If the stronger condition
di(f A f) >0 ae. in S (3.27)
holds, then
/ If =gl > 2n|dy — dal, Vg € Eq,. (3.28)
Sl

Proof of Lemma 3.3. 1t suffices to consider the case 0 < di < da. Note that (3.25) is equivalent to [, If] =

fOZWf A f = 2mdy, i.e., to f being a minimizer for Jou [V'| over Eq, ((4.3) for p = 1). Therefore the same
computation as in (3.4) yields (3.26).

Next assume the stronger condition (3.27). Writing f(e'?) = ¢*?(?) with ¢ € W'((0,27)), we then have
¢ > 0a.e.in (0,27). Suppose by contradiction that for some g € £, equality holds in (3.26). Then (3.4) yields

lg—fl =9 —|f|, a.e.in S (3.29)
Writing g(e??) = (@) with ¢» € W1((0,27)), the same computation as in (3.10), gives

(e — ew)/|2 = cos® (_ap ; ¢) (¢' —¢')? + sin? (_<P ; ¢) (" + ") (3.30)
Combining (3.29) with (3.30) leads to
sin? (_1/) ; SD) (W' — ¢')? = sin? (_7/1 ; SD) W'+ ¢')2 (3.31)

The equality (3.31) clearly implies that ¢/ = 0 a.e. on the set {f # g}. Since this set has positive measure, we
reached a contradiction to (3.27). O
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Lemma 3.4. If di(de — d1) < 0 then for every f € E4, there exists g € Eq, such that

/ |f =4 < 2mldi — da. (3.32)
St

The proof of Lemma 3.4 is quite involved. It is inspired by the work of Brezis and Coron (see [7,9]) in a
two-dimensional setting, where the importance of a strict inequality like (3.32) was emphasized. The heart of
the estimate is the following lemma.

Lemma 3.5. Consider any f € £;, and a point ¢ € S*, which is a Lebesgue point of f with (f A f)(() # 0.
Then for every ds such that )
(dz —d1) - (f A F)C) <O (3.33)

there exists g € Eq, salisfying (3.32).

Proof of Lemma 3.5. We may assume that condition (3.33) is satisfied by ¢ = 1. Write f(e'?) = e“"(g). with
© € WHL((0,27)) satisfying p(27) — ¢(0) = 2mwd;. By assumption, §p = 0 is a Lebesgue point of ¢’ = f A f with
©'(0) := o # 0 and we have
1 5
lim —/ lo' —a| = 0. (3.34)
0 Jo

5—0

Denote d = d; — dz and note that, by (3.33), we have ad > 0. For each small ¢ > 0 set g = e'¥, where ¢ = °

is defined by

o6 — 90(9)—%—”9 i£0 ¢ 0,e

w(0) — 2d7r, if 0 € [e,27].

/\ (2|d| )/0 h(0) do, (3.35)

By (3.30), we have

where
aro\ [ ¢ . (20 \]"
_ .2 [QT _ .
h(0) = h.(0) 1+4sin < g >{ 50 n —|—< 5dn ) }] (3.36)
Set F':= ¢/ — a and write
(he(0))? = X + Y + Z, (3.37)
where 2 a6 2 dr6
— e Ea o fdmb) . 2ea o (fdml 2
Xo=Xo(0) =1 (1 2d7r)51n ( - ) - —sin ( - )+O(e ), (3.38)
B _ 2F ey .o (dmf\
Y. = Y.(0) = dﬂ( 1+d7r)bm ( - )—O(eF), (3.39)
and 2 oo o
e s
Z.=27.(0) = ——sin® | —= ) = O(£2F?). A4
9) e sin ( 5 ) O(e“F7) (3.40)

Since X, > 1/4 for small ¢, for such ¢ we deduce from (3.37) that
he(0) < (Xo)V2 + Ya] + (Z)2. (3.41)

Integrating (3.41) over (0,¢) and using (3.34), (3.39) and (3.40) yields

/6 he(6)d6 < /6()(5(9))1/2 A6 + o(c?). (3.42)
0 0
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From (3.38) we have
(X2 =1 - =2 gin? (@) +O(2). (3.43)
7r

Combining (3.35), (3.42) and (3.43) we obtain

. 2 €
JNEE 'd'”(e—e—“ sin? (W)H(e?)):wn—ewo(e),
st € dm Jo €

so that (3.32) holds for sufficiently small . O

Proof of Lemma 3.4. 1t suffices to consider the case where d; > 0, so by assumption dy — d1 < 0. Since [, (f A
f) = 2md; > 0, the set

A= {¢ €S!; ¢ is a Lebesgue point of f with (f /\f)(C) > 0},

has positive measure. Applying Lemma 3.5 to any point ( € A we conclude that there exists g € &g, for
which (3.32) holds. O

Proof of Proposition 3.2.
Step 1. Proof of item 1:
Assume without loss of generality that 0 < dy < do. Let f € &g, satisfy (3.25). By (3.26), dy1.1(f,Eq,) >
27 (da—dy). Since Distyy1.1 (Eq,, €4y ) = 2m(d2—dy) (by (1.19)) we obtain that f satisfies (3.23). On the other hand,
for f € &4, for which (3.25) does not hold we conclude from Lemma 3.5 that dyy1.1(f, Eq,) < Disty11(Eay, Eay) =
27 (dy — dy), so (3.23) does not hold for f.

For f € &, satisfying condition (3.27) (we may take for example f({) = (%) we get from (3.28) that (3.24)
is violated (although (3.23) holds). Finally to show that (3.24) occurs for some f, choose ¢ € Wh1((0,2m))
such that for some a € (0,27) we have:

(i) ¢ >0on|0,a].

(ii) (0) =0, ¢(a) = 2mrd;.
(iii) o = 27d; on [a, 27].
Next define 9 on [0, 27| by:

o(0), for 6 € [0, a]

9) = _
O = o 2m (ds— ) 2% for € (a,21].
2mr —a

Setting f(e'?) = e?(?) and g(e'?) = () we clearly have f € &4, and g € &,. Since f satisfies (3.25) we know
that dy1.1(f, Ea,) = 2m(da — dy). But clearly also |f — glw11 = 27 (d2 — dy).

Step 2. Proof of item 2:
The result follows directly from Lemma 3.4 and (1.19). O

Remark 3.6. If d; = 0 and do # 0 then for every non constant f € & we have dy1.(f,E4,) <
Disty1.1 (o, Ea,) = 27r\d2\ This implies that a constant map is the only map for which (3.23) holds. Indeed,
since fSl A f) = 0, there are Lebesgue points of f A f of both positive and negative sign. Hence, for every
dy # 0 we can find a Lebesgue point for which (3.33) is satisfied, and the result follows from Lemma 3.5.
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4. WP MAPS, WITH 1 < p < 00

Proof of Theorem 1.1 when 1 < p < co. We first sketch the proof of the inequality “>" in (1.15). Given any
f €&y and g € &y, set w = fg € Ey, with d := dy — da. Let w := T ow € & where, as in [13,15], T : S — St
is defined by

T(e") = e with ¢ = ¢(f) = 7sin(d/2), V0 € (—x, 7. (4.1)

2
Noting that |e? — 1| = —|<p\, we obtain as in [13,15] (with O, standing for the tangential derivative)

[ o= = [ orlr—alr = [ 1odra=1p = [ 10w -1

) (4.2)
= (—) / |0~ wp>( ) mf/ [o|P.
s st s vEEa Jg1
The inequality “>” in (1.15) clearly follows from (4.2) and the next claim:
; P — 9|qP
min [ 17 = 24dp = (43)

To verify (4.3) we first associate to each v € &; a function 1 € W'P((—x, 7); R) such that v(e?) = e®(?),
0 € [—m, 7], with ¢ () — p(—m) = 2d w. We then have, invoking Hélder inequality,

L= [ wr= S9

whence the inequality “>" in (4.3). On the other hand, the function w(e'?) = ¢4 clearly gives equality in (4.3),
completing the proof of (4.3). Note that w is the unique minimizer in (4.3), up to rotations. The proof of the
inequality “<” in (1.15) can be carried out using an explicit construction, like the proof in [15] for p=2. O

Next we turn to the question of attainment of the infimum in (1.15).

Proof of Theorem 1.2, items 2 and 3. The proof of the case p > 2 is identical to the one given in [15] for p = 2,
so we consider here only item 3 (i.e., we let 1 < p < 2).

Step 1. The infimum in (1.15) is achieved when dy = —d;
Assume that dy = —d;. Let d := dy — dy = 2d;. We saw above that w(e'?) = ' realizes the minimum in (4.3).
Consider S :=T71:S! — S! (see (4.1)), given explicitly by

S(e) = e, with 1(0) = 2arcsin(8/x), V0 € [—7, 7]
Although S is not Lipschitz, we do have w := Sow € WYP(SL;S1) (ie., w € &;). Indeed, this amounts to

1
VI—¢2 ~
satisfying w = f2. We let g := f € &y,, so that w = f3g. Note that f — g takes only purely imaginary values,
and therefore

€ LP((1 — 6,1)), which holds since p < 2. Since d is even and w has degree d, there exists f € &y,

0:(f = 9)l = 107|f — gl| a.e. onS". (4.4)

For these particular f, g, w and w, we get, using (4.4) that all the inequalities in (4.2) are actually equalities,
and we see that the infimum in (1.15) is attained.

Step 2. If the infimum in (1.15) is achieved, then dy = —d;

Assume that the infimum in (1.15) is achieved by two functions f € &g, and g € Eq,. Set d:=dy —da, w:= fg
and w := T o w. We then have w,w € &;. We may assume that d > 0. From the fact that both inequalities
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in (4.2) must be equalities we deduce that:

(i) w is a minimizer in (4.3) and,
(ii) (4.4) holds.

From (i) it follows that w(e*?) = e(49+C) for some constant C, and we may assume that C' = 0. Therefore,
w 1) =a7 (1) = {1,w,w? ..., w1}, with w = e?™/4,

On the small arc I; between w’ and w/*! we may write f — g = pe'¥ with p = |f — g| and ¢ € Wl and we

have

oc?

0-(f = 9)I> = P[] + [9]*.
By (ii), 1/) = 0 on I, so that ¢ is constant on Ij, say ¢ = a; on I;. The equality f—g =pei on I; implies
that g = ¢“2% =™ F on I;, and therefore g A g = —f A f on each 1;. Since this is true on each I, we finally
conclude that dy = —dl. O

5. WP MAPS, WITH sp > 1

Proof of Theorem 1.3, item 2.
Step 1. Proof of “<” in (1.18):
Fix a smooth map h € & such that h(z) = 1 when Re z < 0.
Given dy, consider a smooth map g € &4, such that g(z) = 1 when Re 2z > 0. Set f := h®1=%2 g € £;,. Then

|f=glwer S ldi — daf”. (5.1)
Indeed, estimate (5.1) is clear when s is an integer, since f — g = h%1 =92 — 1. The general case follows via
Gagliardo—Nirenberg.
Step 2. Proof of “>” in (1.18) when 0 < s < 1.
We rely on an argument similar to the one in Step 2 in the proof of Theorem 1.1 in Section 3. Assume that
d:=d; —dy >0, and that f(1) = g(1). Write f(e?) = e*?(?) g(e'?), with » € W*P((0,27)) and (0) = 0. Let
0=ty <70 < <Tg-1 < tq =27 be such that (f —g)(e') =0 and |(f — g)(e"™7)| = 2. By scaling and the
hypotheses 0 < s <1 and sp > 1, we have
[h(b) — h(a)] < (b— a)s_l/p\h|ws p( , Va<b, Vh € W*P((a,b)). (5.2)

Applying (5.2) to h = (f — g)(e?) on (a,b) := (tj,Tj), Jj = 0,...,d =1, we obtain that |hlw.r(t, ) 2
1/(rj —t;)*~Y/?, and thus

d—1

‘f_g|WSP NZV”WSP ((t5.75)) sp (. _ + \sp—1 2d5p
:O

.

the latter inequality following from Jensen’s inequality applied to the function @ — 1/2?71 2 > 0.

Step 3. Proof of “2” in (1.18) when s > 1.
The key ingredient in Step 4 is the Gagliardo—Nirenberg type inequality

|flwoewro < Cosplflivenllfll1=, Vs >0, 1 <p<oosuch that (s,p) # (1,1), V0 € (0,1).  (5.3)
Let us note that, if f,g:S! — S! and deg f # deg g, then (by the argument leading to (1.11))
If = gllpe = 2. (5.4)
By (5.3) and (5.4), we find that for every s, p, 0 as in (5.3) we have
distwsr (Eay, Ean) = Ch g pldistyyosnro(Eay, Eay)]V?, Vi, dy € Z. (5.5)

If we take, in (5.5), 6 such that s < 1, we obtain Step 4 from Step 3. O
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6. MaPs f: SV — SV

6.1. A useful construction

Throughout Section 6 we will make an extensive use of special smooth maps f : S¥ — SV, N > 1. Such
maps “live” on a small spherical cap, say Bgr(o), where Bg (o) is the geodesic ball of radius R < 1 centered at
some point o of SV, and are constant on SV \ Br(c). Since the construction is localized we may as well work
first on a flat ball Br(0) centered at 0 in RV and then we will transplant f to Br(c), thereby producing a map
f:SY — SN. On Bg(0), the map f is determined by a smooth function F : [0, R] — R and a smooth map
h:SN—1 - sN-1

For simplicity we start with the case N > 2 since the case N = 1 is somewhat “degenerate” and will be
discussed later.

Fix a smooth function F': [0, R] — R satisfying

F(r) =0 for r near 0.
F(r) =k« for r near R, where k € Z.

We may now define f : Br(0) — SV by
f(a) = (sin F(jz|) h(z/|z]), (=1)" cos F(|])). (6.3)

Note that f is well defined and smooth on Br(0) (by (6.1)) and that f is constant near 9Br(0) (by (6.2)).
More precisely

—~
o o
o =

N, if N is even
S, if N is odd

and
N, if N+ kiseven

f B - —1N S = =
or x near 9BR(0), f(z) = (0,0,...,0,(=1)" coskmr)=C {S, N ks odd

here N = (0,0,...,0,1) and S = (0,0,...0,—1) are the north pole and the south pole of S™. We transport f
into Br(o) C SV wia a fixed orientation preserving diffeomorphism and extend it by the value C on SV \ Bg(o).
In this way we have defined a smooth map f : SV — SV.

For the purpose of Lemmas 6.1 and 6.2 below it suffices to assume that F : [0, R] — R is merely continuous
and satisfies F(0) = 0, F(R) = km, so that f : SN — SV is a well-defined continuous map.

Lemma 6.1. Let k € {0,1}. We have
deg f = k degh. (6.4)

Proof. We emphasize the fact that here we assume N > 2, although the conclusion still holds when N =1 (see
below).

It will be convenient to assume that F' satisfies (6.1) and (6.2); the general case follows by density.

The cases where k = 0 (respectively d = 0) are trivial via homotopy to F' = 0 (respectively h = C'). With no
loss of generality, we assume that d := degh > 0 and k = 1.

Since f is constant outside Br(c), it suffices to determine the degree of fip,(»), and then we may as well
work on the flat ball B(0) C RY. We will work in the class of maps

CL(Br(0);SN) :={g: Br(0) — SV; g = C on dBR(0)},
which have a well-defined degree (since they can be identified with maps in C°(SV;SV)).

Step 1. Proof of (6.4) when d =1 and k = 1:
This case can be reduced by homotopy to the case h = Id and F : [0, R] — [0, 7] is non decreasing. In this case,

for almost every s € SV the equation f(t) = s has exactly one solution t, and f is orientation preserving at t.
Thus deg f = 1.
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Step 2. Proof of (6.4) when d > 1 and k = 1:
Consider smooth maps hi, ha,...,hg : SN=F — SN=1 of degree 1 which “live” in different regions w,...,wq
of S¥=1 in the sense that w; Ny = 0 when j # k and h; = (0,0,...,0,1) in S¥=1\ w;, Vj. We glue these
maps together and obtain a smooth mapﬁ : SN-1 SN *1~0f degree d. Since h and h are homotopic within
C>(SN=1;SN¥=1) the map f and the map f corresponding to h (via (6.3)) are homotopic within C°°(Bg(0); SV).
Thus deg f = degf.

On the other hand, let f; be the map associated to h; via (6.3). Set

2 ={ry;ycw;, 0 <r <R}

Note that the §2;’s are mutually disjoint.
If x € Br(0) \ £2;, then f;(x) € C, where

C :={(0,0,...,0,sin6, cosh); § € R} c SV

(since for such = we have h(z/|z|) = (0,0,...,0,1)). Similarly, if + € Bg(0) \ U;§2;, then f(z) € C.
Since C has null measure in SV (here we use N > 2), we may find some value z € SV \ C regular for f (and
thus for each f;). For such z, we have

deg f = Z sgn Jacf(:r)zz Z sgn Jacf(w):Zdegfj:d,
J

zef~1(2) J xzef-H(z)NN2;
the latter equality following from Step 1. O
The conclusion of Lemma 6.1 also holds for N = 1 and arbitrary k, but this requires a separate argument.

When N = 1, we have S¥~1 = §® = {—1,1} and we have (modulo symmetry) only two maps h : S — S°,
namely

hi(=1) = -1, hy(1) = 1,
ha(—1) = 1, ho(1) = L.

Then deghy = 1 and deghy = 0.
The associated maps f1, fo defined on Br(0) = (=R, R) with values in S! are

(sin F(z), — cos F(z)), if x>0
fiz) =
(—sin F(—x), —cos F'(—x)), ifz <0,
(sin F'(z), — cos F'(x)), ife>0
fa(z) =

(sin F(—xz), —cos F(—x)), ifxz <O.
Clearly f; = €'t and fy = "2, where

—r/2+ F(x), ifx>0

p1(x) =
—7r/2 — F(—x), ifx<0,

/24 F(x), ifx>0

pa(z) =
—m/2+ F(—z), ifx <0.
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Thus

dog fi = 5 (1(R) — o1 (~R)) = 20 =k
and
deg f2 = == (¢2(R) — ¢a(~R)) = 0.
For the record, we call the attention of the reader to the following generalization of Lemma 6.1
Lemma 6.2. For every k € Z,
k degh, if N is odd

deg f = < degh, if N is even and k is odd (6.5)
0, if N is even and k is even.

Proof. Assume e.g. that k > 2. (The case k < 0 is handled similarly and is left to the reader).
As explained in the proof of Lemma 6.1, we may work in the class C&(Br(0); S™).
We may assume via homotopy that F(r) = knxr/R. Set r; = jR/k, j =0,...,k. Consider the functions

0, ifT<Tj,1
Fi(r):=qF(r)—(G—-1)m, ifr,i<r<r; j=1,... k.
m, if r >,

Consider also the maps f; corresponding to F; via (6.3). Then f is obtained by gluing the maps (—1)7~! f;.
By Lemma 6.1, we have

deg fj =degh, j=1,....,k. (6.6)
We next note that

— deg g if N is odd
f &(Br(0);SY), deg(—g) = ’ :
or every g € Cg(Br(0);587), deg(—g) {_degg’ £ N is ever (6.7)
By (6.6) and (6.7), we have
k degh, if N is odd
deg f = Zdeg ((—l)j_1 fi) =< degh, if N is even and k is odd O
J 0, if IV is even and k is even.
6.2. Proof of Theorem 1.5, item 2
Step 1. Proof of the lower bound in (1.24):
Since we assume that
[s >0 and sp> N]or [s=N and p = 1], (6.8)

the space W*? is embedded continuously in the space of continuous functions, and there exists a constant Cy s

SuCh l hal
SN

Step 1 is a direct consequence of the next lemma.

< CN,s,p
LOO

flwen, ¥ f € W, (6.9)
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Lemma 6.3. In all spaces W*P satisfying (6.8) we have, for all f € E4,, g € Ea,, d1 # da,
1

dWS’p (fvg) 2 ) (610)
N,s,p
where Cn s p is the constant in (6.9).
Proof of Lemma 6.3. Recall (see (1.11)) that
If = gllLe =2 (6.11)
From (6.9) we have
[=a-f =0 < Crusls ~glwes, (6.12)
SN Lo
so that
2=|f-glle= < |Al+r, (6.13)

where A := . (f —g) and 7 := Cn s p|f — glwer.
We may assume that A # 0, otherwise (6.10) is clear. From (6.12) we have

F(SY) c SN + A+ B(0o,r). (6.14)

Clearly,
A
Al
and then f cannot be surjective — so that deg f = 0. Similarly, we have degg = 0. This is impossible since
dy # dg, and therefore

¢ SN + A+ B(0,r) if |A] >,

|Al <7 =CnNsplf — glwsr. (6.15)
Combining (6.13) and (6.15) yields 1 < Cn s p|f — glw=r. O
Step 2. Proof of the upper bound in (1.24):
We will construct maps f € £4,, g € E4,, constant outside some small neighborhood Br(IN) of the north pole
N = (0,0,...,0,1) of SV, satisfying (1.24). We will use the setting described in Section 6.1.
We start with the case d; = d, do = 0. Let h : S¥=1 — S¥~! be any smooth map of degree d (Here we

use the assumption N > 2. If N = 1, such an h does not exist when |d| > 2; see the discussion in Section 6.1
concerning the case N = 1). Let G : [0, R] — R be a smooth function such that

0, ifr<R/4
G(r)=qm/2, if R/3<r<2R/3
0, if3R/4<r<R.

Let F: [0, R] — R be defined by
G(r), ifo<r<R/2
F(r) :=
) {w ~G(r), ifR/2<r<R.

Clearly, F and G satisfy assumptions (6.1) and (6.2).

We now define as in Section 6.1
f(2) = (sin F(|z]) h(z/|zl), (=) cos F(|a])),
g(x) = (sin G(|z[) h(z/|a]), (=1)" cos G(|z])).
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From Lemma 6.1 we have deg f = d and deg g = 0. Clearly
sin F(r) = sinG(r), ¥r € [0, R],

and thus
o, if || < R/2
f(@) =9(@) = {(o,o,...,0,2(—1)NcosF(|:c|)), if R/2 < |2] < R.

In the case where d; = d and dy = 0, the upper bound (1.24) follows from the fact that f — g does not depend
on d.

We next turn to the general case. Consider a map m € C°°(RY;S¥) such that m(x) = N when |z| > R/4
and degm = dy. Then, with d := d; — d> and with f and ¢ as above, consider

= Jm(z), if|z]|<R/4 ~ «_ Jm(x), if|z]|<R/4
J@) = {f(m), R/ < o <R, I {g(m), if R/4 < |z| < R.
Then fe Eays g € Eq,, and f— g = f— g, whence (1.24). O

6.3. Proof of Theorem 1.5, item 1
Here N > 1. A key ingredient is the following

Lemma 6.4. There are two families of smooth maps f.,ge : S — SN, defined for ¢ small, such that

fe(s) = g:(s) =N, Vs € B./4(8), (6.16)

f-(s) =8, Vs € SV \ B.1/2(S), (6.17)

ge(s) =N, Vs € M\ B.1/2(8S), (6.18)

deg f- =1, (6.19)

deg g- =0, (6.20)

|fe = gelwn/ppsyy = 0 ase — 0, V1 <p < oo, (6.21)

Granted Lemma 6.4 we proceed with the

Proof of Theorem 1.5, item 1. Assume e.g. that d := d; — dy > 0. We fix d distinct points o1,...,04 € SV.
Note that f. — S has support in B,1/2(S). Therefore, for sufficiently small £, we may glue d copies of f. centered
at o1,...,04 € SV. We denote by ]?6 the resulting map. By construction ]?6 — S is supported in the union of
mutually disjoint balls B.1/2(0;), i = 1,...,d. From (6.19) we have

deg f- = d. (6.22)
Next we consider a family of smooth maps h. : SN — S such that
deg h. = ds (6.23)

and
he(s) =N, Vs € SN\ B, j3(o1). (6.24)
(The construction of h. is totally standard.)
We glue h. to ]?6 by inserting it in B, g(01) (here we use (6.16)). The resulting map is denoted by fs
From (6.22) and (6.23) we have
deg f. = d+ds = di, (6.25)

so that ]/i- € &q,.
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We proceed similarly with g. using the same points o1, ...,04 € SV. We first obtain g. such that, by (6.20),
degg. = 0. (6.26)

We then glue h. to g. as above and obtain some g. such that, by (6.23) and (6.26),
degg. = 0+ dy = do, (6.27)

so that g. € &g,.
Clearly f. — g- consists of d glued copies of f. — g.. Therefore

~

fs_:q\e

WN/p.p = d‘fE _gﬁ‘WN/p,p

and thus

—0ase— 0.

diStWN/PvP(gdl’ng) < fE o @\E WN/p.p

We now turn to the

Proof of Lemma 6.4. Since the construction is localized on a small geodesic ball, we may as well work on the
flat ball Br(0) centered at 0 in RY, with R > £!/2.
Fix a smooth nonincreasing function K : R — [0, 1] such that

1, ift<1/4
K(t) = ’ - 6.28
®) {0, ift > 3/4. ( )
Consider the family of radial functions H.(z) = H.(|z|) : RY — [0, 1] defined by
11 In1/|z| .
K|-- 1 f 1
H.(z) = H.(ja|) := Q mmn(mm)>’”“< (6.29)
0, if |x| > 1.
Here, ¢ is a parameter such that
0<e<1/e? (6.30)

We also consider the radial functions F.(r) and G<(r) defined by

_Jrm (1= K(r/e))/2, ifr<e
g““_{wa—ﬂgmm% ife<r<R (6.31)

and

JE(r), ifr<e
Gelr) := {7‘(’ —F.(r)=mH.(r)/2, ife<r<R. (6.32)

Note that F. and G. are smooth (this is clear in the regions {r < ¢} and {r > 3¢/4}).
As in Section 6.1 set

T
||

ge(x) = <sinG€(|w|) %, (-)N COSGE(.T)> , Vo € Br(0).

fe(z) = (sinFE(|ac|) (=N cosFE(|x|)) , V& € Br(0),
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Fe Ge

w2+ 2+

e/d 3e/d e el R e/ 3e/4 € e R

FIGURE 1. Plots of F, and G, given by (6.31) and (6.32).

It is clear (using Lem. 6.1) that (6.16)-(6.20) hold. Moreover,
T
Folz) — ge(z) = (o,o, 0 ,0,2(—1)N L cos (§HE(|33|))) , Yo € Bg(0),
(since H.(r) =1 when r < € by (6.29)). Therefore

T
|fe — gelwnipe =2 ’cos (5 HE>

WN/p.p ’

Consider the function

K(r)=1-cos (gK(M) , VreR.
Clearly K satisfies (6.28). Consider the function H. derived from K via (6.29), so that
H.(z) =1— cos (g Hs(x)) , Vo e RN,

and therefore

by (A.5) in Lemma A.1 (applied to K). O

6.4. Proof of Theorem 1.7, item 1 (and of Thm. 1.4, item 2)
We rely on the following result, whose proof is postponed to the Appendix.

Lemma 6.5. Let N > 1 and 1 < p < 0o. Fir a geodesic ball B C SN (of small radius). Then there exists a
map h: SV — SN (depending on d) such that

1. degh =d.
2. h=1(0,0,...,0,1) outside B.
3. ‘h/|WN/p,p < CNJ,‘d‘l/p.

Granted Lemma 6.5, we proceed as follows. Let g € &4, be a smooth map such that ¢ is constant in a neigh-
borhood of some closed ball B. Such maps are dense in &y,, and with no loss of generality we assume that
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g = (0,0,...,0,1) near B. Let h be as in the above lemma, with d := dy — da, and set f = {z’ iE iN\B.
Then clearly f € &4, and ’

distyyn/on (9, €a) < |f = glwv/ow < Cnplds — dof /7. (6.33)

The validity of (6.33) for arbitrary g € &4, follows by density. O

6.5. Proof of Theorem 1.7, item 2 (and of Thm. 1.4, item 3)

This time the key construction is provided by the following

Lemma 6.6. Let N > 1. Fiz di € Z. Then there exists a sequence of smooth maps fy : SN — §N (with
sufficiently large n) such that:

1. deg fn = dl.
2. For every geodesic ball B C SN of radius 1/n, f,(B) = SV.

Granted Lemma 6.6, we claim that the sequence (f,,) satisfies
diSth,P (fn,€d2) Z C;’p’N’ana, with C;,p,N,Oé > 0, (6.34)

for any 0 < o < 1 such that W#? — C®. Clearly, the desired result follows from (6.34).
In order to prove (6.34), we argue by contradiction. Then, possibly along a subsequence still denoted f,,,
there exist maps g, € &4, such that

|fn = gnlce = o(n®) as n — oo; (6.35)
here, we consider the C“ semi-norm
fz) = fly
‘f|C’0‘ = SUP{%% T,y € SNv x 7& Yo

By (6.11), for each n there exists a point s = s,, such that g,(s) = — f,,(s). With no loss of generality, we may
assume that f,(s) = (0,...,0,1) and therefore g,(s) = (0,...,0,—1). Let h,, denote the last component of
fn — gn and let B,, denote the ball of radius 1/n centered at s. By (6.35), we have h, > 2 —o(1) in B,. On
the other hand, Lemma 6.6, item 2, implies that there exists some t € B,, such that f,(t) = (0,...,0,—1). It
follows that h,(t) < 0. This leads to a contradiction for large n, and thus (6.34) is proved. O

7. SOME PARTIAL RESULTS TOWARDS OPEN PROBLEMS 2, 2 AND 3

7.1. Full answer to Open Problem 2’ when N =1or 2,1 <p<2,and dyds >0

We start with the special cases [N =1, p = 2] and [N = 2, p = 2]. In this cases, we are able to determine
the exact value of Distyys.»(Eq,, Ea,) provided da > dy > 0 (Props. 7.1, 7.2 and their consequences in Prop. 7.3).
This allows us to give a positive answer to Open Problem 2" when N = 2 and 1 < p < 2 under the extra
assumption that dy d2 > 0 (Cor. 7.4).

Proposition 7.1. Assume that N =1 and dy > dy > 0. Let f(z) = 2%, 2 € S*. Then

\f — g%, >4n% (dy — dy), Vg € Euy. (7.1)
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Proof. We will use the Fourier decomposition of g € H'/?(S';S'), given by g(e?) = 3

(see e.g. [8]) that the Gagliardo semi-norm (1.16) has a simple form

1227

o 1 nf
e — oo Gn €', Recall

oo
9B =47 S [l fan? (7.2)
and that for every g € H'/?(S';S1),
(oo}
degg= Y nlanl, (7.3)
oo
S oot )
By (7.2) we have
1
oz e = > Inllanl® +dilag, =17 =Y Inl |an]® + di (Jag, — 1> = |aa, *)
n;de neZ
n#dy
= |nllan|* +di (1 - 2Reaq,) > dy — di,
neZ
by (7.3) and (7.4). O

Proposition 7.2. Assume that N = 2 and dy > di > 0. Let f € &g, be defined by f(s) = Tﬁl((’]’(s))dl)

where T : S — C is the stereographic projection. Then
‘f _gﬁll > 8w (d2 - dl)a Vg € gdz'
Proof. Recall that f is a harmonic map and that

/ V2 =8mdy;
S2

see e.g. [6] and the references therein. For any g € &;,, write

(7.5)

2 2 — 2 2 2
=l = [ VU=9F = [ 9 =2 [ 1VaPa-p+ [ 17

z/ \Vg|2—/ IVf|2=/ Vgl? — 8mdy > 87 (dy — dy),
S2 S2 S2

by (7.6) and Kronecker’s formula (1.1).

Proposition 7.3. Let dy,ds € 7 be such that dy > dy > 0.

1. When N =1 we have
Distg1/2(Eay, Eay) = (47‘(’2 |dy — d2|)1/2.

2. When N = 2 we have
Dist g1 (Eq,,Eay) = (87 |dy — da])Y/2.

Proof. Formula (7.8) follows from (1.2) and (7.5).
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On the other hand, (7.7) is a consequence of (7.1) and of the following one dimensional version of (1.2):

Given € > 0 and f € &y, there exists some g € Eq,such that |f — g[%1/, < 477 |di — do| + <.

(-
Indeed, let 0 < 6 < 1 and set hs(z) := (#

95 = f hs € E4,. On the other hand, we clearly have hs — 1 a.e. as 6 — 0. We claim that
l9s — fﬁql/'z = ‘htg‘fql/Z +o(1) as § — 0.
Indeed, we start from the identity
(95 = (@) = (95 = )y) = (hs(x) = 1) (f(2) = f(y)) + (hs(x) = hs(y)) f(y),
which leads to the inequalities
(95 = F)(@) = (95 = H)W)] = [hs(x) = hs(y)| = |hs(x) — 1] |f(z) = f(y)

and

(95 = F)(@) = (95 = )W)| < |hs(z) = hs(y)] + [hs(x) = 1| [f () = f(y)]-

By dominated convergence, we have

/ [hs () — 1 |f(z) — f()I?
Sl Sl

lz —yl?

=o(1) as 6 — 0.

Formula (7.10) is a consequence of (7.11)—(7.13).

Finally, (7.9) follows from (7.10) and the fact that |hs] = 4r?|d| ([1], Cor. 3.2).

2
H1/2
Corollary 7.4. Assume that N =1 or2, 1 <p<2 and dyds > 0. Then

H — distyy~/v (Ea,, Eq,) > C) y |di — da|'/?

for some constant C}, , > 0.

Proof.
We may assume that dy > d; > 0, and under this assumption we will prove that

Distyy~/op (€, Eay) = Cp v |dy — da| /7.

The case N =1, p = 1 follows from Theorem 1.4, item 1.
The case where N =1, 1 < p < 2 follows from (7.1) and the trivial inequality

122 < 1w @IFlIL=)* P, VI<p <2, Vf.
The case where N = 2 and 1 < p < 2 follows from (7.5) and the Gagliardo—Nirenberg inequality

|f‘%—11 S C N |f‘€v2/1}w Hin;pv vf

(7.9)

—d
6)1) , with d := dy — ds. Then hs € £_4, and thus

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)



DISTANCES BETWEEN HOMOTOPY CLASSES OF W5 P (sV;s™) 1229

7.2. Full answer to Open Problem 2 when 1 < p< N +1and d;ds <0

In this section we prove that the answer to Open Problem 2 is positive when N > 1,1 < p < N + 1 and
dy ds < 0 (Prop. 7.5). This implies that the answer to Open Problem 2’ is positive when N = 1 or 2 and
1 <p <2 (Cor. 7.6). We end with a review of some simple cases of special interest which are still open (see
Rem. 7.7).

Proposition 7.5. Let N > 1 and 1 <p < N+ 1. Let di,ds € Z be such that dy do < 0. We have
Distyyn/pp (Edys Eay) = Ch v |dy — da| /P (7.16)

Proof. We rely on the following estimate, valid when 1 <p < N 4 1:

|deg f — deg gl < Cy x| = gltg 00 (LTRSS + lglg D) v f, g € wheesN;s®), - (1.7)

(see Prop. 7.9 below).
Fix a canonical f; € &, (for example fi(z) = 2% when N = 1 or the map given by Lemma 6.5 for N > 1).
This fi satisfies
Filvwsson < Cpu lda |77, (7.18)

Therefore, with different constants C, y depending on p and IV, but not on d; or da, we have

dr = da| <Gy 111 = gl (Iaa [N/ HD o gl Rl D)

WN/pp WN/pp
(N+1) Np/(N+1 Np/(N+1
<Cyv |1 = glop s (1D 4 RN 11— gl (7.19)
(N Np/(N
<y 111 = gD (1 Y0 1y = gl RN g €

Using (7.19) and the fact that |d;| < |dy — d2] (since dy d2 < 0), we find that
1 = glwsime > Cp o ldi — do| P, ¥ g € E,,
whence (7.16). O

Corollary 7.4 and Proposition 7.5 lead to the following
Corollary 7.6. Assume that N =1 or 2 and 1 < p < 2. Then

H — disty1/p.0 (Eay, Ea,) > C) |di — do| P, Vdy,dy € Z,
for some constant C;, > 0.

Remark 7.7. We mention here a few cases of special interest not covered by the results in Sections 7.1 and 7.2.

1. In view of Propositions 7.3, item 1, and Proposition 7.5, we know that when N =1 and p = 2 we have
Dist gy1/2 (Eay, Eay) > C" |dy — do|*/?, if either 0 < dy < dy or dy dy < 0. (7.20)

We do not know whether (7.20) holds in the case where 0 < dy < dj.
2. Let N =2 and p = 2. We do not know whether the inequality

Dist g1 (Eay, Eay) > C' |dy — do|*/? (7.21)

(valid when 0 < dy < dg or do dy < 0 by Prop. 7.3, item 2, and Prop. 7.5), still holds in the remaining cases.
A more precise question is whether (7.21) holds with C" = (87)'/2.
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7.3. A very partial answer in the general case

Proposition 7.8. Let N > 1 and 1 < p < co. Then for every di € Z there exists some Czl),dl such that
Distyyn/pp (Eays Eay) = Ch g, |di — d2|''P, Vdo € Z. (7.22)

Proof.

Step 1. Proof of (7.22) when d; = 0.
Since any constant map belongs to & it suffices to show that

inf |gly e > Chlda|'/?, Vds € Z. (7.23)
g€€a,

When p > N we rely on ([3], Thm. 0.6). The case p = N follows from Kronecker’s formula (1.1), which
leads to
Ci lda|"N < |glwr~, Vg € Ea,. (7.24)

The case 1 < p < N is a consequence of (7.24) and of the Gagliardo—Nirenberg inequality

N 1—p/N N
lglwiy < ClglPN, o gl 2™ = C gl Vg € WN/PP(SN SN,

Step 2. Proof of (7.22) when d; # 0.
As in the proof of Proposition 7.5, we fix a canonical f; € &;, satisfying (7.18).
Next we claim that for every ds € Z, do # dy,

inf ‘fl — g|WN/p,p = O[(dl, dg) > 0. (725)
gEEa,

Indeed, we know from Theorem 2.3 that

inf |fi — glwsmwe = a(fi,d2) > 0. (7.26)
g€€a,

But since f; is a canonical map in £z, we obtain (7.25).
Write, with g € &4,,
|f1 = glwnrvw > |glwnime — | filwarme > Cplda|'/P — Cp |dy VP, (7.27)
by (7.23) and (7.18). Clearly
1
Cl |do|MP — Cyp |dy VP > 3 C |dy — dy|'/? (7.28)

provided |dz| is sufficiently large, say |d2| > C(p,d1). Finally we apply (7.25) for all values of da, |d2| < C(p, d1),
ds # d1, and we obtain
inf | f1 — glws/ow > Dpay |do — dy|M/P (7.29)
g€€a,

with D) q, > 0, for every dy € Z, |d2| < C(p,d;1). Combining (7.27)-(7.29) yields

inf |[f1— g‘WN/zup > OZI, di |dy — d2|1/p7 Vdy € 7,
g€€a, ’

with C, ;= min{(1/2) C},, Dy 4, } > 0. O
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7.4. A partial solution to Open Problem 3
Proposition 7.9. Assume that N > 1 and 1 <p < N+ 1. Then

|deg f — deg g| < Cypnlf = glof 00 (IFINANTY + 1glgH D) v f, g e whPesNish). (1.30)

Note that Proposition 7.9 provides a positive answer to Open Problem 3 when N > 1 and 1 <p < N + 1.

Proof. Assuming the case p = N +1 proved, the other cases follow via Gagliardo—Nirenberg, with the exception
of the case N =1, p = 1. However, in that special case estimate (7.30) follows from Theorem 1.1. We may thus
assume that p= N + 1.

Let F, G denote respectively the harmonic extension of f, g to the unit ball B of RN*!. Then F,G €
WELNFL(B;RN*1) and (see e.g. [3])

deg f :][ JacF, degg :][ JacG. (7.31)
B B
Since for any square matrices A, B of size N 4+ 1 we have

N+1 ‘ A

|det A —det B < C ) [[col (A) = col’ (B)|| (|AIIN + | B|Y), (7.32)
j=1
we find from (7.31) and (7.32) that

|deg f — degg| < C|F = Glwrner (IFlgane + |Glypva). (7.33)

Finally, we obtain (7.30) from (7.33) and the estimates

|Flwiner < Clflwv/vennver and |Glyrv+r < Clglyn/ven v, 0

APPENDIX A. PROOFS OF SOME AUXILIARY RESULTS

Let K : R — [0,1] be a smooth non increasing function such that

i <
() = 1, ¥ft71/4
0, ift>3/4.

Consider the family of radial functions H.(z) = H.(|z|) : RY — [0,1], N > 1, defined by

L In1/|e] .
Ha(x) = Holal) = 3 (1 T 22 1“( nije )) if 2] <1

0, if |x| > 1,

and ¢ is a parameter such that 0 < e < 1/e?.
The following lemma collects some useful properties of H..

Lemma A.1. The functions H. satisfy
H. is smooth on RN, Ve,
H(r)=1,V0<r<eg, Ve,
H.(r) =0, Vr >e"2 Ve,
H_(r) is non increasing on (0,00),

for every 1 < p < oo, |H:(x)|lw~/pr@ny— 0 ase—0,

> ==
Sore s e

for every 1 < p < oo and every j =1,2,..., N, |z He(2)|lw1+n/p.0@ny — 0 as e — 0.
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Lemma A.1 implies in particular that the W*P-capacity of a point in R” is zero when sp < N and 1 < p < oc.
The above construction is inspired by some standard techniques related to capacity estimates.

Proof. Properties (A.2)—(A.4) are obvious. The smoothness of H. is clear (from its definition) in the region
{|z| < 1}. Tt is even clearer from (A.3) in the region {|z| > £'/?} and thus H. is smooth on R since /2 < 1.
Consider the function f : RN — [0, o] defined by

In(In1/|z]), if |z] <1/e
= A.
/(@) {o, if 2] > 1/e. (A7)
We claim that
He(z) = K(a f(z) + B:), Vo € RY, (A.8)
where
- ! dﬁ—l—l- L In(ln1/e)
T T M T T oo <)

Indeed, (A.8) is clear when |z| < 1/e. In the region || > 1/e we have H.(x) = 0 by (A.3) (since 1/e > ¢'/2);
on the other hand for such x we have K(af(z) + f:) = 0 since 5. > 3/4 (again thanks to the property
1/e >¢el/2).

For the proofs of (A.5) and (A.6) it is convenient to distinguish the cases N =1 and N > 2.

Case 1: N = 1. We must show that

|Ho(z)|yy1/pp(R) = 0as e — 0 (A.9)
and
|l‘ HE($)|W1+1/p,p(R) —0ase— 0. (AlO)
We claim that

feWYPP(R), V1< p < oco. (A.11)

Clearly, it suffices to establish that

_ P
// M dzdy < 0o, V1 < p < 0. (A.12)
O<y<z<e~! (1‘ - y)

S

With the change of variables z = e %, y = e *"t s> 1, t > 0, inequality (A.12) amounts to

[InQ+¢/s) e (1 +t/5)"
/ / (e —e 12 dtds / / et/2 oi72)2 dtds < oo. (A.13)
In order to prove (A.13), we invoke the inequality In(1 + ¢/s) < ¢/s and the convergence of the integrals

/O m dt, respectively /1 - ds.
Next, we deduce from (A.8) that

|H.(z) — Ho(y)|” <C |f(z) — f(y)lp’ Yoy eR. (A.14)
|z —y|? |z —y|?

Dominated convergence, (A.14) and (A.3) imply that

H( H.(y)|?
|Helw/vpm) = //‘ \x—y\z W) dedy — 0 as e — 0.
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In view of (A.9), property (A.10) amounts to

|z H.(z)w1/p.0m) — 0 as € — 0. (A.15)
Clearly
K'(af(z) + B)
! J—
x H.(z) = |a] /7] , Vo eR, (A.16)
and thus

z H.(z) = |af Klostx) + be) (aifcﬂ(?;r e)

(note that « H.(z) = 0 in the region |z| > 1/e, while f(z) = In(In1/|z|) in the region |z| < 1/e).
Hence we may write

, VzeR (A.17)

x H.(z) = Qc(af(z) + B:), Vz €R, (A.18)
where K —
QE(t) = ‘Oé‘ e(t—ﬁ(s))/()é = 11’11/5 et/(a)’ Vt € Ra (Alg)

and C is a universal constant. Clearly K’(t)e™"/* belongs to C°(R) and thus is Lipschitz. We deduce
from (A.11),(A.18) and (A.19) that

C
|z H(2) lw/owm) < mije |flwi/po@ — 0ase—0.

Case 2: N > 2. We must show that for every 1 < p < oo,
| He (%) lw~/po@ny — 0 as e — 0 (A.20)
and
|z; VHe(2)|lw~/p0@yy — 0 as e — 0. (A.21)

We claim that

| He|lwr.nv @y < ~ —0ase —0 (A.22)

¢
(nl/e) V-1

and
|Hellwni@myy < C ase— 0. (A.23)

Assertion (A.20) with p > N (respectively p < N) follows from Gagliardo—Nirenberg, (A.22) and || H, ||z~ =1
(respectively Gagliardo—Nirenberg, (A.22) and (A.23)).
For the verification of (A.22) and (A.23) note that

Ch 1

Y P
OTH@| < 7 T e

(z), Vo € RN, (A.24)

for every multi-index  of length k := |y| > 1, where
M, :={zeRV; e < |z| <e'/?}.

Assertion (A.21) is proved in a similar manner using the fact that

C
|2 VH ()| oo vy < m U
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Proof of Lemma 6.5. We may as well work in a ball B in RY. We may assume d > 0. Fix d points P, ..., Py
in B. Consider a smooth map 7 : RN — S such that T'(z) = (1,0,...,0) when |z| > 1 and degT = 1. For
large n, let

h(z) = T(n(z— Pj)), if |x — P;| <1/n for some j
1 (1,0,...,0), otherwise.

Clearly, h satisfies properties 1 and 2. We claim that h also satisfies 3. Indeed, this is clear for p = 1 (by
scaling). When N > 2, the general case follows from Gagliardo—Nirenberg.

When N = 1, item 3 still holds, but not the above argument, since we do not have Wt ! «— W1/P when
1 < p < co. In order to establish item 3 in W/P? with 1 < p < 0o, we fix a small § > 0. Consider the intervals
I,...,I; of length § centered at Py,..., Py and set Iy1 := B\ (I; U---UIy). By straightforward calculations,
we have, as n — oo:

|h(z) = h(y)I” Coto(l), ifl<j=k<d
dzdy = A.25
/ / |y—x\1+ 1/p)p aad o(1), otherwise; ( )
this implies that |h\€v1/w = Cpd+ o(1) and completes the proof of the lemma when N = 1. O

Proof of Lemma 6.6. We may assume that d; > 0. Consider a maximal family (B;)1<;<, of disjoint balls in S¥
of radius 1/(3n). For large n we have J > d;. Consider a smooth map f,, : SV — SV such that:

1. fn=1(1,0,...,0) outside UB;.
2. deg fn, =1 on each By,..., Bq,.
3. deg fn, =0 and f,, is onto on each By, +1,...,By.

Then clearly f, has all the required properties. O
Finally, we present the

Proof of Lemma 2.2. We work on a ball B containing the origin, instead of S, and when the given point is the
origin. It suffices to establish the conclusion of the lemma when f € W*P(B;R) is smooth in B and satisfies
£(0) = 0. By the Sobolev embeddings, we may assume that 1 < p < oo and s =1+ N/p.

Write f = Zjvzl xjg;, with g; smooth. This is possible since f(0) = 0. Then

N
o[l —H.) f— fl=—H.0rf — Zajj OxH: g; — 0in WN/PP a5 § — 0; (A.26)
j=1

this follows from properties (A.5) and (A.6) of H, and from the fact that the multiplication with a fixed smooth
function is continuous in WN/P»,

Using (A.26), we immediately obtain that (1—H.) f — f in WTN/PP ase — 0. On the other hand, (1—H.) f
vanishes near the origin. O
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