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INTERPENETRATION OF MATTER IN PLATE THEORIES OBTAINED
AS I-LIMITS *

HEINER OLBERMANN! AND ERIS RUNAZ

Abstract. We reconsider the derivation of plate theories as I'-limits of 3-dimensional nonlinear elas-
ticity and define a suitable notion for the interpenetration of matter in the limit configuration. This is
done via the Brouwer degree. For the approximating maps, we adopt as definition of interpenetration
of matter the notion of non-invertibility almost everywhere, see [J.M. Ball, Proc. Roy. Soc. Edinburgh
Sect. A 88 (1981) 315-328]. Given a limit map satisfying the former interpenetration property, we show
that any recovery sequence (in the sense of I'-convergence) has to consist of maps that satisfy the latter
interpenetration property except for finitely many sequence elements. Then we explain how our result
is applied in the context of the derivation of plate theories.
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1. INTRODUCTION

In the mathematical theory of nonlinear elasticity, the elastic deformations of an elastic body are identified
with (almost-) minimizers of some free elastic energy functional. This identification works as follows: The
reference configuration of the elastic body is some domain {2 C R", the deformation is a map y : 2 — R™, and
the associated energy I : X — R has as domain the function space of deformations y. Of crucial importance is
the right choice for the function space X. Unphysical deformations (e.g., non-injective maps, which represent
configurations displaying self-penetration of matter) should either be excluded from X, or the energy of these
configurations should be infinite, signaling that it is not possible to observe them in the “real world”. There
exists a large amount of literature on how to choose the function space of elastic deformations in a manner that
at the same time excludes unphysical configurations and ensures existence of energy minimizers. We do not
attempt to give an exhaustive literature review here, and only mention [1-4,6,16,17]. In [16], a framework has
been introduced that allows for cavitation, i.e., the free energy allows for the formation of holes in the elastic
body. Cavity formation can be observed in experiments; the mathematical theory for radially symmetric cavities
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has been developed in [4]. In [16], the function space X is chosen such that cavities created at one point cannot
be filled with matter from elsewhere. Clearly, this is another property that “physical” deformations of an elastic
body should fulfill. The mathematical formulation of this condition (called “(INV)” in [16]) is rather technical.

An important question in nonlinear elasticity is the relation between models in three, two and one dimensions.
Conceptually and mathematically, the most satisfying approach is the derivation of lower dimensional models
from a 3-dimensional one by I'-convergence [8]. In [11,12], a hierarchy of 2-dimensional plate models has been
derived from 3-dimensional nonlinear elasticity. These models can be classified by the assumed scaling of the
energy per unit thickness I;, in the underlying 3d theory, where h denotes the thickness of the elastic sheet.
Assuming I, ~ h?, where h is the thickness of the elastic plate, the I'-limit for § = 2 is nonlinear bending
theory [11]. The parameter choice 2 < 3 < 4 results in “von-Kdrmén-like” plate theories, see [12].

The 3d models taken as a starting point for this hierarchy of I'-limits do not require the condition (INV).
In [16] it is shown that in general, if condition (INV) is not imposed, it is possible to construct sequences of
(almost everywhere) invertible deformations of finite energy that weakly converge to a non-(a.e.) invertible one.
We will give a slightly more detailed presentation of this construction in Section 2.2. What matters for us is
that such a situation is potentially problematic for the derivation of plate theories by I'-convergence: A weakly
converging sequence of invertible (a.e.) functions might result in a non-invertible (a.e.) configuration with finite
elastic energy in the 2d limit theory. The obvious cure would be, of course, to impose condition (INV) on the
3d theory. In the present contribution, we show that this is not necessary.

In contrast to the existing mathematical literature on interpenetration of matter that mainly focuses on
finding sufficient conditions for invertibility of elastic deformations, we here identify sufficient conditions for
non-invertibility. Questions related to the image of Sobolev functions are known to be a delicate issue, and these
objects may display counter-intuitive features, cf. the pathological examples going back to Besicovitch [5,15].
Here, such pathologies are not problematic, because we want to show that the image of the considered functions
is sufficiently large.

This will be achieved in the main theorem of the present paper, Theorem 2.5. We will assume the typical
conditions fulfilled by sequences of elastic deformations of thin films in the derivation of 3d-to-2d I'-limits.
Additionally, we will assume that the limit configuration is non-invertible in a suitable sense, see Definition 2.2.
This definition is crucial for our method of proof to be workable. The statement of Theorem 2.5 is that under
these assumptions, the considered sequence yj of elastic deformations must consist of non-invertible functions
for h small enough as h — 0.

The structure of the present paper is as follows. In Section 2, we state our main result. In Section 3, we
recall some results from the literature that we will use for its proof. The proof of the theorem (see Sect. 4) is
based on a reduction to a 2-dimensional domain. The intersection on a sufficiently large set in the 2d-domain
is proved by a homotopy argument, and the passage back to the 3-dimensional situation is performed with
the help of the geometric rigidity result by Friesecke et al. [11]. In Section 5, we recall the derivation of plate
theories as I'-limits of 3d-nonlinear elasticity, and obtain some straightforward corollaries from the application
of Theorem 2.5 to these settings.

Notation. The symbol C will be used as follows. A statement such as “f < Cg¢g”, where f,g are quantities
that depends on a variable z, is to be read as: there exists a numerical constant C' > 0 with the property that
f < Cg for all x. The value of C' may change from one line to the next.

The d-dimensional Lebesgue measure is denoted by £¢. Further we write w(m) = I'(1/2)™/'(m/2 + 1); if
m € N, then w(m) is the volume of the m-dimensional ball.

2. STATEMENT OF RESULTS

2.1. Brouwer degree

First we need to recall the definition and some basic properties of the Brouwer degree. For U C R™ bounded,
f € C®°(U,R"), and y € R"\ f(OU) such that det Vf(z) # 0 for all x € f~1(y), the Brouwer degree is
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defined by

deg (f,U,y) = > sgn(det Vf(z)).

zef~1(y)

One can show that for ¢ € C§°(R™) with supp(¢) N f(OU) = 0, and any y € R™ in the same connected
component of R™ \ f(0U) as supp(yp),

deg (£, U,y) / p(e)dz = /U o(f(2))det ¥ f(z) da.

By this formula and approximation by smooth functions, one can define the degree for any continuous f €
C°(U,R™) and y ¢ f(OU). One can show that the degree only depends on f|sy. Hence, from now on, we write
deg (f,0U,y) = deg (f,U,y). Another basic property of the degree is

deg (f,0U,y) #0 = ye€ f(U).
On each connected component of R™ \ f(0U), deg (f, 90U, -) is constant. The latter yields the implication
Yo ea{yeR" deg(faava) :k} = Yo € f(aU)v (21)

for any k € N. Finally, we will need the homotopy invariance of the degree: If v : [0,1] — R"™ and H : [0,1] xU —
R™ are continuous, and y(t) ¢ H(t,0U) for t € [0,1], then

For the details of the definition and the proofs of the properties mentioned here, we refer to [9].

2.2. Invertibility almost everywhere and the example by Miiller and Spector

Next we introduce appropriate notions of invertibility for Sobolev functions.

Definition 2.1 (Invertibility almost everywhere [3,16]). Let U C R", and let f be (a representative of an
equivalence class) in Wh(U,R"™). We say f is invertible almost everywhere if there is a null set N C U such
that fly\ v is injective.

Note that invertibility almost everywhere only depends on the equivalence class.

In [16], Miiller and Spector gave an example of a sequence of a.e. invertible maps that weakly converge to a
map that is 2-to-1 on a set of positive measure. (As in [16], by saying that a map u is 2-to-1 at a point x we
mean that there exists exactly one point Z # x such that u(xz) = u(z).) Their examples were two-dimensional,
but similar (slightly more complicated) constructions can be carried out in higher dimensions too. Crucial for
their construction is the assumed regularity. The formation of cavities must be permitted, which is the case if
the deformations are W1? with p < n, where n is the dimension of the domain. We do not give the explicit
formulas for the examples, but only give a qualitative explanation and refer to Figure 1, where the construction
is sketched.

The domain of the example is a strip 2 C R%. The deformations are in W1P(£2,R?) for all p < 2, and are
constructed as follows: one starts off with the formation of one single cavity in a quadratic reference configuration,
and subsequent continuous deformation. This is depicted in the upper left frame in Figure 1. In the upper right
frame, this building block is scaled and periodically continued to a larger square. Two of these larger squares
are the end parts of the deformed rectangular strip «({2). Then the strip is bent so that material from one end
covers the voids from the other (see the lower left frame of Fig. 1). The map constructed in this way is invertible
almost everywhere. Letting the period of the perforation tend to 0, the resulting sequence converges weakly in
WhP(02,R?), for all p < 2, to a deformation that is 2-to-1 on a set of positive measure (see the lower right frame
of Fig. 1).
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creation of rearrangement

a cavity of matter

F1GURE 1. The pathological example by Miiller and Spector.

2.3. Interpenetration for codimension one maps

For maps R"~! D U — R" as they occur in plate theories, the above definition of invertibility almost every-
where is not suitable. Here, modifications on sets of measure zero will be enough to make deformations with
interpenetration of matter injective. We by-pass this problem by restricting ourselves to continuous deforma-
tions — in fact, we will even require Lipschitz continuity, since this is general enough for all applications to the
derivation of plate theories.

For U C R"1, we let U C R" denote the boundary of the cylinder over U:

U:=0d(U % [0,1]).
In the following, we will identify U with U x {0} c U.

Definition 2.2 (Interpenetration). For i € {1,2}, let U; C R"~! be simply connected Lipschitz domains and
u; € Lip(U;, R™). We say that us interpenetrates uy if there exists a Lipschitz-continuous extension @; : U; — R”
of uy with the following properties:

(i) The sets
{x € Us: us(x) & 01 (Uh), deg (@1, U, ua(z)) =k}, keN

have positive £*~I-measure for at least two different k& € N.
(ii) The extension satisfies

ﬁl(Ul \Ul) N U2(U2)

@7
0. (2.3)

We have depicted the extension 41 : Uy — R™ in Figure 2, and the typical situation of interpenetration in
Figure 3.

Example 2.3. Let U; = Uy = [0,1]? and v; : CY(U;) for i = 1,2. Moreover, suppose that the set A; :=
{z: vi(z) <va(z)} and that Ay := {x: ve(z) < wvi(x)} are both open, non-empty and simply connected.
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FIGURE 2. The extension @ : U; — R3.

UQ(UQ)

FI1GURE 3. An example of interpenetration.

Set u;(2') = (a',v;(2")) for i = 1,2, and define the extension of u; by 4 : (A/'Al = 0[0,1]® — R?, (2/,23) —
(2, v1(2") + 23 M), where M := sup |vg — v1]|. We will now check that deg (uy, Uy, z) = 0 for z € Ay and that
there exists z € Ay such that deg (u1, Ui, z) > 0. Indeed, there is an obvious way to extend 4 to [0, 1]3:

ay 0,1 = R (2, 23) = (', v1(2') + 23 M).

Trivially, 4; = 4} on U;. Hence, deg (121,(71,-) = deg (ﬂ’{,f]l,-). For 43, we may compute the degree by
(cf. Sect. 2.1)

deg (03,01, 2) = Z sgn(det (Va7 (x))).

zeay(2)

For every z € R3, we have that (a)”" (z) is either empty or has one clement. In the latter case, it holds

det (Vai(z)) = det <(vi,‘i)T ‘1)) _ 1,

where @%(z) = z. In particular for any # € Ay, one has that deg (a%, Uy, us(2)) = 0. On the other side, one
easily sees that for every x € Ay one has that

deg (’lflk, Ul,UQ(.T)) =1.

Thus us interpenetrates u;.
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UQ(UQ)

u1(Ur)

FIGURE 4. Interpenetrating curves with deg (1, U1, ua(z)) # 0 for all extensions 41 of uq and
z € Us.

Remark 2.4.

(1) Definition 2.2 is asymmetric with respect to uy, ug. This is done on purpose. It is always possible to reverse
the roles by shrinking the domain of Uj, but we are neither going to prove nor use this fact.

(2) If U is closed and u : U — R3 is an embedding, then there do not exist disjoint subsets Uy, Us C U such that
ug = ul|y, interpenetrates u; := u|y,. The converse is not true: there exist non-injective maps v : U — R?
such that it is not possible to choose Uy, Us such that ug interpenetrates uy (defined as before). This is
the case, e.g., if the graphs «(Uy) and u(Uz) touch, but do not intersect. This is a desirable feature of a
definition for interpenetration of matter. Indeed, two surfaces that are touching but can be separated via
infinitesimal perturbations, should not be considered as interpenetrating, as they can be approximated by
recovery sequences with disjoint graphs.

(3) Even though we chose the case of intersecting graphs to illustrate Definition 2.2 in Example 2.3, the definition
is much more flexible than that. In particular, it is invariant under surface reparametrization.

(4) It might seem at first sight as if the requirement that the sets

{zeUs: us(z) & a1 (Uh), |deg (i1, Uy, ug(2))| = k}

have positive measure for k € {0,1} would be equivalent to Definition 2.2 (i). However this would exclude
cases such as the one depicted in Figure 4 (where n = 2), which are also covered by Definition 2.2 (i).

2.4. Statement of the main theorem

Let S C R? be open and bounded, and let 2, = S x (—h/2,h/2). We write 2 = (2;. We will consider
sequences of functions z, : 2, — R3. It is convenient to define them on the same domain by introducing
yn : 2 — R wvia yp, (71,22, 23) = 21(21, 72, has). Also, we introduce the scaled gradient

1
Viy = (V’y, E&s@/) .

Theorem 2.5. Let S, 2, and {2 be as above, and let Uy, Us C S be disjoint simply connected Lipschitz sets.
Let up : Uy — R3, us : Uy — R? be Lipschitz and let us interpenetrate uq, let € > 0 and Yn a Sequence in
Wh2(0Q,R3) such that

||dist (Vhyh,SO(B))||2L2(Q) < Chlte (2.4)

and

1/2
][ yn(x3) deg — u;  in WH2(U;, R*)as b — 0 fori=1,2. (2.5)
—1/2

Then, for h small enough, yy is not invertible almost everywhere.
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Remark 2.6. The crucial assumption here is (2.4). This condition (or, more precisely, its 2-dimensional analog)
is not fulfilled by the pathological examples from [16], whereas it does hold true for recovery sequences in the
derivation of plate theories by I'-convergence.

3. PRELIMINARIES

For A C R™, we recall the definitions of m-dimensional Hausdorff and spherical Hausdorff pre-measures and
of the “packing measure”,

H5'(A) =inf {w(m) Z2‘mdiam (Aj): ACUjA;, diam (4;)/2 < (5}
S§*(A) =inf {w(m) erm A CUjB(zy,15), 15 < (5}

P (A) =w(m)d™ inf {#{B(wi,é)} : UB(:E,», 8D A}

where m € [0,00). In the above definition, we also allow § = co.
It is well known (see e.g. [10]) that the limits lims_o H}", lims_.o S§" define Borel measures H™,S™ on R",
and that there exists a numerical constant C' = C(n) such that

C7ISP(A) < HPY(A) < CSPY(A) and PJ* > SP(A) > H™
for every A C R™. Also, we recall the definition of the 1-capacity of a set A C R"™,
cap,(A) = inf{Per(F) : E is an open set of finite perimeter and A C E}.
From these definitions, it is easily seen that there exists a constant C' = C'(n) with the property
cap;(A) < OHL (A) forall A CR". (3.1)

We cite the relative isoperimetric inequality for sets of finite perimeter. In the following statement, for a set of
finite perimeter E, 0, F denotes the reduced boundary of E (see [19]).

Theorem 3.1 ([19]). Let U C R™ be a bounded open set with Lipschitz boundary. Then there exists a constant
C = C(U) such that for every set E C R™ of finite perimeter,

min {|ENU|,|U\ E|}"" V" < cH" Y(0,ENU). (3.2)

The same inequality holds true if one considers instead of U the whole R™. Namely, there exists a constant
C = C(n) such that

min {|E|, |R" \ E[}"" /" < CH"'(0.E). (3.3)

Using the previous theorem, we will now prove a version of the isoperimetric inequality involving capacities
instead of the Hausdorff measure. Note that due to cap; < C'H%~! the next lemma is stronger than Theorem 3.1.
Lemma 3.2. Let U be a bounded open set with Lipschitz boundary. Then there exists a constant C = C(U)

such that for every bounded set E of finite perimeter,

(min ([ENU|,|U\ E|)™ /" < Ccap, (0. EN ). (3.4)
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Proof. Suppose that the claim of the lemma were not true. Then there exists a sequence of sets E C R™ such
that

(min (| B, NU, U\ B )" D" > kcap, (8. B N U). (3.5)
Let us split the proof in two cases: either there exists an M and a sequence {E}} such that
min(|E, NU|,|U\ Eg|)" /" > M
or for every sequence such that (3.5) holds, one has that
min(|E, NU|, U\ Ep)" /™ | 0as k T co.

To deal with the first case, we will show that it is not possible to have min(|[E N U|,|U \ E|) > M and
cap,(0+ENU) < e, with € suitably small. To show that also the second case leads to a contradiction, we will
use a spatial scaling and basically reduce ourselves to having

min(|E N U, |0\ B|) =

Case 1. There exists an M and subsequence {Ey} such that min(|Ey N U|, |U \ Ex|)™~Y/™ > M. The bound-

edness of U implies that cap,(0.E; NU) < w In particular, one has that cap,(0.Ex NU) | 0. Fix

€ > 0 sufficiently small. By the definition of 1-capacity, there exists an open set of finite perimeter Vj such that
0B NU C Vi, and Per(Vy) < cap; (0«Er NU) + ¢ < 2¢. Using the second part of Theorem 3.1, one has that
[Vi| < Ce™/ (=1 Let us define Ej, := Ej, UVj,. We claim that

3*Ek NU C 0.V (36)
Indeed, note that 0. (Er U Vi) NU C (0+E, U 0. Vi) NU. By 0.E, NU C Vj, one has that every z € 0, E}, is an
interior point (and in particular a set of 1-density, see [19]), and thus « & 0.(E) U Vi) N U which proves (3.6).

Hence,
min (|E, NU|, |U\ Ex|) < Cmin (|Bx N U, |U\Ek\>+05”/” D
n/(n—1)
<o < H1(, By ﬂUk)) +5”/(”1)>

<cw ( Per(V3,))™/ "~V 6n/(n—l))

) (en/(n= 1>) (3.7)

Q

where in the second inequality above, we have used Theorem 3.1. By the arbitrariness of €, we obtain a contra-
diction.

Case 2. Let us now suppose that for every sequence Ej, such that (3.5) holds, one has that min(|E, N U], |U \
Ex|) | 0. Without loss of generality we may assume that min(|Ex N U|,|U \ Ex|) = |Ex N U|. Note that both
sides of (3.4) have the same spatial scaling. Thus, there exists A\x > 0 such that |\ Ex| = 1 and

A Er| Y/ > Ecap, (M0 E\) N (AU)).

Hence, by rescaling by \j, one can assume without loss of generality that | Ex| = 1 and Uy T R?, where Uy, := A\, U.
After this observation the proof will proceed in a similar fashion as in the first case. As in the previous
case, one has that cap,(0.(E; NUy)) | 0. Using the definition of 1-capacity, there exists an open set of finite
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perimeter Vj, such that 0, (Ex NUy) C Vi, and Per(V;,) < cap, (0. (ExNUg)) +¢ < 2¢. Without loss of generality,
we may assume additionally that |Vi| < +oo. Indeed, let B D U be a ball, and By, := A\xB. Because By, is convex
one has that Per(By N Vi) < Per(Vy) thus by taking Vi N By, instead of Vi, one has the additional requested
property.

Using the second part of Theorem 3.1, one has that |V} < Ce™/ (=1 Denote by E) := Ex UV}, and notice
as before that 9,E, C 9,Vj. Hence, following exactly the same chain of inequalities as in (3.7), this gives a
contradiction as before. O

3.1. Miscellaneous results from the literature
In the proof of our main theorem, we will use the following geometric rigidity result.

Theorem 3.3 ([11], Thm. 3.1). Let U C R™ be a bounded Lipschitz domain, with n > 2. Then there exists
a constant C = C(U) with the following property: For every v € WLH2(R™), there is an associated rotation
R € SO(n) such that,

IV0 — Rll 2w < Cldist (Vo, SO(m)) |2
The constant C(U) is invariant under rescaling of the domain.

We will also use Zhang’s Lemma [18]. An inspection of its proof in the latter reference shows that the following
(slightly modified) statement holds true as well.

Theorem 3.4 ([18], Lem. 3.1). Let K > 0. There exist constants C1 = C1(n,m), Cy = Ca(n,m, K) with the
following property: If U C R™ is open and bounded, f € WHY(U,R™) and ¢ > 0 such that

/ |V fldz < e,
UN{|IVfIZK}

then there exists f € W12 (U,R™) such that
||vf||L°C(U) <(iK,
£ ({z: f2) # f@)}) <Cae.

4. PROOF OF THEOREM 2.5

Let S, 2 and (2;, be as defined in Section 2.4. Our strategy is as follows. In Proposition 4.2 below, we will
consider maps y, on a 3-dimensional domain. We reduce the domain to 2 dimensions and assume that the thus
obtained maps are 2-to-1 on a “large set” in terms of capacity, and we will show that this is sufficient to conclude
that the maps y;, are 2-to-1 on a set whose £3-measure is of order h2. This will be the main step in the proof
of Theorem 2.5. In the proof of the proposition, we will need the following lemma;:

Lemma 4.1. Lete >0, z;, € S, a € (0,1/2], and y, € WH°(02,,; R3) with
/ dist (Vyn, SO(3)) dz <Ch3*e,
B(xp,ah)
[Vynl|Le <C.

Then there exist rigid motions Ay, : R? — R? such that

sup  |yn(a') — Ap(2')| < ChMFE. (41)
z'€B(xp,ah)

where € =¢/(3 +¢).
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Proof. By Theorem 3.3, there exists a numerical constant C' = C(C1, Cs) and Rj, € SO(3) such that
/ |Vyn — Rp|? do < Ch3FE,
B(zp,ah)
We set
= (o)~ Rie) d,
B(zp,ah)

By the Poincaré inequality, there exists C' = C(Cy, C2) such that
/ lyn(x) — Rpx — b |> doz < ChOTe. (4.2)
B(xp,ah)

Let Ap be the rigid motion
T — Rpx + by.

Since ||yn — Ah”%/VLQ(B(mh,ah)) < Ch*te, and ||y, — AhHI%Vl‘O"(B(z;,,,ah)) < C, we also have

IV (yn — Ah)HIL)p(B(wh,ah)) < C(p)h3+€

for all p € [2,00).
Let wp, = yn, — Ap, and B = B(ap, ah). Using (4.2) and Holder’s inequality, we have

£ onl < i (/. w;ﬂ)m (3) (ah)*) /2

< Ch(2+5)/2.

We set p = 3 + ¢. For « € B, we have the following estimate (which is used in a similar fashion in the proof of
Morrey’s Inequality, see e.g. the proof of the latter in [13])

f lunta) ~wn@)a: <c [ FeSla.

[z — 22

1/p (p—1)/p
<C (/ |th|p> (/ |z — Z—2p/(p—1))
B B

SCh(3+E)/Ph1_3/p

SCh1+E/(3+6).
Thus we get
sup |wp (2)] < \wh\ dz 4 sup ][ |wp(z) — wi(z)|dz < Ch'te (4.3)
zeB rEB
which proves (4.1). O

Proposition 4.2. Let y;, : {2, — R? be Lipschitz, and let C* > 1, > 0 such that

/ dist 2(Vyp, SO(3)) dz < C h?*e,
2

||vthLoo SC*
Further, with up(-) = yn(-,0), and

Fy :={x: there exists ' € S s.t. up(z) = up(2') and |x — 2’| > 2h}
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assume that
cap, (Fh) >C1  forall h < hg

for some constants C1,hg > 0. Then there exists ¢ = ¢(Cy) > 0 such that for h small enough,
L3 ({x : yp is not 1-to-1 at x}) > ch®. (4.4)

Proof.
Step 1. Covering of F}, by balls of size h and definition of auxiliary partitions. For simplicity let us denote

Ep ::/ dist > (Vyn, SO(3)) dz.
25

Fix a set of points X;, = {«;}icr C Fj such that Fj, C UrB(z;,h/2) and B(x;, h/10) N B(z;,h/10) = () for
1 # j. Such a set X, exists by Vitali’s Covering Lemma. By definition of F}, we may define a function Fj, — F},
x +— T, such that up(x) = up(z) and Bz, h/2) N B(z,h/2) =0 for every x € Fy,.

In the following, we identify the points € X}, C S with the points (z,0) € S x {0} C 25, and whenever we
speak of a ball around a point x C X}, it is understood to be three-dimensional.

Now we introduce several useful partitions of X}. First, we define the set of z € X}, with “low energy”,

4
X = a:eXh:/ dist 2(Vyn, SO(3)) < hoth , (4.5)
B(x,h/10) Gy

where Cy is the constant from (3.1) with n = 3. The complement (the set of x € X} with “high energy”) is
denoted by X&' = X, \ XJov.

Secondly, for x € Xj,, we write M (x) := B(z,h/(20C*)) U B(Z, h/(20C*)). We define the set of x with “low
pair-energy” as

_ 4h
X}LOW =qr e Xy / distz(Vyh, SO(3)) < Cs By 5. (4.6)
M(x) C1

The complement (the set of x € X, with “high pair-energy”) is denoted by X ,};igh = X5 \ Xjov.

Finally, we introduce the partition X;, = G;, U By, where we call G, the set of “good” points and Bj, the set
of “bad” points. We define the set of “good” points as the union G, = G} U G2, where the latter are defined as
follows,

Gh={xeX)™ I € X}, x £/, with |yn(z) — yn(a')| < h/10}, (4.7)
and B
Gi = X;°%. (4.8)
Now we claim that there exists a constant Cs > 0 such that for h small enough,
#Gp, > C3h71 (4.9)
and
L£3({z' € B(x,h/10) : yj, is not 1-to-1 at 2’}) > C3h®  for all z € Gj. (4.10)

This will be enough to prove the proposition since the balls of radius h/10 and centers in X; are mutually
disjoint.

Step 2. Proof of (4.9). Recalling the relations between capacities and Hausdorff pre-measures we have cap; <
OzHio < C’gP}L /2 for some numerical constant Cs. Hence P,}L /2(F n) > C1Cy 1, and in particular for every covering
of F}, with balls {B;} of radius h/2 we have that

23 r(Bi) > C1Cy ", (4.11)
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where 7(B) denotes the radius of the ball B. Applying (4.11) to the cover by balls with centers in X}, constructed
above, we get

1 C
#X0, > TP > !

2 e (4.12)

By definition, B, = X} \ Gp,, and hence
B, = {.Z‘ € X,"8" : Either (az € X}}Zigh) or (Az' € X}, x # ', with |y, (z) — yn(z')| < h/10) } (4.13)

Hence we have B, C B,ll U 8,21 with

i 4hC:
B = Xt — {x € Xp: / dist (Vyn, SO(3)) > 2Eh}, (4.14)
B(,h/10) 1
and
B = {x e X0V (w € X,};igh> and (Ar' € X}, 2’ # 2, with |yn(z) — ya(2')| < h/10) } (4.15)

By (4.14) and the fact that the h/10-balls with centers in X}, are mutually disjoint, we have

Gy

1
<
#Bh — 4C5h

(4.16)
For x1,29 € B2, we have
_ _ 1 _ _
Ty — To 25|yh(731) — yn(z2)|
1
=g 1n (1) = yn(@2)]
h
>—a
—10C*

(4.17)

and hence the balls B(Z, h/(20C*)) with 2 € G? are mutually disjoint. By the definition of X,}lligh, this implies

Gy

2
< )
#Bh — 205h

(4.18)

Combining (4.12), (4.16) and (4.18), we have proved (4.9) for C3 < %Cdat

Step 3. Proof of (4.10) for x € G}. Let € G}. By the definition of G} in (4.7), there exists 2’ € G}, 2’ # ,
with |yn(z) — yn(2’)] < h/10. Let Bf = B(x,h/10), Bf = B(xz',h/10). The conditions of Lemma 4.1 with
a = 1/10 are fulfilled for y;, on both of these balls, and hence we obtain the existence of rigid motions A7, A'fl/
(depending on z,z’, h) that satisfy

sup lyn(2) — AZ(2)| < CRIYE, sup |yn(2) — AF (2)] < ChIF, (4.19)

z€BY zeB2’

Note that C' is independent of z,z" € G} and of h. The images of B and B,f/ under A7 and A'fl/ respectively
are balls of radius h/10 and centers Af (z), A'fl/ (2'). By (4.19),

1 /
sup inf —|A%(z) — A7 (2/)] < 1/10. (4.20)
h>0z€GL N
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Set
L3(B(0,1) N B(e1,1))

£3(B(0,1))
By (4.20), given 6 > 0 sufficiently small, we may choose h1 = h1(d) such that for all h < hq, there exists a
set W), C Bf with

Co —

L3 (Wh) >(co — 8)L%(By) (4.21)
AR (Wh) CAY (BE) (4.22)
’ !’ 5h
dist (47, (W), A} (0B) > - (4.23)
In particular, (4.22) implies
deg (A¥ ,OBF , Af(2)) =1 for z € Wy, (4.24)

We define homotopies Hy : [0,1] x Bf — R3, HE :10,1] x B_,f/ — R3 by

Hi(t, z) =tyn(z) + (1 — 1) A5 (2)
HY (t,2) =tyn(2) + (1 — 1) AF (2). (4.25)

By (4.19) and (4.23), we have (for h small enough)
Hi(t,z) € HF (0BY) fort €[0,1], z € Wy,
By (2.2) and (4.24), this yields

deg (A}, 0B}, A7 (2)) = deg (H} (0,-),0B7 , Hy(0, 2))
=deg (H}' (1,-),0B7 , Hi (1, 2))
1

= deg (yn| g, OB} yn(2)) = 1 for 2 € Wy

By (4.21) and the arbitrariness of 4, this implies

ot o 2P S 1)
26 £3(B) Z 0. (4.26)

Note that deg (yh|Bz/,8B,{f/, yn(z)) = 1 is sufficient to conclude that y, is not 1-to-1 at z € Bj.. Hence, (4.26)
proves (4.10) for z € G}.

Step 4. Proof of (4.10) for z € G7. This closely parallels the previous step, this time using the balls Bf =
B(xz,h/(20C*)), Bff = B(Z,h/(20C*)). As in the last step, we use Lemma 4.1 to obtain rigid motions A¥, A7
that satisfy

sup lyn(2) — AF(2)] < Ch*E,  sup |yn(2) — AZ(2)| < ChI+<.

zeBy zeBy’

Here, we even have

o1 -
,{gzlengfi 7 145(@) — A3 (2)] =0,

and hence , ) PR
i nf 202 € Bir i deg (43,083, Aj(2) =1}) _
h=02e6} L3(By)




132 H. OLBERMANN AND E. RUNA

and ~ i,
lim inf L3 ({z € Bf : deg (A7,0B%, A7 (2)) = 1}) _1
h—0zeg? L3 (B,Il)
This proves (4.10) for z € G7 and completes the proof of the proposition. O

Proof of Theorem 2.5. Let z, € W12(§2;,,R?) be defined by

2n (2 has) = yp(2',23)  for all 2’ € S, x5 € [-1/2,1/2].

By (2.4),
[dist (Vzp, SO(3))[|72(q,) < Ch**. (4.27)
Step 1. Approximation by Lipschitz functions. Using (4.27),
/ |Vzp| da §L V23| dz
[1V21>2v3) 2V3 J{va>2v3)

4 / . .9
<—— dist “(Vzp,SO(3)) dz
23 Jwaioav

SChQJrE.
We apply Theorem 3.4 (with K — 2v/3, f — 2, ¢ — Ch?*) and obtain z, € W (£2;,, R3) such that

{zn # Zn}| <Ch**e (4.28)
IVZhllLoe () <C- (4.29)

Step 2. Extension to a sphere. By Definition 2.2, there exists an extension w; : U1 — R3 such that equation (2.3)
is fulfilled. For § > 0, let
Ui :={zx € Uy : dist (z,0U1) < d}.

Now we choose § so that

Ul(Ul,é) n UQ(UQ) = 0.

Such a choice of & is possible by the fact that wus interpenetrates wu;, cf. Definition 2.2. Set § :=
dist (u1 (U 5), u2(Us)). Next let x5 € C§°(Uy) with x5 =1 on Uy \ Uy 5 and || Vxs| L= < C6~ 1. Set

2h(xa0) ifSL'GUl\Ul,(;
Q1 p(x) = < xs(x) (Zr(2,0)) + (1 — xs(x))u(z) ifxe Ul:‘s (4.30)
iy () if z € 90U, \ Uy
and
ug.n = Zn(: 0)|v,- (4.31)

Step 3. Convergence of Brouwer degree in L!.
Let

E = {ZL’ els: UQ(.T) S ﬁl(Ul)}
We claim that

deg (al,hvﬁla 'U/th(')) - deg (ala Ulv UQ())
in LY(Us\ E) as h — 0. (4.32)

We prove this claim by a homotopy argument.
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By definition of z;, and (2.5),
][ dzszp (s, 23) — u; in W1’2(UZ~,R3).
[=h/2.h/2]

By definition of Z, this holds also true if zj is replaced by Zj. By the uniform Lipschitz bound (4.28) on Zj,
we also have
Zu(-,0) = u; in WH(U;, R?).

By the definitions of 4y p,uz2 5 in (4.30) and (4.31), we get
Gy — 01 in WH2(U,R?)  and  ug — up in WH2(Uy, RY). (4.33)

Since the uniform Lipschitz bound holds for Z,, there also exist uniform Lipschitz bounds for @, and us p
by definition of the latter two. Hence the weak convergence in (4.33) is also true in W1 for every 1 < p < co.
By the compact Sobolev embedding, we have ;5 — 4; and ugj — ug in C%« for every 0 < o < 1, and in
particular, we have uniform convergence.

Set E. := {z € Uy \ E : dist (z,Us). Since E is relatively closed in U, we have £L2(E.) — 0 as ¢ — 0. The
claim (4.32) follows from the continuity of the degree function in the first and the third argument with respect
to uniform convergence.

Step 4. Application of isocapacitary inequality and passage back to 3d. By the definition of interpenetration
(Def. 2.2), there exist ki, ko € N, k1 # ko and some C > 0 such that

‘{JJ € Uy : deg (ti1, Uy, us(x)) = ki}| > C for i =1,2.

Hence by Step 3, there exists hg > 0 such that

‘{x € U : deg (tirp, Ur, ug p(2)) = ki}t| > Cfor i = 1,2 (4.34)

for h < ho (which we assume from now on). Let
Ah = {ZL’ S U2 : deg (ﬁl,h,ﬁhug’h(l’)) = k‘l}

and let Us denote the interior of Us. Then by (4.34), min(|Ap N U3, |US \ Ax|) > C. We apply Lemma 3.2 and
obtain

cap,(0A, NUS) > C. (4.35)
On the other hand, x € 0A;, N Us implies
ugp(z) € My € R3 : deg (G, Ul,y) =k}

and hence by (2.1),

04, NUy C{zx € Uz : uagp(x) € u1,1,(U1)}-

By the definition of 4,5, in (4.30) and the uniform convergence 1y 5 — w1, U2, — u2, We may assume that
dist (x, 0Uz) > § whenever ug p(x) € t1,,(U1), whence 41 p(z) = up(z) for x € 0A, NUs and

0A,NU; C Fy, :={x € Uy : there exists Zs.t. up(z) = up(Z) and |x — T| > 2h}.
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By (4.35), we have proved
cap, (Fh) > C.

By this last inequality and the results from step 1, the conditions of Proposition 4.2 are fulfilled and we can
apply it to Z, and obtain that

L3 ({x: %, is not 1-to-1}) > ch?.
By (4.28) and the definition of zj,, one has that
L£3({x: 2, is not 1-to-1}) = L ({x : yp is not 1-to-1}) > ch?,
which concludes the proof. O

5. APPLICATION TO PLATE THEORIES DERIVED AS [-LIMITS

As before, let S C R? be open and bounded and 2 = S x [-1/2,1/2]. We define the elastic energy of a
3-dimensional body. Let the inhomogeneous stored energy W : 2 x R3*3 — [0, 00) satisfy:

(i) W(x,FR)=W(x,F) for all R € SO(n).

(il) W(x,idsx3) = 0.

(iit) W (z, F) > cdist?(F, SO(3)) for some uniform constant c.
(iv) W e C’2 (S,T) where T is an e-neighborhood of SO(3).

(v) W(x,F)=W(z,F)if (v — z)||es.

We introduce the quadratic forms Qs : 2 x R3*3 — R, Q2 : S x R?*2 = R by

_ DW(x,F -
Qs(z, F) = %H:E,F:id(FaF‘)

Q2(Z', F') =min{Q3(z,F' +a®es+es®a) :a € R*}.
The integral of W satisfying properties (i) through (v) above is the (rescaled) elastic energy functional

I Wh2(Q,R3) - R
y = [o Wz, Viy(z))de.

The penalization of interpenetration of matter is expressed in a modification of the 3d energy functional Ij,,
assigning infinite energy to non-physical deformations. We define Ij, : W12(2,R?) — R U {+oco} by

\Y do if yisi tible a.e.
h() {fg 1’ hy )) x 181832.15 invertible a.e (5.1)

5.1. Contractive maps

In [7], the I'-limit of the functional h=PIj, for the scaling regime 0 < 3 < 5/3 has been derived (using results
from [14]). The result can be stated as follows: We say v, € W12(£2;,, R3) converges uniformly to u € W12(S, R?)
as h — 0 if

’lliir})ess sup(mm’xg)egh\yh(xl,xg,acg) —u(x1,z2)| = 0.

Further, we say that u € W1°(S,R?) is short if

VulVu < idoxo a.e.
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i.e., idayo — VuT Vu is positive semi-definite almost everywhere. The I'-convergence result from [7] can be stated
as saying that for 0 < § < 5/3,

(F  tim h_ﬁlh> () = {0 if w is short
h—0 400 else,

where the I'-limit is taken with respect to uniform convergence. In fact, it could just as well have been formulated
for weak convergence in W12(£2,R3) (see the discussion in [7]). This result includes the trivial lower bound

lim inf h=PI,(yn) > 0

for sequences yy, that converge towards a short map u. The application of Theorem 2.5 immediately yields the
following corollary, that is a sharper lower bound for h=1, for 1 < 8 < 5/3.

Corollary 5.1 (To Thm. 2.5). Let 1 < 3, u € WH(S,R3), and let Uy,Uy C S be disjoint simply connected
Lipschitz domains such that with uy = u|y,, us = uly,, uz interpenetrates uy. Further let y, € WH2(§2;,)
converge uniformly to w. Then B

lim igfh*ﬁfh(yh) = +00.
5.2. Nonlinear bending theory

In [11], the nonlinear Kirchhoff plate theory was obtained as the I'-limit of the scaled functional h=2Ij.
Nonlinear plate theory can be defined as follows:
Let the set of W2 2-isometries of S into R3 be denoted by

A={uecW?*»?(S,R?) : Vul Vu = idyyo}.
Further, the second fundamental form is given by
I,y = Vu' - Vu,

where v = u; A up is the normal of the isometry u. Nonlinear plate theory may be defined via the energy

functional )
I8 W22(8 R3) — RU {+o0}

. {ifSQg(x’,H[u])dx’ ifueA

+o00 else.

The limiting deformations with finite bending energy will be the set of y € W12(£2,R?) such that there exists
u € A with
y(2',z3) = u(2’) for a.e. 2’ € S,z3 € [—1/2,1/2]. (5.2)

We define the auxiliary functional IX : W12(£2,R3) — RU {+oc} by

I (y) =

{IKh‘ (u) if Ju € A such that equation (5.2) holds (5.3)

00 else.

Theorem 5.2 ([11], I" — lim inf-inequality).
Let yp,y € WH2(Q,R?), yp, — y in WH2(2,R3). Then

liﬁn iglf 20, (yn) > I:ﬁfih' ()

The application of Theorem 2.5 to nonlinear bending theory yields the following sharper version of the lower
bound for h=21,.
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Corollary 5.3 (To Thm. 2.5). Let u € A, and let Uy, Uy C S be disjoint simply connected Lipschitz domains
such that with uy := u|y,, us := uly,, us interpenetrates uy. Further, let y, — y in WH2(02,R3), with

and

limsup A~ 2||dist (Vyn, SO(3))||2LQ(Q) < o0
h—0

y(2' z3) =u(z’)  forae 2 €S x3€([-1/2,1/2].

Then

lizn igf 21, (yp) = +o00.

Remark 5.4. In the case > 2, a consequence of the compactness part of the I'-convergence result for h=21;,
in [12] is the following: whenever

limsup h ?T"(y) < 0o and  y, — y in WH2(02,R?)
h—0

then y is (up to a rigid motion) just the projection onto the first two components, y(z) = z’. This indicates
that if .S is connected, and Uy, Us C S are disjoint subsets, it is impossible to state sufficient conditions for the
limits that assure that yn|(u,uv,)x[~1/2,1/2] 18 2-to-1 on a set of positive measure. One can still create a setting
in which our main result is applicable, considering reference sets S with more than one connected component.

We

(1]
2]
(3]
(4]
(5]
[6]
[7]
(8]

[9]
(10]
(11]
(12]

(13]
(14]

[15]
(16]

(17]
18]

(19]

refrain from doing so here for the sake of brevity.
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