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THE LEBEAU–ROBBIANO INEQUALITY FOR THE ONE-DIMENSIONAL
FOURTH ORDER ELLIPTIC OPERATOR AND ITS APPLICATION
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Abstract. In this paper, we establish the Lebeau–Robbiano inequality for the one-dimensional fourth
order elliptic operator by using a point-wise estimate. Based on this inequality, we obtain the null
controllability of one-dimensional stochastic fractional order Cahn–Hilliard equation.
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1. Introduction

In this paper, we investigate the one-dimensional fourth order elliptic operator A on L2(I) as follows{D(A) = H2
0 (I) ∩H4(I),

Ay = yxxxx ∀y ∈ D(A),

where I = (0, 1).
Let {λi}∞i=1, 0 < λ1 ≤ λ2 ≤ . . . be the eigenvalues of A and {ei}∞i=1 be the corresponding real eigenfunctions

such that ‖ei‖L2(I) = 1 (i = 1, 2, 3, . . .), which serves as an orthonormal basis of L2(I) (see [13], Thm. 8.94).
The main result in this paper is an observability estimate on partial sums of eigenfunctions for the eigen-

functions of A, i.e. the Lebeau–Robbiano inequality:

Theorem 1.1. Let ω be a nonempty open subset of I. There exist two positive constants C1, C2 such that

∑
λi≤r

|ai|2 ≤ C1eC2
√
r

∫
ω

∣∣∣∣∣∣
∑
λi≤r

aiei

∣∣∣∣∣∣
2

dx

for every finite r > 0 and every choice of {ai}λi≤r with ai ∈ C.
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The Lebeau–Robbiano inequality was first established in [5] for the Laplacian with homogeneous Dirichlet
boundary condition, then the same result for more general boundary conditions and second order elliptic oper-
ators were established in [7, 11].

In the study on the controllability of PDE, the inequality of this type is the foundation of Lebeau–Robbiano
iteration technology. By this inequality, [5] obtained the null controllability of a linear system of thermoelasticity
in a compact, C∞, n-dimensional connected Riemannian manifold. Then, this inequality was used to establish a
certain L∞-null controllability for the internal controlled heat equation when the control functions are restricted
in arbitrary subset of positive measure in time variable in [14]. Later, in [10], via the Lebeau–Robbiano inequality,
the authors presented a time optimal control problem with control constraints of the rectangular type for
internal controlled heat equations. Recently, the similar result as in [14] was extended to forward stochastic
heat equations in [9] and second order parabolic equation with equivalued surface boundary conditions in [11].
In [3], the Lebeau–Robbiano inequality can also be used to depict nodal sets of sums of functions.

However, to the best of our knowledge, the Lebeau–Robbiano inequality for fourth order elliptic operator has
not been established. It should be noted that Theorem 1.1 in this paper is not a straightforward generalization
of the Lebeau–Robbiano inequality in [4], although the inequality has the same formal. To prove Theorem 1.1,
a point-wise estimate for the operator ∂2

t − ∂4
x in Proposition 2.1 plays a crucial role. In order to obtain the

point-wise estimate, we need to choose suitable grouping for the terms of θ(ytt − yxxxx) (see I1 and I2 in the
proof of Prop. 2.1) since the high order of the operator. Due to the special properties of the operator ∂2

t − ∂4
x

and the boundary terms in the point-wise estimate, we need to construct several weight functions.
Based on Theorem 1.1, we can obtain the second result in this paper: the null controllability of one-dimensional

stochastic fractional order Cahn–Hilliard equation.
First, we give some assumptions.

(H1) Let (Ω,F , {Ft}t≥0, P ) be a complete filtered probability space on which a one-dimensional standard
Brownian motion {B(t)}t≥0 is defined such that {Ft}t≥0 is the natural filtration generated by B(·), aug-
mented by all the P -null sets in F . Let H be a Banach space, and let C([0, T ];H) be the Banach space
of all H-valued strongly continuous functionals defined on [0, T ]. We denote by L2

F(0, T ;H) the Banach
space consisting of all H-valued {Ft}t≥0-adapted processes X(·) such that E(‖X(·)‖2

L2(0,T ;H)) < ∞,

with the canonical norm; by L∞
F (0, T ;H) the Banach space consisting of all H-valued {Ft}t≥0-adapted

bounded processes; and by L2
F(Ω;C[0, T ];H)) the Banach space consisting of all H-valued {Ft}t≥0-

adapted continuous processes X(·) such that E(‖X(·)‖2
C([0,T ];H)) < ∞, with the canonical norm; by

LrF(0, T ;L2(Ω;H)) the Banach space consisting of all H-valued {Ft}t≥0-adapted processes X such that
‖E‖X‖2

H‖Lr(0,T ) <∞(1 ≤ r ≤ ∞), with the canonical norm.
(H2) E ⊂ [0, T ] with positive measure. χω and χE denote the characteristic function of ω and E, respectly.
(H3) We define the operator Aα as follows⎧⎪⎪⎨⎪⎪⎩

D(Aα) =

{
u ∈ L2(I)|u =

∑
i≥1

aiei and
∑
i≥1

|ai|2λ2α
i < +∞

}
,

Aαu =
∑
i≥1

aiλ
α
i ei where u =

∑
i≥1

aiei.

(H4) a(t) ∈ L∞
F (0, T ; R), ξ = ‖a‖2

L∞
F (0,T ;R).

(H5) For each r > 0, we set Xr = span{ei(x)}λi≤r and denote by Pr the orthogonal projection from L2(I) to
Xr.

(H6) Throughout this paper, C(and sometimes C̃) denotes various positive constants. C(. . .) stands for a
positive constant that depends on what are enclosed in the brackets.

Our second main result in this paper is the following theorem.
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Theorem 1.2. Let α > 1
2 . For any y0 ∈ L2(Ω,F0, P ;L2(I)), there is a control f ∈ L∞

F (0, T ;L2(Ω;L2(I)))
such that the solution y of system⎧⎪⎪⎪⎨⎪⎪⎪⎩

dy +Aαy = a(t)ydB + χωχEfdt

y(0, t) = 0 = y(1, t)

yx(0, t) = 0 = yx(1, t)

y(x, 0) = y0(x)

in I × (0, T ),

in (0, T ),

in (0, T ),

in I,

(1.1)

satisfies y(T ) = 0 in I, P -a.s. Moreover, the control f satisfies the following estimate

‖f‖2
L∞

F (0,T ;L2(Ω;L2(I))) ≤ LE‖y0‖2
L2(I),

where L is a constant independent of y0.

Remark 1.3. We refer to ([1], Chap. 6) for the well-posedness of system (1.1) in the class
L2
F (Ω;C([0, T ];L2(I))).

The rest of this paper is organized as follows. In Section 2, we establish a point-wise estimate. Theorem 1.1
is proved in Section 3 according to two important lemmas. Section 4 is devoted to the proof of Theorem 1.2.

2. A point-wise estimate

In this section, we give a point-wise estimate which will be used in the proof of Theorem 1.1 and the estimate
itself has independent interest.

Proposition 2.1. Set θ = el, l = λϕ, ϕ = eμψ and u = θy in Q = I×(0, T ), where ψ ∈ C∞(Q) and y ∈ C4(Q).
Assume that μ ≥ 1 and λ ≥ λ0, where λ0 = λ0(μ, ψ) such that λμ−1ϕ ≥ 1. Then we have the following point-wise
estimate

λ7μ8ϕ7ψ8
xu

2 + λ5μ6ϕ5ψ6
xu

2
x + λ3μ4ϕ3ψ4

xu
2
xx + λμ2ϕψ2

xu
2
xxx

+ λ3μ4ϕ3ψ4
xu

2
t + λμ2ϕψ2

xu
2
xt + {. . .}x + {. . .}xx + {. . .}xxx + {. . .}xxxx + {. . .}t + {. . .}tt

≤ C(ψ)
(
λ7μ7ϕ7u2 + λ5μ5ϕ5u2

x + λ3μ3ϕ3u2
xx + λμϕu2

xxx + λ3μ3ϕ3u2
t + λμϕu2

xt + θ2|ytt − yxxxx|2
)
, (2.1)

where

{. . .}x =
{
−3

2
B2xxu

2
x +

3
2
B2u

2
xx −

1
2
B4u

2
xxx − 4axu2

x + 2axxxu2 + bxu
2
xx −B0utuxxx +

1
2
B1B2u

2

+
3
2
(B1B4)xxu2 − 3

2
B1B4u

2
x − (bB1)xu2 +

1
2
B2B3u

2
x +

1
2
B3B4u

2
xx − (aB3)xu2 +B0B3utux

−1
2
B2u

2
t −

3
2
B4xxu

2
t +

3
2
B4u

2
xt − btutux + bxu

2
t − (B4c)xu2

x +
1
2
acu2 +

1
2
bcu2

x

}
x

,

{. . .}xx =
{

3
2
B2xu

2
x−3axxu2+2au2

x−
b

2
u2
xx−

3
2
(B1B4)xu2+

1
2
bB1u

2+
1
2
aB3u

2+
3
2
B4xu

2
t−

1
2
bu2
t+

1
2
B4cu

2
x

}
xx

,

{. . .}xxx =
{
−1

2
B2u

2
x + 2axu2 +

1
2
B1B4u

2 − 1
2
B4u

2
t

}
xxx

,

{. . .}xxxx =
{
−1

2
au2

}
xxxx

,

{. . .}t =
{

1
2
B0B1u

2 − 1
2
B0B3u

2
x +B2utux +

1
2
B0u

2
t − atu

2 +B4utuxxx + butuxx +
1
2
btu

2
x

}
t

,

{. . .}tt =
{

1
2
au2

}
tt

,

a = 4l2xlxx, b = 8lxx, c = −10lxlxx, B0 = −2lt, B1 = −l4x, B2 = 4l3x, B3 = −6l2x, B4 = 4lx.
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Remark 2.2. The key points in the proof of Proposition 2.1 are suitable grouping and the choice of a, b and c.

Proof. From the assumptions of λ, μ, ϕ and l, we can obtain that⎧⎪⎨⎪⎩
λnμmϕn ≤ λn+iμm−iϕn+i ≤ λn+iμm+iϕn+i, ∀ m,n ∈ Z and i ∈ N,

|lx . . . x︸ ︷︷ ︸
k

t . . . t︸ ︷︷ ︸
j

| ≤ C(ψ)λμk+jϕ, ∀ k, j ∈ N, (2.2)

where lx . . . x︸ ︷︷ ︸
k

t . . . t︸ ︷︷ ︸
j

= ∂k+jl
∂kx∂jt

·

Direct computation shows that

θ(ytt − yxxxx) = utt +A0ut +A1u+A2ux +A3uxx +A4uxxx − uxxxx

where
A0 = −2lt,

A1 = l2t − ltt − l4x − 4lxlxxx + lxxxx + 6l2xlxx − 3l2xx,

A2 = −12lxlxx + 4l3x + 4lxxx,

A3 = −6l2x + 6lxx,

A4 = 4lx.
Set

I1 = −uxxxx +B1u+B3uxx + utt + cux,

I2 = B2ux +B4uxxx +B0ut + au+ buxx,

R = θ(ytt − yxxxx) − I1 − I2 = S0u+ S1ux + S2uxx,

where

S0 = l2t − ltt − 4lxlxxx + lxxxx − 3l2xx + 2l2xlxx,
S1 = 4lxxx − 2lxlxx, S2 = −2lxx.

Step 1. We shall prove the following equality

I1 · I2 = u2{. . .} + u2
x{. . .} + u2

xx{. . .} + u2
xxx{. . .} + u2

t{. . .} + u2
xt{. . .} + uxtuxxx{. . .}

+ utux{. . .} + utuxxx{. . .} + {. . .}x + {. . .}xx + {. . .}xxx + {. . .}xxxx + {. . .}t + {. . .}tt, (2.3)

where

u2{. . .} = u2

{
− 1

2
axxxx− 1

2
(B1B2)x− 1

2
(B1B4)xxx+

1

2
(bB1)xx− 1

2
(B0B1)t+

1

2
(aB3)xx+

1

2
att+aB1− 1

2
(ac)x

}
,

u2
x{. . .} = u2

x

{
1

2
B2xxx+2axx+

3

2
(B1B4)x − bB1− 1

2
(B2B3)x−aB3+

1

2
(B0B3)t − 1

2
btt+B2c+

1

2
(B4c)xx− 1

2
(bc)x

}
,

u2
xx{. . .} = u2

xx

{
−3

2
B2x − a − 1

2
bxx − 1

2
(B3B4)x + bB3 − B4c

}
,

u2
xxx{. . .} = u2

xxx

{
1

2
B4x + b

}
,

u2
t {. . .} = u2

t

{
1

2
B2x − 1

2
B0t − a +

1

2
B4xxx − 1

2
bxx

}
,

u2
xt{. . .} = u2

xt

{
−3

2
B4x + b

}
,

uxtuxxx{. . .} = uxtuxxx{B0},
utux{. . .} = utux {−(B0B3)x − B2t + bxt + B0c} ,

utuxxx{. . .} = utuxxx{B0x − B4t},
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and {. . .}x, {. . .}xx, {. . .}xxx, {. . .}xxxx, {. . .}t, {. . .}tt are the same as in Proposition 2.1.
Indeed, (2.3) can be obtained from the following equations

uxxxxB2ux =
1
2
(
B2u

2
x

)
xxx

− 3
2
(
B2xu

2
x

)
xx

+
3
2
(
B2xxu

2
x −B2u

2
xx

)
x

+
3
2
B2xu

2
xx −

1
2
B2xxxu

2
x,

uxxxxB4uxxx =
1
2
((
B4u

2
xxx

)
x
−B4xu

2
xxx

)
,

uxxxxau =
1
2
(
au2
)
xxxx

− 2
(
axu

2
)
xxx

+
(
3axxu2 − 2au2

x

)
xx

+
(
4axu2

x − 2axxxu2
)
x

+ au2
xx − 2axxu2

x +
1
2
axxxxu

2,

uxxxxbuxx =
1
2
(
bu2
xx

)
xx

− (bxu2
xx

)
x
− bu2

xxx +
1
2
bxxu

2
xx,

uxxxxB0ut = (B0utuxxx)x −B0xutuxxx −B0uxtuxxx,

B1uB2ux =
1
2
((
B1B2u

2
)
x
− (B1B2)xu2

)
,

B1uB4uxxx =
1
2
(
B1B4u

2
)
xxx

− 3
2
(
(B1B4)xu2

)
xx

+
3
2
(B1B4)xu2

x

+
3
2
(
(B1B4)xxu2 −B1B4u

2
x

)
x
− 1

2
(B1B4)xxxu2,

B1ubuxx =
1
2
(
bB1u

2
)
xx

− [(bB1)xu2
]
x
− bB1u

2
x +

1
2
(bB1)xxu2,

B1uB0ut =
1
2
((
B0B1u

2
)
t
− (B0B1)tu2

)
,

B3uxxB2ux =
1
2
((
B2B3u

2
x

)
x
− (B2B3)xu2

x

)
,

B3uxxB4uxxx =
1
2
((
B3B4u

2
xx

)
x
− (B3B4)xu2

xx

)
,

B3uxxau =
1
2
(
aB3u

2
)
xx

− ((aB3)xu2
)
x
− aB3u

2
x +

1
2
(aB3)xxu2,

B3uxxB0ut =
1
2
(B0B3)tu2

x − (B0B3)xutux − 1
2
(
B0B3u

2
x

)
t
+ (B0B3uxut)x,

uttB2ux = (B2utux)t −B2tutux − 1
2
((
B2u

2
t

)
x
−B2xu

2
t

)
,

uttB0ut =
1
2
((
B0u

2
t

)
t
−B0tu

2
t

)
,

uttau =
1
2
(
au2
)
tt
− (atu2

)
t
− au2

t +
1
2
attu

2,

uttB4uxxx = (B4utuxxx)t −B4tutuxxx − 1
2
(
B4u

2
t

)
xxx

+
3
2
(
B4xu

2
t

)
xx

− 3
2
(
B4xxu

2
t −B4u

2
xt

)
x
− 3

2
B4xu

2
xt +

1
2
B4xxxu

2
t ,

uttbuxx = (butuxx)t+bxtutux− 1
2
bttu

2
x+

1
2
(
btu

2
x

)
t
− (btutux)x− 1

2
(
bu2
t

)
xx

+
(
bxu

2
t

)
x
+bu2

xt−
1
2
bxxu

2
t ,

B4uxxxcux =
1
2
(
B4cu

2
x

)
xx

− ((B4c)xu2
x

)
x
−B4cu

2
xx +

1
2
(B4c)xxu2

x,

aucux =
1
2
((
acu2

)
x
− (ac)xu2

)
,

buxxcux =
1
2
((
bcu2

x

)
x
− (bc)xu2

x

)
.
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Step 2. We shall prove estimate (2.1).
Indeed,

u2{. . .} = u2{10λ7μ8ϕ7ψ8
x +R0},

u2
x{. . .} = u2

x{22λ5μ6ϕ5ψ6
x +R1},

u2
xx{. . .} = u2

xx{6λ3μ4ϕ3ψ4
x +R2},

u2
xxx{. . .} = u2

xxx{10λμ2ϕψ2
x +R3},

u2
t{. . .} = u2

t{2λ3μ4ϕ3ψ4
x +R4},

u2
xt{. . .} = u2

xt{2lxx},
uxtuxxx{. . .} = uxtuxxx{2lt},

utux{. . .} = utux{−24lxtl2x − 4ltlxlxx + 8lxxxt},
utuxxx{. . .} = utuxxx{−6lxt}, (2.4)

where

|R0| ≤ Cλ7μ7ϕ7, |R1| ≤ Cλ5μ5ϕ5, |R2| ≤ Cλ3μ3ϕ3,

|R3| ≤ Cλμϕ, |R4| ≤ Cλ3μ3ϕ3. (2.5)

Here we have used (2.2). Similarly, we have

|uxtuxxx{. . .}| ≤ C
(
λμϕu2

xxx + λμϕu2
xt

)
,

|utux{. . .}| ≤ C
(
λ5μ5ϕ5u2

x + λ3μ3ϕ3u2
t

)
,

|utuxxx{. . .}| ≤ C
(
λμϕu2

xxx + λ3μ3ϕ3u2
t

)
,

S2
0u

2 ≤ Cλ7μ7ϕ7u2,

S2
1u

2
x ≤ Cλ5μ5ϕ5u2

x,

S2
2u

2
xx ≤ Cλ3μ3ϕ3u2

xx, (2.6)

this implies

I1I2 ≤ 1
2
(I1 + I2)2

=
1
2

[θ(ytt − yxxxx) −R]2

≤ θ2|ytt − yxxxx|2 + |R|2
≤ C

(
θ2|ytt − yxxxx|2 + S2

0u
2 + S2

1u
2
x + S2

2u
2
xx

)
≤ C

(
θ2|ytt − yxxxx|2 + λ7μ7ϕ7u2 + λ5μ5ϕ5u2

x + λ3μ3ϕ3u2
xx

)
. (2.7)

Thanks to (2.4)–(2.7) all together with (2.3), we can obtain (2.1). �

3. Proof of Theorem 1.1

Through this section, we make the following assumptions:

(A1) Let T0, T
′, T ′′, γ, b0 satisfy⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0 < γ < T ′ < T0
2 < T ′′ < T0 − γ,∣∣T0

2 − T ′∣∣ = ∣∣T ′′ − T0
2

∣∣ ,
max

{
T ′′ − T0

2 ,
(
1 +
(
T0
2 − T ′)2) 1

2
}
< b0 <

T0
2 − γ.
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(A2) For a measurable F ⊂ Q0 � I × (0, T0) and a function g satisfies g, gx, gxx, gxxx, gt, gxt ∈ L2(F ), we set

‖g‖�,F =
(
‖g‖2

L2(F ) + ‖gx‖2
L2(F ) + ‖gxx‖2

L2(F ) + ‖gxxx‖2
L2(F ) + ‖gt‖2

L2(F ) + ‖gxt‖2
L2(F )

) 1
2
.

(A3) Define G � {g ∈ L2(Q0) | gx, gxx, gxxx, gxxxx, gt, gxt ∈ L2(Q0)}.
Remark 3.1. The existence of T0, T

′, T ′′, γ and b0 is easy to obtain, for example, T0 = 4, T ′ = 1, T ′′ = 3, γ =
0.5, b0 = 1.42 satisfies (A1).

We borrow some idea from [11].
In order to prove Theorem 1.1, we investigate the following system⎧⎪⎨⎪⎩

ytt − yxxxx = 0

y(0, t) = 0 = y(1, t)

yx(0, t) = 0 = yx(1, t)

in Q0,

in (0, T0),

in (0, T0).

(3.1)

First, we establish two important lemmas.

Lemma 3.2. There exists a constant α1 ∈ (0, 1) such that we have the following estimate

‖y‖L2(I×(T ′,T ′′)) ≤ C‖y‖α1
�,ω×(γ,T0−γ)‖y‖1−α1

�,Q0
, (3.2)

where y ∈ G solves (3.1).

Proof. Introduce φ ∈ C∞
0 (γ, T0 − γ) and ψ0 ∈ C∞(I) which enjoy the following properties⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

0 ≤ φ(t) ≤ 1 t ∈ (γ, T0 − γ),

φ(t) = 1 t ∈ (T0
2 − b0,

T0
2 + b0),

ψ0(x) > 0 x ∈ I,

|ψ0x| > 0 x ∈ I\ω,
ψ0(0) = ψ0(1) = 0, ψ0x(0) > 0, ψ0x(1) < 0, ‖ψ0‖C(I) = 1.

(3.3)

The existence of ψ0 can be found in [15].
Set ψ1(x, t) = ψ0(x) − (t− T0

2 )2 + C̃1, where C̃1 is chosen to be so large to make ψ1 > 0. According to (A1),
it is obvious that (T ′, T ′′) ⊂ (T0

2 − b0,
T0
2 + b0).

We here let ψ(x, t) = ψ1(x, t) in Proposition 2.1 and apply (2.1) to y = φy and w = θy, some straightforward
calculation gives that∫

Q0

(
λ7μ8ϕ7ψ8

1xw
2 + λ5μ6ϕ5ψ6

1xw
2
x + λ3μ4ϕ3ψ4

1xw
2
xx + λμ2ϕψ2

1xw
2
xxx

+ λ3μ4ϕ3ψ4
1xw

2
t + λμ2ϕψ2

1xw
2
xt + {. . .}x + {. . .}xx + {. . .}xxx + {. . .}xxxx + {. . .}t + {. . .}tt

)
dxdt

≤ C(ψ)
∫
Q0

(λ7μ7ϕ7w2 + λ5μ5ϕ5w2
x + λ3μ3ϕ3w2

xx + λμϕw2
xxx

+ λ3μ3ϕ3w2
t + λμϕw2

xt + θ2|ytt − yxxxx|2)dxdt. (3.4)

It follows from (3.3) that

w(0, t) = w(1, t) = wx(0, t) = wx(1, t) = 0 ∀ t ∈ (0, T0)
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and
w(x, 0) = wt(x, 0) = w(x, T0) = wt(x, T0) = 0 ∀ x ∈ I.

Thus ∫
Q0

({. . .}t + {. . .}tt)dxdt = 0,∫
Q0

({. . .}x + {. . .}xx + {. . .}xxx + {. . .}xxxx)dxdt =
∫ T0

0

(
w2
xx(−10l3x + 4lxxx) − 8lxxwxxwxxx

+ w2
xxx(−2lx)

)
(·, t)∣∣1

0
dt

� V (1) − V (0). (3.5)

If we choose λ ≥ λ0 with λ0 large enough and note that ψ0x(1) < 0, ψ0x(0) > 0, then it holds that

−V (0) ≥ 0, V (1) ≥ 0, (3.6)

In view of (3.4)–(3.6), there holds∫
Q0

(
λ7μ8ϕ7ψ8

1xw
2 + λ5μ6ϕ5ψ6

1xw
2
x + λ3μ4ϕ3ψ4

1xw
2
xx + λμ2ϕψ2

1xw
2
xxx + λ3μ4ϕ3ψ4

1xw
2
t + λμ2ϕψ2

1xw
2
xt

)
dxdt

≤ C(ψ)
∫
Q0

(
λ7μ7ϕ7w2 + λ5μ5ϕ5w2

x + λ3μ3ϕ3w2
xx + λμϕw2

xxx

+ λ3μ3ϕ3w2
t + λμϕw2

xt + θ2|ytt − yxxxx|2
)
dxdt. (3.7)

Set Qω0 = ω × (0, T0). Recall that |ψ1x| > 0 in I \ ω, it follows that∫
Q0\Qω

0

(
λ7μ8ϕ7w2 + λ5μ6ϕ5w2

x + λ3μ4ϕ3w2
xx + λμ2ϕw2

xxx + λ3μ4ϕ3w2
t + λμ2ϕw2

xt

)
dxdt

≤ C1(ψ)
∫
Q0

(
λ7μ7ϕ7w2 + λ5μ5ϕ5w2

x + λ3μ3ϕ3w2
xx + λμϕw2

xxx

+ λ3μ3ϕ3w2
t + λμϕw2

xt + θ2|ytt − yxxxx|2
)
dxdt,

from which if we choose μ = μ0 = C1(ψ) + 1, then it holds that∫
Q0\Qω

0

(
λ7μ7ϕ7w2 + λ5μ5ϕ5w2

x + λ3μ3ϕ3w2
xx + λμϕw2

xxx + λ3μ3ϕ3w2
t + λμϕw2

xt

)
dxdt

≤ C2(ψ)
(∫

Q0

θ2|ytt − yxxxx|2dxdt+
∫
Qω

0

(
λ7μ7ϕ7w2 + λ5μ5ϕ5w2

x

+ λ3μ3ϕ3w2
xx + λμϕw2

xxx + λ3μ3ϕ3w2
t + λμϕw2

xt

)
dxdt

)
.

Then∫
Q0\Qω

0

(
λ7μ7ϕ7w2 + λ5μ5ϕ5w2

x + λ3μ3ϕ3w2
xx + λμϕw2

xxx + λ3μ3ϕ3w2
t + λμϕw2

xt

)
dxdt

+
∫
Qω

0

(
λ7μ7ϕ7w2 + λ5μ5ϕ5w2

x + λ3μ3ϕ3w2
xx + λμϕw2

xxx + λ3μ3ϕ3w2
t + λμϕw2

xt

)
dxdt

≤ C

(∫
Q0

θ2|ytt − yxxxx|2dxdt+
∫
Qω

0

(
λ7μ7ϕ7w2 + λ5μ5ϕ5w2

x

+ λ3μ3ϕ3w2
xx + λμϕw2

xxx + λ3μ3ϕ3w2
t + λμϕw2

xt

)
dxdt

)
,
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and thus∫
Q0

(
λ7μ7ϕ7w2 + λ5μ5ϕ5w2

x + λ3μ3ϕ3w2
xx + λμϕw2

xxx + λ3μ3ϕ3w2
t + λμϕw2

xt

)
dxdt

≤ C

(∫
Q0

θ2|ytt − yxxxx|2dxdt+
∫
Qω

0

(
λ7μ7ϕ7w2 + λ5μ5ϕ5w2

x

+ λ3μ3ϕ3w2
xx + λμϕw2

xxx + λ3μ3ϕ3w2
t + λμϕw2

xt

)
dxdt

)
,

from which it holds that∫
Q0

(
λ7ϕ7w2 + λ5ϕ5w2

x + λ3ϕ3w2
xx + λϕw2

xxx + λ3ϕ3w2
t + λϕw2

xt

)
dxdt

≤ C(μ)

(∫
Q0

θ2|ytt − yxxxx|2dxdt +
∫
Qω

0

(λ7ϕ7w2 + λ5ϕ5w2
x

+ λ3ϕ3w2
xx + λϕw2

xxx + λ3ϕ3w2
t + λϕw2

xt)dxdt

)
.

Returning w to θy (μ = μ0 is now fixed), we can obtain that∫
Q0

(
λ7ϕ7θ2y2 + λ5ϕ5θ2y2

x + λ3ϕ3θ2y2
xx + λϕθ2y2

xxx + λ3ϕ3θ2y2
t + λϕθ2y2

xt

)
dxdt

≤ C

(∫
Q0

θ2|ytt − yxxxx|2dxdt +
∫
Qω

0

(λ7ϕ7θ2y2 + λ5ϕ5θ2y2
x

+ λ3ϕ3θ2y2
xx + λϕθ2y2

xxx + λ3ϕ3θ2y2
t + λϕθ2y2

xt)dxdt

)
. (3.8)

Taking into account the construction of φ and ψ0, we have∫
Q0

(
λ7ϕ7θ2y2 + λ5ϕ5θ2y2

x + λ3ϕ3θ2y2
xx + λϕθ2y2

xxx + λ3ϕ3θ2y2
t + λϕθ2y2

xt

)
dxdt

≥
∫
Q0

λ7ϕ7θ2y2

≥
∫
I×(T ′,T ′′)

λ7ϕ7θ2y2

≥ λ7e7μ
(
C̃1−(T0

2 −T ′)2)
e2λe

μ

(
C̃1−( T0

2 −T ′)2) ∫
I×(T ′,T ′′)

y2dxdt,

∫
Qω

0

(
λ7ϕ7θ2y2 + λ5ϕ5θ2y2

x + λ3ϕ3θ2y2
xx + λϕθ2y2

xxx + λ3ϕ3θ2y2
t + λϕθ2y2

xt

)
dxdt

≤ Cλ7e7μ(C̃1+1)e2λeμ(C̃1+1)
∫ T0−γ

γ

∫
ω

(
y2 + y2

x + y2
xx + y2

xxx + y2
t + y2

xt

)
dxdt

= Cλ7e7μ(C̃1+1)e2λeμ(C̃1+1)‖y‖2
�,ω×(γ,T0−γ)
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and ∫
Q0

θ2|ytt − yxxxx|2dxdt =
∫
Q0

θ2|φtty + 2φtyt|2dxdt =
∫

(0,T0)\( T0
2 −b0,T0

2 +b0)

∫
I

θ2|φtty + 2φtyt|2dxdt

≤ Ce2λeμ(1−b20+C̃1)‖y‖2
�,Q0

.

From the above estimates and (3.8), we know that

λ7e7μ
(
C̃1−(T0

2 −T ′)2)
e2λe

μ

(
C̃1−(T0

2 −T ′)2)
‖y‖2

L2(I×(T ′,T ′′))

≤ C

(
e2λe

μ(1−b20+C̃1)‖y‖2
�,Q0

+ λ7e7μ(C̃1+1)e2λeμ(C̃1+1)‖y‖2
�,ω×(γ,T0−γ)

)
,

namely,

‖y‖2
L2(I×(T ′,T ′′)) ≤ C

⎛⎜⎝λ−7e
2λ

(
e

μ(1−b20+C̃1)−e
μ

(
C̃1−(T0

2 −T ′)2))
−7μ

(
C̃1−(T0

2 −T ′)2)
‖y‖2

�,Q0

+ e7μ
(
1+(T0

2 −T ′)2)
e2λ(eμ(C̃1+1)−e

μ

(
C̃1−(T0

2 −T ′)2)
‖y‖2

�,ω×(γ,T0−γ)

⎞⎟⎠ . (3.9)

Set ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε = λ−7e
2λ

(
e

μ(1−b20+C̃1)−e
μ

(
C̃1−(T0

2 −T ′)2))
−7μ

(
C̃1−(T0

2 −T ′)2)
,

ε0 = λ−7
0 e

2λ0

(
e

μ(1−b20+C̃1)−e
μ

(
C̃1−(T0

2 −T ′)2))
−7μ

(
C̃1−(T0

2 −T ′)2)
,

k = eμ(C̃1+1)−e
μ

(
C̃1−(T0

2 −T ′)2)

e
μ

(
C̃1−(T0

2 −T ′)2)
−eμ(1−b20+C̃1)

,

where μ = μ0.

(3.9) implies that for any ε ∈ (0, ε0] the following inequality holds:

‖y‖L2(I×(T ′,T ′′)) ≤ C
(
ε−k‖y‖�,ω×(γ,T0−γ) + ε‖y‖�,Q0

)
. (3.10)

Therefore, (3.10) holds for all ε > 0. Further, if we let

α1 =
1

1 + k
, ε =

(‖y‖
�,ω×(T0

2 −b,T0
2 +b)

‖y‖�,Q0

)α1

,

(3.10) implies (3.2). �

Lemma 3.3. There exists a constant α2 ∈ (0, 1) such that we have the following estimate

‖y‖�,ω×(γ,T0−γ) ≤ C
(‖yt(0)‖L2(ω) + ‖y(0)‖H3(ω)

)α2 ‖y‖1−α2
�,Q0

, (3.11)

where y ∈ G solves (3.1).



LEBEAU–ROBBIANO INEQUALITY FOR FOURTH ORDER ELLIPTIC OPERATOR 821

Proof. Since ω is a nonempty open set, there exists an interval ω0 ⊂ ω. Set a = inf ω0, b = supω0. We introduce
the set

N(τ) = {(x, t) | x ∈ (a+ τ, b− τ), t ∈ (0, T0 − τ)}.
Let τi (i = 1, 2, 3) be such that 0 < τ3 < τ2 < τ1 < min{ b−a2 , T0}, thus N(τ1) ⊂ N(τ2) ⊂ N(τ3) ⊂ ω0 × (0, T0).
We take a function h = h(x) such that

h(x) =

{
2
b−a
(
x− a+b

2

)
+ 1 x ∈ (a, a+b2

)
,

2
a−b
(
x− a+b

2

)
+ 1 x ∈ [a+b2 , b

)
.

(3.12)

Let χ ∈ C∞(N(τ3)) with the properties⎧⎪⎨⎪⎩
0 ≤ χ ≤ 1 (x, t) ∈ N(τ3)

χ ≡ 1 (x, t) ∈ N(τ2)

χ ≡ 0 (x, t) ∈ N(τ3) ∩ U(∂N(τ3)\ω0 × {0})

where U(∂N(τ3)\ω0 × {0}) is a neighborhood of ∂N(τ3)\ω0 × {0}, which is very small.
Step 1. We shall prove that there exists a constant β1 ∈ (0, 1) such that

‖y‖�,N(τ1) ≤ C
(‖yt(0)‖L2(ω) + ‖y(0)‖H3(ω)

)β1 ‖y‖1−β1
�,Q0

. (3.13)

In order to prove (3.13), set ψ2(x, t) = h(x). We here let ψ(x, t) = ψ2(x, t) in Proposition 2.1. Since h is
piecewise smooth in N(τ3), i.e. h is smooth in (a + τ3,

a+b
2 ) × (0, T0 − τ3) and (a+b2 , b − τ3) × (0, T0 − τ3), we

can apply (2.1) to ỹ = χy and u = θỹ in (a+ τ3,
a+b
2 )× (0, T0 − τ3) and (a+b2 , b− τ3)× (0, T0 − τ3), respectively

and then add the two estimates together to obtain that∫
N(τ3)

(
λ7μ8ϕ7u2 + λ5μ6ϕ5u2

x + λ3μ4ϕ3u2
xx + λμ2ϕu2

xxx + λ3μ4ϕ3u2
t + λμ2ϕu2

xt

)
dxdt

≤ C

∫
N(τ3)

(θ2|ỹtt − ỹxxxx|2 − {. . .}x − {. . .}xx − {. . .}xxx − {. . .}xxxx − {. . .}t − {. . .}tt)dxdt,

where μ is large enough with respect to C(ψ2).
Taking into the construction of ψ2 and χ, we have∫
N(τ3)

(
λ7μ8ϕ7u2 + λ5μ6ϕ5u2

x + λ3μ4ϕ3u2
xx + λμ2ϕu2

xxx + λ3μ4ϕ3u2
t + λμ2ϕu2

xt

)
dxdt

≥
∫
N(τ1)

(
λ7μ8ϕ7u2 + λ5μ6ϕ5u2

x + λ3μ4ϕ3u2
xx + λμ2ϕu2

xxx + λ3μ4ϕ3u2
t + λμ2ϕu2

xt

)
dxdt

≥ C

∫
N(τ1)

(
λ7μ8ϕ7θ2ỹ2 + λ5μ6ϕ5θ2ỹ2

x + λ3μ4ϕ3θ2ỹ2
xx + λμ2ϕθ2ỹ2

xxx + λ3μ4ϕ3θ2ỹ2
t + λμ2ϕθ2ỹ2

xt

)
dxdt

= C

∫
N(τ1)

(
λ7μ8ϕ7θ2y2 + λ5μ6ϕ5θ2y2

x + λ3μ4ϕ3θ2y2
xx + λμ2ϕθ2y2

xxx + λ3μ4ϕ3θ2y2
t + λμ2ϕθ2y2

xt

)
dxdt

≥ C

∫
N(τ1)

λμ2ϕθ2
(
y2 + y2

x + y2
xx + y2

xxx + y2
t + y2

xt

)
dxdt

≥ Cλμ2eh(a+τ1)μe2λeh(a+τ1)μ‖y‖2
�,N(τ1)
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and ∫
N(τ3)

(−{. . .}x − {. . .}xx − {. . .}xxx − {. . .}xxxx − {. . .}t − {. . .}tt) dxdt

=
∫
N(τ3)

(−{. . .}t − {. . .}tt)dxdt

=
∫ b−τ3

a+τ3

((B2utux)(x, 0) + (B4utuxxx)(x, 0) + (butuxx)(x, 0) + (auut)(x, 0)) dx

≤ C

∫
ω0

(
λ3μ3

(
ϕ3u2

t

)
(x, 0) + λ3μ3

(
ϕ3u2

x

)
(x, 0) + λ−1μ−1

(
ϕ−1u2

xxx

)
(x, 0)

+λ−1μ
(
ϕ−1u2

xx

)
(x, 0) + λ3μ5

(
ϕ3u2

)
(x, 0)

)
dx

≤ Cλ3μ5e3μe2λeμ

∫
ω0

(
y2
t (x, 0) + y2

x(x, 0) + y2
xxx(x, 0) + y2

xx(x, 0) + y2(x, 0)
)
dx

≤ Cλ3μ5e3μe2λeμ
(
‖yt(0)‖2

L2(ω) + ‖y(0)‖2
L2(ω) + ‖yx(0)‖2

L2(ω) + ‖yxx(0)‖2
L2(ω) + ‖yxxx(0)‖2

L2(ω)

)
= Cλ3μ5e3μe2λeμ

(
‖yt(0)‖2

L2(ω) + ‖y(0)‖2
H3(ω)

)
.

Noting that ỹ solves

ỹtt − ỹxxxx = y(χtt − χxxxx) + 2ytχt − 4yxχxxx − 6yxxχxx − 4yxxxχx,

this leads to∫
N(τ3)

θ2|ỹtt − ỹxxxx|2dxdt =
∫
N(τ3)

θ2|y(χtt − χxxxx) + 2ytχt − 4yxχxxx − 6yxxχxx − 4yxxxχx|2dxdt

=
∫
N(τ3)\N(τ2)

θ2|y(χtt − χxxxx) + 2ytχt − 4yxχxxx − 6yxxχxx − 4yxxxχx|2dxdt

≤ Ce2λeh(a+τ2)μ
∫
N(τ3)\N(τ2)

(y2 + y2
t + y2

x + y2
xx + y2

xxx)dxdt

≤ Ce2λeh(a+τ2)μ
∫
N(τ3)

(
y2 + y2

t + y2
x + y2

xx + y2
xxx

)
dxdt

= Ce2λeh(a+τ2)μ‖y‖2
�,N(τ3)

.

From the above estimates, we conclude that

λμ2eh(a+τ1)μe2λeh(a+τ1)μ‖y‖2
�,N(τ1)

≤ C
(
λ3μ5e3μe2λeμ

(‖yt(0)‖2
L2(ω) + ‖y(0)‖2

H3(ω)) + e2λeh(a+τ2)μ‖y‖2
�,N(τ3)

)
,

namely,

‖y‖2
�,N(τ1)

≤ C
(
λ2μ3e3μ−h(a+τ1)μe2λ(eμ−eh(a+τ1)μ)

(
‖yt(0)‖2

L2(ω) + ‖y(0)‖2
H3(ω)

)
+λ−1μ−2e−h(a+τ1)μe2λ(eh(a+τ2)μ−eh(a+τ1)μ)‖y‖2

�,N(τ3)

)
.

Set ⎧⎪⎪⎪⎨⎪⎪⎪⎩
ε = λ−1μ−2e−h(a+τ1)μe2λ(eh(a+τ2)μ−eh(a+τ1)μ),

ε0 = λ−1
0 μ−2e−h(a+τ1)μe2λ0(eh(a+τ2)μ−eh(a+τ1)μ),

k = eμ−eh(a+τ1)μ

eh(a+τ1)μ−eh(a+τ2)μ ·
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It is clear that 1 > h(a + τ1) > h(a + τ2), therefore, we can choose μ large enough such that k > 2. Then for
any ε ∈ (0, ε0] the following inequality holds:

‖y‖�,N(τ1) ≤ Cε‖y‖�,Q0 + Cε−k
(‖yt(0)‖L2(ω) + ‖y(0)‖H3(ω)

)
. (3.14)

Therefore, (3.14) holds for all ε > 0. Further, if we let

β1 =
1

1 + k
, ε =

(‖yt(0)‖L2(ω) + ‖y(0)‖H3(ω)

‖y‖�,Q0

)β1

,

(3.13) follows immediately from (3.14).
There must be some open ball B ⊂ N(τ1), it is easy to see that

‖y‖�,B ≤ C
(‖yt(0)‖L2(ω) + ‖y(0)‖H3(ω)

)β1 ‖y‖1−β1
�,Q0

.

Step 2. We shall prove that there exists a constant β2 ∈ (0, 1) such that

‖y‖�,ω×(γ,T0−γ) ≤ C‖y‖β2
�,B‖y‖1−β2

�,Q0
.

Indeed, let Bi, i = 1, 2, 3 be three open balls with the properties B1 ⊂⊂ B2 ⊂⊂ B3 ⊂⊂ Q0. Take η ∈ C∞
0 (Q0)

be valued in (0, 1) and η ≡ 1 in B3.
Set

ψ3(x, t) = (x− x0)2 − C̃2

(
t− T0

2

)2

+ C̃3,

r1 = sup
(x,t)∈B1

(|x− x0|2 + |t− t0|2
) 1

2 ,

r2 = sup
(x,t)∈B2

|t− t0|,

r3 = inf
(x,t)∈Q0\B3

|t− t0|,
rQ0 = sup

(x,t)∈Q0\B3

|x− x0|,

where (x0, t0) is the center of B1 and C̃2, C̃3 are large enough such that C̃2(r23 − r22) ≥ r2Q0
and ψ3 ≥ 0.

We here let ψ(x, t) = ψ3(x, t) in Proposition 2.1 and apply (2.1) to ŷ = ηy and z = θŷ, then it follows that∫
Q0

(
λ3μ4ϕ3ψ4

3xz
2
t + λ7μ8ϕ7ψ8

3xz
2 + λ5μ6ϕ5ψ8

3xz
2
x + λ3μ4ϕ3ψ4

3xz
2
xx + λμ2ϕψ2

3xz
2
xxx + λμ2ϕψ2

3xz
2
xt

)
dxdt

≤ C

(∫
Q0

θ2|ŷtt − ŷxxxx|2dxdt+
∫
Q0

(
λ3μ3ϕ3z2

t + λ7μ7ϕ7z2

+ λ5μ5ϕ5z2
x + λ3μ3ϕ3z2

xx + λμϕz2
xxx + λμϕz2

xt

)
dxdt

)
.

By the same argument as in the proof of Lemma 3.2, there exists μ1 > 0 such that for μ ≥ μ1, we have∫
Q0

(
λ3μ3ϕ3z2

t + λ7μ7ϕ7z2 + λ5μ5ϕ5z2
x + λ3μ3ϕ3z2

xx + λμϕz2
xxx + λμϕz2

xt

)
dxdt

≤ C

(∫
Q0

θ2|ŷtt − ŷxxxx|2dxdt+
∫
B1

(
λ3μ3ϕ3z2

t + λ7μ7ϕ7z2

+ λ5μ5ϕ5z2
x + λ3μ3ϕ3z2

xx + λμϕz2
xxx + λμϕz2

xt

)
dxdt

)
.



824 P. GAO

Taking into account the construction of ψ3, we have∫
Q0

(
λ3μ3ϕ3z2

t + λ7μ7ϕ7z2 + λ5μ5ϕ5z2
x + λ3μ3ϕ3z2

xx + λμϕz2
xxx + λμϕz2

xt

)
dxdt

≥ C

∫
Q0

(
λ3μ3ϕ3θ2ŷ2

t + λ7μ7ϕ7θ2ŷ2 + λ5μ5ϕ5θ2ŷ2
x + λ3μ3ϕ3θ2ŷ2

xx + λμϕθ2ŷ2
xxx + λμϕθ2ŷ2

xt

)
dxdt

≥ C

∫
B2

(
λ3μ3ϕ3θ2y2

t + λ7μ7ϕ7θ2y2 + λ5μ5ϕ5θ2y2
x + λ3μ3ϕ3θ2y2

xx + λμϕθ2y2
xxx + λμϕθ2y2

xt

)
dxdt

≥ Cλμeμ(C̃3−C̃2r
2
2)e2λe

μ(C̃3−C̃2r2
2)
∫
B2

(
y2
t + y2 + y2

x + y2
xx + y2

xxx + y2
xt

)
dxdt

= Cλμeμ(C̃3−C̃2r
2
2)e2λe

μ(C̃3−C̃2r2
2)‖y‖2

�,B2

and ∫
B1

(
λ3μ3ϕ3z2

t + λ7μ7ϕ7z2 + λ5μ5ϕ5z2
x + λ3μ3ϕ3z2

xx + λμϕz2
xxx + λμϕz2

xt

)
dxdt

≤ C

∫
B1

(
λ3μ3ϕ3θ2y2

t + λ7μ7ϕ7θ2y2 + λ5μ5ϕ5θ2y2
x + λ3μ3ϕ3θ2y2

xx + λμϕθ2y2
xxx + λμϕθ2y2

xt

)
dxdt

≤ Cλ7μ7e7μ(r21+C̃3)e2λe
μ(r2

1+C̃3)
∫
B1

(
y2
t + y2 + y2

x + y2
xx + y2

xxx + y2
xt

)
dxdt

= Cλ7μ7e7μ(r21+C̃3)e2λe
μ(r2

1+C̃3)‖y‖2
�,B1

.

Noting that ŷ solves

ŷtt − ŷxxxx = y(ηtt − ηxxxx) + yt · 2ηt − yx · 4ηxxx − yxx · 6ηxx − yxxx · 4ηx,

we have∫
Q0

θ2|ŷtt − ŷxxxx|2dxdt ≤
∫
Q0

θ2 |y(ηtt − ηxxxx) + yt · 2ηt − yx · 4ηxxx − yxx · 6ηxx − yxxx · 4ηx|2 dxdt

=
∫
Q0\B3

θ2 |y(ηtt − ηxxxx) + yt · 2ηt − yx · 4ηxxx − yxx · 6ηxx − yxxx · 4ηx|2 dxdt

≤ Ce2λe
μ(r2

Q0
−C̃2r2

3+C̃3)‖y‖2
�,Q0

.

From the above estimates, we know that

λμeμ(C̃3−C̃2r
2
2)e2λe

μ(C̃3−C̃2r2
2)‖y‖2

�,B2
≤ C

(
e2λe

μ(r2
Q0

−C̃2r2
3+C̃3)‖y‖2

�,Q0
+ λ7μ7e7μ(r21+C̃3)e2λe

μ(r2
1+C̃3)‖y‖2

�,B1

)
,

namely,

‖y‖2
�,B2

≤ C

(
λ−1μ−1e−(C̃3−C̃2r

2
2)μe

2λ

(
e

μ(r2
Q0

−C̃2r2
3+C̃3)−e

μ(C̃3−C̃2r2
2)
)
‖y‖2

�,Q0

+λ6μ6e7μ(r21+C̃3)−μ(C̃3−C̃2r
2
2)e

2λ

(
e

μ(r2
1+C̃3)−e

μ(C̃3−C̃2r2
2)
)
‖y‖2

�,B1

)
.
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Set ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε = λ−1μ−1e−(C̃3−C̃2r
2
2)μe

2λ

(
e

μ(r2
Q0

−C̃2r2
3+C̃3)−e

μ(C̃3−C̃2r2
2)
)
,

ε0 = λ−1
0 μ−1e−(C̃3−C̃2r

2
2)μe

2λ0

(
e

μ(r2
Q0

−C̃2r2
3+C̃3)−e

μ(C̃3−C̃2r2
2)
)
,

k = e
μ(r2

1+C̃3)−e(C̃3−C̃2r2
2)μ

e(C̃3−C̃2r2
2)μ−e(r2

Q
−C̃2r2

3+C̃3)μ
= er2

1μ−e(−C̃2r2
2)μ

e(−C̃2r2
2)μ−e(r2

Q
−C̃2r2

3)μ
.

Note C̃2(r23 − r22) > r2Q, therefore, we can choose μ large enough such that k > 6.
By the same method as in Step 1, it is easy to see that

‖y‖�,B2 ≤ C‖y‖δ�,B1
‖y‖1−δ

�,Q0
, (3.15)

where δ ∈ (0, 1).
For any open ball B′ ⊂⊂ Q0, there is finite natural number m and two sequences of open balls {Bi}ni=1 and

{B̃i}mi=1 such that {
B′ ⊂ B1, B̃i ⊂⊂ Bi ∩Bi+1, i = 1, . . . ,m− 1,

B̃m ⊂⊂ Bm, B̃m ⊂ B.

In view of (3.15), there must be a sequence {δi}mi=1 such that

‖y‖�,B′ ≤ ‖y‖�,B1 ≤ C‖y‖δ1
�,B̃1‖y‖1−δ1

�,Q0
≤ C‖y‖δ1�,B2‖y‖1−δ1

�,Q0

≤ C‖y‖δ1δ2
�,B̃2‖y‖1−δ1δ2

�,Q0
≤ . . . ≤ C‖y‖δ1δ2...δm

�,B̃m
‖y‖1−δ1δ2...δm

�,Q0
.

Setting δ′ = δ1δ2 . . . δm, it follows that

‖y‖�,B′ ≤ C‖y‖δ′�,B‖y‖1−δ′
�,Q0

. (3.16)

Since ω × (γ, T0 − γ) ⊂⊂ Q0, there must be a finite subcover of open balls, then from (3.16) we know there
is a constant 0 < β2 < 1 such that

‖y‖�,ω×(γ,T0−γ) ≤ C‖y‖β2
�,B‖y‖1−β2

�,Q0
.

Define α2 = β1β2, we can deduce that

‖y‖�,ω×(γ,T0−γ) ≤ C
(‖yt(0)‖L2(ω) + ‖y(0)‖H3(ω)

)α2 ‖y‖1−α2
�,Q0

. �

Now we can prove Theorem 1.1.

Proof of Theorem 1.1. Following Lemma 3.2 and 3.3, there exists two constants α1, α2 ∈ (0, 1) such that for
any y ∈ G which solves (3.1), satisfy

‖y‖L2(I×(T ′,T ′′)) ≤ C‖y‖α1
�,ω×(γ,T0−γ)‖y‖1−α1

�,Q0

and
‖y‖�,ω×(γ,T0−γ) ≤ C

(‖yt(0)‖L2(ω) + ‖y(0)‖H3(ω)

)α2 ‖y‖1−α2
�,Q0

,

which conclude that

‖y‖L2(I×(T ′,T ′′)) ≤ C
(‖yt(0)‖L2(ω) + ‖y(0)‖H3(ω)

)α1α2 ‖y‖1−α1α2
�,Q0

. (3.17)
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Set y(x, t) =
∑
λi≤r

shtbi

bi
aiei, where bi =

√
λi and shtb

b = t for b = 0. Direct computation shows that y given

as above solves (3.1), which vanishes when (x, t) ∈ ω × {0}. It is obvious that both Rey and Imy satisfy (3.1).
Applying (3.17) to Rey gives that

‖Rey‖L2(I×(T ′,T ′′)) ≤ C
(‖Reyt(0)‖L2(ω) + ‖Rey(0)‖H3(ω)

)α1α2 ‖Rey‖1−α1α2
�,Q0

. (3.18)

Since

‖Rey‖2
�,Q0

≤ CeC
√
r
∑
λi≤r

|Reai|2,

(Rey)t(x, 0) =
∑
λi≤r

Reaiei,

(Rey)(x, 0) = (Rey)x(x, 0) = (Rey)xx(x, 0) = (Rey)xxx(x, 0) = 0

and

‖Rey‖2
L2(I×(T ′,T ′′)) =

∫ T ′′

T ′

∫
I

∣∣∣∣∣∣
∑
λi≤r

shtbi
bi

Reaiei

∣∣∣∣∣∣
2

dxdt

=
∑
λi≤r

|Reai|2
∫ T ′′

T ′

∣∣∣∣shtbibi

∣∣∣∣2 dt

≥
∑
λi≤r

|Reai|2
∫ T ′′

T ′
t2dt

= C(T ′, T ′′)
∑
λi≤r

|Reai|2,

it is shown that ∑
λi≤r

|Reai|2 ≤ CeC
√
r

∫
ω

∣∣∣∣∣∣
∑
λi≤r

Reaiei

∣∣∣∣∣∣
2

dx.

By the same manner, we have

∑
λi≤r

|Imai|2 ≤ CeC
√
r

∫
ω

∣∣∣∣∣∣
∑
λi≤r

Imaiei

∣∣∣∣∣∣
2

dx.

This complete the proof with

∑
λi≤r

|ai|2 ≤ C1eC2
√
r

∫
ω

∣∣∣∣∣∣
∑
λi≤r

aiei

∣∣∣∣∣∣
2

dx. �

4. Proof of Theorem 1.2

The proof of Theorem 1.2 combines the ideas in [8, 9]. First we give several lemmas.
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Lemma 4.1. ([6], pp. 256–257) For almost all t̃ ∈ E, there exists a sequence of numbers {ti}∞i=1 ⊂ (0, T ) such
that

t1 < t2 < . . . ti < ti+1 < . . . < t̃, ti → t̃ as i→ ∞, (4.1)
m(E ∩ [ti, ti+1]) ≥ ρ(ti+1 − ti), i = 1, 2, . . . , (4.2)

ti+1 − ti
ti+2 − ti+1

≤ C0, i = 1, 2, . . . , (4.3)

where ρ and C0 are two positive constants which are independent of i.

Lemma 4.2.

(a) For each r ≥ λ1, there exists a control fr ∈ L∞
F (0, T ;L2(Ω;Xr)) such that the solution y of system (1.1)

with f = fr satisfies Pr(y(·, T )) = 0 in I, P -a.s. Moreover, fr verifies: If 2λα1 > ξ, then

‖fr‖2
L∞

F (0,T ;L2(Ω;Xr)) ≤
C1eC2

√
r

(m(E))2
E‖y0‖2

L2(I).

For the general case, it holds that

‖fr‖2
L∞

F (0,T ;L2(Ω;Xr)) ≤
C1eC2

√
r+ξT

(m(E))2
E‖y0‖2

L2(I).

(b) If f ≡ 0 in system (1.1), then for any y0 ∈ L2(Ω,P,F0;L2(I)) with Pλk−1(y0) = 0 for some k = 2, 3, . . . ,
the corresponding solution y of system (1.1) satisfies

E‖y(t)‖2
L2(I) ≤ e−(2λα

k−ξ)t
E‖y0‖2

L2(I). (4.4)

Proof.
(a) We first introduce the following backward stochastic fractional order Cahn–Hilliard equation⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

dz − Aαz = −a(t)Zdt+ ZdB

z(0, t) = 0 = z(1, t)

zx(0, t) = 0 = zx(1, t)

z(x, T ) = zT (x)

in Q,

in (0, T ),

in (0, T ),

in I,

(4.5)

where zT ∈ L2(Ω,P,FT ;Xr). According to [2, 12], (4.5) admits one and only one solution (z, Z) ∈
L2
F (Ω;C([0, T ];L2(I))) × L2

F(0, T ;L2(I))).
Since zT ∈ L2(Ω,P,FT ;Xr), zT can be written as zT =

∑
λi≤r

ziT ei for a sequence of FT -measurable random

variable {ziT}λi≤r. Then the solution (z, Z) of (4.5) can be expressed as

z =
∑
λi≤r

zi(t)ei, Z =
∑
λi≤r

Zi(t)ei,

where zi(·) ∈ L2
F(Ω;C([0, T ])) and Zi(·) ∈ L2

F(0, T )(λi ≤ r) satisfy the following equation{
dzi − λαi zidt = −a(t)Zidt+ ZidB

zi(T ) = ziT .
in (0, T ), (4.6)
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It follows from Theorem 1.1 that

E

∑
λi≤r

|zi(t)|2 ≤ C1eC2
√
r
E

∫
ω

∣∣∣∣∣∣
∑
λi≤r

zi(t)ei

∣∣∣∣∣∣
2

dx = C1eC2
√
r
E

∫
ω

|z(t)|2dx (4.7)

for any t ∈ [0, T ].
By Itô’s formula, we see that d|z|2 = 2zdz + (dz)2. Hence we obtain that

E

∫
I

|z(t)|2dx− E

∫
I

|z(0)|2dx = 2E

∫ t

0

∑
λi≤r

λαi |zi(s)|2ds+ E

∫ t

0

∫
I

(−2a(s)zZ + Z2)dxds

≥ 2E

∫ t

0

∑
λi≤r

λαi |zi(s)|2ds− E

∫ t

0

∫
I

|a(s)z|2dxds

≥ E

∫ t

0

∑
λi≤r

(2λαi − ξ)|zi(s)|2ds ≥ 0. (4.8)

In view of (4.7)) and (4.8), we obtain that

E

∫
I

z2(x, 0)dx ≤ C1eC2
√
r
E

∫
ω

z2(x, t)dx

for t ∈ [0, T ]. Therefore,∫
E

(
E

∫
I

z2(x, 0)dx
) 1

2

dt ≤ (C1eC2
√
r)

1
2

∫
E

(
E

∫
ω

z2(x, t)dx
) 1

2

dt.

Hence we deduce that for each zT ∈ L2(Ω,P,FT ;Xr),

E

∫
I

z2(x, 0)dx ≤ C1eC2
√
r

(m(E))2

(∫ T

0

(
E

∫
I

χEχωz
2(x, t)dx

) 1
2

dt

)2

=
C1eC2

√
r

(m(E))2
‖χEχωz‖2

L1
F (0,T ;L2(Ω;L2(I))) .

According to dual argument and a Riesz-type Representation Theorem, one can get the first result in part (a)
by similar argument as in [9].

Applying Itô’s formula to eτt|z|2, the second result in part a) can be obtained following the above methods
with minor changes.

(b) Since y0 ∈ L2(Ω,F0, P ;L2(I)) with Pλk−1(y0) = 0, y0 can be written as y0 =
∑∞
i=k y

i
0ei for suitable

yi0 ∈ L2(Ω,F0, P ). Thus, the solution y of system (4.7) can be expressed as

y =
∞∑
i=k

yi(t)ei,

where yi ∈ L2
F(Ω;C([0, T ])) solves the following equation{

dyi + λαi y
idt = a(t)yidB

yi(0) = yi0.

in [0, T ], (4.9)
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Applying Itô’s formula to e(2λα
k−ξ)t|y(t)|2, we have that

d
(
e(2λα

k −ξ)t|y(t)|2
)

= e(2λα
k−ξ)t2ydy + e(2λα

k−ξ)t(dy)2 + (2λαk − ξ) e(2λα
k−ξ)ty2dt.

Hence it is clear that

E

∫
I

e(2λα
k −ξ)t|y(t)|2dx− E

∫
I

|y(0)|2dx = E

∫ T

0

e(2λα
k −ξ)s

∞∑
i=k

(−2λαi ) |yi|2ds

+ E

∫ T

0

∫
I

e(2λα
k −ξ)sa2(s)|y|2dxds

+ (2λαk − ξ) E

∫ T

0

∫
I

e(2λα
k−ξ)s|y|2dxds ≤ 0,

which gives the desired estimate (4.4) immediately. �

Proof of Theorem 1.2. By same idea in [9], without loss of generality, in what follows we assume that λα1 ≥ ξ
and C1 ≥ 1.

By Lemma 4.1, we can take a number t̃ ∈ E with t̃ < T and a sequence {tN}∞N=1 ⊆ (0, T ) such that (4.1)–(4.3)
hold for some positive numbers ρ and C0, and such that t̃− t1 ≤ min{λα1 , 1}.

First, we take ỹ0(x) to be q(x, t1), where q is the solution to the following equation⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dq +Aαqdt = a(t)qdB

q(0, t) = 0 = q(1, t)

qx(0, t) = 0 = qx(1, t)

q(x, 0) = y0(x)

in I × (0, t1),

in (0, t1),

in (0, t1),

in I.

(4.10)

Next, we will show that there exists a control f̃ ∈ L∞
F (t1, t̃;L2(Ω;L2(I))) such that the solution ỹ of⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

dỹ +Aαỹdt = a(t)ỹdB + χωχE f̃dt

ỹ(0, t) = 0 = ỹ(1, t)

ỹx(0, t) = 0 = ỹx(1, t)

ỹ(x, t1) = ỹ0(x)

in I × (t1, t̃),

in (t1, t̃),

in (t1, t̃),

in I,

(4.11)

satisfying ỹ(t̃) = 0 in I, P -a.s and ∥∥∥f̃∥∥∥2
L∞

F (t1,t̃;L2(Ω;L2(I)))
≤ LE‖ỹ0‖2

L2(I), (4.12)

where L is a constant independent of y0.
Indeed, set KN = [t2N−1, t2N ] and JN = [t2N , t2N+1] for N = 1, 2, . . . , then

[
t1, t̃
)

=
∞⋃
N=1

(KN ∪ JN ) .

It is clear that m(E ∩KN) > 0 and m(E ∩ JN ) > 0 for all N ≥ 1.
According to Lemmas 4.1 and 4.2 and the same argument in proof of Theorem 1.1 in [9], we control equa-

tion (4.11) on KN corresponding a control fN such that Pr̄N (yN (·, t2N )) = 0 and

‖fN‖2
L∞

F (t2N−1,t2N ;L2(Ω;L2(I))) ≤ 2N−1

(
C1

ρ2(t2 − t1)2

)N
C4

0C
4×2
0 . . . C

4×(N−1)
0 α1α2 . . . αNE‖ỹ0‖2

L2(I),
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where

αN =

⎧⎨⎩ eC2
√
r̄1 , N = 1,

eC2
√
r̄N e(−2r̄α

N−1+ξ)(t3−t2)C−2(N−2)
0 , N ≥ 2,

r̄N =
(
CC̃N−1 + ξ

) 2
b

, N ≥ 1,

C =
2

t3 − t2
, C̃ =

2C1

ρ2(t2 − t1)2
C2

0 , b = α− 1
2
.

On the other hand, we let the equation evolve freely on JN .
Now, we prove the existence of the constant L in (4.12).
It is clear that

‖fN‖2
L∞

F (t2N−1,t2N ;L2(Ω;L2(I))) ≤ C̃N(N−1)α1α2 . . . αNE‖ỹ0‖2
L2(I),

where N > 1, and 2
2
b ≤ r̄1 < r̄2 < . . . < r̄N → ∞ as N → ∞. Moreover,we have

(r̄N−1)
b
2 (t3 − t2)C

−2(N−2)
0 − ξ(t3 − t2)C

−2(N−2)
0 ≥ 2, N ≥ 2,

therefore

e−(2r̄α
N−1−ξ)(t3−t2)C−2(N−2)

0 ≤ e−4r̄
b+1
2

N−1 , N ≥ 2. (4.13)

Note that

C̃N(N−1)e−r̄
b+1
2

N−1 =
C̃N(N−1)(
er̄

b
2
N−1

)r̄ 1
2
N−1

≤ C̃N(N−1)(
e2C̃N−2

)r̄ 1
2
N−1

≤ C̃N(N−1)

(C̃(N−2)2r̄
1
2
N−1

and

eC2
√
r̄N e−r̄

b+1
2

N−1 ≤ C(b)eC̃
N
b −C̃

N(b+1)
b

for each N ≥ 2, where C(b) is a positive constant depend on b. We derive from the definition of r̄N that there
exists a natural number N0, such that for all N ≥ N0,

C̃N(N−1)e−r̄
b+1
2

N−1 ≤ 1 and eC2
√
r̄N e−r̄

b+1
2

N−1 ≤ 1. (4.14)

Combining (4.13) and (4.14), we see that for all N ≥ N0,

C̃N(N−1)αN = C̃N(N−1)eC2
√
r̄N e(−2r̄α

N−1+ξ)(t3−t2)C
−2(N−2)
0

≤ C̃N(N−1)eC2
√
r̄N e−4r̄

b+1
2

N−1

= C̃N(N−1)e−r̄
b+1
2

N−1 · eC2
√
r̄N e−r̄

b+1
2

N−1 · e−2r̄
b+1
2

N−1

≤ 1.

Moreover, it is obviously that αN ≤ 1 for any N ≥ N0. We set

L = max
{
C̃N(N−1)α1α2 . . . αN , 1 ≤ N ≤ N0

}
<∞.

Then we can obtain that
‖fN‖2

L∞
F (t2N−1,t2N ;L2(Ω;L2(I))) ≤ LE‖ỹ0‖2

L2(I),
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where N ≥ 1. We now contruct f̃ by setting

f̃ =

{
fN (x, t)

0

x ∈ I, t ∈ KN , N ≥ 1,

x ∈ I, t ∈ JN , N ≥ 1.

It is clear that f̃ ∈ L∞
F (t1, t̃;L2(Ω;L2(I))) and satisfies the estimate

‖f̃‖2
L∞

F (t1,t̃;L2(Ω;L2(I))) ≤ LE‖ỹ0‖2
L2(I).

Arguing as in [9, 10], we can obtain ỹ(x, t̃) = 0 in I, P -a.s.
Finally, construct a control f by setting

f =

⎧⎪⎨⎪⎩
0

f̃(x, t)

0

in I × (0, t1),

in I × (t1, t̃),

in I × (t̃, T ).

It is clear that f ∈ L∞
F (0, T ;L2(Ω;L2(I))) and that the corresponding solution y of (1.1) satisfies y(T ) = 0 in I,

P -a.s. Moreover, the control f satisfies the estimate

‖f‖2
L∞

F (0,T ;L2(Ω;L2(I))) ≤ LE‖y0‖2
L2(I). �
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