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AN OPTIMAL CONTROL PROBLEM FOR A KIRCHHOFF-TYPE EQUATION

M. DELGADO!, G.M. FIGUEIREDO?, I. GAYTE! AND C. MORALES-RODRIGO!

Abstract. In this paper we study a control problem for a Kirchhoff-type equation. The method to
obtain first order necessary optimality conditions is the Dubovitskii-Milyoutin formalism because the
classical arguments do not work. We obtain a characterization of the optimal control by a partial
differential system which is solved numerically.
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1. INTRODUCTION

Nonlocal problems start out in the papers of Kirchhoff, [8], where he introduced his celebrated equation

0%u 0%u
o ( 2pl/( ) >82for0<x<l t >0, (1.1)

) =u(l) =0,

which extended the D’Alembert equation of the vibration of a string with fixed ends subjected to transverse
vibrations. The stationary version of the general problem with the Dirichlet condition can be written as

-M .T,/ Vu de) Au = f(x) in £2,
(. [ 1701 f@) )
u=20 on 0f2.

There are a relevant range of situations in Physics and Technology where problems with nonlocal terms appear,
see for instance [1,2,4,10,14] and the survey [13].

In this paper we study an optimal control problem associated to (1.2) in the particular case M(x,r) =
a(z)+b(x)r where a(x), b(x) are positive continuous functions. Let us stress that since a and b are not constants
the problem does not have a variational structure, as a consequence, the knowledge for this problem is very
limited. In [15] it is proved that (1.2) has a solution in H}({2), see also [4] for the uniqueness under the restriction
f=0.

Here we apply the Dubovitskii-Milyoutin formalism which enables us to obtain an optimality system which
is verified for the optimal control, the associated state and the adjoint variable. We study its numerical
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approximation. The simulations point out the uniqueness of solution of the optimality system, but we have
not been able to prove it. This uniqueness would imply the uniqueness of the solution of the optimal control
problem.

The numerical study of the Kirchhoff equation is not an easy task. Moreover, we are aware about very few
papers in the topic, see [7,16]. In our case, the optimality system is composed by two coupled elliptic equations
of the Kirchhoff-type. As far as we know, we have developed a new method that reduce the problem to the
solution of several Poisson problems, which are obtained with the help of the Regula Falsi algorithm.

It is worth to quote that a number a recent papers of Lou and coworkers (see, for instance, [11]) consider
optimal control problems for semilinear elliptic/parabolic partial differential equations with the leading term
containing the control addressing both existence and necessary conditions. We cannot consider our problem
in this framework: the weak convergence of the second member in H} is not enough to prove the existence of
solution of the Kirchhoff problem and for this reason we address the control problem directly.

The paper is organized as follows. In Section 2, we study the existence of the optimal control. In Section 3,
we applied the Dubovitskii-Milyoutin formalism to deduce the optimality system. In Section 4 we carry out the
numerical approximation of the optimality system.

2. THE OPTIMAL CONTROL PROBLEM: THE EXISTENCE OF A SOLUTION

In this work we are interested in the study of the following optimal control problem:
To find a control @ minimizing the functional J : H}(§2) x L*(2) — R

J(u,a)z%/ﬁ(u—udf—l—g/gaz, (2.1)

where (u,a) is a solution of the Kirchhoff equation

~(ala) + b(a) [, IVu[?)Au = f in 2, o)
u=0 on 0f2. '
besides,
acU={vel*N): v>ay>0, aexc R} (2.3)

the set 2 C RY is a bounded smooth open, N > 1, f is a given function in L>(§2), f > fo, where fg is a
positive real number, the functions ag and b are data and they verify ag € C(£2), ap > 0 and b € Wh(£),
b > by > 0, ug is also a known function, ug € L?(§2), and B is a positive parameter.

In the general topic of optimal control of nonlocal PDEs, it is not usual to study the control in a coefficient
related with the nonlocal term. This question is mathematically relevant and moreover, this optimal control
problem might give light to a parameter identification problem: to find a suitable function a, with L?-norm
small, such that u, the associated solution of a Kirchhoff problem, is close (in L?-norm) to ug.

For a given function a € L?(§2), it is known the existence of u € H}(£2), a solution of the Kirchhoff problem
(see [15] for more general Kirchhoff equations), besides this solution is unique when a > 0. The ignorance about
the existence and uniqueness of (2.2) when «a is negative or changes its sign, is the reason why we cannot apply
the classical theory (see [9]). We cannot write .J like a functional j depending only on a and defined on an open
set of L2(£2). We will explain this with more detail in Section 3.

We shall study the optimal control of J associated to the constraints (2.2) and (2.3) considering (u,a) as
independent variables related through (2.2) and we will apply a generalization of the Lagrange multipliers
theorem, called Dubovitskii-Milyutin formalism, which will provide us the Euler-Lagrange equation.

First of all, we define a weak solution of (2.2).

Definition 2.1. A function u is called a weak solution of (2.2) if u € H}(§2) and verifies

f 1
. = Hy(92).
/QVU Vo /Qa—l—beIVqu Vv € Hy(£2)

Our first step is to show that the admisible set is not empty.
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Theorem 2.2. For any a € U, there exists a unique u € H}(82) weak solution of the Kirchhoff problem (2.2).
Besides, u € W2P(§2) for any p < +00, so it is a strong solution.

The proof of this theorem is based on the following proposition:

Proposition 2.3. Let g : [0,400) — R be the function defined by

o(s) =s—/ Va2,
(9]

where ug is the solution of the Poisson problem

—Aug = / n 2,
a+ bs

usg =0 on 0f2.

Then, g has got a unique root, r.

Proof. Tt is clear that g is continuous in [0, +00). We will show that g is strictly increasing and it changes its
sign between s = 0 and some s > 0. On multiplying (2.4) by us and integrating by parts we obtain

/ |Vug|? = / (2.5)
2

oa+ bs

Then, if s < s9
I
a+bsy — a-+ bss

and so, —Aus, > —Aus,. By the strong maximum principle us, > us, > 0. Using these two inequalities and (2.5)

it is easy to prove that
51 —/ Vg, |? < 8o —/ |V, |2
Q Q
and so, g is strictly increasing.
Besides, g(0) = — [, [Vuo|?, with ug the solution of (2.4) for s = 0, so g(0) < 0. Moreover, since

/ ‘VUS|2 = f < iUOa
2

Us >
o a-+bs o ao

then [, [Vu,|? is bounded for any s > 0. So, lim,_ 1 g(s) = +oc.
Thus, the equation g(s) = 0 has a unique solution. O

Proof of Theorem 2.2. As a consequence of Proposition 2.3, there exists a unique positive number r such that

g(r) =0, i.e.
r:/ V%,
7

and so, the function u = wu, is the solution of (2.2). Besides, the second member of the equation of (2.4) belongs
to L>°(£2), so the solution u = u, € W2P(§2), p < +oo. This means that u, the solution of the Kirchhoff
problem (2.2), is a strong solution. O

Remark 2.4. Theorem 2.2 is true for any a > 0, in particular for a € U.
By the previous theorem, it makes sense to study the existence of optimal control of the problem

min J(u, a) (2.6)
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J(u,a):%/n(u—ud)2+§/na2

{ —(a(z) + b(x) fQ |Vul?)Au = f in £,
u=0 on 012.

with

a €U,

Theorem 2.5. There exists a solution (,a) € HE(2) x L*(£2) of the optimal control problem (2.6).

Proof. We will deduce the existence by the standard method of the minimizing sequences with the particularity
that the functional only provides the boundedness of the sequences in L?(£2). Without loosing generality, we
can assume that ug = 0.

The proof will be divided in four steps.

The first step: The convergence of the minimizing sequence to (4, a).
Let us consider the infimum of J subject to (2.2) and (2.3) and a minimizing sequence, {J(ty, a,)}. If we call 5
the infimum of J, we have that there exists the limit of the sequence J(uy,a,) and so, the sequences {u,} and
{a,} are bounded in L?(2).
Then, there exist two subsequences, that they will be denoted with the same subscript, and two functions u,
a € L?(02), such that
U, — 0 in L*(2) — weak,
a, — a in L*(2) — weak.
The function a belongs to U because this set is convex and closed in L?(£2).
The functional J is weakly lower continuous because it is convex and continuous, so

6 =lm J(uy,a,) > J(4,a).

The second step: The convergence of the sequence {u,,}.

Since f
—Auy = ———F—

" a, + b [ Vu,|?

we get that
Jo
Ay > ——— > 0.

Tan+0b [, [Vu,|?

Therefore

_ [/ / 2
a, = A, b Q|Vun\ .

Moreover, by the elliptic regularity
U, € W2P(82) for any p € (1, +00)

and

f
an + be [Vu,|?

In particular, {u,} C H?(£2) and ||uy| 20y < ¢ So,
u, — 0 in H2(2) — weak.

The compact embedding H?(£2) < H'(§2) implies that

lanllwan ) < c]
Lr(02)

U, — 0 in H'(2) — strong
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and
Au, — Adin L(92) — weak.

The third step: We can assume that the functions a,, are bounded and continuous.
Consider a;. Since the space of bounded and continuous functions on 2, C,(£2), is dense in L?({2), there exists
a sequence {ay,} C Cp(£2) which strongly converges to a; in L*(§2). For any @, there exists a unique

solution of the Kirchhoff problem
—(@1n +b [ [V pl*) At = f in 2, a
2.
Ut =0 on 012.

Analogously to the second step, we obtain
U1, — w in HY(§2)-strong
Aty , = Aw in L?(0)-weak.
Then, we can pass to the limit in (2.7) and we have that
—(a1 +b [, [Vw|[*)Aw = f in £2,
{ w =0 on 0f2.

By the uniqueness of the Kirchhoff problem, w = ;. Then, there exists n; such that
a1,y — a1llL2(2) <1,

Hal,m — U1HH1(_Q) <1

and
. - 1 - B ~ 1 B
Tt tin) =5 [ Jarn P+ 5 [ ol < 50l + 102+ 5 (oo + 17
2 2
1 B

= J(u, 1) + 5 + 5+ uilleze) + Bl 2y < J(u, a1) +C,

where C' > 0 is a constant which does not depend on n because the sequences [|a, | r2(0) and [[u,|[z2(o) are
bounded.
By the same procedure, we obtain a pair (g p,, G2.n,), With ng > nq, such that
a2,n, — az2llz22) < 3
. 1
2,n; — 2l e) < 5
and

- N 1
J(UQ,nw a’2,n2) < J(u27 (12) + CE
Therefore, for any k we have a pair (U n,, , k,n, ), With ng > ni_1, such that

N 1
llak,n, — arllz2(0) < o

. 1
(7 Uk||H1(rz) < A

and 1
J(ﬂk,nk,a (le:,nk,) S J(uk, ak) + CE
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Then 1
inf J(u,a) = B < J(lk,ny, Oleny) < J (Ui, ar) + CE’

and taking the lower limit in the inequalities we obtain
B < Uminf J (T py , Gk,ny, ) < Hm J(ug, ax) = B

So, we have that
lim J (g py , Akeny, ) = -

This proves that the sequence {(@x n, , Gk,n, )} IS @ minimizing sequence, where @, is continuous and bounded,
Qkn, €U and iy, is the solution of the Kirchhoff problem with ay, ,, and we claim

.y, — G in L?(£2)-weak
Ukny, — @ in L?(02)-weak.

In fact, for any ¢ € L?(02),

/Q((le:,nk —a)p = /Q((le,nk —ag)p + /Q((lk —a)e.

Given € > 0 there exists ko € N such that for any k > ko ||akn, — axllz2(0) < £ < €. Then

[ (@ - amo] < N, — all e ez < elellzza.

So, we have
hm/ ((le’nk — ak)go =0
n
and, on the other hand

lim/ (a, —a)p =0,
e

by the weak convergence of {ay,}.
A similar reasoning proves the convergence for {ug y, }.
From now on we rename @y, as ar and iy p, as ug.

The fourth step: The pair (4, a) is an admissible element, i.e., it satisfies (2.2) and @ € U (this last one has
been already proved in the first step).

Since {a,} and {Au,} weakly converge to a and A, by Mazur’s Lemma there exist two sequences, one for
each sequence, constituted by convex linear combinations, such that they strongly converge (see [17]), i.e.

Z A\ia; — @ in L?(§2)-strong,
i€l

Z wjAu; — Ad in L?(£2)-strong.
Jj€Jn
By Egoroff’s theorem (see [5]), for any & > 0 there exists a set A- C {2, with [A| <, such that
Zie]n Aia; — a uniformly in 2\ A,
ZjeJn wj Au; — Ad uniformly in 2\ A.. (2.8)

Besides, the functions b, f, a, At have continuous representatives in 2\ A., equally denoted.
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Let D = {x,}, be a countable dense subset of (2. We consider D, = {x,, € D: z, € 2\ A.}.
For any x,, € D. and 6 > 0, the set

{neN: |an(@m) — a(zm)| < and |Auy (Tm) — Ad(zy)] < I}

is countably infinity. In fact, if we suppose that there is a finite number of n in this set, then there are infinite n
such that
lan(Tm) — a(zm)] > 0

or

| Aty (2) — Ati(z,)| > 6.
If the set of n that verify a, () — a(x,,) > 0 is not finite, the sequence of the convex linear combinations of a,,
satisfies

Z Ai@i(Tm) — a(xm) > 06,

i,
but this is impossible by (2.8). Analogously if the inequality is ap (2, ) — a(zy) < —J, and it happens the same

if there are infinite numbers n which verify |Au, (2,,) — At(x,y, )| > 6.
We define the set

NY ={neN: |an(az1) —a(z1)] <1, |Aup (1) — Ad(xy)] < 1}

which is infinite. Let be ngl) a chosen element in this set. In the step i we chose ngl) € Ni(l), where

NV = fne NDin>nl (@) = ae)] <1, [Aua (@) - Addr)| < 1.
We have just defined a subsequence n(!) = {ngl), ngl), ...} such that
|an§1) (x;) —a(z)| < 1, |Aun£1)(1‘i) — Au(x;)| < 1.
We repeat the reasoning decreasing the estimations:

In the step 1, let be

. 1 . 1
NP = {n en™V an() = a(a1)] < 7, [Aun(a) — Aia)] < 7},

and ngl) an element of this set. Again, taking each element in the set D, we obtain a subsequence of n(!=1),
named n( such that
n® = {ngl),ng),...}

and ) )
‘angz)(l‘i) —a(x;)| < Ik |Aun£z)(l‘z) — Ada(z;)| < 7 (2.9)

We know that

— (angl) (1‘2) + b(l‘z) /Q |vun£l) |2> Aungz)(l‘z) - f(-Tz)

/\vun|2—>/ vl
N 0

we pass to the limit when [ tends to +00 and we obtain

By (2.9) and knowing that

- (am) i) | |va|2) i) = f(;) Vay € D..



780 M. DELGADO ET AL.

Since D, is a dense set in 2\ A and the functions in the previous equation are continuous in 2\ A., we can
extend the equation to every point x € 2\ A., so

—(a+b/|vmﬁ4mzqan\A@
2
Then,

9

H—m+b/ﬁvm%Aa—f
(]

:H—m+b/’VﬂﬂAa—f
L2(12) 2 L2(A.)

and the measure of the set A. tends to zero when ¢ tends to zero. Taking the limit in this equality when & tends
to zero we obtain that

H—m+b/ﬁva%Aa—f =0,
Q L2(92)
i.€.
—(a+b/vmﬁzmzfnlﬂ
Q
Since (u,a) satisfies the constraints and J(u,a) = § we get that (@, a) is an optimal solution. O

3. THE OPTIMALITY SYSTEM

In this section we study a characterization of an optimal solution. We denote (i, @) an optimal solution, so
a € U and 4 is its unique associated state, i.e. the solution of (2.2) associated to a. For this purpose we will
use the Dubovitskii-Milyutin theorem (D-M formalism) (see [6]). We could think that the minimization of the
functional j(a) = J(G(a),a), in a € U, where G is defined as follows:

G:awuc Hy(0),

and u is the solution of Kirchhoff problem (2.2) for a could work. We know that G is well-defined on U, by
Theorem 2.2, and continuous, by the second step of the proof of Theorem 2.5, but, to differentiate G we need
to define it on a open set of L?({2) topology and this is not possible because we do not know if Kirchhoff
problem (2.2) has a unique solution w associated to a when a # 0 for a.e. z € {2, in general. So, we cannot
define G(a) in an open set of L?(£2) as it occurs in the classical control theory. This fact leads us to use D-M
formalism.

Our goal is to write the optimal control a as a solution of a partial differential system and a variational
inequality provided by the constraint a € U. We refer to [6] for the following theorem and definitions. The
Dubovitskii-Milyutin theorem is:

Theorem 3.1. Let X be a normed space. Assume that the functional J: X — R has a local minimum with

constraints 7 = ﬂ?jll Z; C X at a point xg € Z. Assume that

(a) J is reqularly decreasing at xq, with decreasing (and convezx) cone DCy;

(b) the inequality constraints Z;, 1 < i < mn, are reqular at xq, with feasible (and convex) cones FC;, 1 <1i <n;
(¢c) the equality constraint Zy41 is also regular at xo, with tangent (and convex) cone T'Chpyq.

Then, there exist continuous linear functionals fo € DCj, fi € FCF for 1 <i < n and fo41 € TC) (we

denote by * the corresponding dual cone), not all identically zero, such that they satisfy the Euler—Lagrange
equation:

n
fo+ D fit fasr =0 in X"
=1

In our case, since J is Fréchet differentiable, the dual decreasing cone at (@, a), DCy, is given by [6]

fo=—N(a,a), A=>0.
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The constraint a € U, apparently an inequality constraint, has to be considered like an equality constraint
because the interior of ¢ in L?({2) is empty. Then, the constraints (2.2) and (2.3) generate an only dual tangent
cone at (4,a), called TC*. Applying the Dubovitskii-Milyutin theorem, there exist fo € DC{ and fercr,
not all indentically zero, such that they satisfy the Euler-Lagrange equation:

fo+ f =0 in H Q) x (L%(02)). (3.1)

Clearly A # 0, because if A = 0 both functionals fy and f would be indentically zero so, we can choose it equal
to 1.

We do not know to characterize T'C*. To overcome this difficulty, we write f as a sum of two functionals,
f = f1 + f2, related with the constraints (2.2) and (2.3). In fact, f; is related to (2.2) and it belongs to T'C},
the dual tangent cone at (@, a); the functional fs has the form fo = (0, fg)7 it belongs to the dual tangent cone
related to (2.3), TC3, and it verifies (fa,a — @) > 0 for every a € U. The particular form of f, is due to the fact
that (2.3) is independent of w.

When both dual cones are a system of cones of the same sense (see definition in [18]), it is true that

TC* = TC; + TC;,

and the characterization of T'C"* is reached. We have also sufficient conditions to know if two dual cones, one of
which has the form of T'C5, are of the same sense.

Theorem 3.2 ((Walczak) Thm. 3.3 of [16]). Let E = X x Y, where X and Y are normed spaces. Denote by
Ky C E a cone of the form
Kl - {Ul = (3317y1) € Ea xry = Ayl}a

where 1 € X, y1 €Y and A:Y — X is a linear operator. Let Ko = X X Xg, where Ko is a cone in'Y . If the
operator A is linear and continuous, then

Kik = {(x’f,yf) € E", yT = —A*Z‘T )
* * * * > ¥
KQZ{(()?yZ)eEvaeKQ }7
and the cones K}, K3 are the same sense. Here, A* stands for an operator dual to A.

Now we prove that T'CY has the form of K; in the Walczak theorem.

3.1. The characterization of the tangent cone at (4, a) associated to (2.2)

We call P the operator defined by (2.2):

P:H}N) x L*(2) — H ()
P(u,a) = — (a—l—b/Q Vuz) Au

Let be P’ the derivative operator. We have
Proposition 3.3. The operator P'(ii,a) is surjective as a linear map from H($2) x L?(£2) to H=(£2).

Proof. Given any g € H~1(£2), we will prove the existence of (u,a) € H}(§2) x L*(£2) verifying P’ (i, a)(u,a) = g

i.e.
- (& + b/ Vﬁ2> Au — (a + 2b/ Vi - Vu) Al = g. (3.2)
Q 2

Since u, a are independent, we are going to define u and we will obtain a from the equation.
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Let u be the solution of the Poisson problem

1
—Au=—————gin 2
YA vap? ™t
u=20 on 0f2.
Then, replacing Au in (3.2) we obtain
— <a+2b/ Vﬁ-Vu) Al =0,
0
and so,
a:—Qb/Va-Vu. O
0

By the Lyusternik theorem see [6], the tangent cone T'C is given by
TCy = {(u,a) € Hy(2) x L*(2) : P'(i,a)(u,a) = 0},
i.e., (u,a) € HY($2) x L?(§2) such that

—<d+b/ wﬂ) Ay — (a+2b/ Vﬁ~Vu> Ad = 0in £,
0 o (3:3)
u=20 on 0f2.

In order to apply the Walczak theorem we need to prove that the operator which provides u in (3.3) given any
a € L?(02) is well-defined, linear and continuous. These assertions are formulated in the following theorem.

Theorem 3.4. The operator L : L?(2) — H(£2) defined by

a € L*(2) — u = La,
being u the solution of (3.3), is well defined, linear and continuous.
Proof. By the equality [, Vi - Vu = [,(—At)u, we can write (3.3) as

20A0 Al
Ay = ———F———— —At)u | + —————————=ain (2,
a+b [, |Val? </Q( ) ) a+b[,|Vial? (3.4)
u=0 on 0f2.
for @& € U an optimal control, 4 its unique associated state, and for each a € L?(£2). In what follows, we will

prove that there is a unique solution to the linear nonlocal problem (3.4). To this end, we define the function
h:[0,+00) — R as

mﬂ:r—/X—Amw,
Q
where u, is the solution of the Poisson problem
20AU0 Al .
aro [ vap tavog,vaEt ™ (3.5)
ur =0 on 0f2.

—Au, =

We will show that h possesses a unique root. We know that h is continuous because u, depends continuously
on r. We claim that h is strictly increasing function. In fact, let 71 < ro; then the respective solutions of (3.5)

verify
20A%0

a+b[, |V

because A4 < 0. From the maximum principle it follows that u,, > u,, and, therefore, h(r1) < h(ra).

—A(up, — up,) = (ri1 —rqy) >0,
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To prove that h changes sign, we first consider the case a > 0 in (2. In this case, ug is the solution of
Au

a+ bfQ |Vii|?
ug =0 on 9f2.

—Aug = ain {2,

So, ug < 0 in 2 and h(0) > 0. On the other hand, if » < 0, then u, > ug in 2 and

h(r)=r+ /Q(—Aﬂ)ur <r+ /Q(—Aﬁ)uo.

Consequently,
lim h(r) = —oo,
r——00
and there exists a change of sign in (—oc, 0) and, for the monotonicity, there exists a unique r* < 0 such that
h(r*) = 0. Analogously, in the case a < 0 the change of sign appears in (0,+00) and there exists a unique
r~ > 0 such that A(r~) = 0.

If a € L?(£2), we can write a = a* — a~, being
at = max{a,0}, and @~ =min{—a,O0}.
Denoting by r* and r~ the respective roots of h for a* and a~, it is easy to check that w,+ .-~ = wp+ + u,—,

and

h(rt +7r7) :r++r*—/

o (—AW)upt +1r7 — / (—Ad)u,— = 0.

(0]

(=AW Uyt e =17 —/

Q
The uniqueness follows considering that (3.4) has only one solution for each a € L?(£2). In fact if uy, us are
two solutions for the same a, then the difference w = uy — ug, verifies

20A%
NAw = — 2% A
w d+be|Vﬂ|2/( a)w;

if [, o(=Aw)w > 0, the maximum principle assures that w < 0 and this is not possible because Au < 0. We may
argue in a similar way if [,(—Aa)w < 0. Therefore, [, (—Au)w =0, —Aw = 0 and w = 0.

Therefore (3.4) has a unique solution which implies that L is well defined. It is obviously linear. The continuity
follows if we write L as the composition of two continuous maps: the first one isa € L?(2) — r* € R: h(r*) =0
and the second one is 7 € R +— u, € H}(£2). The continuity of the second map has been already mentioned.
With respect to the first map, a € L?(£2) — 7* € R: h(r*) = 0, we are going to obtain an easy formulation of
this functional.

In fact,
hr) =7 + /(Aaur).
2
Using that
/ (Adu,) = / (@du,)
(] 2
and

- 20 A - Al .
Ca+b [, Va2 o a+b [, |Va]2

h‘”i?‘(“ﬂ%)%(ﬁ%“)

—Au,

we obtain that
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Then
f ﬁ:AiL a
« 292 \atd [, [Va]?
-1 _ W2bA%
L= Jo ], var

and the mapping a — 7* is continuous. O

We can apply the Theorem 3.3 in [18] to the characterization of the functional f in (3.1) and we obtain the
Euler-Lagrange equation

—J(@,a)+ fi+fo =0 in H Q) x (L*(2)). (3.7)

The functional f; belongs to the dual tangent cone associated to the constraint (2.2) at the point (i, a). It is

known that f; satisfies
(f1, (u,a)) =0 V(u,a) satisfying (3.3).

The functional fo € L2(£2)' satisfies

(faya—a) >0 Yael. (3.8)
If we choose any (u,a) € TCy and we apply (3.7) to (u,a) it results
/(ﬂ—ud)u + B/ aa = (fy,a) Y(u,a) € TCY. (3.9)
Q Q

3.2. The adjoint problem

In order to write the necessary condition of the optimality as a optimality system, i.e., as a system of partial
differential equations together with a variational inequality (due to (2.3)), we will use the standard technique
of getting the adjoint problem. The statement of the adjoint problem can be deduced as in the following way:
Let us multiply (3.3) by a function p € H}(£2), which will be the adjoint function and we will determine later,

<_ <&+b/QVﬁ2> Au,p>—<(a+2b/ﬂVﬂ-Vu> Aﬂ,p>:0.

These dual products are scalar products in L?({2) because p is taken in H}(£2) and u, 4@ are in H}(§2) too,
besides we know by Theorem 2.2 that @& € W2P(£2) for any p < +oo0.
We integrate by parts to get

<u, —A ((am/ﬂvm?) p>> — (A, ap) — <Aﬁ,2bp>/QVﬂ-Vu:0.

We define the adjoint problem as
A ((a+ b/ va|2) p) +Aa/ Wp(Ad) = it — ugin 2,
2 2 (3.10)
p=0 on 942.
This is a linear problem with a nonlocal term A [, 2bp(Aa).

Proposition 3.5. The adjoint problem (3.10) has a unique solution p.

Proof. Proposition 3.5 is similar to Theorem 3.4. We consider the problem
—A ((d + b/Q Vﬂ|2) pr> = (—Au)r+ 4 —uq in £2, (3.11)
pr =0 on 012,

the function h(r) =r — / 2b(Ad)p, and we argue in the same fashion. O
17}
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3.3. The optimality system

Taking into account that the adjoint problem we obtain that the first term on the left hand side of (3.9) is
equal to (Ad, ap), so the Euler-Lagrange equation is written by

/ apAa + B/ aa = (fa,a) Y(u,a) € TC). (3.12)
Q Q

This equation defines f on L?(02) because by Theorem 3.4, for any a € L?(£2) there exists a unique u such
that (u,a) € TCy. So, we get a characterization of fs, that is, fo = pAa + Ba.
By the condition (3.8), we have that

(pAd + Ba,a—a) >0 Vael,
but this is the scalar product in L?(§2), since A € L>(£2), so
(pAd + Ba,a—a) >0 Vael,

which is equivalent to say that
i.e.

where P is the projection operator on U in L?({2). The optimality system is given by
—(a+b [, |Va*)Ai = fin 2, @ =0 on 982,
—A((a+0b [, |Va*) p) + Ad [, 2bp(Ad) = @ —ug in 2, p=0on df, (3.13)
a=Py(-28).

The projection operator for the convex U is well characterized. It is

Py(f) = max{f, a0} Vf e L*().

So,
. pAG
) ap I — =5 <ao
a= A
—LPZ% in other case,
i.e.

{ao if — pAa < Bao,
a =

= Au if —pAu > Bay.
In other words,

a:max{ao,%f)Aa}. (3.14)

There is another formula for a which is deduced by (3.14) and which will fulfill a stopping criterion in next
section. We replace A by —L—, with r = Jo IVa|?. Then,

a-+br’
a = 1max<q a pf 5
05 a+ bT )
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so, we take
a = max{ag(z), 5(z)},
being
—b(z)r + \/b(x)2r2 + 4P($J)Bf($)
B(z) = . , (3.15)
the positive root of the equation 22 + b(z)rz — wg(z) = 0.
The optimality system is written by these formulae:
—(a+b [, |Va*)Aid = fin 2, @ =0on e,
—A((a+ b/, \Val?) p) + At [, 2bp(AG) = 4 —ug in 2, p=0 on I, (3.16)

—b(@)r+y/ o)+ 2T E

a = max{ag(z), B(x)}, Blx) = 5 , B>0.

Remark 3.6. We do not know if the solution of this system is unique.

4. THE NUMERICAL APPROXIMATION

In this section we are going to solve the optimality system in any dimension. As we will see, the key point is
to solve different Poisson problems. This is very interesting because, in one hand, the algorithm is independent
of the dimension and, on the other hand, there are no ill conditioned problems. The algorithm consists of the
following three steps:

First step:
We choose an initial control a € L?(§2) and solve the Kirchhoff problem for this a. If we define » = [, |[Vul?,
this problem is written as following

—Au = in 2, u=0on 02,

a+ br
r= [ |Vul?.

Proposition 2.3 asserts us that the nonlinear equation

f

Qa—i—bsu

s = s

has a unique real solution, denoted by r, which can be calculated by an algorithm to find roots of functions
(for example, it can be used the Regula Falsi method). Then, we obtain u, as the solution of the Poisson
problem (2.4) with s = r.

As far as we know, this is a new way to solve numerically the Kirchhoff problem. Other works, [12], apply the
Newton method and solve a linear system whose solution is an approximation of the discretized function v and
the nonlocal term in the Kirchhoff equation, both of them are solved together. The disadvantage of this method
is that the coefficient matrix of the linear system is ill conditioned in many cases. Other numerical works solve
the Kirchhoff problem in time using the separation of variables (see [16]).
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Second step:
We solve the adjoint problem. For it, we call s the nonlocal term:

S:/ 2b(Au)p. (4.1)
17}

Then, we define
Y= (a+br)p— us, (4.2)

which is the solution of the Poisson problem

—A) =u—wugin 2,
(4.3)
=0 on 0f2.
We obtain an expression of p by (4.2)
U+ us
= - 4.4
L (44)
which is replaced in (4.1). Using that
Au = — !/
a+br
we obtain a new formula for s
2bf
~Jo (a+br)? v
5= e : (4.5)

2bf
1 v
+ /Q (a+ br)? “
And, now we can calculate p by (4.4).
Thus, we have solved the Poisson problem (4.3), we have obtained s by (4.5) and, finally, we have got p by
the formula (4.4).

Third step:
We take a new a in order to repeat the first and second step. This a is obtained as

a = max{ag(z), 5(z)},

and ((z) is the positive root of the equation 22 + b(x)rz — % =0.
The algorithm finishes when the difference between the new a, and the previous one achieves a stop condition.
We write the algorithm:

e Initialize a
e Until convergence:
— Compute the state u given by the solution of the problem (2.2) for this a, compute the adjoint state p
and compute .
— Compute a™ = Py(B).
— Update a = a™.

In the following example we solve the optimality system numerically for the following data: ug = 0, the functions
areap = 1,b=1and f(z) = 2% sin(z), £2 = (0, 7) and the differential equations are solved by finite differences.

We show the graphs of the optimal control, a, and the optimal state, @, in two cases: the first is for the
parameter B = 0.4, which gives @ = ap, and the second case is for B = 0.0004 which gives ¢ = —pAu/B in
(0,7) and @ = ap in the boundary of 2.
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FiGure 5. Function a, B = 0.0004. FIGURE 6. Function a, B = 0.0004.

Figure 1 shows @ when B is big. By (3.14) @ = ag, and ag is a constant function, ag = 1. The associated state
is provided in Figure 2.

When B is small, a = %A“, as we can see in Figure 3. Nevertheless, on 9f2 the function a is equal to ag
because p € H}(§2) and so, its trace is zero. Figure 4 shows the associated state. We can observe that it is
smaller than the state drawn in Figure 2.
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We can see a detail of @ with B = 0.0004:

Figures 5 and 6 provide a detail of @ in both sides of 042, x = 0, x = 7. In this two points, a is equal to
ap = 1, and for the rest of z, a = —22%

In a two dimensional case, we show the resolution with the data: ug = 0, ap = —3z — 3y + 10, b = x2 + y2,
f(z) =100, 2 = (0,1) x (0,1) and B = 0.00004. The partial differential equations are solved by P1 finite
element (software FreeFem).

Figure 8 provides the values of 4. Since B is small we are prioritizing to minimize the term of the state in the
functional J. In this case, we want @ to be as near as it is possible to uq = 0 (in the norm L?({2)). Nevertheless,
Figure 7 shows that a is big.

Next, we show in an example how the exact solution of the optimal control problem given in (2.1)—(2.3) is
well approximated by a solution of the optimality system (3.16). Let be 2 = (0,1), a0 =1,b=1/2, B=1 and
ug = —x(x—1). This function ug verifies a Kirchhoff problem (2.2) with f = 7/3, so u = ug and a = a¢ minimize
J and then, (uq, ag) is the solution of the optimal control problem. Although we do not know if the optimality
system has a unique solution, the results we have got by the numerical resolution of the optimality system are
those we should expect, (u4, ag). The following graphics are such solutions. Figure 9 provides @, Figure 10 shows
4 and Figure 11 draws the difference between 4 and ugy. As we can see, this difference is about le-4.
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