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ON THE CONVEXITY OF PIECEWISE-DEFINED FUNCTIONS *» *#, ***

HEeINz H. BAuscHKE!, YVES LUceET? AND HUNG M. PHAN?

Abstract. Functions that are piecewise defined are a common sight in mathematics while convexity
is a property especially desired in optimization. Suppose now a piecewise-defined function is convex
on each of its defining components — when can we conclude that the entire function is convex? In this
paper we provide several convenient, verifiable conditions guaranteeing convexity (or the lack thereof).
Several examples are presented to illustrate our results.
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1. INTRODUCTION

Consider the function

z? +y? + 2max{0,zy} .
fiRQHRZ (z,y) — |z + |y , if (.T,y);é(0,0),
0, otherwise.
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Clearly, f is a piecewise-defined function with continuous components

filz,y) =z +y on Ar =Ry x Ry (1.2a)
2+ 42

= As :=R_ x Ry; 1.2b

fQ(xay) —r+y on 2 XI5 ( )

falz,y) =z +y on Az :=R_ xR_; (1.2¢)
2,2

fa(z,y) = Ty on Ay =Ry xR_. (1.2d)
r—=Yy

One may check that each f; is a convex function (see Example 6.1 below for details). However, whether or not f
itself is convez is not immediately clear. (As it turns out, f is convex.)

On the other hand, if fi(z) =z on A; :=R_ and fa(z) = —x on Ay := Ry, then f; and f5 are convex while
the induced piecewise-defined function f(z) = —|z| is not convex.

These and similar examples motivate the goal of this paper which is to present verifiable conditions guar-
anteeing the convexity of a piecewise-defined function provided that each component is convez. Special cases of
our results have been known in the convex interpolation community (see Rem. 5.7). Moreover, our results have
applications to computer-aided convex analysis (see Rem. 5.9).

(We mention in passing three different though related topics: The problem of guaranteeing the convexity of
intersections of sublevel sets of functions was recently considered in [18]. Points of convexity, which localize the
notion of convexity of a function, were investigated in [9,11]. In [12], it is shown that the convex envelope of a
function arises as the solution of a nonlinear obstacle problem.)

The remainder of this paper is organized as follows. In Section 2, we collect various auxiliary results concerning
convexity and differentiability. We also require properties of collections of sets and of functions which we develop
in Sections 3 and 4, respectively. Our main results guaranteeing convexity are presented in Section 5. Various
examples illustrating convexity and the lack thereof are discussed in Sections 6 and 7, respectively.

Notation: Throughout, X is a Euclidean space with inner product (-, -) and induced norm ||-||. R denotes the set
of real numbers, R := {w eR | x> 0}, and R_ := —R;. For z and y in X, [z,y] := {(1 —tr+ty|0<t< 1}
is the line segment connecting z and y. Similarly, we set ]z,y[ = {(1 —t)z +ty | 0<t<1}, [zy] =

{(1 —t)x +ty | 0<t< 1}, and |z,y| := [y, z[. For a subset A of X, conv A, clA, int A, aff A, and ri A re-
spectively denote the convexr hull, the closure, the interior, the affine hull, and the relative interior of A.
Furthermore, ¢4 is the indicator function of A defined by ta(x) = 0, if & € A; and +o0o otherwise. Let
f: X — ]—00,400] = RU{+o0}. The domain of f is Dy := {x € X | f(z) < +o0}; f is said to be proper
if Dy # @. The restriction of f on some subset A of X is denoted by f| 4 A set-valued mapping F' from X
to another Euclidean space Y is denoted by F' : X =2 Y; and its domain is Dp := {x eX | F(x) # @}. For
further background and notation, we refer the reader to [1,10,13,14,19].

2. CONVEXITY AND DIFFERENTIABILITY

Let f: X — ]|—00, +0o0] be proper. For every @ € X, the subdifferential (in the sense of convex analysis) of f
at z, denoted by df(x), is the set of all vectors z* € X such that

(Vye X) (2% y—x) < [fly) - f(z) (2.1)

The induced operator df : X =% X has domain Dgy = {z € X | 0f(z) # @} C Dy.
Let us now present some auxiliary results concerning the convexity of a function.

Lemma 2.1. Let f: X — ]—o00,+00] and let z1 and z2 be in Dy. Set x := (1 —t)z1 +tzo, where t € [0,1], and
assume that © € Dgy. Then f(z) < (1 —t)f(z1) + tf(=2).
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(I=1) (" 21 —x) < (1 =) (f(21) = f(@)); (2.2a)
(f(z2) = f(2)). (2.2b)

Adding up the last two inequalities, we obtain 0 < (1 —t)f(z1) + tf(22) — f(x). O

Proof. Let x* € 0f (x). Then (z*,21 —x) < f(z1) — f(x) and (2%, 23 — ) < f(22) — f(x). Hence
(
4

<
t{(z" 29 —x) <

Fact 2.2 (See [13], Thm. 6.1-6.3). Let A be a nonempty convex subset of X. Then the following hold:

(1) VzeclA)(Vy eriA) Jz,y] CriA.
(2) ri A is nonempty and convex.
(3) cl(rid) =clA.

Fact 2.3 (See [13], Thm. 23.4). Let f: X — ]—o00,400] be convex and proper. Then riDy C Day.

Fact 2.4 (See [19], Thm. 2.4.1(iii)). Let f: X — ]—o00,+00| be proper. Assume that Dy = Doy is convex. Then
f is convex.

Proof. Take z1 and z2 in Dy and let ¢ € [0,1]. Set = := (1 — )21 + t22. Since Jf(x) # @, Lemma 2.1 implies
that f(x) < (1 —1t)f(21) + tf(z2). Therefore, f is convex. O

In the presence of continuity, Fact 2.4 admits the following extension.

Lemma 2.5. Let f: X — |—o00,+00] be proper. Assume that Dy is convez, that f|Df 1s continuous, and that
riDy C Dgy. Then f is convex.

Proof. Fact 2.2 implies that riDy is convex and cl(riDy) = clDy. Then the function f + LiD; is convex by
Fact 2.4. Since f|Df is continuous and riDy is dense in Dy, we conclude that f|Df is convex. O

Given a nonempty subset A of X, we define the dimension of A to be the dimension of the linear subspace
parallel to the affine hull of 4, i.e., dim A := dim(aff A — aff A). We then have the following result.

Lemma 2.6. Let f: X — ]—o0,+00] be proper. Assume that f|Df is continuous, that Dy is conver and at

least 2-dimensional, and that there exists a finite subset E of X such that f|[x vl is convex for every segment
[x,y] contained in (riDy) \ E. Then f is convex.

Proof. Take two distinct points x and y in Dy, let ¢ € [0, 1], and set z := (1 — t)z + ty. Then z € Dy because
D¢ is convex. It remains to show that

fz) < (=) f(z) +tf(y). (2:3)
First, since Dy is convex and dim(Dy) > 2, there exists w € (riDy) \ aff{x, y}. For each € € ]0, 1], set
2o =(1—¢e)x+tew, ye := (1 —e)y +ew, and z. := (1 — t)xe + tye. (2.4)
Using Fact 2.2(1) and the finiteness of E, we have
ze € [22,y:] C (riDy) N E, for every ¢ > 0 sufficiently small. (2.5)
Because f is convex on [z¢, ye], this implies
F() < (1= ) f(z2) + 11(52). (2.6)

Letting € — 0T, we obtain (2.3) by using the continuity of f|Df. O
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Remark 2.7 (The assumption on the dimension is important). Lemma 2.6 fails on R in the following sense.
Consider f: R — R: z — —|z| and set E := {0}. Then all assumptions of Lemma 2.6 hold except that Dy =R
is only 1-dimensional. Clearly, the conclusion of Lemma 2.6 is not true because f is not convex.

We now turn our attention to differentiability properties. Recall that f: X — ]|—oo,+oc0] is differentiable
at € int Dy if there exists Vf(z) € X such that (Vy € X) f(y) — f(z) — (Vf(z),y —z) = o(||ly — z|); [ is
differentiable on subset A of int Dy if f is differentiable at every x € A. We will require the following results.

Fact 2.8 (See [13], Thm. 25.1). Let f: X — ]—o0,40o0] be conver and proper, and assume that x € intDy.
Then f is differentiable at x if and only if Of(x) is a singleton.

Fact 2.9 (See [13], Thm. 25.5). Let f: X — ]—o00,+00] be convex and proper, and let 2 be the set of points
where f is differentiable. Then {2 is a dense subset of int D¢, and its complement in int Dy is a set of measure
zero. Moreover, V f: 2 — X is continuous.

Fact 2.10 (See [13], Thm. 25.6). Let f: X — ]—o0,400] be convexr and proper such that Dy is closed with
nonempty interior. Then

(Vx € Dy) Of(x) = cl(conv S(x)) + Npy(z), (2.7)
where Npg(z) == {2* € X | (Vy € Dy) (z*,y —x) <0} is the normal cone to Dy at x and S(z) is the set of
all limits of sequences (V f(xn))nen such that f is differentiable at every x, and x, — .

3. COMPATIBLE SYSTEMS OF SETS

In this section, we always assume that

I is a nonempty finite set; (3.1a)
A= {A;}icr is a system of convex subsets of X; (3.1b)
A= Uie[ AZ (310)

Definition 3.1 (Compatible systems of sets). Assume (3.1). We say that A is a compatible system of sets if
rel
jel = cdA;nclA;Nrid=A;NA;NriA; (3.2)
i# ]

otherwise, we say that A is incompatible.

Example 3.2. Every system of finitely many closed convex subsets of X is compatible.

Example 3.3 (Incompatible systems). Suppose that X = R? that I = {1,2}, that 4; = ]0,1] x [0, 1], and
that Ay =[—1,0] x [0,1]. Then A = A; U A =[-1,1] x [0,1] and ri A =]—1,1[ x ]0, 1[. Thus, A = {A1, A2} is
incompatible because

ClAlﬂCIAgﬂI‘IA:{O}X]O,l[#@ZAlﬂAg NriA. (33)

Definition 3.4 (Colinearly ordered tuple). The tuple of vectors (xo,...,z,) € X" is said to be colinearly
ordered if the following hold:

(1) [x071'n] = [$0axl] U---u [-Tn—lyl'nh
(2) 0< flzo — 21|l < [lwo — 22| < -+ < [[zo — 2.

Proposition 3.5. Assume (3.1) and that A is a compatible system of sets (Def. 3.1). Then for every segment
[,y] contained in ri A, there exists a colinearly ordered tuple (xq,...,x,) and {Ai,...,4;, } € A such that

zo=x; z,=y; and (Vke{l,...,n}) [zr_1,2%] C 4;,. (3.4)



732 H.H. BAUSCHKE ET AL.
Proof. Let [z,y] CriA, with x € A;, for some i1 € I. Set zp := x. For every t € [0, 1], define
x(t) = (1 —t)z + ty. (3.5)

Furthermore, set
ti:==sup{t €[0,1] | z(t) € A;;} and xy:=z(t1). (3.6)

Then [zg, 1] C A4;, and x; € cl A;,. Note also that 27 € ri A.
Case 1. t; = 1. Then z; = y € cl A;,. Suppose that y & A;,. Then, y € A;, for some iy € I. It follows that
y€cld;, NclA;, N\ri A= A;; NA;, Nri A, which is a contradiction. Therefore, y € A;, and we are done because
[1'7 y} g Ai1 .
Case 2. t; < 1. Then there exist € € 10,1 —¢;] and A4;, € A~ {4;,} such that
Je1,22) € A;, where x9:=2x(t1 +¢). (3.7)
Hence x; € cl A4;,. We then have
x1 €clA; NelA, Nrid=A;, N A, NriA. (38)
So we have split [z,y] into two line segments
[zo,21] € A;, NriA  and [z1,y] C (Uiel\{il} A;) NriA. (3.9)

Next, we repeat the above process for the segment [z1,y]. Since A is finite, we eventually obtain (3.4). O

Remark 3.6 (Closedness is not necessary for compatibility). We note that there are compatible systems of
sets that are not closed. For example, suppose that X = R?, that I = {1,2}, that A; = [0,1] x [0,1], and that
Ay =1-1,0] x [0,1]. Then neither A; nor As is closed. However, since

clAiNeclAy = A1 NAy = {0} X [0, 1}, (310)
we deduce that A = {A1, A2} is compatible.

Definition 3.7 (Active index set). Assume (3.1). For every « € X, we define the active index set associated
with A by

Ia(z):={iel|xe A}, (3.11)

and we will write I(x) if there is no cause for confusion.

Proposition 3.8. Assume (3.1) and that A is a compatible system of sets (see Def. 3.1). Suppose that x € int A
and that I4(x) = {i}. Then x € int A;.

Proof. Because int A # &, we have ri A = int A. Suppose to the contrary that = ¢ int A;. Then there exist
j € I~ {i} and a sequence (z,)nen in A; such that that z,, — z. It follows that

zeclA;NclA;Nrid=A4;NA;NriA, (3.12)

which is absurd because I(z) = {i} by assumption. O
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4. COMPATIBLE SYSTEMS OF FUNCTIONS

In this section, we always assume that

I is a nonempty finite set; (4.1a)

F :={fi}tier is a system of proper convex functions from X to ]—oo, +0o0]; (4.1b)

f :=min;¢; f; is the piecewise-defined function associated with F; (4.1c)

Ir: X > Tz {iel ’ x € Dy, } is the active index set function. (4.1d)
We will write I(z) instead of Ir(x) if there is no cause for confusion. Note that Dy = J,.; Dy,.

Definition 4.1 (Compatible systems of functions). Assume (4.1). We say that F is a compatible system of

functions if (Vi € I) fi|Df is continuous and

1€l

jel _

i = fi|Dfimej :fj|Dfimej' (4.2)

Dy, NDy; # &
We start with a useful lemma.
Lemma 4.2. Assume (4.1) and that F is compatible system of functions (Def. 4.1). Then
(vzeX) 0f)C [ Ofila). (4.3)
i€lF ()

Proof. Suppose that z* € Of(x) and that ¢ € Iz(x). Then fi(z) = f(z) and Vy € X) fi(y) — fi(z) >
fly) — f(x) > (z*,y — x). Therefore, z* € Jf;(z). O

Lemma 4.3. Let (a,b,c) € X3 be colinearly ordered (Def. 3.4). Assume (4.1) with I = {1,2}, that F is
compatible system of functions (Def. 4.1), that Dy, = [a,b], that Dy, = [b,c], and that

Then f is conver and
0f1(x), if © € [a,b[;
(VeeDy) Of(x)= [ 0filw) = 0f(b)N0fa(b), ifx=0; (4.5)
i€lr(x) Ofa(x), if x €]b,q].

Proof. We assume that a, b, ¢ are pairwise distinct since the other cases are trivial. First, we show that
(Vz € [a,b]) Ofi(z) COf(). (4.6)
Suppose that © € [a, b] and that 2* € df1(z). To establish (4.6), it suffices to show that

(Vy€lad) (@"y—2)<fly) - f(2). (4.7)
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Indeed, (4.7) is true for y € [a,b] by definition of df;(z) and f. Now suppose that y € ]b,c]. By (4.4), there
exists b* € 0f1(b) N A f2(b). Then

(z*y —a) = (", b—2) + (2",y = b) (4.8a)

< f1(b) = fu(z) + ||ly»:2”| (z*,b— ) (4.8b)

< A(0)~ Aa) + L 7. (4.80

< f1(b) = fa(z) + 0",y — b) (4.8d)

< f1(b) = fi(@) + f2(y) — fa(b) (4.8¢)

= f2(y) — fi(=) (4.8f)

= fly) — f=z) (4.8g)

Hence (4.7) holds, as does (4.6).
Switching the roles of f; and f3, we obtain analogously

(Vx € [¢,b]) Ofa(z) C Of(x). (4.9)

Next, it is straightforward to check that
Of1(6) N Df2(6) C A (b). (4.10)

Since the reverse inclusions of (4.6), (4.9), and (4.10) follow from Lemma 4.2, we conclude that (4.5) holds.
Using (4.4), (4.5) and Fact 2.3, we conclude that 0f(x) # @ for all « € ]a,c[ = riDy. Finally, it follows from
Lemma 2.5 that f is convex. O

Theorem 4.4. Let (zo,...,7,) € X" be colinearly ordered (Def. 3.4). Assume (4.1) with I = {1,...,n} and
that F is a compatible system of functions (Def. 4.1) such that the following hold:

(1) (Vie{l,...,n}) Dy, = [xi—1, z4].

(2) (Vie{l,...,n—1}) Ofi(x;) N Ofiy1(x;) # @.

Then f is convexr and

(VzeDy) Of(x)= () 0fi(). (4.11)

iEI}'(Qf)

Proof. If n = 1, then the result is trivial. For n > 2, the result follows by inductively applying Lemma 4.3. [

5. MAIN RESULTS
We are now ready for our main results.

Theorem 5.1 (Main result I). Assume (4.1), that F is a compatible system of functions (Def. 4.1), and that
the following hold:

(a) Dy = U,c; Dy, is convex and at least 2-dimensional.
(b) {Dy, }icr is a compatible system of sets (Def. 3.1).
(¢) There exists a finite subset E of X such that
v e (“Df)\E} = () o) £ o (5.1)

card I (x) > 2
iel(x)
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Then f is convex and

(Vz eriDy) @ #0f(x) C ﬂ ofi(x). (5.2)

i€l(x)

Proof. Let [z,y] C (riDy) \ E. By the compatibility in (b) and Proposition 3.5, there exist a colinearly ordered

tuple (g, ...,2,) € X"t and functions f;,,..., f;, in F such that
o =x; T, =vy; and (Vk; e{l,... ,n}) [®k—1,2K] C Dy, NriDy. (5.3)
Define
(Vk 6 {17 A 7n}) gk? = ka + L[ack,l,xk] = f + L[wkfl,wk]’ (54)
Using (5.1), we see that, for every k € {1,...,n— 1},
Ogr (1) N Ogy1(xk) 2 Ofiy (wx) N Ofipy, (mr) 2 [ Ofilww) # 2. (5.5)

i€l(xy)

By applying Theorem 4.4 to the system {gr}re(1,...,n}, We see that g = mingeqi, . oy gx = f + 5,y Is convex
and hence so is f’ el In view of Lemma 2.6, we obtain the convexity of f. Finally, for all x € riDy, we have
Of(z) # @ by Fact 2.3. Therefore, (5.2) follows from Lemma 4.2. O

Remark 5.2. We note an interesting feature in Theorem 5.1. In assumption (c), we require the non-emptiness
of the subdifferential intersection (5.1) at all relative interior points except for finitely many points. Since
our conclusion says that f is convex, the subdifferential intersection is nonempty at every point in riDy (see
Fact 2.3). That means, in order to check the convexity of f, we are allowed to ignore verifying (5.1) at finitely
many points in riDy. This turns out to be very convenient since checking (5.1) at certain points may not be
obvious (see, for example, Example 6.1).

Remark 5.3 (Compatibility on the system of domains is essential). Theorem 5.1 fails if the domain compati-
bility assumption (b) is omitted: indeed, suppose that X = R?, that I = {1,2}, and that

J1=1p0,1x0,1) and fa =11 0[x[0,1 + 1. (5.6)
Then F is a compatible system of functions. Even though Dy = [—1,1] x [0, 1] is convex, {Dy, NriDy }ier is not
a compatible system of sets. So, Theorem 5.1(b) is violated. Clearly, f is not convex.

We thank a referee for a comment that caused us to point out the following result, which is complementary
to Theorem 5.1. It deals with the case when Dy is 1-dimensional. For notational simplicity we state the result
when X =R.

Theorem 5.4. Assume that X = R, that (4.1) holds, that F is a compatible system of functions (Def. 4.1),
and that the following hold:

(a) I={1,2,...,n} for somen >2 and (Vi € I) intDy, # &.

(b) (Vie{l,...,n—1}) x; :=maxDy, =minDy, ., and 0fi(x;) N0 fiy1(x:) # @.

(c) {Dy, }ier is a compatible system of sets (Def. 3.1).

Then [ is convex and (Vo € Dy) Of(x) = ierp(x) Ofi(2)-

Proof. Take 9 € Dy, and z,, € Dy, such that o < z1 < z,—1 < 2. By Theorem 4.4, the result holds for
J + two,z,)- Since xg and z,, were chosen arbitrarily, we are done. O

Theorem 5.5 (Main result II). Assume (4.1), that F is a compatible system of functions (Def. 4.1), that each
fi is differentiable on int Dy, # @&, and that the following hold:

(a) Dy = U,e; Dy, is convex and at least 2-dimensional.
(b) {Dy, }ier is a compatible system of sets (Def. 3.1).
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(¢) There exists a finite subset E of X such that

xifﬁthJ})(;)E} = lim Vfi(z) = lim Vf(z) ewists. (5.7)

z€int Dfi z€int ij

Then f is convex; moreover, it is continuously differentiable on (intDy) \ E.

Proof. We will prove the convexity of f by using Theorem 5.1. Note that it suffices to verify assumption (c)
of Theorem 5.1. To this end, let € int(Dy) \ E such that card I(z) > 2 and denote by u}; the limit in (5.7).
Fact 2.10 and Lemma 4.2 imply

ui e () 0filx). (5.8)

i€l (x)
So assumption (c) in Theorem 5.1 holds. Thus, we conclude that f is convex.
Turning towards the differentiability statement, let {2 be the set of points at which f is differentiable. Then
UieI inthi cnNc inth.
Now let z € (int Dy) . E. We consider two cases.

Case 1. Card I(z) = 1. Then Proposition 3.8 implies that € int Dy, for some ¢ € I, which implies that z € (2.
Case 2. CardI(z) > 2. Since x € int Dy, we obtain Np,(x) = {0}. Hence, by Fact 2.10, we have

of(x) :clconv{}ligl\IVf(zn) | 252, -2} (5.9)
Let (2n)nen be a sequence in §2 such that z, — z, and let (,,)nen be in Ry such that €, — 07. By Fact 2.9,

Vf|Q is the continuous and because  J,; int Dy, is dense in Dy, there exists a sequence (y,)nen in ;¢ int Dy,
such that

(Vn €N) lyn — znll <en and [V F(yn) = VF(20)] < n. (5.10)

Combining with (5.7), we deduce that
yn, — = and }llé%;vf(”z”) :}L%%Vf(yn) =u,. (5.11)
So, (5.9) becomes Jf(x) = {ul}. Thus, f is differentiable at « by Fact 2.8. O

Corollary 5.6. Assume (4.1), that F is a compatible system of functions (Def. 4.1), and that the following
hold:

(a) Dy = U,c; Dy, is convex and at least 2-dimensional.
(b) {Dy, }ier is a compatible system of sets (Def. 3.1).
(c) f is continuously differentiable on intDy.

Then f is conver.
Proof. This follows from Theorem 5.5 with F' = &. O

Remark 5.7 (Convex interpolation). When X = R2, then Corollary 5.6 is known and of importance in the
convex interpolation of data; (see, e.g., [5] Thm. 1, [6] Prop. 2.2, [15] Thm. 3.1, [2] Prop. 5.1 and the related [16]
Thm. 3.6) for further details.

Corollary 5.8. Assume (4.1), that F is a compatible system of functions (Def. 4.1), that each Dy, is closed,
and that (Vi € I)(Vz € Dy,) fi(z) = 3 (2, Aiz) + (bi,x) + v, where A;: X — X is linear with A; = A} = 0,
b; € X, and v; € R. Furthermore, assume that Dy = |J,.; Dy, is convexr and at least 2-dimensional, and that

i€l
lijycl
i# ] = Agx+b; = Ajl‘-l- bj. (5.12)
x € Dy, ﬂij

Then f is convex; moreover, it is continuously differentiable on intDy.
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Proof. This follows from Example 3.2 and Theorem 5.5 with £ =@ since V f;(z) =A;2+0b; whenz € intDy,. O

Remark 5.9 (Piecewise linear-quadratic function). Consider Corollary 5.8 with the additional assumption that
each Dy, is a polyhedral set. Then Corollary 5.8 provides a sufficient condition for checking the convexity of f
which in this case is a piecewise linear-quadratic function. These functions play a role in computer-aided convex
analysis (see [7], [14] Sect. 10.E) and also [17] for further information on functions of this type). Moreover, we
thus partially answer an open question from ([8], Sect. 23.4.2). Our results also enhance our understanding of
how nonconvexity occurs and form another step towards building a nonconvex toolbox that extends current
bivariate computational convex analysis algorithms [3,4].

6. CHECKING CONVEXITY
We start with an application of Theorem 5.5.
Example 6.1. The function

22 + 3% + 2 max{0, zy}

, Af (z,y) # (0,0);

FiR SR (3y) - 2+ I (6.1)
0, if (z,y)=1(0,0)
is convex, and differentiable on R? ~. {(0,0)}.
Proof. First, set [ :={1,...,4} and
z+y, if (z,y) € A :=R3,
) = . 6.2
iz, 9) {—i—oo7 otherwise; (6-22)
Ay’ Ay =R_xR
folw,y) = —o4u7 W/) € Aem B xR (6.2b)
400, otherwise;
—x—vy, if (x,y) € A3:=R?,
= 6.2
fs(@,y) {—i—oo, otherwise; (6.2¢)
2> +y® o
fal,y) = e A (@ 9) € A= Ry xR (6.24)
~+o00, otherwise.

Then {f;}ier is a compatible system of functions (Def. 4.1) with f being the corresponding piecewise-defined
function. Moreover, {Dy, }ier = {Ai}ier is a compatible system of sets.
Each f; is differentiable on int A; with the gradient given by

Vii(zr,y) =(1,1) for (z,y) € intAy; (6.3a)
—2? + 22y +y? —a? - 2xy +y?
= f int Ao; .
V() ( Ty —r ) or (z,y) € int Ay (6.3)
Vis(x,y) =(—1,—1) for (x,y) € int As; (6.3c)
x2—2xy—y2 :E2—|—2:Ey—y2
= fi int Ag. .3d
Vi) = (T E ) o (o) €t (6:30)

One readily checks that the Hessian of each f; is positive semi-definite on int A;; hence, by the continuity
of fi|Df.7 we have that f; is convex.
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Moreover,

(Va > 0) ( l)lH(l 0 Vii(z,y) = ( I)IH(I 0 Vfa(z,y) = (1,1); (6.4a)

(@y)eint Ay (oy)€int Aq
(Va<0)  lim - Vfo(r,y)= lm Vfs(zy) = (=1, -1); (6.4b)

(z:j)Eint ;42 (:L',"‘yg)eiut :43
(vo>0) lim Vfzy) = lim o Vf(zy)=(11); (6.4c)

(z,y)€int Ay (z,y)€int Ag
(Vb < 0) (.T,yl)lg}(),b) Vis(x,y) = o Vfa(z,y) = (—1,-1). (6.4d)

(z,y)€int A3 (z,y)€int Ay
Now set E := {(0,0)}. From the above computations, we observe that all assumptions of Theorem 5.5 are

satisfied. Thus, we conclude that f is a convex function that is also continuously differentiable away from the

origin.

O

In fact, the function defined by (6.1) is actually a norm since it is clearly positively homogeneous. An analogous

use of Theorem 5.5 allows for a systematic proof of the convexity of the function considered next.

Example 6.2. The function

/ 6 4 3 > 0
f:R2—>R:(J;,y)»—>{ eyt i 2y 2 0;

|z|® + 3%,  otherwise,
is a convex and continuously differentiable.
We conclude this section with an application of Theorem 5.1.

Example 6.3. The function

f:Rz_)R: (m,y)»—>f(x,y) ::{

2% + |y, otherwise,
is convex.
Proof. First, set I:={1,...,4} and

Vat+ad, if ze 4 =R2,
400, otherwise;

400, otherwise;

{1‘1 +xq, if z€ Ay:=R_ xRy,
Vel +a2, if e Az:=R2,
+o00, otherwise;
) af—x, if w € Ag =Ry xR,
fa(@) = {-l—oo, otherwise.

Vart+y2, if xy > 0;

(6.6)

(6.7a)

(6.7b)

(6.7¢)

(6.7d)

Then {f;}icr is a compatible system of functions (Def. 4.1) with f being the corresponding piecewise function.

Moreover, {Dy, }ier = {A;}ier is a compatible system of sets.
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Each f; is differentiable on int A; with the gradient given by

V fi(z) 2} 2 f € int A (6.82)

x) = ) or x € int Ay; .8a

U\ Ve g 1

Vfa(x) = (221,1) for x € intAy; (6.8b)

23 X9

Vfs(z) = LE— for z € int Ag; 6.8¢
fa(2) <\/x‘11+x% W;mg) ’ (68¢)

Vfi(r) = (221,—1) for =z € int A4. (6.8d)

Next, since the Hessian of f; is positive semidefinite on int A;, we deduce that each f; is convex.
Now set E := {(0,0)}. We will verify (5.1). Note that simple computations show the following:
For x = (0,22) € (A1 N A2) \ E,

lim Vf(z)= lim Vf(z) = (0,1) € dfi () NOfa(a). (6.9)

z€int Aq z€int Ag

For x = (0,22) € (As N A4) \ E,

lLII} Vfs(z) = lLII} Vfi(z) =(0,—1) € dfs(x) NOfs(x). (6.10)

z€int Ag z€int Ay

For x = (21,0) € (A2 N A3) \ E,

lim Vfa(z) = (221,1) and Na,(x) = {0} x R_; (6.11a)
z€int Ag

lim Vf3(z) = (221,0) and Na,(x) = {0} x Ry. (6.11Db)
z€int Ag

Then, using Fact 2.10, we conclude that 0fs(x) N O fs(x) # @.
For x = (21,0) € (A1 N A4) N\ E,

lim Vfi(z) = (221,0) and Na,(x)={0} xR_; (6.12a)
z€int Ay

lim Vfi(z) = (221, -1) and Na,(v) = {0} x R,. (6.12b)
z€int Ay

Then, using Fact 2.10, we conclude that 0f;(x) N dfs(x) # .
So, we have verified that assumption (¢) in Theorem 5.1 holds. Therefore, f is convex by Theorem 5.1.

7. DETECTING THE LACK OF CONVEXITY

The nonempty subdifferential intersection condition (5.1) is indeed crucial for the check of convexity: we will
see in the following result that the violation of (5.1) leads to nonconvexity.

Theorem 7.1 (Detecting lack of convexity). Assume (4.1), that F is a compatible system of functions
(Def. 4.1), and that
(FzeriDy) () 9filx) = 2. (7.1)

i€l(x)

Then f is not convex.
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Proof. Using Lemma 4.2, we have 0f(z) C ﬂiel(w) 0fi(x) = &. Therefore, by Fact 2.3, f is not convex. O

Using Theorem 7.1, we will now illustrate that the finiteness assumption on E is important for our main
results (Thms. 5.1 and 5.5).

Example 7.2. Suppose that X = R?, set

max{—z,y}, if (z,y) € A =Ry xR;
= 2
hiy) {—l—oo, otherwise, (7:22)
max{z,y}, if (z,y)€ As:=R_ xR;
= .2b
Fol@,y) {—l—oo, otherwise, (7.2b)
F = {f17f2}7 f = min{f17f2}7 i-e'v
f:R? > R: (z,y) — max { — |z, y}, (7.3)

and E := {0} x R_. Then one checks the following:

(1) F is a compatible system of functions.

(2) {A1, A2} is a compatible system of sets.

(3) For every (Z,7) € R* \ E with I£(7,7) = {1, 2}, we must have (Z,7) € {0} x Ry, i.e., T=0 and § > 0.
Then f(z,y) =y locally around (0,%) and thus

0f1(0,7) N 0f2(0,7) 2 0f(0,7) = {(0,1)}. (7.4)

So, all assumptions in Theorems 5.1 and 5.5 are satisfied except that E is infinite. However, for (0,7) €
E ~ {(0,0)}, we have § < 0; thus, fi(z,y) = —z + ta, (z,y) locally around (0,7). It follows that

8f1(0’y) = (_1’0) + NA1(07y) = }_OO’ _1} X {0} (75)

and similarly that
9/2(0,7) = (1,0) + Na, (z,y) = [L,+oo[ x {0}. (7.6)

Hence 0f1(0,y) N 9f2(0,y) = @ and so f is not convex by applying Theorem 7.1 or by direct inspection.

In the previous example, the set E was infinite, but unbounded. In the next (slightly more involved) example,
we provide a case where E is bounded.

Example 7.3. Suppose that X = R?, set [ :={1,...,6},

A= {(z,y) R | |z| +|y| = 1,2 >0,y > 0}, (7.7a)
Ay = {(z,y) eR® | |z| +|y| = 1,2 <0,y > 0}, (7.7b)
Az = {(z,y) €R* | |2| + |yl = 1w <0,y <0}, (7.7c)
Ay = {(z,y) eR? | |z| +|y| > 1,2 > 0,y < 0}, (7.7d)
As = {(z,y) eR? | |z| +|y| < 1,2 > 0}, (7.7e)
Ag = {(z,y) eR* | |z| +|y| < 1,2 < 0}, (7.7f)

f:R? = R: (2,y) — max {1 — [z[, [y[}, (7.8)

F:={fitier, where Vie€l) fi:=f+1ta,, (7.9)
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and E := ({0} x [~1,1]) U{(%1,0)}. Then one checks the following:

(1) Each f; is convex and continuous on Dy, because

filz,y) =y +1a,(z,y) for ie{l,2}; (7.10a)
filz,y) = —y +ea,(2,y) for i€ {3,4}; (7.10D)
fs(x,y) = —x+1+ea,(x,y); and (7.10c¢)
fo(z,y) =2+ 1414, (2, y). (7.10d)

Consequently, F is a compatible system of functions.
(2) {A;}icr is a compatible system of sets.
(3) f is the piecewise-defined function associated with F.
(4) Take (Z,7) € R? \ E with card Ix(Z,7y) > 2. Then

Ir(z,7) € {{17 2},{1,4},{1,5},{2,3},{2,6},{3,4},{3,6}, {4, 5}} (7.11)

Suppose, for instance, that Ix(Z,7) = {1,5}. Then T > 0,7 > 0, and T + 7 = 1. We have

0f1(7,7) = (0,1) + Na, (Z,7) = (0,1) + R (=1, 1) (7.12)
and
8f5(f7 y) = (07 1) + Na, (E’ ?) = (_1’ 0) + R+(17 1)' (713)
Then L1
(-53) €on@mnos@: (7.14)

similarly, one obtains nonemptiness for the other cases.

We observe that all assumptions in Theorems 5.1 and 5.5 are satisfied except that FE is infinite and bounded.
However, for every (0,7) € {0} x]|—1,1[ C E, we have f(z,y) = min{ f5(z,v), fe(z,y)} = —|z|+1 locally around
(0,7). Clearly, f is not convex.
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