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A NOTION OF COMPLIANCE ROBUSTNESS IN TOPOLOGY OPTIMIZATION

SAMUEL AMSTUTZ! AND MARC CILIGOT-TRAVAIN!

Abstract. The goal of this paper is twofold. On one hand, our work revisits the minimization of the
robust compliance in shape optimization, with a more natural and more general approach than what
has been done before. On the other hand, following a more recent viewpoint on robust optimization,
we study the maximization of the so-called stability radius for a fixed maximal compliance. We provide
theorical as well as numerical results.
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1. INTRODUCTION

The compliance C(£2, fq) of a linear elastic structure occupying a domain {2 and submitted to a load fy, is
defined as the work done by the load, or equivalently as the stored elastic energy. Minimizing the compliance
for a fixed load is a very standard shape optimization problem, for which a wide range of methods have been
developed, see e.g. [1,11] and the references therein. However, it often occurs that the load is not known exactly.
In this work we suppose that it takes the form f5 + Bg€, € € rB, with 7 > 0, B the closed unit ball of a Hilbert
space, f5 a nominal load and By, a linear operator. The robust compliance (also called principal compliance)
is then defined by

jwc(ﬂ) = Ssup C(‘Q’fg + B_Qg)
ferB
The robust compliance may replace the compliance when the load is uncertain, so that minimizing the robust
compliance is just minimizing the compliance ‘in the worst case’. The way from compliance to robust compliance
is just an illustration of the transition from optimization to robust optimization. The robust compliance has
been first studied in [13], see also [14]. The worst case point of view has been applied to other criteria in [2,8,23].

The goal of this paper is twofold. On one hand, our work revisits the paper by De Gournay et al. [15] about
the minimization of the robust compliance, with a more natural (and more general) approach. By definition,
computing the robust compliance amounts to solving a quadratic optimization problem with a norm constraint
in infinite dimension. In [15], the authors clearly announced that they renounced to follow this direct way
because they did not see how to proceed, and used instead a formulation where the displacement field is chosen
as main unknown. We show in the present article how to deal with the direct formulation.
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On the other hand, following another and more recent viewpoint on robust optimization, we study the
maximization of the so-called stability radius for a fixed maximal compliance. This is actually the main purpose
of this paper, and we shall enter a little more into details. Suppose that the compliance should not exceed «.
Then the stability radius relatively to the level-set [C(£2, f5 + Bg.) < a] is defined as

2jsr(§2) = sup {T >0|rB C [C(92, f§ + Bg.) < a]} = dist (0, [C(£2, f§ + Bo.) > a]).

Actually we shall rather consider the squared quantity js.({2), as it will be identified with the value of a
quadratic programming problem. Then it is natural to look for the domain {2 which maximizes j,.(§2). In other
words, we seek the shape which tolerates the greatest deviation from the nominal load, in the sense that the
compliance remains below «. This is a kind of robustness optimization. Actually, we will not necessarily find
globally optimal shapes. It is more exact to say that we show how to improve the stability radius of a given
shape until reaching, with respect to a certain class of perturbations, a locally optimal design.

The notion of stability radius appeared in robust control (see, e.g., [24,25]), and has been developed in its
full generality, but not from a very mathematical point of view, at the end of the 90’s by Ben-Haim (see [9]
and the references therein). Compared to the worst case approach, this one avoids fixing r a priori, which is
not necessarily easy and natural in some circumstances. We think that, in many situations, it is more natural
to fix an upper bound « for the objective function, here the compliance. This amounts somehow to fixing some
specifications.

The paper is organized as follows. In Section 2, we describe the general mathematical setting of our problems.
In Section 3, we first show that the two robust criteria, namely j,.(2) and j..(£2), are the value functions of
some quadratic programs with equality constraints. More precisely, the objective function of each subproblem
is a quadratic functional and the equality constraint is associated with another quadratic functional. Such
problems are known in the literature as trust-region subproblems, and have been extensively studied in the
finite dimensional setting, see e.g. [16-18,22,29,32,35-37]. Here we prove the existence of critical loads (i.e.
solutions of the subproblems) in arbitrary dimension, for both problems. Finally, using a strong duality argument
for Lagrangian duality extending known results in finite dimension, we show the existence of a unique solution
of the dual problem and give a complete description of the critical loads based on this solution. In Section 4, for
both problems again, we give an expression of the Hadamard semiderivative of the two criteria relatively to the
quadratic functionals depending on (2, based on the Lagrangian and the solution of the dual problem. Sections 5
through 7 specifically deal with the optimization problem with respect the shape 2. To keep concise and avoid
repetitions, we concentrate on the maximization of the stability radius. Our procedure relies on the concept of
topological derivative [21,30,34], which evaluates the variation of the objective functional with respect to small
topological perturbations. In Section 5, we deduce from Section 4 the expression of the topological derivative
of the stability radius. The optimization algorithm is described in Section 6, while Section 7 reports on some
numerical computations.

2. GENERAL SETTING

We denote by (2 the domain to be optimized, and by & the set of admissible domains. For each 2 € &
we are given a reflexive Banach space Vy,. We denote by ||.|| the norm on Vg, and by (.,.) the duality pairing
between Vy§, and Vg, where Vi, stands for the continuous dual space of V. We also consider a continuous
and self-adjoint positive definite isomorphism Ap, from Vg, into Vy,. We associate to each f € Vi, the vector
UQ, fo = A;llfg €V, and the scalar

02, o) = g fousga) = 3 o A5 o).

Referring to the context of structural mechanics, we will subsequently call fq the load, up, f, the displacement
field, and C(f2, fr;) the compliance (actually the half compliance). We will consider a parameterized family of
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loads of the form
fo =y + Bgt, £ EH,

where fg € Vg, is a given nominal load, H is a fixed (i.e., independent of {2) separable Hilbert space and
Bg : ' H — Vi, is a linear, compact and injective operator. We set

9(02,€) = C(2, f§ + Bof).
Hence we have, for ¢ € H,
((2,6) = 5(QaE.€) + (b, &) + co
with
Qo =BhAy'Bo,  bo=BoALfy,  ca= % (J3 A ) (2.1)

Note that Qg : H — H is a compact self-adjoint operator satisfying Qg > 0 and Qg # 0 (one supposes

H# {0}).

f& +\Baé

Before continuing with the abstract framework, let us give a typical concrete example. We consider the
problem of compliance minimization for a structure submitted to an uncertain load. The structure is represented
by a domain 2 C R? (d = 2 or d = 3), whose boundary is split into three disjoint subsets I", I'p and Iy with
meas(I'p) > 0. Homogeneous Dirichlet boundary conditions are prescribed on I'p, and Neumann boundary
conditions are prescribed on I' U I'y, with zero force on I'. We denote by H}, (£2)? the space of vector fields
belonging to H!(£2)? with vanishing trace on I'p. For a given load fo € (HL(£2)4) and a given displacement
u € HL (2)?, the elastic energy is the quadratic functional in u defined by

Palu. fo) = =3 [ Helu) s e() + (fa.u)

where e(u) = (Vu + VuT)/2 is the strain tensor and H is the fourth-order elasticity tensor (Hooke’s tensor)
such that He(u) is the stress tensor. The compliance is defined as

C(*Qa fﬂ) = ueglla(}h(())d E(uv fﬂ)

Therefore, setting Vg, = HL (£2)?, the operator Ag : Vg — Vi, is defined by

(Aqu,v) = /QHe(u) :e(v)
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and the compliance admits the expression

O, fo) = 3 (fo A5 o).

We choose H as a closed subspace of L?(I'y)?, and we define By, : H — Vi, by

B_Qg u € Vo — f.u|pN.
I'y

The compactness of By, is due to the compactness of the Sobolev embedding L?(I'y) — H~Y2?(I'y). A very
standard problem in optimal design consists in minimizing the compliance with a fixed load 5, i.e.,

Minimize ¢(£2,0) = C(2,f5), €&,

where the set & can include constraints. One speaks of robust compliance minimization when, at the same time,
perturbations of the load are considered.

Let us now come back to the general case. In this paper we will investigate two notions of robustness and the
associated optimization problems.

(1)

Stability radius as compliance robustness. Given a threshold a > C(£2, f5) = cp, the functional jg,
is defined by

1 1 1
o (2) = = dist(0,[¢(£2,.) > a])?> = inf =|¢]]? = inf — €112 2.2
Jsr(£2) 2 (0,[q(£2,.) > a]) s 2HéH A e 2||§|| (2.2)

Increasing this value amounts to increasing the distance to unfeasability, where unfeasability means that
the compliance is greater than «. This leads to considering the optimization problem:

Maximize jsr(£2), €&,

hence one speaks of robustness maximization.
Robust compliance in the worst case sense. Given a radius » > 0, the worst case compliance is
defined by

jwc(Q) = Ssup Q(Qvf) = Sup C(Qvfg'i'BQf) (23)
llgl<r lleh<r

This is the maximal compliance obtained for a given family of loads. One naturally wants to minimize this
quantity, leading to the so-called worst case compliance minimization problem:

Minimize j,.(2), 2€&.

In fact it is easily checked that the inequalities in (2.2) and (2.3) can be replaced by equalities, i.e. we have

Jor(@) = S dist(0, (2, ) =al)* = i el =  wmt S (24)

a(R,6)=a C(2,fN+Bot)=a 2

Juwe(£2) = sup q(2,¢) = Sup C(2, f§ + Bo¢). (2.5)



68 S. AMSTUTZ AND M. CILIGOT-TRAVAIN

3. EXPRESSION OF THE ROBUST CRITERIA

In all this section the domain 2 is fixed. Hence, for notational simplicity, we drop the subscript {2, denot-
ing Qp, b, co by Q, b, c.

Actually, the framework of this section does not require that @, b, ¢ be necessarily defined by (2.1). It is
sufficient to assume that @@ : H — H is a compact, self-adjoint operator with @ > 0, @ # 0, b € H, and
a,r, ¢ € R satisfy ¢ < o and r > 0.

We shall give practical procedures to compute the values of jg,-(£2) and jy.(£2).

The two optimization problems appearing in (2.4) and (2.5) can be formulated in the form

Minimize ¢1(§), subject to ¢2(§) =0, ¢ € H, (2)

with two quadratic functionals ¢; and g¢o written as

D) = L@ + (b8 ter B(6) = $QEE) + (12.6) +on

In all this section, these quantities are defined as follows, where I is the identity of H.

(1) Compliance robustness :

1
0 () = SlIEl a2(6) = a(2,€) — a, 3-1)
i.e.,
lel, b1:0, 61:0,
Q2 = Q, by = b, ca=c—a.
(2) Worst case robust compliance :
1 1
n(§) = —q(2,8), (&) = 5“5”2 - 57"2» (32)
1.€.,
Q1 =-Q, by = —b, €= —¢,
Q2=1, by =0, co = —12/2.

Problems of form (27) are known in the literature as trust region problems (or subproblems). They have been
extensively studied, but almost always in the case of a finite dimensional space H, see e.g. [16-18,22,29,32,35-37].

3.1. Existence of critical loads

Theorem 3.1. Problem () admits at least a solution

Proof. Consider first the case (3.1). In this case, Q3 is compact with Q2 = Q >0, Q2 # 0 and ¢; = ¢ — a < 0.
Hence ¢2(0) < 0 and there exists & such that ¢2(&) = 0, so [g2 = 0] # 0. Let (§,) be a minimizing sequence.
For any 8 > 0, [¢1 < f] is a closed ball. Thus, up to a subsequence, there exists £ € H such that &, — &
By compactness of Q2, we have g2(£) = lim¢2(&,) = 0. Since ¢; is convex and continuous, it is weakly lower-
semicontinuous, thus ¢1(£) < liminf g1 (&) = infjg,—o) ¢1-

Let us turn to the second case (3.2). Recall that, in this case, Q1 is compact, negative semi-definite. Let (&)
be a minimizing sequence of the problem inf|,,<¢j ¢1. Since [g2 < 0] is a closed ball, up to a subsequence, there
exists £ € H such that &, — £. By compactness of Q1, we have ¢ (§) = limq1(£,) = infjg, <o) q1. As g2 is convex
and continuous, it is weakly lower-semicontinuous, thus ¢2(§) < liminf g2(¢,) < 0. Therefore, the infimum
inf,, <o) q1 is attained at some points of [g2 < 0]. Finally, as ¢; is concave and [g2 < 0] is convex, at least one of
these points can be found in [ga = 0]. O



A NOTION OF COMPLIANCE ROBUSTNESS IN TOPOLOGY OPTIMIZATION 69

Remark 3.2. From the proof it appears that Problem (&) still admits solutions if (Q,b,c), with Q : H — H
self-adjoint, compact, is sufficiently close to (Q,b,¢) with @ : H — H self-adjoint, compact, Q > 0, @ # 0 and
c <.

3.2. Dual formulation: general framework

For all (&, ) € H x R we associate to Problem (£2) the Lagrangian

L(E 1) = 01(6) + paa(€) = 5{(Q1 + pQ2)E,) + (by + b ) + 1 + e

The dual criterion is
= inf L .
g(p) geH (&)

For any self-adjoint linear continuous operator 1T : H — H, we have

1
H=ker T ®cl(im T),

hence the restriction T'|¢i(im 7 : cl(im T') — im T is a bijection. We denote by 7' := T\;(lim 7y im T — cl(im T')
the inverse operator, which, by virtue of the open mapping theorem, is continuous as soon as im 1 is closed.
For all i € R such that by + pbe € im (Q1 + pQ2) we set

Y(p) = —%«Ql + 1Q2) (b1 + pbs), by + pibg) + c1 + pco.
Lemma 3.3. The dual criterion is expressed by
—00 if Q1+ pQ2 £ 0,
g(p) = ¢ —o0 if Q1+ pQ2 >0 and by + pbe ¢ im (Q1 + pQ2),
P(p) if Q1+ pQ2 >0 and by + pbe € im (Q1 + pQ2).
Proof. We first note that the condition

Yu € R, Q1 + Q2 > 0 = im (Q1 + pQ2) is closed (3.3)

is fulfilled in the two cases under study. Indeed, in the first case, we have Q1 + uQs = I + @, whose image is
always closed since @) is compact. In the second case we have Q1 + pQs = —Q + pl, and Q1 + Q2 > 0 implies
i > 0, whereby we conclude as before. For simplicity, we set @, = Q1 + uQ2, b, = b1 + pba, ¢, = c1 + pic2, s0
that

9() = inf au(€) i= 3(QuE€) + (&) 1

If Q. # 0, it is clear that g(u) = —oo. Therefore we assume now that @, > 0. By (3.3), im @Q,, is closed, thus
1
H =ker Q, ®im Q.
For all £ € H, we make the decomposition § = & + &2, with & € ker @, and & € im @Q,. We get

QN(@ = QM(&) + <bua§1>~

Two cases can arise.

(1) If b, ¢ im Q, choosing § = tgu with t € R and I;,L the orthogonal projection of b,, onto ker @, we obtain

4u(§) = tlby]I*.

Letting ¢ go to —oo yields g(u) = —oo.



70 S. AMSTUTZ AND M. CILIGOT-TRAVAIN

(2) If b, € im Qp, we have g,(§) = g, (&) for all £ € H, and

1
g(p) = §2€iifnlﬂfQ“ qu(&2) == §<prz,§2> + (byus &2) + cp-

The unique minimizer of this quadratic problem is & = —Q}:b#, and the value of the minimum is

_%<QLb,uvbM> +C/u i'e'a 'l/}(/i) U

The dual problem is

Q1+ pQ2 >0,

Maximize ¥(u) subject to {bl + by € im (Q1 + 1Qs),

p € R. (2)

The following result is an adaptation of (Thm. 2.1 of [37]). Due to its importance in the sequel, we nevertheless
give a proof.

Theorem 3.4. Let £ € H. The following statements are equivalent:

(1) € is a (global) minimizer of (2);
(2) q2(&) = 0 and there exists i € R such that

Oe L€, 1) = (Q1 + iQ2)& + (b1 + fibs) = 0, (3.4)
ReL(Ep) = Q1+ Q2 > 0; (3.5)

(3) there exists i € R such that
€ € argmin L(., 1) N [g2 = 0]. (3.6)

Proof. We shall prove the implications (1) = (2) = (3) = (1).
First step. Let us assume that & is a minimizer of (). As the constraint is scalar, the classical constraint
qualification reduces to
Va2 (§) = Q26 + b2 # 0. (3.7)

In case (3.1), Q2€ + by = Q€ +b # 0 since otherwise the constraint go(¢) = 0 would yield (Q¢, &) = 2(c—a) < 0.
In case (3.2), Q2f + by = £ # 0 since ||€]| =7 > 0.

Therefore, by the first order necessary optimality condition (see e.g., [27] 1.1.1, Thm. 1), there exists @ € R
such that

deL(E, ) = 0.
The second order necessary optimality condition reads (see e.g., [27] 7.2.1, Cor. of Thm. 1)
(02 L(E.p)¢,¢) 20 YV eT, (3.8)

Te = {¢ € H,(Q2€ + b2, () = 0}.
Now, suppose that ¢ ¢ Tg. We assume first that Q2¢ # 0. Since Q2 > 0, this entails (Q2(, () > 0. Set

o Q€4 12,¢) _FLE
T g T T
After calculation we find that go(&) = ¢2(€) = 0. This implies
L(&§, i) — L& 1) = q1(§) — q1(€) = 0. (3.9)

Yet we have
.

L(EB) — L(E ) = H(Q1 + AQ2)E + b1 + by, ) + = {(Q1 + 1@2)C, C). (3.10)
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Combining (3.4), (3.9), (3.10) and ¢ # 0, we derive that ((Q1 + iQ2)(,¢) > 0. Assume now that Q2¢ = 0.
As Q2 # 0, we choose some & € H such that Q2&y # 0. Let (¢,) be an arbitrary sequence of positive real
numbers such that ¢, — 0 as n — oco. We set (,, = ¢ + t,&. For all n we have Q2(, = t,Q2& # 0, hence
((Q1 + 1Q2)Cn, Cn) > 0. Passing to the limit yields ((Q1 + iQ2)¢, () > 0. We have proved that Q1 + iQ2 > 0.
In other words, the second order optimality condition (3.8) holds for any ¢, which is a typical fact in quadratic
programming.

Second step. Since the function { — L(&, 1) is quadratic, a Taylor expansion immediately shows that the
conditions (3.4) and (3.5) imply & € argmin L(., fi).

Third step. We remark that, for all u € R, it holds

[L(., 1) = q1 + Sjgp=0]] = [q2 = 0], (3.11)
with dc the indicator function of the set C, i.e., dc(z) = 0if z € C' and d¢(r) = +oo if x ¢ C. By (A.2) in the
appendix, we have £ € argmin L(., 1) N [g2 = 0] C argmin g1 + 6}g,—0)- O

Remark 3.5. One can also deduce the implication (1) =-(3) of Theorem 3.4 from the following version of the
S-lemma (see [19], for the original version in Russian).

Theorem 3.6 (S-lemma, [20], Thm. 2.1). Let s; : H — R, i = 1,2, be two quadratic functionals of the form
5; 1 & — %(S@,f) +(d;, &) + ei, Si : H — H continuous and self-adjoint, d; € H and e; € R. Suppose that sz is
nonlinear, that there exist 1,6 € H such that s2(&4) >0, s2(¢-) < 0 and

VEeH, 82(5):0:>81(£)20

Then there exists A € R such that
V§ S H, 81(5) — )\82(5) > 0.

In fact, one sets s1 = ¢1 — q1(£), S2 = o2, S2 is nonlinear because Q2 # 0, and there exist £;,&_ € H such that

$2(€4) >0, s2(£-) < 0 due to (3.7) and ¢2(§) = 0. Then (1) = (3) of Theorem 3.4 results from the S-lemma 3.6.

The following Theorem is a consequence of Theorem 3.4 together with general results on duality (¢f. Ap-
pendix A).

Theorem 3.7. The primal problem (2?) and the dual problem (2) have the same optimal values. In addi-
tion, (2) admits solutions, and, if i is one of these solutions, we have

argmin(%) = argmin L(., i) N [g2 = 0].
Proof. In view of Theorem 3.1, Theorem 3.4 and (3.11), one uses successively (A.5), (A.3) and (A.6). O

3.3. Expression of the critical loads for the compliance robustness

In this case, with the notations (2.1), the primal problem (%) and the dual problem (2) read, respectively,

Minimize %Hgn2 subject to g(&) = %<Qg,g> F B te—a, EeH, (3.12)

I+pQ >0,
pb € im (I + p@Q),

We denote by Apax the largest eigenvalue of ). The following theorem refines Theorem 3.7 and uses the same
terminology as [37].

Maximize ¥g, (1) = —%((I + Q)T (ub), ub) + u(c — ) subject to { e R. (3.13)
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Theorem 3.8. The primal problem (3.12) and the dual problem (3.13) have the same optimal values. The dual
problem (3.13) admits a unique solution fi € R, which can be computed in the following way.

e Easy case: b ¢ ker (Q — A\naxI)t. Then [i is the unique solution in | — 1/Amax, O] of the equation
a(— (I + pQ)"'t) = a. (3.14)

e Hard case I: b € ker (Q — AmaxI)* and
¢((AmaxI — Q)'0) > a. (3.15)

Then [i is also the unique solution in ] — 1/Amax, 0] of (3.14).
e Hard case II: b € ker (Q — Amax])" and ¢(AmaxI — Q)T0) < . Then i = —1/Amax-
The set = of solutions of the primal problem (3.12) is given by the following expressions.

e Fasy case and Hard case I. There is a unique critical load given by
E ={-a(I +pQ)~'b}.
e Hard case II. The set of critical loads is

== [{()\maxl —Q)'b} + ker (Q — Amax! )] Nlg=al.

Proof. Let us reformulate the constraints of the dual problem (3.13). The first one is equivalent to p > —1/Apax,
and we have by the classical theory of compact perturbations of the identity im (I + uQ) = ker (I + uQ)*+ =H
as soon as 1 > —1/A\pax. Therefore we have

I+uQ >0 — p> —1/Amax if b € ker (Q — AmaxI)™
b € im (I + p@) p> —1/Amax if b € ker (Q — Apax D) [

If —1/Amax < o we have
2

Yer (1) = (T + Q) 7'0.) + (e — ). (3.16)
Differentiating entails
2
U () = —{(L + pQ) 710, b) + T (1 + 1 Q) T2Qb,b) + (e — a) (3.17)
= g(—p(l +1Q)7'b) — o (3.18)

Replacing u@ by (I + p@) — I in the second term of the right hand side of (3.17) leads to the alternative

expressions

Ul) = =S+ Q)™ + (1 +1Q) ) bb) + (e — ) (3.19)
= 4+ Q)22 + Q)b b) + (e~ o). (3.20)
Differentiating another time from (3.19) yields

Gop) = —%(((I +pQ) "+ (I +pQ)"?) b,b) + %(((1 +1Q) 2+ 2(1 + pQ) ) Qb, b)

—((I + pQ)~*b,b). (3.21)
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Let A be the set of eigenvalues of @, A* := A\ {0} and, for A € R, denote by by the orthogonal projection of
b on ker (Q — AI). From (3.20) we get for all p €] — 1/Amax, +00[

o _ K 2+ pA 2
Z A5u )\2Hb>\|| +c—
25 (

1 1 1
_ 2 1 _ - 2 _
= —pl|bo| +2A§6A*<M1+M)Q A) BAlI* + ¢ — . (3.22)

Note that ¢.,.(0) = ¢ — a < 0.
e Easy case: b & ker (Q — Amax])™. Then by, # 0 and, due to (3.22), lim,,_,(_y /5, )+ ¥, (1) = 400. Due
o0 (3.21), it follows that ¢, is decreasing and v, admits a unique maximizer i on | — 1/Apax, +00[. It is
characterized by ¢.,.(fi) = 0 and obviously belongs to | — 1/Amax, 0[.
e Hard case: b € ker (Q — Apax ). Then the expressions (3.16)(3.18) remain true for g = —1/Amax, provided

that the restriction of I + uQ to ker (Q — AmaxI)™ is considered. In particular,

max

(=1 Amax) = 4 (Amax = Q1) — @

is finite.

If L. (—1/Amax) > 0 (hard case I), then b # 0. Due to (3.21), it follows that v’ is decreasing and 1), admits
a unique maximizer fi in | —1/Amax, +00[, characterized by 9. () = 0 and clearly belonging to | —1/Amax, 0].
If L. (=1/Amax) < 0 (hard case II), in view of (3.21) and ¥, (0) = ¢ — a < 0, g, is decreasing and —1 /Ay ax
is the unique maximizer of 1y, in [—1/Amax, +00[.

By Theorem 3.7, the set of solutions of the primal problem is given by
E =argmin L(., 1) N [g = .

Here the Lagrangian is
L&, p) =

In the easy case and the hard case I, L(., i

1 _ _ _
) is strictly convex since fi > —1/Amax. It admits as unique minimizer

From (3.18) and ¢.,.(f1) = 0 we derive that ¢(§) = $(Q&, &) + (b,&) + ¢ = a.
In the hard case II, we have it = —1/Apax and

argmin L(., i) = {§ € H, (Q — Amax[)§ = —b}.
Using that b € ker (Q — Amax])™ = im (Q — Amax]) we obtain
argmin L(., i) = {Amax — Q)Tb} + ker (Q — AmaxI).
Observe that ¢(—(Q — Amax!)d) < a confirms that = # 0. O
Remark 3.9. If fJ € im By, then the expressions (3.14) and (3.15) can be conveniently rewritten. Indeed,

writing f = B yields b = Q€N as well as ¢ = $(Q&V,¢N). Plugging these expressions into (3.14) entails
after simplification

Yol) = q (I +pQ) "N —eN) —a =C (2,Ba(I + pQ)'¢Y) — a.
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To conclude this section, we present an interesting connection between the dual problem (3.13) and a semidef-
inite programming problem inspired by [10].

We will need the following version of the S-lemma in Hilbert spaces . It relies on slightly different assumptions
from Theorem 3.6, but its statement is contained in the same reference (see again [19] for the original version
in Russian).

Theorem 3.10 (S-lemma [20], Thm. 2.1). Let s; : H — R, i = 1,2, be two quadratic functionals of the form
81 & — %(S@,f) +(d;, &) +ei, Si : H — H continuous and self-adjoint, d; € H and e; € R, i = 1,2. Suppose
that there exists & € H such that s2(&4) > 0 and

VgGH, 82(5) 20:>81(£)20

Then there exists A > 0 such that
Vf € H, Sl(f) — /\82(5) > 0.

Moreover, if there exists £ such that s1(£-) < 0, one can suppose that X > 0.
Let us consider the following problem:
Maximize p subject to pB C [¢ <o, peRY, (3.23)

whose (unique) solution is p = dist(0, [ = ) = dist(0, [¢ > ) € RY since ¢ = ¢(0) < a and Q@ >0, @ # 0 so
there exists & such that ¢(§p) > a. Yet we have for all p > 0

pBClg<al < VEeH, € <p=q€) <a
= VEeH, €l <1=q(pf) <a,
= VEEH, 1-[¢?>0=a—q(p) >0.

As1—||€|IP=1>0for £ =0 and a — q(p€) < 0 for some &, using Theorem 3.10, one obtains
PB C g < o] = 3IA>0,VE €M, a—aqlp§) — AL~ [l¢]*] > 0.

But ¢(§) can be expressed as
1
q(g) = Inax _§<A~Q,U?,U> + <fg + Ban’U>a

vEV

whereby
1
a=q(pg) = A1 = [[€]°] 2 0 <= Vv € Vo, 5(Aov,v) + AE]I* = p(Bag, v) - (f&,v) +a=A>0.

Changing (&, v) into (s71¢,s71v) for any s # 0, one also has
VEEM, a—q(pg) — Al — [[€]I°] 2 0 = V(v,&,5) € Vo x H xR,

(Ao, ) + ME” — p(Bot,v) — (. 0) + (@~ N)s? 20,

Ao pBo (f5)*
<~ | pBy 2XI 0 >0,
Y0 2(a-2N)

where (fY)* : R — Vi, is defined as s — sf}. Finally
Ag pBo (f5)"

MBClg<al<=3IN>0,|pB; 2\ 0 > 0. (3.24)
fo0 2(=N)
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Therefore, p > 0 is the solution of (3.23) if and only if there exists A > 0 such that (p, \) is solution of:

Ao pBo (f5)
Maximize p subject to | pBy, Al 0 >0, p,AeRY. (3.25)
Y0 2a-2

Note that the above matrix is affine in (p, A) and that, as Problem (3.23) admits a solution, it is also the case
for Problem (3.25).

Proposition 3.11. Problem (3.25) admits a unique solution (p, A). This solution is such that p = dist(0, [q >
al) and —p? /X is the solution of the dual problem (3.13).

Proof. Let (p, \) be a solution of (3.25). The constraint implies

VEEH, - q(pe) ~ S0~ lE?) > 0. (3.26)

Let & be a solution of the primal problem (£2). Substituting ¢ for p¢ in (3.26) and multiplying by p?/\ we arrive
at
7

V§ e H, —Hé\lz——[(ﬁ) a] = ——||€H2

l\DIH

As q(§) = a we can write

veeH, Sl - 2o o) > 1l - Zia@) ol
It follows that 1
£ € axgmin L(, ~7*/0) N L /%) = 51

thus, by virtue of (A.7), —p?/A is the solution of the dual problem (3.13). The uniqueness of the solution of the
dual problem and the implication just proved imply the uniqueness of the solution of problem (3.25). O

3.4. Expression of the critical loads for the robust compliance in the worst case sense

Here, using again the notation (2.1), the primal problem (&) and the dual problem (2) are equivalent,
respectively, to:

Minimize _Q(g) = _%<Q§a€> - <bv §> —C SubjeCt to ng =T, g € Ha (327)
Maximize — ((Q pI)Th,b) — ¢ — M; subject to {b_gl—;l{éi?ﬁ) e R. (3.28)

The largest eigenvalue of @ is still denoted by Apax. Applying Theorem 3.7 similarly to Theorem 3.8 provides
the following result.

Theorem 3.12. The primal problem (3.27) and the dual problem (3.28) have the same optimal values. The
dual problem (3.28) admits a unique solution i € R, which can be computed in the following way.

o Easy case: b ¢ ker (Q — A\paxI)t. Then [i is the unique solution in |Amax, +00| of the equation
I(-Q + uI)~0] = 1. (3.20)

e Hard case I b € ker (Q — AmaxI)t and ||(=Q + AmaxI)'0|| > 7. Then [i is also the unique solution in
| Amax, +00[ of (3.29).
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e Hard case II: b € ker (Q — Amax )t and |[(—Q + AmaxI)T0|| < 7. Then fi = Aax.
The set = of solutions of the primal problem (3.27) is given by the following expressions.

e Fasy case and Hard case I. There is a unique critical load given by
E={(-Q+pl)"'b}.

e Hard case II. The set of critical loads is
E = {(=Q + Amax]) 0} + ker (Q — Amax) | N || || = 7]-

As in the preceding subsection, we present a connection between the dual problem (3.28) and a semidefinite
programming problem. Let us consider the following problem:

Minimize o subject to rB C [¢ < o], «a€R, (3.30)

where 7 > 0 and whose (unique) solution is a = supj¢| <, q(§).
Therefore, using (3.24), & is the solution of (3.30) if and only if there exists A > 0 such that (&, \) is solution of:

Aqg rBo (f5)
Minimize a  subject to | 7By, Al 0 >0, acRNeR}. (3.31)
Y0 2a-2x

Note that the above matrix is affine in (o, A) and that, as problem (3.30) admits a solution, the same holds for
problem (3.31). Similarly to Proposition 3.11 we obtain the following.

Proposition 3.13. Problem (3.31) admits a unique solution (&, \). This solution is such that & = sup|¢)<r 4(€)
and \/r? is the solution of the dual problem (3.28).

4. HADAMARD SEMIDERIVATIVE OF THE ROBUST CRITERIA

The functionals j,.(§2) and j,.(£2) can be written as
jsr(Q) = Jsr(wﬁ)a ]wc(g) = ch(w9)7 (41)

with wo = (Qn,ba, cn) defined by (2.1), wp € W := Ks(H) x H x R, where Ks(H) stands for the space of
self-adjoint compact linear operators from H into itself. Moreover Jg., Ju. : W — R U {+o0} are defined, for
we W, by

1
Jo(w) = inf Z|€]? 4.2
sr(w) = b Sliell (4.2)
and
Jwe(w) = Sup q(w,§) (4.3)

with, for w = (Q,b,c) € W,
alw, ) = Q6. + (b,8) + .

In view of (4.1), calculating the shape derivative or the topological derivative of jg. or j,. requires to calculate
the Hadamard semiderivative of Jg. or Jy.. This is the aim of this section. The sensitivity of w with respect
to {2, specifically its topological derivative, will be studied in Section 5.

Our approach, on one hand, adapts the proof of Theorem 4.24 in [12] to a slightly different context, while, on
the other hand, it shows that the modified assumptions of this Theorem, in particular the strong assumption (iii),
are fulfilled.

In all this section, we consider some w = (Q,b,¢) € W with Q : H — H a self-ajoint compact operator such
that Q@ >0, Q # 0 and some a,r € R with ¢ < o, r > 0.
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4.1. Hadamard semiderivatives
Let X be a Banach space and consider a function f: X — RU{—o00,+c0}. If z,d € X and f(z) € R the

upper and lower Hadamard semiderivatives of f at point z in direction d are defined, respectively, as

fi(z,d) = limsup M, f(z,d) = 1iminfw,
tl0 t £10 t

v—d v—d

If f'(2,d) = f’ (z,d), their common value is called the Hadamard semiderivative of f at point z in direction d,
denoted by f'(z,d).

4.2. Hadamard semiderivative of the compliance robustness

Let w € W and denote by =(w) the minimizing set of (4.2). Recall that the Lagrangian of this problem is

L(w, & ) = 361> + nla(w,€) — a),

and that the dual criterion is
g(wvﬂ‘) 5127 (wvgau)

We denote by fi the unique solution of the dual problem for @, i.e. the unique element of argmax g(w, .).

Lemma 4.1. Let £ € H be such that q(u_),_E) = «a. There exists a neighborhood W of w and a function Sg ¢ :
W — H of class €°° such that Sy ¢(w) = £ and

q(w, Sy g(w)) = « Yw e W.

Proof. Consider the function F' : (w,s) € W x R — ¢(w, s§) — «, which is clearly of class €>°. We have

OsF(w,1) = <an )+ <Bv )=

<ng £> - (5_ a)v

due to q(w, &) = a. Using that Q > 0 and ¢ < a we infer ,F(w, 1) > 0. The implicit function theorem leads to
the result. O

Lemma 4.2. We have, for any h € W,

(Jor)o (0, h) < in(f )&uL(w,E, fi)h.
fe=(w

Proof. Choose an arbitrary £ € Z(w). Let (t,, hy,) € R* x W be such that t, — 0, hy, — h, and

(Jor)y (@, h) = lim Jor(® + taltn) = Jor (@),

n—-+00 tn

We assume that n is large enough so that wy, := w+t,h, € W. Denoting &, := S ¢(wn), we have g(wn, &n) = a,
hence (4.2) entails

1
Jor(wn) < 5“@1”2 = L(wn,&n, 1)

for any 1 € R. As £ € Z(w), (4.2) also yields

Jor(w) = 51617 = L(w,€, o).
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Therefore we have _
Jor(wn) = T (®) _ L(wn, G ) — L(@, & 1)
tn - tn

For all w in a neighborhood of w we set

P(w) = L(w, Sy g(w), p)-

We have B
L(wn, &n,y ) — L(w, €, ) = P(wp) — P(w) = dP(w)(tnhn) + 0p—too(tnhin),
since @ is Fréchet differentiable by composition. The chain rule gives, for v € H,
dP(w)(v) = 0w L(@, &, p)v + e L(w, &, 1) (dS 5 ¢(@)v).
We can choose i = fi, for which it holds 0¢ L(w, £, i) = 0. We arrive at d®(w)(v) = 9y, L(w, &, fi)v, and
r(W

€,
Jor (W + tphy) — Js
tn

) < 0L, &, mhn + o(1).
Passing to the limit yields - o
(Jsr)y (w0, h) < 0w L(w, &, i)h.
This being true for any £ € Z(w), we arrive at the desired result. O

Lemma 4.3. For any h € W we have

(Jor)o(w,h) > _inf Oy L(w,&, ).
£ez(w)

Proof. Let (t,,h,) € R x W be such that t, — 0, h, — h, and
Jor (W + tphn) — Jor (W)

n—-00 7%

For all n we set w,, = @ + t,hy, and choose some &, € Z(w,) (¢f. Rem. 3.2).

Step 1. We choose an arbitrary £ € H such that ¢(w,{) = a. By Lemma 4.1, there exists a neighborhood W
of w and a function Sg ¢ : W — H of class €°° such that Sg¢(w) = £ and

g(w, Sg.e(w)) =« Yw e W.

Since w, — w, it holds for n large enough ¢(wy, Sw,¢(wn)) = o, hence

1 1
Slal® < 1S lwa) (1.4)

This shows that the sequence (£,) is bounded. Therefore there exists & € H such that &, — £ weakly for some
non-relabeled subsequence.

Step 2. We shall show that & € Z(w). From w,, = @ + t,h, and q(wy,&,) = a, denoting h,, = (Qy, bp, ¢y, we
obtain

1 = _
q(wn, &) = _<( + t0Qn)nsEn) + (0 + tnbn, &n) + C+ then = . (4.5)
We have Q + t,Q, — Q, Q compact, b+ t,b, — b, €+ t,c, — € and &, — £ Hence (Q + t,Qn)&n — QE
strongly and §((Q + t,Qn)&n, &) — 3(QE, §). Passing to the limit in (4.5) yields

S(QE8) + (.6 + o= g, ) =
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Moreover, since &, — € and Sy ¢(w,) — Sg.e(w) = &, (4.4) entails

1 - 1 1 1
SIEI? < 5 liminf €]1* < 2 liminf 1S e(wn)]* = €]

This proves that & € Z(w).

Step 3. From Theorem 3.7, we have Jg,(w) = g(w, i) = infeey L(w, €, ). It follows that Jg.(w) < L(w, &, ).
As &, € E(wy), we have Jy,(wy,) = 1(|&,]|* = L(wn, &n, f1). We arrive at

Jsr(wn) - Jsr(w) > L(wnvfnvﬂ) B L(wagnvlj‘)
tn - tn

Yet we have ~ ~ ~
L(wn, §n, 1) — L(w,&n, )
tn

pt
=H |:§<Qn£na£n> + <bn7§n> + Cn] .
Denoting h = (Q, b, ¢) and using that @, — Q compact, b, — b, ¢, — c and &, — & weakly, one obtains

L(wn,ﬁn,ﬁ) - L(@,fn,/j)

i |5QE8+ 0.9+ —uL@ € .

It follows that
Jor (0 + tphy) — Jsr (W)

The proof is therefore complete. a
From Lemmas 4.2 and 4.3, we derive the following.

Theorem 4.4. For any h € W, J,,. admits a Hadamard semiderivative at point w in the direction h given by

J.(w,h) = inf O,L(w,&p)h= inf pg(h,§),
fe=(w) gez(w)

where [i is the unique solution of the dual problem (3.13).

4.3. Hadamard semiderivative of the robust compliance in the worst case sense

We denote by = (w) the maximizing set of (4.3) with w = w, which has been obtained in Theorem 3.12.
Slightly adapting the proof of Theorem 4.13 in [12], one obtains the following result.

Theorem 4.5. For any h € W, the worst case functional J,. admits a Hadamard semiderivative at point w

in the direction h given by B B B
Tue(@,h) = sup duq(w,E)h= sup q(h,§).

£€E(w) feE(w)
5. TOPOLOGICAL DERIVATIVE OF THE ROBUST CRITERIA

Consider a reference domain 2 = 2y € £ and a family of perturbed domains (£2;);~o such that, for all ¢
small enough, £2; € £. We choose for simplicity a nominal load of the form f5 = Bo&N € Vi, with ¢V € H. As
in the previous sections, set wn = (Qg, bn, co) with

1 1
Qo = BpAg' Ba, bo=BuAg' Bat"™ = Qot™, o= (BoAy Bat™, &) = S(Qut™, &),

We make the following assumption, which will be verified for specific problems in Section 6.
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Assumption 5.1. There exists § > 0 and a self-adjoint linear operator Gy, : H — H such that

(Q0,&.€) — (o, &) = t{Gt, &) + Ot VEeH.

Lemma 5.2. The functiont € Ry +— Qgq, € L(H) admits a right derivative at 0 given by

d
E[Qﬂtht:O =Go.
Proof. Assumption 5.1 and the polarization identity entail

(Qa,6,¢) — (Q0,&,C) = t{Go&, O) +O(t'H) Ve, (e,

<<Q”* : Qe —GQ) §,<>’ < 4o0.

that is,
V¢, C e H, supt°

t>0

By the Banach—Steinhaus’s theorem we obtain

V¢ e H, supt° (Qot QQ Q) fH < +00.
t>0 t H
Another application of the Banach-Steinhaus theorem yields
supt™? Qo —Qa Gg < 00.
t>0 3 L(H)
In particular we have
im || 92292 g |l —o,
t10 t £(H)
and the proof is achieved. O

The following theorem states the right derivative of t — jg(§2¢).
Theorem 5.3. The function t — js(£2¢) admits a right derivative at 0 given by

d.. .1 - -

— s (20)]j1=0 = inf SE(EN +& Ga( +)), (5.1)
dt (ex 2

where = is the set of solutions of the primal problem (3.12) and i is the solution of the dual problem (3.13).

Proof. By Lemma 5.2, we get that the map t — wg, admits a right derivative at 0 given by

Slen o = 5(Gat™,€Y) (2

d d
E[QQJH:O =G, E[bntht:o = GptV, dt[

Next, with the notation of Section 4, we have
jsr(Qt) = Jsr(th)~

By composition (see, e.g., [12], Prop. 2.47), the function ¢ — j..(§2;) admits a right derivative at 0 given by

d d
20y = Ty (e oo
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Theorem 4.4 yields

G U (@cg = i 1 |5 (G1Qeemab.€) + { Fonliemon) + Flerluma]

Using (5.2) we arrive at

d 1 - - 1
U (@) = Jut 1[5 (Ga€.&) + (G, + 5 (G ™).
A rearrangement completes the proof. O

6. ALGORITHM

6.1. Problem setting

In the examples we will present we want to minimize
\7(9) = Q(jsr(ﬂ)) +€“Q|a

where @ : RY — R is a smooth and decreasing function, £ is a user-given Lagrange multiplier, and [2] is the
Lebesgue measure of (2. In order to maintain jg,.({2) positive during the iterations, we further assume that
lim; o @(t) = +oo. In our computations, for numerical purposes, we have used the function with moderate
growth @(t) = — logt.

We choose € as the set of all subdomains of a fixed “hold-all” domain D C RY. Our model problem is that
of linear elasticity, with the following standard framework. The domain (2 is occupied by an elastic material of
unitary Young modulus, and its complement D\{?2 is filled with a weak phase, i.c., a fictitious material with
small Young modulus . This permits to formulate the equilibrium equations, represented by the operator A, in
the fixed domain D. Therefore the function space Vy, is the subspace H} (D)"Y including the Dirichlet boundary
condition on the appropriate part I'p of 0f2. The Hilbert space H and the operator By, : H — Vi, may be
arbitrary but By, is assumed to be independent of (2.

For some & € D \ 942, we consider the topological perturbation

Q:{Q\W ificQ,
CT VL (QUBG, (1) N D if & € D\ T,

with p(t) = t1/N.
6.2. Optimality condition
The derivative of J({2;) with respect to ¢ is the so called topological derivative. It is given by the chain rule:

. d ) d
90(&) = [T (2)]ji=0 = ' (jsr (2) 7, lsr ()] =0 +f (192 Jje=o-
Of course, this is only valid if the topological derivatives dt[ qr(Qf)]lt o and & i l192¢[]j4=0 exist. For this latter

one this is obviously true. In the two dimensional case N = 2 in which we henceforth place ourselves we have

d o  (—rmifien,
qll%llie=0 = 7 if e D\ 1.

The expression of % [jsr(£2¢)]14=0 has been obtained in Theorem 5.3 upon Assumption 5.1. The operator G, that
satisfies Assumption 5.1 is associated with the topological derivative of the classical compliance. Its expression
is known as (see [4,6]):

r—1r+1

- (e—1)(rk—2)
kr+1 2

k+2—1

tr otr ef,

(Gpg, &) = — |:20'Z€—|—
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with
. {5 ifeen,
T \etifzeD\ 1,
k= Az +3pr)/(Ar +1r), A, 1z the Lamé coefficients of the material, and (o, e) the stress and strain tensors
respectively at point & for the load Bgn&.
A necessary optimality condition for this class of perturbations is clearly

go(Z) >0 Vi e D, (6.1)

which is the starting point of our algorithm.

6.3. Description of the algorithm

In order to solve (6.1) we use the algorithm introduced in [6] and further analyzed in [5]. We recall its main
features. Each domain (2 is represented by a smooth function ¢, : D — R such that

2 ={xz € D,vg(x) <0}.

Such a level-set representation is very standard in shape optimization. It is usually combined with a Hamilton—
Jacobi evolution equation, see [3,31] to cite only the seminal works. However the Hamilton—Jacobi’s formulation
does not allow to easily nucleate holes, which can be a serious limitation in topology optimization. We proceed
differently, defining first the signed topological derivative as

~ go(z)if T € £2,
ga(@) = { ol2) if i ¢ 0.
It appears that (6.1) will be solved as soon as
9o ~ Yo, (6.2)
with the equivalence relation ~ defined by
1 ~ Yo <= Ja > 0,91 ~ arhs.
We apply to (6.2) the fixed point iteration with relaxation, i.e., the update of the function v, at iteration k is
Vo, ~ (1 —wp)vg, +wria,-
The parameter wy, €]0,1] acts as step size and is fixed at every iteration by a line search.

Remark 6.1. Consider a combination of disjoint topological perturbations, such as for instance

2 = 2\ | Bl p(0)).

-

i=1

The topological derivative of the compliance is additive with respect to the perturbation (see [7]), i.e.,

Go = Z Ga.,
i1

where Gy, ; is the topological derivative for a single perturbation. The topological derivative of 2 — j4.(£2) for
the combination of perturbations is then

d

d[gw(fzt)hto—lnfuZGmg +8),¢ zz {Goi(E™ +8),6N +¢).

in
1 €€

[1] '—h

This means that j, is superadditive with respect to the perturbation, hence a combination of descent directions
for the functional J still provides a descent direction (recall that @ is decreasing).
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FIGURE 1. Beam: obtained domains for one load (left) and two loads (right).

For solving the dual problem (3.14) in the easy case and the hard case I, we have contented ourselves with
the bisection method, as in our examples the space H was of small dimension.

Also, we have always encountered simple eigenvalues Apnax. In such cases the set of critical loads = consists
of at most two points, therefore solving the minimization problem in (5.1) is trivial. Further investigation would
be needed to design a numerical procedure able to deal with the general case.

7. NUMERICAL EXAMPLES

In the subsequent computations, the linear elasticity equations are solved by means of P1 finite elements
(recall that the space dimension is N = 2), leading to a stiffness matrix denoted by Ky,. We consider a finite-
dimensional space of perturbations H, say H = R™ equipped with its canonical inner product and its canonical
basis (e;),. Each e; corresponds to an applied load ¢; and a force vector F; in the finite element framework.
Then the matrix @, admits the entries:

1

T r-—1
SFTKGE;.

(Qalij

7.1. Beam

The hold all domain D is the unit square ]0,1[x]0, 1[, with a Dirichlet boundary condition on the left side.
We denote by p the middle of the right side and by ¢; the unit horizontal force applied at p. The nominal load
fg corresponds to ¢q.

At first we consider a one-dimensional space H, for which the value ¢ = 1 of the parameter corresponds to
the force ¢1. The threshold « is chosen as 10 times the compliance of the initial domain, which is the band
10, 1[x]0.4, 0.6[, under the nominal load. The Lagrange multiplier for the area is fixed to £ = 10. In this situation,
only the easy case occurs. The optimized domain is represented in Figure 1, left. The convergence history of the
criterion J is shown in Figure 2, left.

Next we add a unit vertical force ¢, still applied at point p, and represented by the parameter ¢ = (0,1)
in the space H = R2. The force ¢;, represented by the parameter ¢ = (1,0), remains the nominal load. The
other data are unchanged. The optimized domain is given in Figure 1, right, with the convergence history in
Figure 2, right. For comparison, note that the area of this domain (0.168) is close to the area obtained in the
previous case (0.160). The configuration at convergence is the hard case II, with the critical loads (including
the nominal load) corresponding to the forces 1.09¢1 £ 0.76¢s.
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FIGURE 2. Beam: convergence histories for one load (left) and two loads (right).

7.2. Mast

For this problem the hold-all domain D is the union of the rectangles | — 1,1[x]0,4[ and | — 2,2[x]4,6[. A
Dirichlet boundary condition is applied at the bottom side. We consider 4 forces:

e ¢ is the force of components (0, —1) applied at point p; = (—1,4);
e ¢ is the force of components (0, —1) applied at point ps = (1,4);
e (3 is the force of components (1,0) applied at point py;

e ¢4 is the force of components (1,0) applied at point ps.

The nominal load corresponds to the forces ¢; and ¢ applied simultaneously.

As first case we again consider a one-dimensional space of perturbations, spanned by the nominal load. The
forces ¢3 and ¢4 are not taken into account. The initialization is the full domain D, and « is chosen as 10 times
the compliance of this domain under the nominal load. The Lagrange multiplier ¢ is fixed to 0.8. The optimized
domain is represented in Figure 3, left.

Then we consider a two-dimensional space of perturbations, spanned by the forces ¢; and ¢, applied inde-
pendently. All the other data are unchanged. The optimized domain is represented in Figure 3, middle. Due to
the symmetry of the problem, this is a hard case II. The critical loads are 1.98¢; + 1.01¢2 and 1.01¢1 + 1.98¢s.

Finally we consider four independent perturbations, given by the forces ¢1, ¢2, ¢3 and ¢4. We obtain the
domain represented in Figure 3, right. This is again a hard case II, with the critical loads given by 1.28¢; +
1.09¢2 — 0.30¢3 — 0.39¢4 and its symmetric 1.09¢1 + 1.28¢2 4+ 0.39¢3 + 0.30¢4.

From the first case to the last one, we clearly observe, first, a stiffening under non-symmetric vertical load,
then, a stiffening under horizontal load.

APPENDIX A. LAGRANGIAN DUALITY

Here we gather useful results on general Lagrangian duality theory, which are essentially reformulations of
classical results found in [26, 28, 33]. We nevertheless provide concise proofs for completeness.

Let X,Y be two sets and L : X x Y — R := RU{—o00,+00} be an application, called the Lagrangian. We
define

f(x) = sup L(z,y), re X,
yey

9(y) = xlg(fl(w,y), yey.

The duality theory aims at finding relations between the primal problem

Minimize f(z), =€ X, (Z)
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FIGURE 3. Mast: obtained domains for one load (left), two loads (middle) and four loads (right).

and the so-called dual problem
Maximize g(y), vy €Y. (2)

We denote by v(#) = infyex f(z) and v(Z) = sup,cy g(y) the values of the primal and the dual problems,
respectively.
Moreover, for any y € Y, we consider the problem

Minimize L(z,y), x¢€ X, (Zy)
with value v(%) = inf,ex L(z,y) = g(y). We always have (weak duality):
Yy €Y, v(Zy) <v(2) <v(2P). (A.1)
Theorem A.1.

(1) For ally €Y it holds
argmin(.Z,) N [L(.,y) = f] C argmin(Z?). (A.2)

(2) For ally €Y it holds

. y € argmax(2),
(3) We have the relations:
v(Z) =v(Z,) = argmin(.Z,) N [L(.,y) = f] = argmin(Z?). (A.4)
(4) For ally €Y it holds
argmin(.%,) N [L(.,y) = f] # 0 = v(Z,) = v(2), (A.5)
hence
argmin(.%,) N [L(.,y) = f] # 0 = argmin(.%Z,) N [L(.,y) = f] = argmin(P). (A.6)

(5) We always have
{y €Y | argmin(Z,) N[L(,,y) = f] # (Z)} C argmax(92). (A7)
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Proof.

If & € argmin(.Z,) N [L(.,y) = f] then, for all z € X, f(Z) = L(Z,y) < L(z,y) < f(x).

If v(Z,) = v(&), using (A.1), one obtains v(2) = v(Z) = v(Z,) = g(y) and y € argmax(Z). If y €

argmax(2) and v(2) = v(Z) then v(.Z,)) = g(y) = v(2) = v(2).

If z € argmin(Z?) then L(Z,y) < f(Z) = v(Z) = v(Z) < L)(J;, y) for all z € X . In particular L(Z, y) = f(Z)
2

If € argmin(.%,,) N [L(.,y) = f] then

o @) = inf f(2) < () = L(z,y) = v(%,) = inf L(,y) < inf f(z) = o(2)

zeX

If argmin(.%,) N [L(.,y) = f] # 0, then using (A.5), one infers v(.%,) = v(<?). We conclude using (A.3). O
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