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STRICT CONVEXITY AND THE REGULARITY OF SOLUTIONS
TO VARIATIONAL PROBLEMS *

ARRIGO CELLINA!
Abstract. We consider the problem of minimizing
[ Vo@) + e v@lde on u -+ Wo(2)

where £2 is a bounded open subset of RY and L is a convex function that grows quadratically outside
the unit ball, while, when |Vv| < 1, it behaves like |Vu|? with 1 < p < 2. We show that, for each
w CC {2, there exists a constant H, depending on w but not on p, such that both

Vu
v < H and | =22 flwrzg) < —
H UHWL?(w) = an H |vu‘2,p||W1 2(w) (p_ 1)2

loc

in particular, for every i = 1,...N, we have max{%, lug, |} € Wh2(02).
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1. INTRODUCTION

This paper is concerned with the regularity properties of solutions to variational problems and, more precisely,
with their properties of higher differentiability. We consider the problem of minimizing

/Q[L(Vv(x))+g(ac,v(x))}dx on w + Wh(Q) (1.1)

where L is a convex function and (2 a bounded open subset of R"V. We wish to explore the effect of an increase
of the strict convexity of the Lagrangian, with respect to the variable gradient, on the regularity of the solution;
more precisely, we consider a problem where L grows quadratically outside the unit ball, while, when |Vv| < 1,
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it behaves like |Vo|P with 1 < p < 2; hence, near the origin, the norm of the matrix of the second derivatives
of L diverges, making the problem very strictly convex when |[Vu| is small. Our Theorem 2.2 below describes
how this increasing in the strict convexity of L affects the higher differentiability of the solution w, when |Vu|
is small.

Regularity results in the sense of u being in C*® for L(¢) = |¢|P with p > 1 have been proved by Uhlenbeck [8],
Lewis [6] and Tolksdorf [7] for ¢ = 0 and by Di Benedetto [2], Acerbi and Fusco [1] in the general case; very
recently functionals with different conditions on {|£| > 1} and on {|¢| < 1}, (with g = fu) have been considered
by Colombo and Figalli [5] and the regularity C1 of the solution established; these results and techniques are
different from ours.

2. STATEMENT OF THE THEOREM

The integrand L of (1.1) is described as follows: for some 1 < p < 2, we shall consider the function

1
§|t\2 +1 for |t| > 1

I(t) = .
m=27 4 (2.1)
—[tP+ = — - for |t| <1
p 2 p

and set L(§) = 1(]¢]). We have that, calling Hr,(¢) the matrix of second derivatives of L computed at &,

(p—2)EP~ e @&+ [€P72T for [¢] < 1

1 for €] > 1 22)

H(€) :{

so that 2T Hp (€)z > |z|? for all ¢, while |Hp(€)| — oo as [¢] — 0.
The assumptions on g are:

Assumption 2.1.

i) There exist 7 € L'(£2) and a non-negative A\, € L (£2) such that for a.e. z € 2 and every u, we have
g(z,u) > 7(x) = Aglul.
ii) There exist non-negative Ao € L (£2) and Ao € L§2.(§2), such that |g, (2, u)| < A2 (z) + Aoo () |u.

loc

Functions like g(z,u) = A2 (2)u or g(z,u) = (sin(z1)u)? satisfy Assumption 2.1.

The map I, and the map I,- to be defined, are not really C? everywhere, but their gradients are Lipschitzian,
and, by a simple modification of results that go back to [3], one proves that a solution u to the problem of
minimizing (1.1), with L and ¢ described above, is such that Vu € Wl})f(ﬁ)

The purpose of this paper is to prove the following result:

Theorem 2.2. Let 2 be a bounded open subset of RN, let | be as in (2.1) and let g satisfy Assumption 2.1.
Then, there exist u, a solution to the Euler— Lagrange equation, i.e. such that

/Q (VL(Vu(@)), Vi) + gule, ulz))n(z))de = 0

for every n € CL(£2), and, for each w CC £2, a constant H, depending on w but not on p, such that both

Vu - H

200 < H d|=——— 2(w) X 7T
IVullwr 2 < H and i llweee) < =53

b e wl2(0).

. . . Uy
in particular, for everyi=1,...N, we have max{%, [, f
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Under some additional assumptions, mainly when g is convex in the variable v, a solution to the Euler—Lagrange
equation is actually a solution to the minimization problem (1.1).

The additional regularity of the solution, provided by Theorem 1, is actually lost in the limit as p — 1,
as the statement of Theorem 2.2 itself suggests. In fact, the limit problem consists in minimizing (1.1) where
L(¢) = L.(l¢]) with

1\t|2 +1 for t| >1
Lt)=42 (2.3)
] + 5 for |t| < 1;

here we have at once that {/(0) = co while I/(¢) = 0 for 0 < [¢t| < 1. When g(x,u) = u, a (radial) solution to

problem (1.1) is
0 for |z| <1
=<1
(@) 52l = 1) for|a| > 1
whose gradient is

_J0 for|z| <1
V() = {33 for |z| > 1

so that the gradient is discontinuous along |z| = 1, preventing Vu, from being a Sobolev function.

3. PROOF OF THEOREM 2.2

We shall use the following notations. The measure of A C RY is |A|; a” is the transpose of a; for a fixed
coordinate direction ey, we set dpe,u to be the difference quotient of the function w, defined by dpe, u(z) =
M. For a variation n to be defined, D, is such that |Vn(z)| < D,,.

For the proof of the main result we shall need [,., a regularization of [, defined to be
1 1 1 3 1
P22 4 (= — = )P4 = — = for |t| <7
2 p 2 2 p
1(t) otherwise,

L(t) =

so that
I (t) = P2 for0<t<r
T U (t) otherwise.

We have that I/ is continuous and increasing, hence I, is convex; moreover, for ¢t ¢ {r, 1}, I/(¢) exists and

rP—2 for |t| < r
Vit)y=< (p—DtP~2 forr < Jt| <1
1 otherwise.

In particular, I/ is (globally) Lipschitzian with constant 7?=2. Set L,.(§) = 1,.(|¢]) so that VL, is Lipschitzian
with Lipschitz constant 7P~2. In addition, we have that VL, — VL uniformly as r — 0.
Besides Problem 1.1, we shall also consider the problem of minimizing

/Q[wamwg(x,v(x))]dw on wf +Wo3(®) (3.2)

and call u" its solution. By known regularity results, the function u" is in VVf)f (92).

Lemma 3.1. Let 2 and g as in Theorem 2.2; let u” be a solution to the minimization of (3.2); let ¢ € WH2(£2)
with support compactly contained in §2. Then, for s =1,..., N, we have

[ {ihwnense)- [,
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Proof.
a) First, we claim that the map VL, (Vu") is in W2(£2); we have that VL, (£) = l;(\ﬂ)% and that |Vu"| is in

Wh2(0), with %|Vur| = < vu Vu;> The map

[Vur|?
20, P72 for0< |t <r
Tl = JtP2 forr <t <1
t 1 for [t| > 1
is (uniformly) Lipschitzian and it is not differentiable only at at |[t| = = and |t| = 1; then, as it is known,

T — % is a Sobolev function with

| (5 e (S o)
0 for [Vu"(z)| < ror |[Vu"(z)] > 1

(p —2)|Vur(x)|P~3 <§—zr|, Vu§> otherwise.

(3.3)

Then

d TLAVe' @) o ry] 2 LV @D o - d L(Vu' @)D o, -
dz; [ va@ VO e Ve @ e @) ) V@
l'/”it) is bounded and, from (3.3), the absolute value of the second term
. Hence, VL™ (Vu") is in W2(02).

loc

Both terms above are in L (£2): in fact,
is at most |Vug,

b) Under the assumptions of the Lemma, the Euler—Lagrange equation holds for u” in the sense that for
P € Wy (2) we have

/QKVLT(VM), Vi) 4+ gu(x, u)p]de = 0.

For h sufficiently small, consider the variation ¢ = d_pe_ ¢ to obtain

VL™ (Vu"(z + hes)) — VL™ (Vu'(x)) B . d(x — hes) — ¢(x) )
/Q< I ’V¢(x>> dz = /qu( Ju” (2)) = de.  (3.4)

Since VL"(Vu") is in W,22(£2), the family (VLT(Vur(m+hei,3)7VLr(Vur(z)))h is bounded in L (£2) and we can

loc

assume the existence of a sequence (h,,) such that

VL"(Vu'(z 4+ hnei)) — VL' (Vu'(z)) = d

T i VL' (Vu")
so that the left hand side of (3.4) converges to f9<£VL’"(VuT), V).
We also have ’
— heg) — 1
/ gu(ac,ur(ac))gb(w ¢s) ~ 4(2) dor = / / gu(x,u" (2))ds, (x — thes)dxdt
0 —h 0 Jsupp(¢)+thes

1
= / / gu(x + thes, u” (z + thes)) by, (x)dadt
0 Jsupp(o)

1
= /Q gu(2, u" (1)) ¢, ()dz + /0 /Q[gu(w + hes,u”(z + hes)) = gu(w, u" (2)]de, (x)dadt.

By Assumption 2.1, i), we obtain that the map  — g, (z,u"(z)) is in L2 .(£2), so that ||g,(- + hes, u" (- + hey)) —

Gu (0" ()| L2 (supp(e)) — 0, thus proving the lemma. O
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Lemma 3.2. There exists K, depending neither on r nor on p, such that |Vu"||12(o) < K and ||u”||120) < K.

Proof. Set LO(¢) = %|§\2 + 1, so that, for any 1 < p < 2 and any r < 1, we have L"(£) < L°(¢) + 1.
Let u° be a solution to the problem of minimizing

/Q[LO(Vv(w)) +1+g(z,v(z))dz on w’—+Wy?(R) (3.5)

and set V = [,[L%(Vu’(z)) + 1 + g(x,u"(z))]dz. Then

Ve [ @) gt 2 [ @) g 2 [ G90R o)

on the other hand, recalling Assumption 2.1, for a constant « to be fixed, from [ Ag|u| < 202 [(A)*+ 352 [|ul?

we obtain .
[ swwr@yar> [r=30* [0 =525 [,

Call P the Poincaré constant in W'2(£2); from [ [u"|* = [ |u® — (u" —w?)|? <2 [ w2+ 2P [|V(u" —w")[? <
2 [|wP? + 4P [|Vu"|? + 4P [ |VwP|?, we obtain

1 11
/ g(xz,u") > /T— —a? /()\9)2 -—-— {4P/Vu’“|2 +/|Vw02(2+4p)] .
] 2 2@2
Hence,

1 1 2P 1
/QE\VuTPSV—/Qg(J;,uT) SV—/T+§Q2/(/\g)2+¥/|Vur|2+ﬁ/\Vwo|2(2+4P).

Choose « such that 2P 1 to obtaln JIVu |2 <AV + [(—7+ 3a%(Ag)? + %|Vw0\2)] = k.
From this, makmg use of w® € W2 and of Pomcare s inequality, we infer that for some ks, we also have
f(z |u"|? < ko for all r < 1. 0

A similar estimate was proved in [4].

Proof of Theorem 2.2.
a) Consider the function

I (t) rP=2 for |t| <r
Y(t) = % = tP2 forr < Jt] < 1
¢ 1 otherwise;
then, as in the Proof of Lemma 3.1, the map = — 7,.(|Vu"(z)|) is in W,? and
d 0 for |[Vu"| <ror [Vu"| > 1
_ T = V
dx, (Ve (z)]) (p—2)|Vur|p=—3 < |vur‘ > for r < |Vu"| < 1.

Moreover, 1 < v, < 7P=% and |12, (|Vu"|)| < (2 — p)rP~3|Vul,_|. Then, the map @ — 7.(|Vu" ()| uz, () is in

Wl})f(ﬁ) and, setting H,- to be the Hessian matrix of u”, we obtain

¥ (VU ) Vaug, for [Vu"| <ror |Vu"| > 1

(’Y’F(‘VU |) :EL) = (p_Q)‘VuT‘|p—2Hu |§ur| ‘g T| —I—’yr(|VU D ugb fOI"’I“ S ‘Vur| S 1 (3.6)
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b) Let 20 and 6° be such that B(z%,46°) cC 2. Let n € C§°(B(2,28°)) be such that 0 < n < 1 and that

n(z) =1 for x € B(x?,8°); we recall that D, = sup{|Vn(x)|}. Then, the function ¢ = [n?v,(|Vu"|)u

W 2(B(2°,36°)) and from Lemma 3.1 we

have

d I(|Vu"|) o B .
/Q <dxiV7u’“|VU ’V¢> - /qu(~,u )P, s

1.€.,

/ T / T
[ (Mg, (4
B(«0,359) |V’LLT| ¢ dx; |V’LLT‘

s s T d
= [ s [%%M(IW D, + 7P
B(«9,350)

i e 19| o

We shall call G; the term at the right hand side.
Since the above equality holds for every i, we obtain

d I(|Vur)) ) >
TivUr’ \V4 , v u; da
Zz':/B(ﬂvO,if”éo) <d35i [Vur| "V (7 (] uz,)

d
<
- ZZ: | /13(10,350) <d1‘i

c) For j=1,...,N, we have

L(IVa'])

Clew 209 (v, o+ 3

VU)o o _ LAV d L(Vu")y .
<Vw< V| Vu i7j_ V] Ug;z, + da; |V Uy,

l/

T T

V" I uy,
—’v T‘ l//_ I B
+<|w “> ( vm) Vur]

- V'] Uz ;ja;
i.e.,
I (|Vur) I ” I Vu" Vu"
(o V) = S Hy + (U= o ) (o Hur ) © o
v ( warr ) T e T wer ) e ) © o
and we obtain )
L(Vu']) o
’v’ﬁ( V]
I\? N\ | vur 2 I I | Vur 2
— T Hr2 l//— r - H. ) l//— r r H. .
(|vw|> [Huv] *(T |vw|> ] T ( |vw|>|w ur]
\? N\ | Vur 2
= r HT2 l//2_ r HLT
(i) 11 +<(r) (Wm)) V] "

so that

inf l// 2 l;” ? H '2<
m (r)a \Vur\ ‘ u’| =

roqn
ro b

We also have, computing [

i

L(IVu)) o o\’
‘Vm ((|V7ur||)vu ) |2 < sup {(l;"/)zv (|vur|> } |Hu’”‘2’

v and 7, at [Vu©|,

d L(VY') o , .
5o v Vo)

) V', 2V (V| + n2v<w<vw|>u%>> de

] is in

(3.7)

(3.8)
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4 uy,
— ZTs T l//_ i *J
ZZ(W (Zv |>< vm)ww)
T ! T ’U/;’ T
I r

A ul
_ . Hu 2 l//_ 7" r
] 17 ( Vu r|>” | Z\vw V] e

Z \Vu’“| \Vu’“\ ez

e (1 - |W|>Z ZIV e (Z'V )

4 vur \?
—7,|Vu" ( r)
T VT B
2
I I vur T V"
— r 7”]_IuT 2 l//_ r /v r Hur
ol P+ (= e ) “(vw W|>
U YVu"
T l//_—r Hu"—
o ( |W)‘ V]

I o Vu"
= —|vur"}/r|Hur‘2 —+ (l;‘/ - |V/LLT|) Yr H.

I V" Vur T Yu" ?
‘V r"y'r‘|vur‘ ‘H'Uf 7"| ‘2 H "

2
no, Vu"
VT Ha
VI e s
2

| 2

[Vu [Vur| " [Vur|

2
vur T %
l// /V T HuT
+ T’-Y’r‘ u | <|V'LLT |V'LLT>

I I 2

vu"
" | Hor P 4+ (1) = = ) |Hur o
] | *(T w)‘ T

l/
> fnt {12, o e

)

where
r2(p=2) for t| <r

} =9 (p— 1)\t|2(1’*2) forr <|t] <1
1 otherwise.

Hence we have obtained

/ 2y, {inf{l;f Ly H | .
B(z9,3469) ‘ ‘

d IL(|VuT])
d < § : r Vu' .V . V" . d
’ /(mU 350) <d.’L‘i |Vur| u Vo[V us,) ) de
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so that, from (3.8),

l/
/ "y, {inf{lﬁ, }] |H,»|?da
B(20,350) [Vur|

<2

d I'(|Vu"
< MV " 20V (V') >
B(z9,359)

1
v dx+ZG (3.10)

d) From (3.6) we have that

6 = [ () (T, 90 4 0) A
B(x9,35°

- rip_so [ Vu" T Vu"
+/ gu(z, u" ) (p — 2)|Vu[P~2 ( N ) v g
B(°,36°)N{r<|Vur(z)|<1} |Vur| |Vur|
4 p—1
< / (g + IVl + —nPgu + TUQ‘HuTF]dx
B(x0,350) p—=
4 -1 _
[ et P a (3.11)
B(x°,35°)n{r<|Vur(z)|<1}

By Assumption 2.1, g, (x,u")? < 2[(A2)? + (Aso|u”])?]; hence, applying Lemma 3.2 we infer that there exists a
constant K, independent of r and p, such that the right hand side of (3.11) is bounded above by
KO 1

172 / 7 (p = DIVu' PO Hyr Pda
p— B(z°,360)

Then, from inf{l”, %} >p—1, (3.10) gives

1/ 2 [ {// L H 2
= 7y, |inf S 1)), |H,r|"dz
2 JB(x0,36) [Vur| |
d I.(|Vu"
<—K0+Z < ENVYD G oy (V7 >
B(x9,359)

dz; |Vur|
1 0 p—1 V(2,2 4 2
< —K + —— |V (VL(Vu")|*n* + ——N|Vn|*| dz
B(x0,350) | 4 p—1

dx

—1
< LKO +/ F% in {z L3 } V. (VL(Va") 20 + imvnﬁ] dz (3.12)
p—1 B(x9,350) L4 " p—1
and we obtain
p—1

1 I K!
— 7|V (VL. (Vu")|2dx < —/ "y, {inf{l;’, o H |H,r |2da < .
4 JB(0,350) (20,350) |Vur| p—1

f) In particular,
4

V.VL.(Vu")|]? <
/B(xo 50) | (Vu')l (p—1)?

hence, the family (V,VL,.(Vu")), is bounded in L?(B(x°,4°)). The arbitrariness of 2° and of 6° then shows
that, for every w CC 2, there exists H, independent of » and p, such that (|[VoVL.(Vu")| r20))r < ﬁ.

Then, from (3.9) and since inf{(I”)?, (IVu’I) } > (p—1)2, we infer that

K (3.13)

/|HW\2 /|v VL, (Vu")]? < (p_11)4H2. (3.14)
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Then, we can assume that, for s = 1,..., N, there exists a sequence (r"),, such that sV L, (Vu™) converges

weakly in L?(w) to some dy, that VL, (Vu') converges in L?(w) to a function A, that u™™ — u and, finally,
that Vu™ — Vu in L?(w).

¢) We claim that:
i) A= VL(Vu); dy = d%sVL(Vu) and

1

d
VL(Vu) < - _m
L2 (w) (p - 12

dx,

ii) u is a solution to the Euler Lagrange equation, i.e., that, for every n € C1(£2),

/Q (VL(Vu(2)), V(@) + gu(z, u())n(z)]dz = 0.

To prove the claim, notice that, possibly passing to a subsequence, we can assume that both Vu™ — Vu and
VL, (Vu™) — X pointwise a.e.. Fix x such that the above holds and fix . By the continuity of VL, let d be
such that [Vu(z) —¢| < ¢ implies |[VL(Vu(z)) = VL(&)| < §; let n be so large that both |Vu'™ () — Vu(x)| < 4,
and ||VL,, —VL||¢c < 5. Hence, for n large,
VL., (Vu™ (z)) = VL(Vu(z))|
< VL, (Vu™(z)) = VL(Vu™ ()| + [VL(Vu™ (z)) — VL(Vu'™(2))| <&,
so that |A(z) — VL(Vu(z))| < €, and by the arbitrariness of €, we obtain

Az) = VL(Vu(x)).

Moreover, VL, (Vu™) — X in L?(w) and d%sVLrn(Vu”) — dy weakly, imply dy = distL(Vu), so that from

H%@VLM (Vu") || 2@ < ﬁH we obtain that ||%SVL(VM)HL2(UJ) < ﬁH, thus proving i).

To prove ii), fix n € C1(£2). We have that
/Q (VL (Vu'™ (2)), V() + gu(, u™ (z))n(z)] dz = 0;
since u™ — u in L?(w) and VL, (Vu™) — VL(Vu), we obtain
/QKVL(VU(O:)% Vin(x)) + gu(z, u(z))n(z)lde = 0.

Hence, we have obtained the existence of a solution u to the Euler—Lagrange equation such that, for every
s=1,...,N,

d d |2 <
1 VL(Vu) = 1 Vuz» for |Vu| <1
Ts Ts | Vu for |Vu| > 1

belongs to L?(w); in particular, for every i = 1,..., N, both u,, and % belong to Wl})f g
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