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BOUNDARY EFFECTS AND WEAK* LOWER SEMICONTINUITY
FOR SIGNED INTEGRAL FUNCTIONALS ON BV *

BARBORA BENESOVA!, STEFAN KROMER? AND MARTIN KRUZ{K?*

Abstract. We characterize lower semicontinuity of integral functionals with respect to weak* con-
vergence in BV, including integrands whose negative part has linear growth. In addition, we allow for
sequences without a fixed trace at the boundary. In this case, both the integrand and the shape of the
boundary play a key role. This is made precise in our newly found condition — quasi-sublinear growth
from below at points of the boundary — which compensates for possible concentration effects generated
by the sequence. Our work extends some recent results by Kristensen and Rindler [J. Kristensen and
F. Rindler, Arch. Rat. Mech. Anal. 197 (2010) 539-598; J. Kristensen and F. Rindler, Calc. Var. 37
(2010) 29-62].
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1. INTRODUCTION

We consider an integral functional of the form
F(u) = / df(z, Du), ue BV (2;RM), (1.1)
0

where x is the variable of integration and

df(z, Du) = f(z, Va(z))dz + f< (ac dd%(x)) d|Dul (z).

Here, we assume that the energy density f : 2 x RM*N — R has a recession function which is denoted by
f°° (see (f:2) below); Du is the distributional derivative of u : 2 — RM | a finite matrix-valued Radon measure
on 2 C RY, and

Du = (Vu)LY 4+ D*u
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is its Radon-Nikodym decomposition with respect to the Lebesgue measure £, with D*u and Vu denoting the

singular part and the density of the absolutely continuous part, respectively. Moreover, we used that d‘}g“‘ (x) =

Cﬁgzzl (z) for |D%ul-a.e. x; here |u| denotes the total variation of the measure p and p = dlu\ |pe| is its the
polar decomposition, i.e., % is the density of p with respect to || (Besicovitch derivative) which satisfies
dp

T 1’)| =1 for |ul-a.e. z.

The aim of this paper is to give a precise characterization of weak* lower semicontinuity of (1.1) in BV without
prescribing fixed Dirichlet boundary data or assuming that f is bounded from below. For f bounded from below,
weak™ lower semicontinuity and relaxation of F' were examined in [6,7], even including explicit dependence on u
(not just Du). Nevertheless, in order to characterize the appropriate generalizations of gradient Young measures
in BV [11] (gradient DiPerna—Majda measures) it is necessary to allow also for a linear growth of the negative
part of the integrand. In this case, weak* lower semicontinuity and relaxation is treated in [11,13] but the results
are valid only for sequences with fixed trace on the boundary of 2, or if a term penalizing jumps at the boundary
is added to the functional (for related results in WP with p > 1 see [8,9]). In particular, it is not possible to
use them to show attainment of minimizers of F without prescribed Dirichlet data, and the characterization of
the generalized Young measures generated by gradients (distributional derivatives of functions in BV) with free
function values on the boundary. Such characterizations are known in W* for p > 1 [14,16].

Clearly, if no Dirichlet boundary condition is prescribed, boundary effects play a role in characterizing the
weak* lower semicontinuity. To see this, we consider the following simple example.

Example 1.1. Take ¢ € Wy ' (B1(0); RM), where B,(0) is a ball in RY with the radius » > 0 centered at
0, and extend it by zero to the whole RY. Define for z € RY and k € N ¢ (z) = k" 'p(kz), i.e., pp—0 in
BV(B1(0); R™) and consider a smooth domain 2 € RY such that 0 € 912, vy is the outer unit normal to 952 at
0. Moreover, take a function f: RM*N — R to be positively 1-homogeneous, i.e., f(af) = af(§) for all a > 0.
If F from (1.1) is weakly™* lower semicontinuous then

0= F(0) < lim mf/ f(Ver(x))de = lim inf/ f(Ver(z)) de (1.2)
k—oo k—o0 Bl/k(O)ﬁQ
— liminf / k" F(Veo(ka)) dz = / F(Veoly) dy -
k—=co /B, w(0)ne2 B1(0)N{y€RN; 1y-y<0}

Thus, we see that

0 g/ F(Ve(y))dy (1.3)
B1(0)N{yeRY; vg-y<0}

for all ¢ € W, (B1(0); RM) forms a necessary condition for weak* lower semicontinuity of F whenever f is
positively 1-homogeneous.

Within this paper, we prove that, in case of a smooth boundary, condition (1.3) together with quasiconvexity
of f is indeed also sufficient for weak* lower semi-continuity, however with f replaced by its recession function if
the former is not homogeneous of degree one (c¢f. Thm. 2.9 below). In case {2 is not smooth enough, we suitably
generalize condition (1.3) and introduce the notion of quasi-sublinear growth from below (cf. Def. 2.5), which is
central in our work. As for the sufficency of quasi-convexity and quasicovenxity of quasi-sublinear growth from
below for weak* lower semi-continuity, our results can then cope with domains with a rather irregular boundary,
for which a jump term integrated over the boundary would not be well defined. For the necessity part, we need
to work on an extension domain so that we can rely on compact embedding results.

Nevertheless, it should be stressed that even if {2 is of such smoothness that we may extend the function u
entering (1.1) by zero to BV(£2; RM) to some regular domain 2’ O (2, studying weak* lower semicontinuity
of (1.1) is not equivalent to studying the extended problem due to the additional contribution from the jump
term over the boundary. To illustrate this, consider the following example:
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Example 1.2 (following [3,13]). Choose §2 = (0,1) and define u,, := x(g,1) so that Du, = —d.. Further, let

us choose and f(z,€) := &; then F is a linear functional and F(u,) = —1 for all n, but u,,— 0 to 0 in BV((0, 1))
and F(0) =0> —1.

Nevertheless, if we enlarged the domain to, say, (—1, 1) and extended u,, by zero, then we would get F'(u,,) = 0,
giving weak™ lower semicontinuity along this sequence.

In the context of our characterization, we notice that while f is linear and thus quasiconvex in its second
variable, it does not satisfy our new condition of quasi-sublinear growth from below at zy = 0.

We also mention that results concerning regularity and uniqueness® of minimizers are available, although
only for convex and coercive integrands assuming a form of very strong ellipticity [5].

The plan of the paper is as follows. Our main result, Theorem 2.9 is stated in Section 2 preceded with
necessary definitions and notation. In particular, Definition 2.5 describes quasi-sublinear growth from below.
Various useful variants of this condition are discussed in Section 3 and the Appendix. As a preparatory part for
the proof of Theorem 2.9, Section 4 deals with a suitable decomposition of sequences in BV. Finally, a proof of
the main result is given in Section 5.

2. MAIN RESULTS

In the bulk of this article, the domain 2 C RY can be any open and bounded set. If we additionally need {2
to allow for a compact embedding of BV (§2;RM) into L*(£2;RM) we write 2 € E(RY). An extension domain
(or even a Lipschitz domain) serves as an example of a set belonging to E(RY). If even more regularity of the
boundary is required, this is stated on the spot; in that case, we usually need a boundary of class C'. Here and
in the sequel, M(£2; RM*N) means the set of R >~ _valued Radon measures on §2 and BV (§2; RM) denotes the
standard space of maps 2 — R which have bounded variation; cf. [2] for details. As the weak* convergence
in BV(£2;RM) is a central notion of our analysis we recall that (u,)neny C BV(£2;RM) converges weakly* to
u € BV(2;RM) if u,, — u strongly in L'(2;RM) and Du, = Du in M(2;RM*N) (see [2], Def. 3.11). If
1 € M(£2) then |u| denotes its total variation (norm), i.e., |u| := sup| [, f du| where the supremum is taken
over all f € Co(f2) such that |[f|lcy) = 1. Here, Co(£2) is the space of continuous functions vanishing at
the boundary of £2. Moreover, W1?(2; RM) and LP(£2; RM) stand for classical Sobolev and Lebesgue spaces,
respectively. Throughout the paper, we assume that

f: 2 xRN R is continuous (f:0)
with at most linear growth, i.e., there is a constant C' > 0 such that
F(@,6) < C(| +1) for every (z,€) € 7 x RMXV, (E1)

and f admits a recession function in the following sense:

1(x,€) = 7171111§ M exists for every (z,€) € 2 x (RM*N\ {0}).
t—+oo

Note that by definition, f> is continuous on §2 x (RM>N \ {0}) and positively 1-homogeneous in &.

Remark 2.1. The continuity assumption in (f:0) cannot be replaced just by a Carathéodory condition. How-
ever, our proofs show that only continuity of the recession function really matters, which is implicitly required
in (f:2) even if we start with discontinuous f (because the limit as y — x must exist). Nevertheless, then one has
to replace the quasi-sublinear growth condition stated in Definition 2.3 (below) by the condition stated in (3.2).

5 up to additive constants; in general, even with a jump term on the boundary penalizing the distance to prescribed Dirichlet
data, these cannot be avoided because the recession function is never strictly convex.
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Notice that the boundary of {2 (the effect of which we study) can also be seen as a jump discontinuity of f
in x, namely a jump down to zero across a smooth surface (if 9f2 is smooth), which would allow us to define
the “same” functional on a larger domain.

Remark 2.2. The restriction of F' to W1 1(2;RM) reads
F(u) = / flz,Vu)dz, veWh? (Q;RM) ,
2

and F is the natural extension of F to BV(§2; RM). In fact, it follows from a generalization of the Reshetnyak
continuity theorem that F' is continuous with respect to area-strict convergence [13] (see also Rem. 3.1). With
respect to this convergence, smooth functions are dense in BV (£2; RM). Therefore, F is the unique extension of
F with respect to this convergence, which makes it the natural one.

Our main result provides a characterization of sequential lower semicontinuity of F' with respect to weak*-
convergence in BV, in the usual sense recalled below. It is natural to expect that this characterization will
be linked to the well-known quasiconvexity condition in the sense of Morrey [18] as given in Definition 2.4. In
addition to that, we need an additional property of f to prevent negative contributions of sequences concentrating
at the boundary of the domain (cf. Def. 2.5).

Definition 2.3 (w*lsc). We say that the functional F' : BV(2;RM) — R is sequentially weakly* lower semi-
continuous (w*lsc) in BV (§2;RM) if
liminf F'(u,) > F(u)

for every sequence (u,) C BV(£2; RM) and such that u,—u in BV.

Definition 2.4 (Quasiconvexity). A function g : RM*N — R is called quasiconvez at & € RM*N if

/B (9(€ + Ve(y) — g(€)) dy > 0 for every p € Wy'™ (B;RM),

where B denotes the unit ball in RV (or, equivalently, any arbitrary fixed bounded Lipschitz domain). We say
that g is quasiconvezr (qc) if it is quasiconvex at every & € RM*N,

Definition 2.5 (Quasi-sublinear growth from below). We say that a function g : RM*N — R is quasi-sublinear
from below (gslb) at a point zo € 2 if

for every € > 0, there exist § = d(e) > 0, C = C(e) € R s.t.

[ aweeyarz <[ w@la-o
2N Bs(xo)

2NBs(zo)
for every v € Wht (Bg(aso) N Q;RM) with v = 0 near 9Bs(zp).

Remark 2.6. Definition 2.5 is a straightforward extension to the case p = 1 of the corresponding condition
for p > 1, (3.2) in [15]. If £ is an extension domain, the class of test functions can be replaced by v €
W (Bs(20); RM); essentially, we want v to vanish in a neighborhood of (or have zero trace on) the “interior”
boundary 0Bs(zo) N {2, while being free on 9f2. Whenever necessary, v is understood to be extended by zero to
2\ Bs(xo).

Remark 2.7. Quasi-sublinear growth from below is a local condition at the point zg in the sense that if it
holds for some 9§, then also for all ' < §, because the class of test functions becomes smaller, and the difference
in the integral on the left hand side is given by fQﬂ(Bg(Io)\By () g(0) dz, a constant that can be absorbed by

C. If 012 is of class C' near xg, and g is regular enough, it is possible to rescale the domain of integration to
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unit size and pass to the limit as § — 0. Doing so reduces the quasi-sublinear growth from below of g to the
following, equivalent condition (details are given in Prop. 3.2):

For every € > 0, there exists C = C(e) > 0 such that

/D 9(Ve(y))dy = —6/ IVeo(y)l dy = C (2.1)

zq DmD

for all ¢ € Wy (B1(0); RM), where D, := {y € B1(0) | y - vz, < 0},

the half-ball opposite of the outer normal v,, to 92 at zo. This corresponds to the case p = 1 in Theorem 1.6 (ii)
in [15] and 1-quasisubcritical growth from below at a boundary point as defined in [14].

Remark 2.8. If one replaces the gradients Vv by arbitrary integrable matrix fields in L' in one of the versions
of quasi-sublinear growth from below (which makes it more restrictive due to the then larger class of test
functions), it turns into “standard” sublinear growth from below, in the sense that for each ¢ > 0, there is C;
such that g(¢) > —¢|¢| — C- for all £ € RM*N_ The latter is equivalent to lim infj¢ -0 % > 0.

With these definitions at hand, we formulate our main result:

Theorem 2.9. Let 2 € E(RY) and assume that (£:0)—(f:2) hold. Then the functional F defined in (1.1) is
w*lsc if and only if its integrand f simultaneously satisfies the following:

(i) f(wo,-) is quasiconvex for a.e. xg € §2;
(ii) f(zo,-) is of quasi sub-linear grwoth from below at xq for every xy € 2.

Moreover, f can be replaced with > in the condition (i), and if 082 is of class C*, then (ii) holds if and only
if for every xg € 012,

/ (@0, Vo)) dy = 0 for all o € WL (By(0); RM), (2.2)
Dz,

where Dy, = {y € B1(0) | y - Vo, < 0}, with the outer normal vy, to 952 at xg.

A detailed proof of the if and only if characterization of weak* lower semicontinuity is the content of Section 5
while, the second part of the theorem is the content of Proposition 3.2. For convenience, we sketch the main
idea of the proof of the charachterization of weak* lower semi-continuity here.

Idea of the proof. The necessity of the quasiconvexity is standard while the necessity of the quasi-sublinear
growth from below follows by a contradiction argument.

As for the sufficiency, we assume, for simplicity, in this sketch that the sequence (u,) from Definition 2.3
satisfies u,,— 0 in BV(£2;RM). Then proof then relies on the observation that we can “separate” the behavior of
(uy,) from in the interior of the domain 2 and on its boundary. Indeed, by the local decomposition lemma (shown
in Sect. 4) we may write (u,) as a sum of a sequence that is supported inside {2 and a sequence that is purely
concentrating at the boundary (i.e. it is supported in a vanishingly small neighbourhood of 9f2. Moreover, the
decomposition is such that we can treat this two sequences as essentially independent; i.e. it suffices to show
weak* lower semicontinuity along each of the sequences separately (cf. also Prop. 4.3).

Now, for the sequence supported inside the domain, we are in the situation of [11] (since all the members
of the sequence have fixed-zero-Dirichlet boundary data). For the sequence that is purely concentrating on the
boundary, we realize that along such sequences functionals bounded from below are weakly lower semicontinuous;
cf. Proposition 5.5. Note that we need only the functional to have a lower bound, the density function may be
unbounded. Finally, this lower bound is, roughly, provided by our quasi-sublinear growth from below condition
from Definition 2.5. U
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Remark 2.10. Condition (2.2) is closely related but not equivalent to boundary quasiconvexity of f*°(x, )
at the zero matrix in direction v,,. For comparison: Boundary quasiconvexity at a matrix £ € RM*¥ as defined
in [17,20]%, requires that there exists a matrix” A € RM*¥ (only depending on ¢ and z() such that

| e e rod- [ raoaz [ 4Ty oralpe Wi (BukY). (@3
Dy Dz, Dz,

Since f*°(x0,0) = 0, (2.2) coincides with with (2.3) at £ = 0 if A = 0 is admissible, but in general, (2.2) is
more restrictive.

Remark 2.11. A further intuition on the quasi-sublinear growth from below condition can be gained from
Proposition 3.2 (below) where we prove that for any interior point x in 2 this condition is equivalent to the
quasiconvexity of the recession function in 0; in general this is a weaker condition that standard quasiconvexity.
However, along a purely concentrating sequence in x one may, roughly, “replace” f by its recession function
and the weak” limit of such a sequence is necessarily 0. Nevertheless, one should be very careful with such an
intuition at the boundary; ¢f. Example 1.2 where it is shown that at boundary points quasi-sublinear growth
from below is not implied by quasiconvexity in general.

Remark 2.12. In Example 1.2 we saw a linear functional that does not satisfy the quasi-sublinearity from
below conditions. However, functions that satisfy (2.2) even with equality can be constructed: Let t € RY be
a vector perpendicular to v, and f : RM*N — R f(¢£) = f°(¢) := &a @t with a € RM. Thus, f defines
a so-called linear Null Lagrangian at the boundary. We refer to [10] for Null Lagrangians at the boundary of
higher order.

3. VARIANTS OF QUASI-SUBLINEAR GROWTH FROM BELOW

In this section, we collect several conditions equivalent to quasi-sublinear growth from below, useful either for
technical purposes (particularly (3.2) and (3.3)) or (somewhat) easier to check for a given integrand. Moreover,
we prove in Proposition 3.2 the second part of Theorem 2.9; i.e. that f(xo,-) turns out to be of quasi sub-
linear growth from below if and only if its recession function is, and the latter is equivalent to (2.2) in case of
C'-boundary.

First, we realize that for quasi sub-linear growth from below of the recession function the constant C' can be
dropped (due to 1-homogeneity):

for every € > 0, there exists § = §(g) > 0 such that

/mgm) £ (20, Vo(a)) dz > —e/ Vo(o)| da (3.1)

N2NBs(xo)
for every v € W (Bs(xo) N 2;RM) with v = 0 near dBjs(x).

On the other hand, it is also possible to replace the “frozen” g in the first argument of f by the variable of
integration, which yields a condition more convenient for proving weak* lower semicontinuity:

For every € > 0, there exists § > 0 and C' > 0 such that

/QnBé(xo)f(x,Vv(x)) dz > —5/ |[Vo(z)| de — C (3.2)

N2NBs(xo)
for every v € WHH(02 N Bs(20); RM) with v = 0 near dBj(xo).

6 Originally, boundary quasiconvexity at critical points was introduced by Ball and Marsden in [4] as a necessary condition for
strong local minima.

7Actually, the original definition of boundary quasiconvexity in [17,20] calls for the existence of a vector ¢ € RM playing the
role of Avg, in the boundary integral fFTO o(y) - AvgodHN =1 (y), where I'y, = {y € B1 | y - vz, = 0} is the part of the boundary
of Dy, where the trace of v is free, which is equal to the right hand side in (2.3) by integration by parts. Yet, expressing the right
hand side in terms of the matrix A and a volume integral makes it obvious that (2.3) is in fact a generalized notion of convexity.
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This variant is more natural if f*° is not continuous in its first variable (and in that case, it is no longer
equivalent to gslb of f*°(xo,-) in the sense of Def. 2.5).

Remark 3.1. Using the density of W1 in BV with respect to area-strict convergence ({(-)-strict convergence)®,
together with the associated variant of Reshetnyak’s continuity theorem ([13], Thm. 5 and, more general, [19],
Thm. 1), all our variants of quasi-sublinear growth from below have equivalent versions extending the class of
test functions from W1! to BV. Most importantly for our purposes, (3.2) is equivalent to the following:

For every € > 0, there exist 6 = d(¢) > 0, C' = C(g) > 0 such that
| af@Du) = ~Del (20 Bs(an)) - C (33
2NB;s(zo)
for every v € BV (2 N Bs(xo); RM) with v = 0 near 9B (o).

The relationship between the variants of quasi-sublinear growth from below, and their link to quasiconvexity
for interior points zg, can be summarized as follows:

Proposition 3.2. Suppose that f satisfies (£:0)—(f:2). Then the following holds:
(a) For every xq € 12,
f(zo,) is gslb at 19 <=  f>(x0,-) is gslb at x9 <= (3.1) <= (3.2).
(b) For every zo € 2,
f(zo,-) gc at 0 =  f>(x0,-) qc at 0 <= f>(xq,-) g¢slb at 0.
(¢) For every xo € 02 such that 012 is of class C' near xy,
f(xo,-) gslb at xg <= (2.1) for g := fF(x9,) <= (2.2).

The detailed proof is given in the appendix but we provide a short idea of the proof here.

Idea of the proof. The proof of the first equivalence in (a) is based on Proposition 3.3 (given below) which
assures that for large values of the second variable f(zg,-) and f°°(zg,-) can be interchanged with only a small
error as well as on realizing that, essentially, only these large values of the second variable play a role in the
defintion of quasi-sublinear growth from below. As for the second two equivalences in (a), i.e. the transition to
the “unfrozen” variants of quasi-sublinear growth from below, we rely in uniform continuity of f as well as f>°.

The first implication in (b) is well known (c¢f. [7]) while the equivalence is based on a change of variables
argument.

The proof of the equivalences in (c) is based on a changes of variables argument and (locally) flattening the
boundary. O

Proposition 3.3. Assume that (f:0)—(f:2) hold. Then there exists a bounded, non-increasing function u:
[0,00) — [0, 00) with lim¢_ 1o pu(t) = 0 such that

f(,€) = [z, )] < u(lEN)(L + [E])  for every (x,€) € 2 x RM*N. (3-4)

8 See Section 2.2 in [13]; by definition, a sequence (un) C BV converges (-)-strictly to u € BV if up—wu in BV and
S (/1 + [Vunl® dz + [D¥un| (2) = [ /1 + |Vul® de + | D*u| ().
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Proof. It suffices to show that
M(t) = sup ‘f(xag) _foo(l.’é-)‘

ze, |¢|>t 1+ [¢] t—+0o0

Suppose by contradiction that there exists an £ > 0 and a sequence (z,,&,) € 2 x RM*V with [¢], — oo

such that -
1+ &
Passing to a subsequence (not relabeled), we may assume that
_
T, —» 2 and (, = — —(
[€nl
for some z € 2 and ¢ € RM*N with |[¢| = 1. Since f is positively 1-homogeneous in its second variable, we
B )~ )] | 1 &
TnySn) — LnyGn)| ‘_ oo n

By (f:2) and the uniform continuity of £ on the compact set £2 x S™N=1 (the latter denoting the unit
sphere in RM*N) this converges to zero as n — oo, contradicting (3.5). O

4. LOCAL DECOMPOSITION RESULTS

Our proof of Theorem 2.9 heavily realies on the “local decomposition” Lemma 4.2 given in this section. This
lemma is, in a way, related to the well-known decomposition lemma in W? (p > 1), that separates oscillations
from concentrations (see [1,8,12]), because it decomposes a weakly* converging sequence into a sum of sequences
with localized support. The local decompositions lemma given here is an adaptation of Lemma 2.6 in [15] for
p=1.

The following notion turns out to be useful.

Definition 4.1. Given a sequence (u,) C BV(£2;RM) and a closed set K C 2, we say that (Du,) does not
charge K, if | Du,| is tight in 2\ K, i.e.,

Duy| (K)s N 2 0.
sup [Dun| (K)s M 2) =

Here, (K)s := U, 4 Bs(x) denotes the open 6-neighborhood of K in RY.

Lemma 4.2 (local decomposition in BV). Let 2 C RN be open and bounded and let K; C 2, j=1,...,J, be
a finite family of compact sets such that £2 C Uj K. Then for every bounded sequence (u,) C BV (£2; RM) with

up — 0 in LY (2;RM), there exists a subsequence (uy,) (not re-labelled) which can be decomposed as
Up = ULy + ..o+ UJnp,

where for each j € {1,...,J}, (ujn)n is a bounded sequence in BV (§2;RM) converging to zero in L' such that
the following two conditions hold for every j:

() A{ujn 7# 0} C {un # 0}, {ujn # 03 C (K;) 2 \ Ui, (Ki) L,
|Du; | is absolutely continuous w.r.t. |Du,|+ LV,
and |Duj | < |Dun| + L as measures;

(i) (Duy,n) does not charge J; ;K.
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Moreover, if 012 is Lipschitz and each u, has vanishing trace on 012, this is inherited by w; .. Above, (K;)1

n

denotes the open %-nez’ghborhood of K in RN as before.

Apart from replacing W1 with BV and some straightforward changes in notation for the distributional deriva-
tives, the proof of Lemma 2.6 in [15] can be closely followed. The details are given below for convenience of the
reader.

Proof of Lemma 4.2. 1t suffices to discuss the case J = 2 since the general case follows by iterating the argument.
For every n € N choose a function ¢, € C2°((K1)1;[0,1]) such that ¢, =1 on (K1) 1, and define
Uk,n i= PnUk, whence Dv, = ¢pDug + up ® Vo £V,
Note that since ur — 0 in L!,

ur @ Vo, f— 0 in LY(02; RM*N) for every fixed n.

— 00

So, choose a subsequence k(n) such that fQ |uk(n) ® Vgon| dx < %; in order to simplify the notation, we do
not use the relabelling of the subsequence in the following; i.e. we assume that

1
/ |un®V<pn|dx < — for every n € N (4.1)
Q n
and set vy, = Vg(n)n-

In addition, inductively for m € N can choose a subsequence of (u,) such that (see the proof of Lemma 2.6
in [15] for more details)

Spm = lim |Duy| (Qﬁ (Kl)L) exists (4.2)
n—oo 2m
and
1
S — | Dy (Qﬂ (Kl)%> ’ < - for every n > m. (4.3)

From their definition S,, > 0 is non-increasing in m, and consequently, So = lim,;, 0o Sy exists in R.
Now decompose
Up = Ui,p + U2,n, Where uy, 1= vy, and ug p = Up — Uy

Clearly, the first line of (i) is satisfied by construction and the second line of (i) is a consequence of (4.1),
and u;, — 0in L' as n — oo just like u,. To see that (Dus,,) does not charge K; as claimed in (ii), consider
the following:

| Dus | (Qﬂ (Kl)zl ) < / ’un ®V<pn|dx+ | Dy, | (Qﬂ (K1)21 \(Kl)%>

=: Ii(n,m) + Iy(n,m).

It suffices to show that sup,cyIj(n,m) — 0 as m — oo for j = 1,2. Observe that I5(n,m) = 0 whenever
n < m, and for every m € N,

sup I(n,m) = sup [|Du,| (Qﬂ (Kl)ﬁ> — |Duy)| (Qﬂ (Kl)%>]

n>m n>m

2 2
< sup (Sm—Sn—I-E) SSm_Soo‘i’E

n>m

by (4.3) and the monotonicity of S,,. Hence, sup,,cy I2(n, m) — 0 as m — oo. In addition, I; (n,m) = 0 whenever
m > n; therefore, sup,,cy I1(n,m) < [, |um ® V(pm|dac < % by (4.1). O
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The component sequences in Lemma 4.2 have almost pairwise disjoint support, and interactions of the derivatives
on any pieces where multiple components overlap are negligible in the limit, essentially due to (ii). This causes
local integral functionals to behave asymptotically additive along the decomposition of Lemma 4.2 as made
precise in the proposition below. Its proof relies on the simple fact that if we have a sequence (t, )nen C M(2)
such that fAn dpn, — 0 as n — oo for every sequence (A,), of Borel subsets of (2, then |u,| — 0, i.e.,
converges to zero in total variation.

Proposition 4.3. Suppose that (£:0), (f:1) and (£:2) hold. Then for every v € BV(£2;RM) every decomposition
Up = Ui,p + ...+ Uy with the properties listed in Lemma 4.2, we have that

J
fu, +v) — Z (ujn +v) — F(v)] n?goO
j=1

in total variation of measures,

where for each u € BV(2;RM), f(u) is the real-valued measure given by

df (u)(z) :==df(z, Du) = f(x, Vu(x))dz + > (.T, %(m)) d |Dul ().

In particular,

J
F(uy, +v) )= > [F(ujm+v) = F(v)] — 0. (4.4)
J::l n—oo
Proof. As before, it suffices to consider the case J = 2 as the general case follows inductively. For any sequence
(A,,) of Borel subsets of {2, we have to show that

n—0o0
n

2
/ df(xz, Du, + Dv) — df(z, Dv) Z df (z, Duj, + Dv) —df(z, Dv)] | — 0.
j=1

We decompose
A, =(A,NKy) U E, U (A, NKy\ (KL1UE),))

with

B, = A, mﬂ{ T Ty 70 € Ae 0 (R (K1) .

Observe that

/

2
df(z, Du,, + Dv) — df(z, Dv) Z [df (z, Duj + Dv) — df(z, Dv)]
j=1

).

as the terms under the integral cancel out outside F,. Moreover,

n

n

2
df(z, Du,, + Dv) — df(z, Dv) Z [df (z, Duj, + Dv) — df(z, Dv)] |,
j=1

|Dug | (En) — 0, LN(E,) — 0 and |Dv|(E,) — 0,

n—oo
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the first since E,, C (K1)1 \ K1 and Dus,, does not charge K1, and the latter two by the fact that (1, E,, = 0.
Due to (f:1), this implies that

/ df (z, Dug,, + Dv) — 0 and / df(xz, Dv) — 0.
E, n— 00 E,

n—o0

It remains to show that

/ df(x, Duy,, + Dv) — df (x, Duy , + Dv) — 0; (4.5)
E'L

—
E, n—00

with G : M(2; RM*N) — R defined by

GO = [ a7 @), (4.6)
Q
our assertion (4.5) can be written as follows:

G(xEe, [D(un +v)]) — G(xg, D(ui n +v)) — 0.

n—0oo

Since (Dusg,y) does not charge K7,
XE, D(un +v) = xg,D(u1,n +v) = xE, Duzn — 0

in total variation of measures. This concludes the proof, because G is uniformly continuous on bounded subsets
of M(£2;RM>*N) " due to Proposition 4.5 below. O

Regarded superficially, the following lemma is somewhat reminiscent of Reshetnyak’s continuity theorem
(Thm. 2.39 in [2], for instance), but it uses norm topology instead of strict topology. It shows wuniform conti-
nuity of integral functionals on bounded sets of measures, for which there is no equivalent in terms of strict
convergernce.

Lemma 4.4. Let g : 2 x R¥ — R be continuous on 2 x S*~1 and positively 1-homogeneous in its second
variable. Then the functional G : M(2;R*) — R,

6 = [ g (x j—m alul

is uniformly continuous on bounded subsets of M(§2; RM>N) with respect to the convergence of measures in total
variation: for every pair of sequences (fin), (An) C M(82; RM*NY) such that |ju,| (£2) and |\,| (£2) are bounded,

|t — An| — 0 implies that G(u,) — G(A\,) — 0.

Proof. Below, we abbreviate o, := |uy| + |An|. By the positive 1-homogeneity of g and the fact that both ||
and |\, | are absolutely continuous with respect to o,,, we get that

_ dpn) (e
Glim) — GO) = /Q g(x, daﬂ) g(a:, daﬂ) do,.

Let € > 0. If |up, — An| — 0, or, equivalently,

dpn,  dAy,
— — —|do,, — 0
/Q ‘ do, do, on ’

n—0o0
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then for each 6 > 0, the set

d,un d\,
= >
Ens = {xeg“dan z) = dan(x)’_(s}

satisfies
on(Epns) — 0 asn — oo. (4.7)

Using that g is uniformly continuous on 2 x S*~! and thus also uniformly continuous on 2 x B1(0) by
1-homogeneity in the second variable, we can choose a suitable 6 = d(¢) > 0 such that

‘g ( d’;"( )) _g (x %(x)) ] < for every x € 2\ Ens. (4.8)

n doy,

By definition of o,,,

b (w)‘ <1and ‘%(w)‘ <1 for op-a.e. . Combining (4.7) and (4.8), we infer that

dA
< —= ) |doy,
|G pin 2 /‘g( dan> g(x’dan>‘ 7
< 65111) on(£2) +2 ||9||Loo(§><§1(o)) on(En,s)

— € sup on(82).

Since € was arbitrary and (o, (£2)) are uniformly bounded, this concludes the proof. O

Lemma 4.4 also holds for more general integrands:

Proposition 4.5. Assume that f satisfies (£:0)(f:2), and let G : M(2;RM*N) — R be defined by

- [ = [ 1 (5 %) @+ re (v 2@ ) a0

Then for every pair of sequences (jin), (An) C M(2;RM*NY) such that |ju,| (£2) and |\,| (£2) are bounded,
|t — An| — 0 implies that G(u,) — G(A\,) — 0.

Proof. Let us rewrite G(u) as

6 = [ (=5 (5. L) o 1 (5. ) a0

Since the second term already satisfies the claim by Lemma 4.4, it suffices to show that the assertion also

holds for q
160 = [ (7= ) (2.2 ) @

To see this, fix some € > 0. By Proposition 3.3, we can choose a ball Br(0)
R = R(e) such that

€ RMXN with a suitable radius

|[f(,6) = (2, )] < e(lg] + 1) for all (z,8) € 2 x RN\ Br(0).

Further, we find a cut-off function ¢. € C°(RM*N:[0,1]) with ¢.(£) = 0 on Bg(0) and set h.(z,¢) =
[f(,6) = (2, )1 = ¢e(€)). By writing that [f(z, &) — f>(2,§)] = he(2,§) + [f(2,§) = [ (2,8)]p:(€)), we

get that
dpin, dA,
|H(un)—H()\n)|§/ he J;,L —he |z, — ‘dx—I—e sup |pn|(£2) + sup (A, (2) + 2 ) .
O dx dx n n
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Since h. is supported on a compact subset of 2 x RM*N and thus uniformly continuous, and
dpn _ dy . .
H el v Li(2) <|phn, — An| (£2) — 0, dominated convergence yields that
limsup |H(pn) — H(A)| < eC,
n—0oo
for arbitrary € > 0. O

5. A CHARACTERIZATION OF WEAK LOWER SEMICONTINUITY

Within this section, we prove Theorem 2.9. Our starting point is the following result of [11] on weak* lower
semicontinuity along sequences with fixed boundary values:

Theorem 5.1 (adapted from [11], Thm. 2). Suppose that §2 is a bounded Lipschitz domain and that (f:0),
(f:1), (f:2) hold true. Suppose further that {uy}ren is a bounded sequence in BV(£2;RM) such that Up—u in
BV(2;RM) and up = u on 012 in the sense of trace. If f(zo,-) is quasiconvex for a.e. xg € (2, then

F(u) < likm inf F(ug),

for the functional F introduced in (1.1).

Remark 5.2. Our functional F does not include the boundary jump term that appears in the functional F
in [11], Theorem 2. However, since we assumed that u, = w on 02, these terms for v and uy, cancel:

fee (x, ‘Z—Z‘ ® 1/9) lug| = f° (x, % ® 1/9) lu| on HNl-ae. x € 00,

where v = vo(x) := —v, denotes the inner normal to 02 at x € 9(2.

At this stage, it is not perfectly clear if Theorem 5.1 stays true if 9f2 is not Lipschitz. However, in our proof
of Theorem 2.9, it suffices to have a lower semicontinuity result along sequences (ux) whose derivative does not
charge 0f2 in the sense of Definition 4.1, besides having the same trace as the limit u. For such sequences, we
can avoid assuming any kind of regularity of 02:

Corollary 5.3. If up = u in a neighborhood of 02 (possibly depending on k) and (Duy)ren does not charge
092, then Theorem 5.1 holds even if £2 is an arbitrary bounded domain with possibly irreqular boundary.

Proof. Let ¢ > 0. We will extend a suitable modification of F', denoted F., to a larger domain 2’ D {2 with
Lipschitz boundary, and then apply Theorem 5.1 to F. on 2.

Choose a cut-off function ¢. € C2°(RY; [0, 1]) such that ¢.(z) = 0 for every = € £2 with dist (z;RY \ 2) <e
for every and ¢, (z) = 1 for every z € 2 that satisfies dist (z; R \ £2) > 2¢ and p.(z) = 0. For v € BV(£2'; RM),
we define

dfe(x, Dv) := o (z)df(x, Dv).

Notice that df. vanishes in a whole neighborhood of 9f2. We therefore can modify its second argument freely
in this region; in particular, we can extend u to a function u. by setting

ue = xo.u € BV(2;RM),  whence df.(-, Du.) = xodf.(-, Du) on {2,

where £2. C 2 is chosen in such a way that it has a smooth boundary (say, of class C') and . = 0 on 2\ f2..
In addition, for each k, the function
Vp ‘= U —Uu
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vanishes near 952 and thus can be extended by zero to a function in BV (£2’; RM). Theorem 5.1, applied on the
Lipschitz domain (2, now gives that

likminf dfs(x,ka—l—Dug)z/ df-(x, Du.). (5.1)
— 00 (ol 4
Moreover,
/ dfg(:r,Dug):/ dfe(z, Du) " df(x, Du) (5.2)
’ N E— 0

by dominated convergence, and since (Dvy, + Du) does not charge 02, in view of (f:1), we also have that

/dfg(ac,ka—i—Du)—/df(ac,ka—l—Du)
17} 17}

sgp
< ngp |Dug + Dul (20 {p: <1} +CLY (2N {p. < 1}) 0 0,
whence
/, dfe(x, Dvg + Du.) = /Q dfe(z, Dvg + Du) et ) df(z, Dug + Du) uniformly in k. (5.3)
Combined, (5.1)—(5.3) yield that F(u) < liminfg_,oo F(vg +u) = liminf,_ o F(ux), as asserted. O

Next, we study lower semicontinuity along pure concentrations at the boundary. For such sequences, it is
always possible to add or remove a non-zero weak* limit:

Proposition 5.4. Assume that (:0)-(£:2) hold, and let (up)nen C BV(2;RM) be a bounded sequence that is
purely concentrating on the boundary, i.e., Sy, := {u, # 0} Usupp |Du,| C (912),, with a decreasing sequence
7\, 0. Then for every u € BV(£2;RM),

F(u+u,)— F(u) — F(u,) + F(0) — 0.

Here, (012),, denotes the open r,-neighborhood of 02 as before.

Proof. We prove a stronger result, namely that

df(-, Du+ Duy) — df (-, Du) — df (-, Dun) + df(-,0) — 0

n—o0

in total variation of measures on R. The four terms on the left hand side cancel outside the set .S,, where
Du,, = 0. Therefore, it suffices to show that

df(vDun + XSnDu) - df(aDun) — 0 and df(aXSnDu) - df(,O) — 0.

This is a consequence of Proposition 4.5, because | Dul (Sy,) < |Dul (20(8£2),,) — |Du| (#) = 0 by monotone
convergence. 0

As already mentioned, a sufficient condition for lower semicontinuity along pure concentrations at the boundary
is boundedness of the functional (not necessarily the integrand) from below:

Proposition 5.5. Assume that (£:0)—(f:2) hold, let U C BV(£2;RY) be an additively closed set, and suppose
that F : U — R is bounded from below. Then F' is lower semicontinuous along all sequences (upn)nen C U that
are bounded in BV (2;RYN) and satisfy S, C (012),, with a decreasing sequence r, \, 0, where S,, := {u, #
0} Usupp |Duy|.

n
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Proof. Similarly to the corresponding result in W' (cf. Prop. 3.3 in [15]), the proof relies on finding an almost-
minimizer in &. Indeed, since F' is bounded from below, we may choose for every ¢ > 0 a u* € U such that

F(u*)—e <I:=inf{F(u)|ueU}.
By Proposition 5.4,

Fu* 4+ uy) — F(u*) — F(u,) + F(0) = (F(u" +un) — F(uy)) + (F(0) — F(u*)) — 0.

By definition of u*, we conclude that
liminf F(u,) — F(0) = liminf F(u* + up) — F(u*) > I — (I +¢) = —¢
for every € > 0. O

Remark 5.6. If W1 is dense in U with respect to area-strict convergence in BV ((-)-strict convergence in
the notation of [13]), in particular if = BV, u* can be chosen in W!(£2;R") because F is area-strictly-
continuous [19] (see also [13], Thm. 5 for a special case). In this case, xs, Vu* — 0 in L', and the proof of
Proposition 5.5 still works even if we only assume that £V (S,,) — 0 (i.e. (u,) is purely concentrating, but not
necessarily at the boundary).

Proof of Theorem 2.9. The proof is divided into two steps.

Step 1. (Necessity): The necessity of condition (i) can be shown by taking e.g. non-concentrating sequences in
WLP(£2;R™) that have zero boundary conditions. We show necessity of (ii). Assume, without loss of generality,
that f(z,0) = 0 for all z € 2 and that there is z9 € 92 such that f(zo,-) is not of quasi-sublinear growth
from below. In view of Proposition 3.2, this means that f°°(z,-) is not of quasi-sublinear growth from below,
which means that (A.2) cannot be satisfied. Consequently, we have some € > 0 such that for every n € N there
is v, € Wl’l(Bl/n(xo) N 2;RM) with v, = 0 near 0By /n(20) and

/ £z, Vo, (z)) do < —5/ Vo, (x)] dz. (5.4)
2NByy(z0) Q2NB1/y (z0)
In particular, v, # 0, and we get for u, := 'Un/H'UnHWl,l(Bl/n(wO)n_Q;RM), extended by zero to the the rest

of 2, that ||u,|[w11(orm) =1 and that for all n
/ 1%z, Vuy (z)) do = / fo°(x, Vup(z))de < —¢ . (5.5)
QﬂBl/n(mo) (9]
Since the support of wu,, shrinks to the point zg, u, — 0 in BV(£2; RM), while on the other hand,

n—o0

liminf/ % (x0, Vuy(z))de < —e < 0.
17}

Let us find R > 0 so large that the function g in Proposition 3.3 satisfies

g .
pll€D) sup (L + [[Vunl| pr@maomy) < 2u((€]) < 7 i €] > R.
n
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Further, put

S(n, B) = (7 € 20 Brylao) [V (@) < ).
Clearly, £V (S(n, R)) — 0 as n — oo. Denote m(R) := maxX 4 <pen |/ (@, A) = [ (z, A)| and take n so large
that m(R)LY (S(n, R)) < £. We get

/ |f (2, Vun () —foo(xavun(f))|d$:/ |f(z, Vun(z)) — (2, Vunp(2))| do
By jn(wo)NS2

S(n,R)

+ (@, Vun(2)) = [ (2, Vun (2))| dz
Bl/n(xo)mn\s(an)

<m(R)LY(S(n, R)) + 2u(l¢]) <

N ™

This shows that

liminf | (f(x,Vuy) — f(2,0)) do = liminf fz, Vu,)de < —% <0,

n—oo 2 n—oo Bl/n(mo)ﬂn

contradicting weak* lower semicontinuity of F'.

Step 2. (Sufficiency): Let (un)neny C BV(£2; RM) be such that u,—0 and let u € BV(£2; RM) be arbitrary. We
have to prove that
F(u) < liminf F(u 4 uy,). (5.6)

Also, we may simplify the situation by extracting a subsequence of (uy)nen (not relabeled) that realizes the
liminf in (5.6) so that we may assume that
liminf F(u +uy,) = lim F(u+ uy,).

n—o0 n—o0

Then, to show (5.6), it suffices to find a (not relabeled) subsequence of (uy,)n,en such that
F(u) < lim F(u+ up), (5.7)
n—oo

which we will do in the sequel. Without mentioning this explicitly or relabeling, we keep choosing suitable
subsequences below whenever necessary (however notice that we will do this finitely many times).

To show (5.7), we first “separate” the boundary and interior contributions of (uy)nen. To this end, we use
Lemma 4.2 applied to the two compact sets 962 and (2 an write that

Uy, = Cp + dp, (5.8)

where (cp)nen is chosen such that c,—0 in BV(§2;RM) and it is supported in (092) 15 d.e. it is a purely
concentrating sequence on the boundary. The sequence (d,,)nen, on the other hand, is supported in the interior
of 2, i.e. d;, = 0 near 9f2, does not charge 02, and also weakly*-converges to 0. For an illustration of the
support of these two sequences we refer the reader to Figure 1.
Corollary 5.1 yields that
F(u) < 7%12% Fu+dy,). (5.9)

Therefore, let us concentrate on the purely concentrating sequence on the boundary (¢, )nen. We now use
quasi-sublinear growth from below in the form of (3.3), which is equivalent to Definition 2.5 by Remark 3.1 and
Proposition 3.2.

For fixed € > 0, we cover 9f2 by the following collection of balls:

onc | |J Bs), (5.10)

TEINR §<(x,e)
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FIGURE 1. An illustration of the support of the sequences obtained in (5.8). The support of
(cn) is gray while the support of (d,,) is hatched.

where §(z, €) is any such radius for which (3.3) holds; here we recall that if this condition holds with the ball of

radius 0(z, €) it also holds for any ball of smaller radius.
Further, since 92 is a compact we can chose from the cover in (5.10) a finite subcover

J
002 c | B, (z))

Jj=1

with the radii bounded from below, i.e. ; > &g for some 9 = do(¢). In fact, since B, (x;) are open and the
collection is finite, we may still find o > 0 so that balls of the radii d; — « still cover 0£2; i.e.

J
002 C | Bs,—alz)).

j=1
Let us now apply the local decomposition Lemma 4.2 to the sequence (¢, )nen with the compact sets
K1 = Bél—a(ajl) ﬁﬁ,

Kj=Bs, o(zs)N {2

J
Ky =02\ Bs,—alz));
j=1
SO we can write
Ch=Cln+Cont. ...+ Cirin, (5.11)

where c; ,, are supported in Bs, (x;) for j = 1....J is and cy41,, is supported in £2. Notice that we need n large
enough dependening on « and dg in order to fulfill these requirements; cf. also Figure 2 for an illustration of
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FIGURE 2. An illustration of the support of the sequence (¢1 ) obtained in (5.11). The support
of this sequence is hatched.

the support of ¢; ,,. Moreover, c1,, ...cj, retain the property of the original sequence to be concentrating on
the boundary while ¢y, = 0 for large n, and so

F(0) = lim F(cys1n). (5.12)

Further, we define the auxiliary functionals
G, (v) ;:/ df (2, Dv) + £ |Do| (2 1 By, (),
QﬂB(sj (IJ)

vel; = {v € BV(£2N Bs, (x;); R™) with v = 0 near 9Bs, (ac])}

Each is bounded from below due to the given quasisublinear growth from below (3.3). Therefore, they are lower
semicontinuous along sequences purely concentrating on the boundary due to Proposition 5.5; in particular, G
is lower semicontinuous along (c; ) (note that indeed (cj,) vanishes near dB;s;(x;)). As a consequence,

lim F(cjn) — F(0) = lim Gj(cjn) — G(0) — e |Dcjn| (20 Bs,(x5))
> —¢ lim |Dcj,| (20 Bs,(x5)).

By (5.12) and Proposition 4.3 (which applies to F' as well as to u — |Dul), the sum over j yields that
lim F(c,) — F(0) > —¢ lim |Dcy| (£2). (5.13)

n—0o0

Due to Propositions 4.3, 5.4, (5.9) and (5.13), we get that
nler;o F(u+up) — F(u) = nler;o[F(u +cpn) — F(u)] + [F(u+dy) — F(u)]
= nlggo[F(c") — F(0)] + [F(u+d,) — F(u)]
> Tim [F(c,) ~ F(0)

> —elimsup |[Duy,| (£2),

n—0o0

which implies the assertion since € was arbitrary. O
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A. PROOF OF PROPOSITION 3.2
(a) We prove the series of equivalences in two steps; first, we show that
f(zo,-) is gslb at g = (3.1) = f* (o, ) is gslb at xg = f(xo, ) is gslb at zg (A1)

and, in the second step, we proove that (3.1) < (3.2).
As for the first implication in (A.1), we take ¢t > 0 and some v € W11 (2 N Bs(xg); RM) with v = 0 near
0Bs(x) so that the quasi-sublinear growth from below of f(xg,-) implies

o<1 (/ f(20,tVv(2)) + € [tVu(z)| dx+C> — / £ (20, V() + ¢ |Vo()| dz,
Bs(xzo)NN2 Bs (20)82

—t n—00

where the limit passage is due to Proposition 3.3. The second implication in (A.1) is trivial. The third follows
again from Proposition 3.3: for some arbitrary € > 0, we fix h. > 0 (according to this proposition) such that

F(w0,6) = F¥(@0, )l < S(1+[¢)) for every € € RMV with [¢] = he.
Then, we infer that
[ P vea) o= | £ (a0, Vo(o)) do + 1% (0, V() da
Bs(zo)N$2 Bs(zo)N2N{z€R | Vv(z)>h.} Bs(zo)N2n{zeR | Vv(z)<h.}

€ 5
< F (w0, Vo@)) + & [Vo(@)| + 5 ) do + |Bs(wo) N 2] max £ (0, €).
Lg(mo)ﬂﬂ ( 2 2> €] <he
Hence, the integral inequality in Definition 2.5 for g = f*°(xy,-) implies that
OS/ (f(zo, Vv(x)) + £ |Vo(x)|) dz + C4,
Bs(xo)N$2

where C1 := C + |Bs(xo) N 2| (€ + max¢|<p. f(20,E)).
As for the second step (the equivalence (3.1) < (3.2)), we first proceed similarly as in the first step to
realize that (3.2) holds if and only if

for every € > 0, there exists § > 0 such that

/ f(z, Vo(z))de > —5/ |Vou(z)| dz (A.2)
22NBs(zo) £22NBs(zo)

for every v € W (2N Bs(z0); RM) with v = 0 near dBs(xo).

The only difference between (A.2) and (3.1) is that the first variable of f*° is “frozen” to zg in (3.1). Moreover,
w.l.o.g., 0 can be chosen arbitrarily small in both conditions. Hence, it suffices to show that f>°(x,-) can be
replaced by f*(xo,-) with negligible error for = sufficiently close to xo; more precisely, we want that for every
v > 0 (say, v = §), there exists ¢ such that

(@, €) = F=(w0,€)| < 7]€]  for every (z,€) € 2N Bs(xo) x RM*Y. (A.3)

This clearly holds since f° is positively 1-homogeneous in its second variable and uniformly continuous on
the compact set 2 x SMN-1,

(b) It is well-known (see Rem. 2.2 (ii) in [7]) that quasiconvexity of f(zo,-) at zero implies the same for the
recession function.
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Moreover, for interior points it is easy to see that if f*°(x¢,-) is quasiconvex at 0, it also satisfies (3.1) with
any 9 such that Bs(zg) C §2 (even for € = 0). By (a), this implies that f°°(zo,-) is gslb at xg. To see the
converse, we start from (3.1) with v € W1 (By /5(z0); RM) extended by zero to all of RN. We then have that

/135(10) £°(w0, Vo)) dz > —e/ V()| da.

Bs(zo)

Take € W' (B1(0); RM) extended by zero to the full space and define v(z) := 6V ~15(5(zx 4 x0)). Then
v E Wl’l(Bl/(; (70); RM) and by the change of variables and by 1-homogeneity of f>

/ (f (20, V(=) + £ [Va(2)]) dz > 0,
B1(0)

which, by setting ¢ — 0, yields the quasiconvexity at 0.

(c) We first show that f°°(zo,-) is of quasi-sublinear growth from below at zo < (2.1) with g := (o, )
(for zp € 912). Due to (a), it suffices to show the equivalence of (3.1) and (2.1) with g := f°°(zo, -). Essentially,
this is based on a change of variables argument. First, we blow up Bs to a ball of unit size. The blown up
(and translated) set %[—xo + Bs(zg) N £2], in a sense, converges to a half-ball as § — 0. This made precise by
flattening the boundary near xy. The argument follows the one given in [15] and is even slightly simpler since
we may exploit 1-homogeneity of f°(zo, ).

Suppose that (3.1) holds and fix some € > 0 as well as the associated § = d(¢) > 0. Take some arbitrary
0<r<é§andv e WHH (2N By(z0); RM) with v = 0 near B, (z¢); a change of variables exploiting the
1-homogeneity of f* gives that

/ (50, V(z)) + & V()] d= > 0,
L(2—20)NB1(0)

r

(A4)

where 7(z) = V"1 (rz + x¢).

__ Moreover, since 92 is of class C" near xg, whenever r is small enough, there is a C'-diffeomorphism ¥, :
B1(0) — B1(0) such that ¥(0) = 0, ¥,.(D,) = (2 — 29) N B1(0) and

@, — id and ¥, ! — id (the identity) in C*(B;(0);RY) as r — 07, (A.5)
Changing variables once more to y = ¥,"!(z), we infer that

/D (/™ (@0, Vo) (VT (4)) 1) + £ | V() (Y, (4)) ] [det VT, ()] dy > 0,

=0

(A.6)
where p =no¥,.

By (A.5), using uniform continuity of f°°(xg,-) on the sphere and 1-homogeneity as in (A.3), for each r
sufficiently small (independently of y and ¢), we have that

|22 (o, Veo(y) (V¥ () ) = £ (w0, V()| < e[Vo(y)l,

and analogously
e [Ve) (V) — e [Vew)l| < e [Ve(y)l.

Plugging this into (A.6), we conclude that

/D (F (20, Veply)) + 3¢ [Vio(y)]) [det VT, (4)] dy > 0. (A7)

0o
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Finally, we use that det V¥,.(y) — 1 as r — 0 uniformly in y. Due to the linear growth of f°, this implies
that for r small enough (independently of y and ),

|(Idet V&, (y)| = 1) > (20, Vio(y))] < e[Ve(y)]

and
13(|det Vi ()] — 1)] < 1.

Consequently,
|t Vet + 52 9o > o (A8)

ED)
i.e., the estimate in (2.1) with g := f°°(x0, ) holds (with 5¢ in place of €, but of course, £ > 0 is arbitrary). Also
note that for each € W1 (B;(0); RM) with compact support in B;(0) (a dense subclass of W' (B (0); RM)),

the associated function v is given by
_ _ T — Xo
o) =i N (1 (250,

which is admissible in (3.1). Hence, (3.1) implies (2.1) with g = f°°(xo, -).

For the converse, first observe that again due to 1-homogeneity, (2.1) with g = f°°(x0, ) has to hold with
C = 0. The rest of the argument essentially amounts to retracing the steps of the calculation above; we omit
the details.

(2.1) with g := f*(zo,) <« (2.2) (for o € 942): We only have to justify that C' = ¢ = 0 is admissible
n (2.1). As already mentioned above, and similarly in the proof of (a), for each e, the inequality in (2.1) with
g := f*°(zo, ) can only be true for all test functions if it holds with C' = 0, since both f°°(x¢, -) and the modulus
are positively 1-homogeneous. Once C' is gone, one can pass to the limit as ¢ — 0.
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