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THE INVERSE OF THE DIVERGENCE OPERATOR ON PERFORATED
DOMAINS WITH APPLICATIONS TO HOMOGENIZATION PROBLEMS
FOR THE COMPRESSIBLE NAVIER—-STOKES SYSTEM

LARS DIENING!, EDUARD FEIREISL? AND YONG LU?

Abstract. We study the inverse of the divergence operator on a domain 2 C R® perforated by a
system of tiny holes. We show that such inverse can be constructed on the Lebesgue space LP(£2) for
any 1 < p < 3, with a norm independent of perforation, provided the holes are suitably small and their
mutual distance suitably large. Applications are given to problems arising in homogenization of steady
compressible fluid flows.
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1. INTRODUCTION

Homogenization in fluid mechanics gives rise to system of partial differential equations considered on physical
domains perforated by a large number of tiny holes. The typical diameter and mutual distance of these holes
play a crucial role in the asymptotic behavior of fluid flows in the regime where the number of holes tends to
infinity and their size tends to zero.

Viscous fluid flows passing an array of fixed solid obstacles is a situation frequently occurring in applications.
A priori, the Navier—Stokes equations with a no-slip boundary condition on the obstacles are believed to be
the correct model. With an increasing number of holes, the fluid flow approaches an effective state governed
by certain “homogenized” equations which are homogeneous in form (without obstacles). We refer to [22] for a
number of real world applications.

The problem is relatively well understood in the framework of stationary, viscous fluid flows represented by
the the standard Stokes and/or Navier—Stokes system of equations. Allaire [3,4] (see also earlier results by
Tartar [23]) identified three different scenarios for the case of periodically distributed holes:

e the supercritical size of holes for which the asymptotic limit is Darcy’s law;
e the critical size giving rise to Brinkman’s law;
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e the subcritical size of holes has no influence on the motion in the asymptotic limit — the limit problem
coincides with the original one.

Related results for the evolutionary (time-dependent) incompressible Navire—Stokes system were obtained by
Mikeli¢ [18] and, more recently, in [13].

Considerably less is known in the case of compressible fluids. Masmoudi [17] identified rigorously the porous
medium equation (Darcy’s law) as a homogenization limit for the evolutionary barotropic (compressible)
Navier—Stokes system in the case where the diameter of the holes is comparable to their mutual distance,
which is a subcase of the supercritical case, similar results for the full Navier—Stokes—Fourier system were
obtained in [12].

In [9], we considered the compressible (isentropic) stationary Navier—Stokes system in the subcritical regime,
where the spatial domain is perforated by a periodic lattice of holes of subcritical size. Similarly to the incom-
pressible case, we showed that the motion is not affected by the obstacles and the limit problem coincides with
the original one. The result was conditioned by two basic hypotheses:

e the isentropic pressure-density state relation
p(o) =ao”, a>0, v=3; (1.1)

e periodic distribution of the holes.

Note that hypothesis (1.1) was also used by Masmoudi [17] in the evolutionary case. In the stationary
regime considered in [9], the assumption (1.1) plays a crucial role as it renders the pressure square-integrable.
Accordingly, the well developed Hilbertian L?-theory can be used to handle the problem, in particular, the
restriction operator introduced by Tartar [23] can be used in a compatible way to construct the inverse of the
divergence — the so-called Bogovskii’s operator (see [5,15], Chap. 3).

Our goal in the present paper is to extend the results of [9] to the case:

e the isentropic pressure-density state relation with lower adiabatic number
plo) =ag”, a>0, v>2; (1.2)
e general distribution of the holes, only conditions on the diameter, shape, and mutual distance prescribed.

While considering a general distribution of holes represents only an incremental improvement with respect
to [9], the seemingly easier step from (1.1) to (1.2) requires more effort. The reason is that the pressure p is no
longer (known to be) square integrable, and, consequently, the L?-theory cannot be used in order to obtain the
necessary uniform bounds on the solutions. In particular, the inverse of the divergence operator used in ([9],
Sect. 2.1), based on the standard Bogovskii’s construction acting between the spaces L2(£2.) and Wy?(£2.; R?)
combined with Tartar’s restriction operator, is no longer applicable and must be replaced by its L? —analogue
for a general 1 < p < 3. The construction of such an operator may be seen as the main novelty of the present
paper in comparison with [9] and may be of independent interest.

The paper is organized as follows. In Section 2, we collect the necessary preliminary materials, formulate
the problem, and state our main result. Section 3 is the heart of the paper. Here we construct the inverse of
the divergence — a Bogovskii’s type operator — enjoying the desired properties. The uniform estimates obtained
via this operator are then used in Section 4 to identify the asymptotic limit for the Navier—Stokes system in
perforated domains.

2. PRELIMINARIES, PROBLEM FORMULATION, MAIN RESULT

In what follows, we denote by W~14(£2) the dual space to the the Sobolev spaces Wol’q/(ﬂ), where
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/Qu(b dx

The symbol L{(£2) denotes the space of functions in L?({2) with zero integral mean:

with the standard norm

. (2.1)

||U||Wfl,q(rz) = sup
PeCe(£2), |4l

<1
1,9/ S
Wy

LY(0) = {feLq(()): /Qfdx:O}. (2.2)

2.1. Perforated domain

Consider a bounded domain 2 C R3? of class C?. We introduce a family of perforated domains {£2.}c~0,

0. =0\ | T, (2.3)

where the sets T ,, represent holes or obstacles. We suppose the following property concerning the distribution
of the holes:
Tenn = Ten + Ty C B(xepn, 00e”) C B(ep,01€) C B(ep,d28) C 12, (2.4)

where for each n, T, C R? is a simply connected bounded domain of class C? and is independent of &, B(z,r)
denotes the open ball centered at  with radius r in R3, §y, 1, 2 are positive constants independent of ¢ and
there holds §; < d2. Moreover, we suppose balls (control volumes) in {B(x¢ n, d2€) }nen are pairwise disjoint.

Compared to the assumption on the distribution of holes in [9], here we do not assume the periodicity of the
distribution, and we do not assume the uniform shape of the holes.

The diameter of each T, is of order O(¢®) and their mutual distance is O(e), while their total number N (¢)
can be estimated as @

3
N, < — .
= 4m €3

2.2. Stationary Navier—Stokes equations

For the fluid density ¢ = o(x) and the velocity field u = u(z), we consider the stationary (compressible)
Navier— Stokes system

div (pu) =0, (2.5)
div (ou ® u) + Vp(p) = divS(Vu) + of + g, (2.6)
2
S(Vu) = p (Vu + Viu - g(div u)]I) +n(diva)l, u >0, n >0, (2.7)

in the spatial domain 2., supplemented with the standard no-slip boundary condition
u=0 on 0. (2.8)

The symbol S(Vu) stands for the Newtonian viscous stress tensor with constant viscosity coefficients pu, 7.
For the sake of simplicity, we focus on the isentropic pressure-density state equation

p(o) = ap?, a >0, (2.9)

with the adiabatic exponent -y, the value of which will be specified below.
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The motion is driven by the volume force f and nonvolume force g, defined on the whole domain {2 and
independent of €, that are supposed, again for the sake of simplicity, to be uniformly bounded,

€[] o (2;r%) + I8l L (@irs) < C < 0. (2.10)

Here and hereafter, the symbol C' is used to denote a generic constant that may vary from line to line but it is
independent of the parameters of the problem, in particular of e.

Finally, in agreement with its physical interpretation, the density o is non-negative and we fix the total mass
of the fluid to be

M:/QM>Q (2.11)
Qa

For physical background to these equations and conditions, we refer to Sections 1.2.3, 1.2.4, and 1.2.6 in [19].

2.3. Weak solutions
We recall the definition of finite energy weak solutions to (2.5)—(2.8), see e.g. ([19], Def. 4.1).

Definition 2.1. A couple of functions [p,u] is said to be a finite energy weak solution of the Navier—Stokes
system (2.5)—(2.7) supplemented with the conditions (2.8)—(2.11) in (2. provided:

e 0>0 a.e. in {2, and

/ odr =M, o€ LB(V)(QE) for some B(v) >, ue W01’2(QE;R3); (2.12)
02,

e for any test functions ¢ € C*(£2.) and ¢ € C(£2.; R?):

/ ou- Vi dx =0, (2.13)
02,
/ ou®u: Vo + p(p)dive —S(Vu) : Vo + (of + g) - p dz = 0; (2.14)
2
e the energy inequality
/ S(Vu) : Vu dz < / (of +g)-udx (2.15)
(P 2

holds.

Moreover, a finite energy weak solution [p, u] is said to be a renormalized weak solution if
/ b(o)u- Vo + (b(g) - b’(g)g) divuy de =0 (2.16)
R3

for any 1 € C°(R?), where [o, u] were extended to be zero outside (2., and any b € C°([0,00)) N C1((0, )
such that

V(s) <cs ™ for se (0,1, b'(s) <ecs™ forse[l,00), (2.17)

with

c>0, A <1, —1<>\1§@—1. (2.18)
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Remark 2.2. By DiPerna-Lions’ transport theory (see [8], Sect. I1.3) and the modification in ([19], Lem. 3.3),
for any r € L(£2), 8> 2, v.e Wy?(£2), where £2 C R? is a bounded domain of class C?, such that

div(rv) =0 in D'(9), (2.19)
the renormalized equation
div (b(r)v) + (rb/(r) — b(r))divv = 0, holds in D'(R?), (2.20)

for any b € C°([0,00)) N C1((0,00)) satisfying (2.17)—(2.18) provided 7 and v have been extended to be zero
outside 2. We also note that the hypothesis of the smoothness of {2 can be dropped provided (2.19) is replaced
by a stronger stipulation (2.13) for any ¢ € C*°(12).

From the physical point of view, the available existence theory of finite energy weak solutions in the sense of
Definition 2.1 is still not completely satisfactory. Recall that the relevant values of the adiabatic exponent are
1 <~ <5/3, where the case v = 1 corresponds to the isothermal case while v = 5/3 is the adiabatic exponent
of the monoatomic gas. Lions [16] proves the existence of weak solutions in the range v > 5/3. His proof is
based on energy type arguments combined with the refined pressure estimates adopted also in the present paper.
Lions’ theory has been extended to the physical range v < 5/3 by several authors, see Biezina and Novotny [6],
Plotnikov and Sokolowski [20] for the case v > 3/2, Frehse et al. [14] for v > 4/3. The best result available has
been obtained by Plotnikov and Weigant in [21] for v > 1. All the results attacking the physical range v < 5/3
use delicate estimates that are not directly applicable to the case of perforated domains as they may fail to be
uniform with respect to ¢ — 0.

2.4. Main results

Our principal result concerns the construction of the inverse of the divergence operator on the family of
perforated domains {{2:}.>0.

2.4.1. Inverse of divergence

Theorem 2.3. Let {£2.}.~0 be a family of domains enjoying the properties specified in Section 2.1. Then there
exists a linear operator

B.: LL(02.) — W02, R?), 1< ¢ < oo,
such that for any f € L(£2.),
divB.(f) = f in 2.,
B—q)a—3

(2.21)
1B-(Dlwooimy < C (1475 ) I fllzagens

for some constant C independent of €.

The existence of such an operator on a fized Lipschitz domain has been established by several authors, notably
by Bogovskii [5]. Our contribution is therefore the explicit dependence of the estimate (2.21) on €. In particular,
we recover a uniform bound as soon as (3 — ¢)a — 3 > 0. Note that the domains in the family {{2:}.~¢ are not
uniformly Lipschitz domains or uniform John domains, for which such a result would follow from Bogovskii [5]
and Galdi [15] or Acosta et al. [1] and Diening et al. [7]. We also note that Theorem 2.3 is optimal with respect
to the value of ¢ since functions in the Sobolev spaces W? with ¢ > 3 are continuous and a uniform bound
in (2.21) is not expected if the holes become asymptotically dense and small in 2.

The proof of Theorem 2.3 is given in Section 3.
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2.4.2. Asymptotic limit of compressible fluid flows in perforated domains

As a corollary of Theorem 2.3, we show that the asymptotic limit of solutions [, u.] of the compressible
Navier—Stokes system (2.5)—(2.8), (2.11) in {2 coincides with a solution of the same system on the homogeneous
domain (2.

Theorem 2.4. Suppose conditions (2.9), (2.10) and (2.11) are satisfied. Suppose 2 < v < 3 and o > 3 be given
such that

v—2
> 1. 2.22
Let [0z, uc]o<e<1 be a family of finite energy weak solutions to (2.5)—(2.8) in £2-. Then we have uniform estimates
sup (el oo + el ney) < C <00 B =30y~ D). (223)
<e<

Moreover, extending [pe,uc] to be zero outside §2., we get, up to a substraction of subsequence,
0. — 0 weakly in L (), u. — u weakly in W01’2(Q; R?), (2.24)
where [p,u] is a finite energy weak solution to the same system of equations (2.5)—(2.8) in (2.

The proof of Theorem 2.4 is given in Section 4.
We give a remark concerning the similar result in two dimensional setting:

Remark 2.5. The argument in this paper cannot be directly extended to 2D setting. In particular, the con-
struction of Bogovksii type operator in Section 3 and the choice of g in (4.15) in the proof of Lemma 4.2 do not
apply to domains in R2. However, similar result still may hold in 2D setting. Since in 2D setting, the density
enjoys better integrability (in L?7 as long as v > 1) such that the pressure is in L2. This allows us to apply the
restriction operator constructed by Allaire [3,4] to construct some uniformly bounded Bogovskii type operators,
just as in the previous paper [9]. We employ again Allaire construction to find a function sequence that vanishes
on the holes and converges to 1 in some proper sense (wj and ¢j in Hypotheses H(1)-H(6) in Sect. 3.2). So
combining the techniques in this paper and in the previous paper [9] should imply similar results in 2D setting.
Of course, the holes must be much “smaller” — they have larger capacity in two dimensional spaces. Our interest
here is to handle better v in 3D setting.

We finally remark that, in this paper, the obstacles are assumed to be isolated in 3D domain. More realistic
situation with connected boundaries may be treated in a similar manner for which the incompressible Stokes
equations is considered in [2]. However, such an extension is far from being trivial and a considerable number
of new difficulties would have to be overcome.

3. CONSTRUCTION OF THE INVERSE OF THE DIVERGENCE OPERATOR IN PERFORATED
DOMAINS

This section is devoted to the proof of Theorem 2.3. For f € L9(f2.) with st f dz = 0, we consider the
extension f =: E(f) defined as

N(e)
f=fin, f=0on0\2 =] T (3.1)

n=1

Clearly f € L{(£2). Employing the standard Bogovskii’s construction (see [15], Chap. 3) on the domain §2 we
find u = B (f) € Wy9(£2; R?) such that

divu=fin £ and lallyra(opsy < C £ llLe(e) = C Il Lace) (32)

for some constant C' depending only on (2 and q.
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In accordance with hypotheses (2.4), we introduce two cut-off functions x. , and ¢, , such that

Xs,n S C(?O(B(-Tg7n762€))7 Xe,n m = 1, ||va,nHLoo(R3;R3) S 05_17 (33)

¢s,n S O:;)O(B(xs,na(soga))v ¢5,n

Ten = 1, HV(bs,n”LM(RS;RS) <Ce™ ™. (3-4)

Denote
De,n = B(xe,n752€) \ B(.’Eg,n,(sp‘:), Es,n = B(xe,na(sZ‘s) \Ts,na FE n — B(ws,na 505(1) \Ts,n~

)

Denoting

i),
V), =— [ vdz,
<>B |B| B

ben (1) = Xe (0= (), ) € Wo!(B(wen, 822); RY),

we introduce

(3.5)
ﬂs,n(u) = Qen <u>D5m € WOLq(B(xe,na(sofa);R:i)-
Revoking Poincaré’s inequality
— <C q .
Hu (Wo.., La(Den;R3) IVullzoo. m
and (3.3), we estimate
1900 ()l g, oy < [xen¥ (0w, )|+ [V ® (o= twp )] 66)
< (IVullsco. oy + 7w = @ ) < IV -

Similarly, by virtue of (3.4) and Jensen’s inequality,
VB wproy) = Ve 3.7
IV Ben (W8 s0e) 7)) Gen - (W, , LA(B(7e n,005%)) (3.7)

< i )y, | < 020 u|pap, o).

Next, we claim the following result.

Lemma 3.1. For any 1 < q < oo, there exist a linear operator Bg,_,, : L3(Ezrn) — Wy Y (E-.n; R?) and a linear
operator By, : Li(Fen) — W&’q(Fg’n;RS) such that for any f1 € LY(E:.) and any fo € LE(Fr.n), there holds

divBg. ,.(f1) = fi,  1Be..(f)llwpae. m5) < CllfillLee...)
divBr, ,(f2) = fo,  |Br. . (f)lwrair,irey < Clf2llLocr. )

for some constant C independent of € and n.

There are several ways how to construct the operators Bg, ,, Br. . We can use the construction of Galdi
([15], Chap. 3) that mimics the original Bogovskii’s proof. Note that this procedure yields indeed the operators
with the corresponding norm independent of € and n, see Galdi ([15], Chap. 3). Alternatively, we observe that
both E. ,, and F., are uniform families of John domains, whence the desired construction can be found in [1]
and [7]. In the case 1 < ¢ < 3, Lemma 3.1 can be also shown by modifying the arguments of Allaire ([3],
Lem. 2.2.4).
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We now define a restriction type operator in the following way:

N(e) N(e)
Re(u):=u— > (bcyn(u) = Bg,_, (divb. »(u)) = Y (B, ,(u) - Br. , (div B, (), (3.8)
n=1 n=1

where Bg, , (divb. ,(u)) and B, , (div 3. »(u)) were extended to be zero outside E. , and F. ,, respectively.
We say such an operator is of restriction type in the sprit of Tartar [23] and Allaire [3,4], because, as we will
see in the sequel argument, R, is a well defined linear operator from W, *(£2; R*) to W, * (£2; R?).

We first check that R.(u) is well defined, specifically that

/ divb. ,(u)dz =0, / div B, ,,(u)dz = 0. (3.9)
Ecn Feon
Indeed, on one hand, by (3.3) and (3.5), we have
/ divb. ,(u)dz =0, / div B, ,,(u) dz = 0. (3.10)
B(xe n,02¢) B(ze,n,00e%)

On the other hand, by (3.2), (3.3) and (3.4), in particular, divu =0 on T, ,,, we have

divb. n(u) = Xendivu+ Vxepn - (u—(u)p,,) =0, on T_,, (3.11)
div B, ,(u) = V., - (u)p,, =0, on T.p; '
whence (3.9) follows from (3.10) and (3.11).
By the definition of R.(u) in (3.8) and the property of u = Bo(f) claimed in (3.2), we have
R.(u) € WU (2; R®), divR.(u) =divu=f in . (3.12)

Finally, we define the Bogovskii type operator B, through the composition of the extension operator, the
classical Bogovskii operator, and the restriction operator defined above in (3.8):

B.(f) := R.(u) = R.(Bo(f)) = R. 0 B o E(f). (3.13)

Our ultimate goal is to show that B, enjoys all the properties claimed in Theorem 2.3.
For any x € T, ,, 1 <n < N(e), we have

Re(u)(@) = u(@) = (ben(w) = Ba, , (divben(w)) (@) = (8. ,(0) = Br., (div B, ,(w) ) (@)
=u(z) — be,n(u)(x) - ﬁsn(u)(33) (3.14)
= (@) = Xew(®@) (@) = (Wp..,) = en(z)W)p.,,
=0,

where we used the fact that
Xen(2) = e n(z) =1, for any x € T, .

Thus, we have shown the desired relations
R.(u) € Wy 9(2:;R%), divR.(u)=f in (2. (3.15)

To finish the proof of Theorem 2.3, it remains to show the bound

B—g)a—3
IR @lly2aomsy) <€ (146757 ) Ifllnacen)- (3.16)
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By (3.6), (3.7) and Lemma 3.1, we have

b (u) — Bg,_ , (divbe ,(0) € Wy 9(B(2e,n, d2¢); R?),

. (3.17)
Hbﬁ,n(u) - BEE,n (le bs*”(u))HW&‘Q(B(%‘,,,,(SQE);R?’) <C ”vu”Lq(B(acs,n,éze);Rg)a

and
ﬁe,n(u) - BFa,n (le ﬁe,n(u)) € W()l,q(B(:EE,TH 505&); R3)a
. G-aa=3 (3.18)
Hﬁe,n(u) - BFa,n (le ﬁg’n(u))HW(jl’q(B(zam,éos”);RS) <Ce¢ N ”uHL‘I(B(wEm,,%e“);R?’)~

Finally, by (3.2), (3.8) and the fact
B(2cpny,028) N B(Ze ny, 02¢) =0, whenever ny # no,
a direct calculation implies the estimate (3.16). We have completed the proof of Theorem 2.3.
4. ASYMPTOTIC ANALYSIS OF THE COMPRESSIBLE FLUID FLOW ON A FAMILY
OF PERFORATED DOMAINS

This section is devoted to the proof of Theorem 2.4. For any 0 < ¢ < 1, let [g.,u.] be a finite energy
weak solution satisfying the hypotheses of Theorem 2.4. By the known results concerning integrability of weak
solutions to the stationary Navier—Stokes system, we have, see e.g. Novotné and Straskraba ([19], Chap. 4):

0- € LSOV, B(v) =3(y —1); u. € W (62; R%). (4.1)

As we assume 2 < y < 3, we have () = 3(y — 1) > 3; whence, by Remark 2.2, the solution [o., u.] is also a
renormalized weak solution:

Lemma 4.1. We have
div (b(3=)u.) + (8:6'(2:) — b(ge))diva. =0, in D'(R?), (4.2)

for any b € C°([0,00)) N C((0,00)) satisfying (2.17) and (2.18), where [p., 0] denotes the functions [, u]
extended to be zero outside (2.

4.1. Uniform estimates

We have the solution [g.,u.] is in the function spaces shown in (4.1), but the classical estimates of their
norms depend on the domain (2., in particular on the Lipschitz character of (2. which is unbounded as € — 0.
To show the uniform estimates (2.23), we need to employ the uniform Bogovskii type operator B, obtained in
Theorem 2.3 and constructed in Section 3.

By using the Korn’s inequality and Holder’s inequality, the energy inequality (2.15) implies

IVucla(o oy < C (I8l (sms) e

L%(QE)HU‘EHLG(QE;RS) (4.3)
+ gl e . ns) )
Since u. € VVO1 ’2(95; R3) has zero trace on the boundary, the Sobolev embedding inequality implies
ucllzo(rs) < C [VuellLzia. g, (4.4)

for some constant C' independent of the domain (2..
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By the above two estimates in (4.3) and (4.4), we deduce

[Vuellz2(0.;r0) + [Uc|lLo(a.;rs) < C (||f||L°C(QE;R3)||Qs||

<c(

ol 5 g, +1) -

L8 ()

+ gl (a.ims) )

Let B. is the operator introduced in Theorem 2.3, we define the test function

By (4.1) and 2 < v < 3, we have

1 .
v =B (92"’ 3 / 02773 dx).
: [2] Jo, "
28 [ER(0,), 2< 073 3
O¢ € (£2¢), 727_3<3

Then by Theorem 2.3, we have

where

div = 2773 — Q|/ 273 Az in £2,,

el 1 sazs
Wy “77° (£2¢;R3)

_ 3y=3
2v—3

<oe) (1270, )+ o)

273 (£2.)

2 3
< C”QEHL’:YW 3(02.)

g1 i—

37—3
2y—3

)04_3 2y — 3( -2

v—1 273

for which the positivity is guaranteed by condition (2.22).

with

For I:

o

/ p(oe)o> ™
2,

=

p(e:)
\9 |

3dx—ZI
73dx

3

-

Taking ¢ as a test function in the weak formulation of the momentum equation (2.14) gives

>0,

Iy := / uVue : Vo dx —|—/ (H + 77) div u.div p dz,
2. 02

IgZ:—

I4Z

Il = / Qs
02,

=

J.
J.

0:u: @ ue : Vo da,

(0cf +g) - da.

\9\

0 0
<cm&h1“w&mgsg

< O M =00)7+(1-62)(27-3) [ EH9w+02(2v—3)

<O 1+l

m‘lx{91 92}(3’)/ 3)
L37v=3(82.)

02)(2v—3
)) (HQEHLI(QQ))( v—3)

L37=3(82)

).

’Y 3 da <C HQSHLW(QE)”QE”

el

2v—3
L2 =3(02)

92 2'y 3)
L37=3(82,)

)

(4.8)

(4.9)
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where we used (2.11), Young’s inequality, and interpolations between Lebesgue spaces:

1 0, 1 02
0<0,00<1 st. —=(1-6 , =(1-4¢ .
1,02 st ( 1)+37_3 53 ( 2)+37_3
For I5:
I < O|[Vue| x| Vel ceqsnny < O (lleel g, +1) IV6l goms ) o

2v-3
<C (lleell g ) + 1) lecl %
2v-3
<o (M0 es)nggnm o +1) el
< C (142127 0,)):

where we used (4.5), (4.7) and (4.8). The number 0 < 5 < 1 is determined by

02)

g =(1—63)+ 3&3.
For I5:
Is < Cllecllzs-son elieamn 1Yol g
< Cllocllon-scany (1+ le:l3oss o ) ol oy
< Cllec 3%y (14 o:lB35% o))
<O (14 llecl 58557 ),
where . ;
0<fs<1 st 6:(1—94)+?Wi3.
This implies
= 2(377—__14) (y—1-204) = (v - 1) gzji >0,

For 1,:
1< O (lecllzian + 1) el < € (14 el 2,))-
Summing up the estimates in (4.9)—(4.10) implies
lo-l3 % 0y < C (14110152 0 )
for some (31 () < 3y — 3. Then we deduce
locllL3v-3(0.) < C; moreover, by (4.5), HugHWOLz(QE;m) <C. (4.10)
Let [0e, 0] be the zero extension of [gc, uc] in 2. Then by (4.10) we have
||§6||L37—3(Q) + ”ﬁs”WOl»?(Q;RS) <C. (4'11)
Thus, up to a substraction of subsequence,
0. — o weakly in L 73(2), 1. — u weakly in W, ?(£2; R%). (4.12)

We obtained the uniform estimate (2.23) and the weak convergence in (2.24).
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4.2. Equations in homogeneous domain

In this section, we deduce the equations in [g., U] and [, u] in the homogeneous domain (2.

First, the fact that [0, 0] is a renormalized weak solution (see Lem. 4.1) implies that [g., U] solves (4.2).

Next we claim that the couple [0, G.] solves the same momentum equations as (2.6) in {2 up to a small
remainder.

Lemma 4.2. Under the assumptions in Theorem 2.4, there holds
div (o-0. @ 0.) + Vp(o.) = divS(Vite) + o.f +g +r., in D'(2; R?), (4.13)

where the distribution e is small in the following sense:

L27=3

(e, @) () (| < C (|wn izt +|<P|LT1(Q;R3))7 (4.14)

2:.;R9)

where dg > 0 is chosen such that (4.21) is satisfied, 1 < r1 < oo is determined by (4.18) and 61 > 0 is defined
in (4.23) later on.

Proof of Lemma 4.2. By the assumption on the distribution and size of the holes in (2.4), there exists g. €
C>(£2) satisfying 0 < g. <1 and

N(e) N(e)
ge =0 on U Teny, ge=1in 02\ U B(xcn,00e%), [|[Vge|lpo(orsy < Ce™ . (4.15)
n=1 n=1

Direct calculation gives that for any 1 < ¢ < oc:

3(a—1) 3(a—1)

11— gellpagy £Ce™ v o |Vgelpaansy <Ce @ “ (4.16)

Then for any ¢ € C°(§2; R?), we have
/ 0:0: @0 : Vo + p(0:)divp —S(Vie) : Vo4 0.f o +g- ¢ da
19,
= /Q (ésfle ® e : V(pge) + p(0:) div (pg:) — S(Vue) : V(pge)

+6:F - (pge) + 8- (pge) ) da + I
= Isv

where we used the fact pg. € C°(§2:; R?) is a good test function for the momentum equations (2.6) in 2., and
the quantity I is of the form

4
1. = ZI]‘VE, with:

I = / 0:U: @ U, : (1 - ge)v@ — 0:U: ® U, : (v.gs ® %0) dz,
19,

L= / P(0e)(1 — ge)divp — p(0:)Vge - ¢ dz, (4.17)

I3, := / —=S(Vie) : (1 —g-)Ve +S(Va.) : (Vg: ® ¢) du,

L= / Ocf - (1 —go)p+g- (1 —g:)p de.



HOMOGENIZATION PROBLEMS FOR THE COMPRESSIBLE NAVIER-STOKES SYSTEM 863

We now estimate I; . one by one. For I ., direct calculation gives

2
Ll <C ||Qs||L3w—3(Qe)HUEHLG(QE;RS) (l(l - gE)V@”L%:_g(QE;RQ) +IVge ® QDHL?’Y 3 (0 Rg))
(Hl - gEHL'1 Q)HV()O“ 2 3+60(QE;R9) + |Vg€|L%;§+60(QE;R3)||¢||Lr1(Q;R3)>’
where
-1
1 3y —3 2v -3
0<dp<l, 1<r <o, — 0 = . 4.18
0 ry <00 7414-(27 3-1- 0) 373 (4.18)
By (4.16), we have
3(a—1) a 3v—3 717&
”1 _geHLrl(Q) <Ce ||v96||L3—“L3+50(Q;R3) < 063( 1)(2173+50) . (4'19)
We calculate
-1
3v—3 ay—2a—2v+3
3(a—1 —a= > 0, 4.20
(e )(27—3) “ v—1 (4.20)

where we used the condition (2.22) which is equivalent to
ay — 200 —2v4+3 > 0.

Then by (4.19) and (4.20), we can choose dy > 0 small enough such that

—1
3y —3
3(a—1 So) —a=:h()>o0. 421
@03 a) —a=hn> (421)
We finally obtain

§

1l < € (196l g * Wl ) (1.22)
where
3(a—1
81 := min {#,h(éo)} >0, (4.23)
1

where §p > 0 is chosen such that (4.21) is satisfied and 1 < r; < oo is determined by (4.18).
For I5 ., similar as the estimate for I; ., we have

el < C o2, (10 = 00wl g+ 1900l g, )

(4.24)
<0 (196l g gy + Il )
For I3, and I4 ., the similar argument gives the following non-optimal estimate:
)
Is.e| + [ae] < Ce™ (|V<P||Lg_g_g+aomg;m) + ||<P||Lr1(n;R3))- (4.25)

Summing up the estimates in (4.22), (4.24) and (4.25) implies (4.14). O
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4.3. The limit equations

This section is devoted to deduce the equations in the limit couple [p, u] obtained in (4.12). First of all, by
compact Sobolev embedding, we have

@, —u strongly in L9(£2; R*) for any 1 < ¢ < 6. (4.26)

Thus, there holds the weak convergence of nonlinear terms:

0.0, — ou weakly in  LI(£2; R®) forany 1 < ¢ < ?7%16, (4.27)
0:U, @U — pu®u weakly in  L9(£2; R%) forany 1 < ¢ < ‘?’"’W—*S .

Then passing € — 0 in (4.2) and in (4.13) gives

div (pu) =0,
. — (4.28)
div (ou ® u) 4+ Vp(p) = divS(Vu) + of + g,

_ 3y-3

in the sense of distribution in D’({2), where p(p) is the weak limit of p(g.) in L™+ (£2). Moreover, by Remark 2.2,
[0, u] satisfies the renomalized equation

div (b(o)u) + (ob'(0) — b(0))divu =0, in D'(R?), (4.29)

where b € C°(]0,00)) N C1((0, 00)) satisfies (2.17)-(2.18).

To finish the proof of Theorem 2.4, it is left to show p(g) = p(p). This is done in the next section.

4.4. Convergence of pressure term — end of the proof
We introduce the so-called effective viscous flux p(g) — (% + n)div u enjoying some compactness property
given in the following lemma. This property plays a crucial role in the existence theory of weak solutions for

the compressible Navier—Stokes equations.

Lemma 4.3. Up to a substraction of subsequence, there holds for any ¢ € C°(2):

lim Qw (p(@E) - (4?“ + n) div ﬁE) . dz = /Qw (@— (4?“ + n) div u) o dx. (4.30)

Proof of Lemma 4.3. The proof of Lemma 4.3 is quite tedious but nowadays well understood. The main idea is
to employ proper test functions by employing Fourier multiplier and Riesz type operators. We refer to Section
1.3.7.2in [19] or Section 10.16 in [11] for the definitions and properties used here of Fourier multiplier and Riesz
operators. These proper test functions are defined by

wVA_l(l_Q@E)v '(/JVA_l(l.QQ)v (431)

where 1) € C2°(§2) and A~ is the Fourier multiplier on R? with symbol —#.
We observe that

vvATl = (Rij)i<ij<s

are the classical Riesz operators. Then for any f € LI(R3), 1 < ¢ < oc:

||VVA71(J£)||LQ(R3;R9) <O\ fllzacrs)-
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By the embedding theorem in homogeneous Sobolev spaces (see Thms. 1.55 and 1.57 in [19] or Theorem 10.25
and Theorem 10.26 in [11]), we have for any f € LY(R?), supp f C 2:

_ 1 1 1 .
VA 1(f)||L‘1*(R3;R3) < Clfllzacrs) 7 3 if1<qg<3,

VAT ()l po (resrey < C Il flLarey  for any ¢* < oo,if g > 3.

Then by the uniform estimate for g. and its weak limit ¢ in (4.12) and the fact 3y —3 > 3 under our assumption
v > 2, we have for any g < co:

WV A™ (Lodo)l oy + 14V A (100 |zaeumn < C.

L * (4.32)
IV (VA (1080)) |Lsv-s@re) + IV (¥V AT (100)) | Lov-3(ir0) < C.

Since 2 < v < 3, we have 3y — 3 > ;’:{’—:g Then choosing §p > 0 in Lemma 4.2 to be small enough, we have

3v—3

3vy—3> 0o.
v _27—3—1—0

Thus, (4.14) and (4.32) implies

[(re, VA (108:))pr(2:r8),D(2: R
< Ce™ ([|[V (yVAT (106:)) |l1s-2(0..r) + 1WV AT 128e) | (0:r2))
<Ceh,

which goes to zero as € — 0.

Now we chose VA~ (1545.) as a test functions in the weak formulation of equation (4.13) and pass £ — 0.
Then we choose yVA~!(1p) as a test functions in the weak formulation of (4.28),. By comparing the results
of theses two operations, through long but straightforward calculations, we obtain that

I:=lim
e—0 0

Y <p(§s) - (%ﬂ + n)div ﬁs) 0. dx — /Q¢ <@_ (4?“ )div u) o dr (4.33)

£—

=lim [ p-0l0YR; ;(100:) dx—/ ou'wyYR,; j(1n0) dr.
2 2

On the other hand, choosing 1,VA~1 (3.1, ) as a test function in the weak formulation of (4.2) with b(¢) = o
and 1,VA~!(¢pu) as a test function in the weak formulation of (4.28), implies

/ 106-0.R; ;(1o:-0.) do = 0, / loou'R; j(vou) dr = 0. (4.34)
2 (]
Plugging (4.34) into (4.33) yields
I=1lim [ 6 (680R:;(106:) — 108-Riy(¥6-0.) ) do
e—0 /o

_/Qui(guj¢7-\’,i,j(190) — 19@722»’].(1/)911)) der.

We introduce the following lemma, which is a variance of the divergence-curl lemma, and we refer to ([10],
Lem. 3.4) for the proof.
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Lemma 4.4. Let 1 < p,q <

Suppose
Ue — U

Then for any 1 <1i,j < 3:

L. DIENING ET AL.

oo satisfy
1

r

weakly in  LP(R®),

1

1

- <1
P q

ve — v weakly in LY(R®), ase — 0.

URij(e) — VR4 j(ue) — uRi;(v) — VR, ;(u)  weakly in LT(R3).

The convergence result (4.30) can be deduced by the strong convergence of the velocity in (4.26) and

Lemma 4.4.

A direct consequence of the compactness of the effective viscous flux is the following:

Lemma 4.5. We denote p(p)o as the weak limit of p(0c)0e in L%(Q) Then p(0)o = p(o)o.

Proof of Lemma 4.5. First of all, we have

Then by (4.11), we have

(3y—3)—(y+1)=2y—4>0.

3v—3

p(0:)0: — p(o)e weakly in L7577 (£2).

Taking b(s) = slogs in the renormalized equations (4.2) and (4.29) implies

div ((@E log

@E)ﬁg) + o-diva, =0,

Passing £ — 0 in the first equation of (4.35) gives

div ((olog o)u) + odivu = 0, in D'(12).

div ((olog o) u) + edivu =0, in D'(£2),

where we used the strong convergence of the velocity in (4.26) and

0:-log 9. — ologp weakly in  L9(£2) for any ¢ < 3y — 3,

o.divii. — pdiva  weakly in L% (£2).

Then for any ¢ € CZ°(2), (4.36) and (4.37) implies

g [ o (2 -

%M +77) diVﬁe) 0c do = / Yp(o)o — (4—M +77) (ologo)u- Vi da.
(9]

By the second equation in (4.35), we obtain

/{Zw(@—

3

(4?“ +77) divu) odx :/ ¥p(o)o — (4?“ +77) (ologo)u-Vy dz.
2

Let {¢n}nez, C C°(£2) such that

n(z) =0 if d(x,002) <

Then for any ¢ € [1, o0

S|

11— nllLagey < Cn~

q

, Yp(z) =11if d(x,00) >

)

S

o IVYnllpe(ore < 4n.

_1
IVl Lao;rsy < Cn' s,

O

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)
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and consequently
1
(2, 092) Vbl s < C 3.

The fact u € W, *(£2; R?) implies
[d(z,002)] 'u € L*(2; R®).

Therefore,
/Q Vi - (elog o)u dz < ||d(x, 092)Vebu || 1o (29 [ (010g 0) | 5/2() l[d(w, 092)] "Ml 2o
< C n1/10, (4.40)
Similarly,
/ Vi, - (0log o)u dz < C n~/10, (4.41)
2

We choose 9 = 1, in (4.30) and pass to the limit n — oo. By using (4.38), (4.39), (4.40) and (4.41), we
deduce

/Qm —p(o)o dz = 0. (4.42)

By the strict monotonicity of the mapping o — p(o), applying Theorem 10.19 in [11] or Lemma 3.35 in [19]
implies

(0)o > p(o)o, a.e.in .

3
)
!

Together with (4.42), we deduce

p(o)o =p(o)o, ae. in .
We have completed the proof of Lemma 4.5. 0

Thanks to the monotonicity of p(-), again by Theorem 10.19 in [11], we obtain p(g¢) = p(o). Hence, we
complete the proof of Theorem 2.4.

For the convenience of readers, we recall Theorem 10.19 in [11]: Let I C R be an interval, Q@ C R? be a
domain, P and G be non-decreasing functions in C(I). Let {0, }nen be a sequence in L'(Q; I) such that

P(on) = P(0), Glen) = G(o), Plen)G(en) — P(0)G(e), weakly in L'(Q).
Then the following properties hold:

(i) P(o) Glo) < P(0)G(0)-
(ii) If, in addition, P € C(R), G € C(R), G(R) = R, G is strictly increasing, and P(9) G(¢) = P(0)G(p), then

P(o) = PoG71G(p). If, in particular, G(z) = 2z be the identity function, there holds P(o) = P(o).

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we constructed an inverse of the divergence operator in a domain perforated with tiny holes and
we showed the precise and optimal dependency on the size of the holes for the norm of this inverse operator;
in particular, under some smallness constrain, this inverse of the divergence operator is uniformly bounded.
We apply such an operator in the study of homogenization problems for stationary compressible Navier—Stokes
system. Under some constrain (see (2.22)) between the adiabatic exponent and the size of the holes, we show that
the homogenization process does not change the motion of the fluids: in the limit, we obtain again compressible
Navier—Stokes equations.

Here we focus on the case where the holes are very small, corresponding to a > 3. It is also known that if
« = 1, one can recover Darcy’s law from the homogenization. However, the case with 1 < « < 3, in particular
the critical case o = 3 is still open.
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