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ON FRACTIONAL LAPLACIANS - 3

ROBERTA MUSINA"* AND ALEXANDER I. NAZAROV?Z3**

Abstract. We investigate the role of the noncompact group of dilations in R™ on the difference of
the quadratic forms associated to the fractional Dirichlet and Navier Laplacians. Then we apply our
results to study the Brezis—Nirenberg effect in two families of noncompact boundary value problems
involving the Navier—Laplacian.
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1. INTRODUCTION
The Sobolev space H™(R™) = W3 (R™), m € R, is the space of distributions u € §'(R™) with finite norm
Jul = [ ()" 1Fu(e) e
R’ﬂ
see for instance Section 2.3.3 of the monograph [13,24]. Here F denotes the Fourier transform
1 .

- —ig-x
CORE /e u(x) da.

Rn

Fu(¢) =

For arbitrary m € R we define fractional Laplacian on R™ by the quadratic form

Qulu] = ((—A)™u, ) = / P Fu(e)Pde, (L1)

R”

with domain
Dom(Q.,) = {u € S'(R") : Qmu] < oc}.
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Let 2 be a bounded and smooth domain in R™. We introduce the “Dirichlet” fractional Laplacian in 2
(denoted by (—Ag)7) as the restriction of (—A)™. More precisely, its quadratic form is given by (1.1) with
domain

Dom(QP o) = {u € Dom(Qy,) : suppu C 02}.

Also we define the “Navier” fractional Laplacian as the mth power of the conventional Dirichlet Laplacian in
the sense of spectral theory. Its quadratic form reads

molu] = (=Aa)Fu,u) =3 A7 - [(u, ;).

Here, \; and ¢; are eigenvalues and eigenfunctions of the Dirichlet Laplacian in {2, respectively, and Dom( fq\i )
consists of distributions in {2 such that Q%’ olu] < 0.

For m = 1 these operators evidently coincide: (—Ap)ny = (—Ap)p. We emphasize that, in contrast to
(—Ap)R, the operator (—Agp)7 is not the mth power of the Dirichlet Laplacian for m # 1. In the recent
paper [2], the interested reader may find a thorough review of some differences between the Dirichlet and Navier
Laplacians of order m € (0,1), see in particular Section 2.1 of [2] and references therein.

It is well known that for m > 0, the quadratic forms Q,’?% o and Qg o generate Hilbert structures on their
domains, and

Dom(QE, ) = H™ () € Dom(QY ).

where
H™(2) = {u e H™(R") : suppu C 2}.

It is also easy to see that for m € N, u € H™(£2)

nD@ elu] = Q%,Q[u}

In [15,17] we compared the operators (—Ag)p and (—Ap)R for non-integer m. It turned out that the
difference between their quadratic forms is positive or negative depending on the fact whether |m| is odd or
even. However, roughly speaking, this difference disappears as {2 — R™.

Namely, denote by F'(£2) the class of smooth and bounded domains containing 2. For any u € Dom(Q,% )
the form Qm o|u] does not depend on 2 € F(£2) while the form Qm o[u] does depend on 2 O (2, and the
following relations hold.

Proposition 1.1 ([17], Thm. 2). Let m > —1, m ¢ No. If u € Dom(QnD%Q), then

D olul = Q,g}?fm) Qn o[ul, if 2k <m < 2k+1, k € No; (1.2)
Doll= sup QN o[ul,if 2k —1<m <2k, keN,. (1.3)
Q'EF(RQ) ’

The main result of our paper is a quantitative version of Proposition 1.1.

Theorem 1.2. Assume that m >0, m & N. Let u € H™(£2), and let supp(u) C B, C Br C 2. Then

C(n,m)R" . )
ol < QB olul + T Tl oy L) i cven (1.4)

£ alul £ QN olul 4 (ki Lm] is odd (15)
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The Proof of Theorem 1.2 is given in Section 2. In Section 3 we apply this result for studying the equations*

(—Ap)Ru = N—Ag)yu+ [u*>2u in 2, (1.6)
(—Ap)Ru = Az| "> u+ |[u>>2u in £, (1.7)
where 0 < s < m < 2 and 2}, = —22_. By solution u of (1.6) or (1.7) we mean a weak solution from

Dom(Q%yQ), see Section 3 for details.
In the basic paper [3] by Brezis and Nirenberg a remarkable phenomenon was discovered for the problem

—AuzAu—Hu\ﬁu in £2, u=0 on df2, (1.8)

which coincides with (1.6) and (1.7) with n > 2, m = 1, s = 0. Namely, the existence of a nontrivial solution
for any small A > 0 holds if n > 4; in contrast, for n = 3 non-existence phenomena for any sufficiently small
A > 0 can be observed. For this reason, the dimension n = 3 has been named critical for problem (1.8) (compare
with [10,19]).

As was pointed out in [16], the Brezis—Nirenberg effect is a nonlinear analog of the so-called zero-energy
resonance for the Schrodinger operators (see, e.g., [26] and ([27], pp. 287-288)).

After [3], a large number of papers have been focussed on studying the effect of lower order linear perturbations
in noncompact variational problems, see for instance the list of references included in ([10], Chap. 7) about the
case m € N, s = 0. The Dirichlet case with non-integer m was considered in the recent paper [16], see also [20,21]
for m € (0,1) and s = 0. As concerns the Navier case with non-integer m, the only papers we know consider
m € (0,1) and s = 0, see [1,23]. We mention also the recent paper [7] and references therein for nonlinear
lower-order perturbations.

We study the general case and prove the following result (see Sect. 3 for a more precise statement), that
corresponds to ([16], Thm. 4.2).

Theorem 1.3. Let 0 < s <m < §. If s > 2m — 5 then n is not a critical dimension for (1.6) and (1.7). This
means that both these equations have ground state solutions for all sufficiently small A > 0.

Let us recall some notation. By is the ball with radius R centered at the origin, Sg is its boundary. We denote
by ¢ with indices all explicit constants while C' without indices stand for all inessential positive constants. To
indicate that C' depends on some parameter a, we write C'(a).

2. PROOF OF THEOREM 1.2

Notice that we can assume u € C3°(2), the general case being covered by approximation.

Proof of (1.4). Let m =2k + o, k € Ny, o € (0,1). Denote by w”(z,y), » € R", y > 0, the Caffarelli-Silvestre
extension of (—A)*u (see [5]), that is the solution of the boundary value problem

—div(y' ?Vw) =0 in R" x Ry; w’yzo = (—A)ku,
given by the generalized Poisson formula

WP (eg) = ea(no) | v g (2.1)

B (e —&P+y?) 2

4We assume that 0 € 2.
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In [5] it is also proved that

ﬁ,g[u] = Q?Q[(—A)ku} = ca(n, 0) //ylf%\VwD\zdasdy.

0 R~

Integrating by parts (2.1), we arrive at following estimates for |z| > r:

C(n,m) y*” |Jullz, (@) |
ntmto
(2l =7)* +9?) 2

Following ([15], Thm. 3), we define, for z € B and y > 0, the function

C(n,m)y* ! ull, ()
IVw? (z,y)| < T

(2] = )2 +92) 5

WP (@, y)| <

@(z,y) = w® (2,y) - oz, y),
where (E(, y) is the harmonic extension of w?(-,y) on Bg, that is,
~A:6(,y) =0 inBr;  ¢(y) =w"(.y) onSk.
Clearly, @|y:O = (—A)ku and @|I€SR = 0. Further, we have

//yl_z"\vw\zdazdy://y1_2”(|VwD|2 _QVU)D.V(Z-F \V%E)dxdg

0 Br 0 Br

= / / yt =2 | VwP|? dedy — 2//y1_2”(VwD~ n) (EdSR(z‘)dy

0 BR 0 SR
+//y1‘2"|V5(w7y)\2dwdy-
0 Bg
Since ¢(-,y) = wP(-,y) on Sk, we can use (2.3) to get
T o - C(n,m) R*
//y1 27 (VwP - n) ¢ dSg(z)dy| < (R(_T)Q% N2, -

0 Sr

835

(2.3)

Now we estimate the last integral in (2.4). It is easy to see that |V<Z(-, y)|? is subharmonic in Br and thus the

function
1

- / V3(z,y)[? dS,(z)
Sp

pO—)

is nondecreasing for p € (0, R). This implies

R

[ Wo@Pas = [ [ 1V as,@dp
Br 0Ss,

< [19:5.0) +10,8(2,)) dSao).
Sr
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Using the fact that 8yg;(x, y) = OywP (z,y) for x € Sk, and the well known estimate

[ IVad@ )P dsnte) < Cm) [ 19,00 @) dSao)
SR SR
we can apply (2.3) to arrive at

- R
/ / PV ) dody < Cn, )21+2m lul?, o

0 Br

In conclusion, from (2.4) we infer

C R
Yt 2”\Vw|2dxdy< y' 727 | VwP|? dady + (n, 2)71 T ||u||2L1(Q). (2.5)
(R —r)2nt

0 Br 0 Br

Now we use the Stinga—Torrea characterization of Q{,\{ o- Their general result stated in Theorem 1.1 of [22]
(see also the last example in Sect. 2 therein) and integration by parts imply that

Yol = Q¥ol-A = afno) | inf / / 12 |Tu? dedy. (26)
Wizeon=
wly—o=(—A)*u 0

Relations (2.6), (2.5) and (2.2) give us

moolul < QN lu] < ca(n, o) // 1220|752 dady

0 B
T 9% C(n,m)R
< ¢z(n,0) //yl 2 |VwD|2dxdy+m lullZ, (0
0 Bg
C(n,m)R
< Q8 ol + Tl o

and (1.4) follows. O

Proof of (1.5). Let m = 2k — o, k € N, 0 € (0,1). Denote by w="(z,y), z € R", y > 0, the “dual” Caffarelli-
Silvestre extension of (—A)*u (see [4,17]), that is the solution of the boundary value problem

—div(y'™*Vw) =0 in R™ x Ry; y1*2”8yw|y=0 = —(—A)u,

given by the formula

A
WPy = o) [ MY e (2.7)

n—2o
I (e —eP +92) ="

Note that the representation (2.7) is true also for n = 1 < 20 while for n = 1, ¢ = 1/2 it should be rewritten
as follows:

wP(a,y) = es(1,1/2) / (=2 u(€) In(jz — €2 + y?) de.

R™
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It is also shown in [17] that

1

ca(n, o)

2/(—A)ku(as)w_D(1:,0) dx—]o/yl_Z"Vw_Ddedy . @8)

R™ 0 R

molil = Q% ol(—=A) ] =

Integrating by parts (2.7), we arrive at following estimates for |z| > r:

. ) o . Cnm) ull .o
P, )] < —¢ L@ gy D (e, y)| < Py (5

ntm—o
(2] =7r)* +¢?) 2 ((lz[ =7)* +4?)
Now we define, as in ([17], Thm. 2),

@(z,y) = w P(z,y) — d(z,y), «€Bg, y>0,

where R R
_Ax¢('a y) =0 in BR; ¢(a y) = w_D('vy) o1 SR-
Clearly, ﬂ)\|zeSR = 0. Arguing as for (1.4) and using (2.9) instead of (2.3), we obtain

/ [ v val ddy < / [ 2o vu R dagy +(R( )z)mm el - (2.10)

0 Br 0 Br

We can use the “dual” Stinga—Torrea characterization of QN - 1t was proved in [17] that

maelu] = QY; ol(=2) ] (2.11)

1! sup /(—A)ku(x)w(x,O) dz — //ylf%\VU)Fdxdy
ca(n, o) wlzeoe=0 2 A

Relations (2.11), (2.10), (2.8) and the evident equality

/ (= A)ru(z)d(z,0) dz = 0,

Br

give us

1 B T 90 e~

molul 2 Qupplul 2 o | 2 / (=) u(@)d(z,0)do — / / y' 2| Vo[ dzdy
’ Br 0 Br
1 o0
> o) 2/(—A)ku(1‘)w—D(1‘,0) dx—//yl_Z"\Vw_D\2dxdy
2 Br 0 Br
C(n,m)R" D C(n,m)R"
TR |u HLl(Q) melu] — R —r)pmiom ||U||L1 Q)

and (1.5) follows. The proof is complete. O

Remark 2.1. It can be seen from the proof that the estimates (1.3) and (1.4) are sharp in order of decay as
R — oo.
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3. THE BREZIS—NIRENBERG EFFECT FOR NAVIER FRACTIONAL LAPLACIANS
We recall the Sobolev and Hardy inequalities

2/2,

Qumlu] > S /\uFi‘n dz (3.1)
Qulu] > Mo / 2] 2 fuf? da (3.2)

that hold for any u € Cg°(R™) and 0 < m < . The best Sobolev constant S,, and the best Hardy constant H,,
were explicitly computed in [8] (see also [6]), and in [12], respectively.

It is well known that H,, is not attained, that is, there are no functions with finite left and right-hand sides
of (3.2) providing equality in (3.2). In contrast, it has been proved in [8] that S, is attained by a unique family
of functions, all of them being obtained from

27n n

$x) = (L+ =) 7= (3-3)

by translations, dilations in R™ and multiplication by constants.
A standard dilation argument implies that

malul
inf ST = S
uEDom(Qﬁﬂ) N /2
u0 [ |u)?n de
Q
The key fact used in further considerations is the equality
PR Z U y
Dom(@ ) 2/2;, — O™ (3-4)
u Om m Nel

that has been established in [18] (see also earlier results [11,25] for m = 2, [10] for m € N and [15] for 0 < m < 1).
Clearly, the Sobolev constant Sy, is never achieved on Dom( % )
The corresponding equality for the Hardy constant, that is,

mo[]
inf ———— =Hn, (3.5)
u€bom(Qp o) [ |z]=2m|u|2 dz
u Q
was proved in [18] as well (see also [9,14] for m € N).
We point out that the infima

m.olu] = m.olu]

Ay (m, s) :== inf Ay(m, s) == inf _— (3.6)

u€Dom(QY, ) Qs Q[ } u€Dom(QN ,[u]) f |x| 23|u\2 dz
u#0 u#0

are positive and achieved. Since Dom( fq\i o) is compactly embedded into Dom(QY '2)

for Ay(m, s) and follows from (3.5) for Ay (m, s).

, this fact is well known
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Weak solutions to (1.6), (1.7) can be obtained as suitably normalized critical points of the functionals

m.elul = AQY
D] = L2022 (3.7)
(1ules a)
2
~ oolul = A [z 72 |ul? dz
o slt] = 2 , 58)

2/2'):7L
(f | dx)
Q

respectively. It is easy to see that both functionals are well defined on Dom( % o) \ {0}
In fact, we prove the existence of ground states for functionals (3.7) and (3.8). We introduce the quantities

1) . o N . 50
S\ (mys) = inf N R/\7m7s[u}; S\ (m,s) = inf N R/\mys[u].
u€Dom(Q,y, o) u€Dom(Q;, o)
u7#0 u7#0

By standard arguments we have S{?(m, s) < S,,,, argue for instance as in ([16], Lem. 4.1). In addition, if A <0
then S§’(m, s) = S,, and it is not achieved. Similar statements hold for S{(m, s).
We are in position to prove our existence result that includes Theorem 1.3 in the introduction.

Theorem 3.1. Assume s >2m — 5.

i) For any 0 < X\ < Ai(m,s) the infimum S{Z(m,s) is achieved and (1.6) has a montrivial solution in
Dom(Qy ¢)-

ii) For any 0 < X\ < Ay(m,s) the infimum SZ(m,s) is achieved and (1.7) has a nontrivial solution in
Dom( %Q)

Proof. We prove i), the proof of the second statement is similar. Using the relation (3.4) and arguing for instance
as in ([16], Lem. 4.1) one has that if 0 < S(m, s) < S, then S(m, s) is achieved.

Since 0 < A < A;(m, s), then S§?(m, s) > 0 by (3.6).

To obtain the strict inequality S{?(m,s) < S,, we follow [3], and we take advantage of the computations
in [16].

Let ¢ be the extremal of the Sobolev inequality (3.1) given by (3.3). In particular,

2/2"

m

Zn dx . (3.9)

M = Quld) =S | 10

Fix a cutoff function ¢ € C§°(£2), such that ¢ =1 on the ball {|z| < ¢} and ¢ = 0 outside the ball {|z| < 26}.
If € > 0 is small enough, the function

uelo) i= "ol () = o) (2 4 o) 5

has compact support in (2.
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From ([16], Lem. 3.1) we conclude

A, = QP [u.] < &2 (M + C(6) en=2m)

dm-n—2s
c@@)e™™ = if s>2m—¢

A ::/\x\_ZS\uS\de >
2

0(5)“0g€| if 3:2m_%

AL = QY [ue] > Hg AS [ see (3.5) |

B = / uclPmde > e ((MS,Y)/2 = C(5)em).
2

If m is an integer or if [m]is odd, then by (1.3)

A, = Qh oluc) <A,
and we obtain

1+ C(5)en 2™ — \C(§) e2m 28

L nslte] < S if om — = 1
R m.slue] <S8 = C() e , if s>2m 5 (3.10)
1+C(6)en2m — \O(5) e" 2™ |loge| . n
Y < —om_ .
RY m.slue] < Sm =) er , if s=2m 5 (3.11)

Thus, for any sufficiently small € > 0 we have that R~ [u.] < S, and the statement follows.

A,m,s

It remains to consider the case when |m] is even. Since [|u.||1, (o) < C(0), the estimate (1.4) implies
Az, <A+ C(6) =¥ (M + C(5) " ™),

and we again arrive at (3.10), (3.11). O

For the case s < 2m — 5 we limit ourselves to point out the next simple existence result. Its standard proof

can be obtained as for Theorem 4.3 in [16]. We omit details.

Theorem 3.2. Assume s < 2m — %

(i) There exists X\* € [0, A1(m, s)) such that for any X € (\*, A1(m, s)) the infimum S5’ (m,s) is attained, and
hence (1.6) has a nontrivial solution.

(ii) There exists \* € [0, A1(m, s)) such that for any X\ € (\*, A1(m, s)) the infimum S (m, s) is attained, and
hence (1.7) has a nontrivial solution.
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