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THE NORM OPTIMAL CONTROL PROBLEM FOR STOCHASTIC LINEAR
CONTROL SYSTEMS *

YANQING WANG! AND CAN ZHANG?**

Abstract. In this paper we are concerned with two norm optimal control problems for different
stochastic linear control systems. One is for approximately controllable systems with the natural filtra-
tion, while another is for exactly controllable systems with a general filtration. For each aforementioned
norm optimal control problem, we construct the unique norm optimal control, through building up some
suitable quadratic functional and making use of a variational characterization on its minimizer.
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1. INTRODUCTION

Let (2, F,F, P) be a complete filtered probability space (satisfying the usual conditions), on which a standard
1-dimensional Brownian motion {W(¢);¢ > 0} is defined. Let T > 0. Consider the following stochastic linear
control system (with suitable coefficient matrices F'; G, Fy and G1):

{ dy(t) = (Fy(t) + Gu(t))dt + (Fiy(t) + Gru(t)dW(t), t € [0,T], (11)

y(0) = yo.

In (1.1), yo € R" (n € N); while u(-) and y(-) are respectively the control and state variables. Suppose this
system is controllable (which will be defined precisely later). Then, for any target set, there exists a control
process u(-) steering the state process y(+) from any given yo at the initial time ¢ = 0 to the target set at some
specified time. We call such a control an admissible control. The purpose of this paper is to find a control a(-)
with the minimal norm among all admissible controls. Such a control is called a norm optimal control.

The controllability for the finite-dimensional deterministic linear control systems is completely characterized
by the well-known Kalman algebraic criterion. However, for stochastic control systems, the situation is much
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less satisfactory and there have been very limited publications (cf. [2,16]) about the controllability before 1990.
With the aid of backward stochastic differential equations (BSDEs, for short), some kinds of controllability
have been derived. In [11], the author defined the stochastic exact controllability for the system (1.1) with
natural filtration, and characterized it by an algebraic condition of Kalman-type. For the systems of jump
diffusions with general filtration, the exact controllability in the transposition sense was defined in [14] and the
corresponding Kalman-type condition was also established. For the stochastic approximate controllability of the
finite-dimensional systems and the related generalized Kalman-type condition, we refer to [1,5] (without jump
diffusions) and [6] (with jump diffusions).

In the deterministic case, the existence of norm optimal controls is guaranteed by the controllability of the
corresponding system. In this case, the norm optimal control can be characterized by either the Pontryagin
maximum principle (¢f. e.g. [4]) or a minimizer of some quadratic functional (c¢f. e.g. [13,17]), for which the
desired coercivity is easily verified because the deterministic differential equation is invertible with respect to
the time variable. In this study, we adopt the minimization method (c¢f. e.g. [13,17]) to obtain sufficient and
necessary conditions for the solvability of the norm optimal control problem for linear stochastic control systems.
We will face to a BSDE, instead of the time-invertible differential equation. We successfully pass this barrier to
prove the coercivity of a similar quadratic functional by using the unique continuation property for solutions to
BSDEs.

The norm optimal control problem considered in this work can be viewed as a stochastic control problem with
some terminal state constraints. The later has been studied in [7,8,15]. In [7], a forward-backward stochastic
differential equation controlled system is re-formulated as a purely backward system by treating the terminal
condition of the forward state as a “control”. By this way, a stochastic Pontryagin maximum principle is derived
by means of Ekeland’s variational principle. In [8], a stochastic linear quadratic regulator problem, with integral
quadratic constraints and indefinite control weights, is studied and under some conditions, the optimal control
is described by solutions to an optimal problem and a stochastic Riccati equation with parameters. Our method
(used to derive the norm optimal control) differs considerably from those developed in [7,8]. It seems that our
method is more straightforward for our problem. Besides, the diffusion term of the system in our framework is
allowed to be state-dependent. This makes our controlled system different from that in [8].

In this paper, we study the norm optimal control problem under suitable conditions on the controllability
and the filtration. The rest of this paper is organized as follows. In Section 2, we consider the norm optimal
control problem for approximately controllable systems with the natural filtration, and obtain necessary and
sufficient conditions for its solvability. In Section 3, we study the same problem but for exactly controllable
systems (“stronger” condition than that of Sect. 2) with a general filtration (weaker than the natural one).
The main tools used in this section are the transposition solution to BSDEs and the Kalman-type condition
guaranteeing the exact controllability.

We end this section by introducing the following notations:

e For any t € [0,T7, Li-t(Q;R”) is the Hilbert space of all F;-measurable, R™-valued random variables &
satisfying ”5”2%93") =E||¢||2 < oo
e L2(£2;D([0,T];R™)) is the Banach space of all F-adapted, cadlag stochastic processes X satisfying
||X||%§(Q;D([O,T];Rn)) = ]E(Supte[O,T] HX(t)Hz) < 00;
o L2(£2;C(0,T];R™)) is the subspace of L2(£2; D([0,T]; R")) consisting of all continuous processes;
e L2((0,T)x 2;R™) is the Hilbert space of all F-adapted stochastic processes Y satisfying ||Y||2Lg
F

ES) Y @)]2de)) < oo.

((0,T)x 2;R") —

All of the above spaces are endowed with the canonical norms. Besides, we denote by A* the transport matrix
of A; by (-,-) and || - || the usual inner products and norms in different Euclidean spaces respectively, which can
be identified from the context.
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2. APPROXIMATELY CONTROLLABLE SYSTEMS WITH THE NATURAL FILTRATION

Consider the following stochastic linear control system with the natural filtration:

{ dy(t) = (Ay(t) + Arur(t) + Bua(t))dt + (Fiy(t) + Duy(t))dW (t), t € [0,T], 21

y(0) = yo,

where y(-) € L2(£2;C([0, T]; R™)), u1(-) € LA((0,T) x 2; R¥), ua(-) € L2((0,T) x 2;RY) with 0 < k <n, [ >0,
AecR™" A € R*F B e R Fy € R, D € R and Rank D = k. (It can be easily verified that
there exists a matrix H € R™*" such that H*D + Ay = 0.) In the sequel, we denote by H, the control space
L2((0,T) x 2;RF) x L((0,T) x £2;RY), endowed with the canonical norm

1

2

T
[[(u1, uz)ll2, = (E/O (lua 112 + Ju2()]]) dt) ;

we denote by y(+;u1,uz) the solution to the equation (2.1) corresponding to the control process (u1,u2) € H,.

Definition 2.1. We say that the system (2.1) is approximately controllable (in the time interval [0, TY) if for
any yo € R", yq € L%_T(Q,R”) and r > 0, there exists a control (uj,u2) € H, such that the corresponding
solution to (2.1) satisfies [|y(T; u1, u2) = yallr2 (@mrn) <7

T

We quote the following known result (from [5], Prop. 5), which is a necessary and sufficient condition for the
approximate controllability of the system (2.1).

Proposition 2.2. The system (2.1) (with the natural filtration) is approzimately controllable if and only if any
(p(+), () solving the equation:

{ —dp(t) = (4" + F{ H)plt) + F{ (1) dt = (Hi(t) + 6(0)dW (1), ¢ € [0,7], 02

() € L, (2 R"),

and satisfying B*¢(t) = 0 and D*(t) = 0, a.s.,a.e. t € [0,T] is reduced trivially to 0. Here H is any matric
such that H*D + Ay = 0.

We refer to [10] for the well-posedness of the BSDE (2.2). Generally speaking, by the approximate control-
lability of the system, there exists at least one control steering the initial state to any neighborhood of a given
state over some finite time horizon. It is natural to ask whether one could find a control of minimum energy to
bring the initial state to the neighborhood of that given state. This is called the norm optimal control problem
in the context of control theory (cf. e.g., [4,13,17] and the references therein). In this section, we always assume
that the system (2.1) is approximately controllable. For any r > 0, yo € R™ and yq4 € L%_T(Q; R™), the norm
optimal control problem (for (2.1)) is as follows:

(NP)a  inf (4 usyere, [ (w1, u2) [ 7,
where the admissible control set U, is defined by
U, & {(ul,uz) € Has [ly(Tsur,u) = yallzy, (omn) < r}.

Notice that U, is not empty because the system (2.1) is approximately controllable. We call (41, 12) a norm
optimal control pair to the problem (NP), if

(@1, @2)|l 7, = inf (4, uo)eu, (w1, u) ||, -
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To present the main result of this section, we define a functional J,: Li—T((); R"™) — R by setting

1 T * 2 * 2
Tuer) =5E [ (1B + |D"w(0)]?) at

+ THQOT”L%_.T(Q;R") + E<90(0)a y0> - E<90T7 yd>a

(2.3)

where (¢(+),1(+)) solves the BSDE (2.2) with ¢(T') = ¢r € L% (£2; R™). Now, the main result in this section is
stated as follows:

Theorem 2.3. For the system (2.1), the following statements are equivalent:

(1) The system (2.1) is approzimately controllable;

(2) For any r > 0, yo € R™ and yqg € L% (§;R"), the functional Jo(-) admits a unique minimizer in
L%, (2;R™);

(3) For anyr >0, yo € R"™ and yq € L%_T(Q; R™), the problem (NP), has a unique optimal control.

Moreover, the minimizer ¢ of the functional Jo(-) over L%_—T((Z; R"™) reduces the unique norm optimal control
pair (i1, Uz) to (NP)a by
Gy (t) = D*)(t), Gs(t) = B*@(t), for a.e. t € (0,T), (2.4)

where (¢(-),1(-)) solves the equation (2.2) with the terminal condition p(T) = 1.

Remark 2.4. For the following general controlled system

{ dy(t) = (Fy(t) + Gu(t))dt + (Fiy(t) + Gru(t))dW (t), t € [0,T],

4(0) = 1o, 23)

we can transform it to the case (2.1). Indeed, suppose that Rank G; = k < min{m,n}. Then there exists an
invertible matrix M € R™*™ such that Gy M = (D,0), where D € R"** satisfying Rank D = k. Set

My = <z;> ,GM = (A1, B),

where (uy(t),uz(t)) € RFxR™* forae. t € [0,T] and A; € R"** B € R"*(m~F) Therefore the system (2.5)
is equivalent to (2.1) by setting A = F and | = m — k.
If (41(-),u2(-)) € Hq and g(-) are respectively the optimal control process and the optimal state process to

the problem (NP), (for the system (2.1)), then a(-) = M (g;gg) and g(-) are respectively the optimal control
and state to the corresponding problem for the system (2.5).

Before giving the proof of Theorem 2.3, we study some properties of the functional J,(-) defined by (2.3).
We say a functional L(-) is coercive in L% (£2; R™) if

L(@) — +o00, a5 m — +oo,
where {@'}m>1 C L%_T(Q; R™) is any sequence such that
"}i_l}loo ||<P?HL2?T(Q;R") = +00.

Lemma 2.5. Suppose that the system (2.1) is approzimately controllable. Then the functional J,(-) is coercive
in L%_T((Z; R™).
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Proof. Let {¢'}m>1 C L%, (£;R™) be an arbitrary sequence such that

hm ||90THL2 (2;Rn) = T00.
m—

Set "
pp=— T for meN.
o HL2 (2;R™)
Clearly,
o7 HL2 (@rm =1, m=>1 (2.6)

By the definition (2.3) of J,(-), we have

Ja(0) e llze,

H@?HL;T(Q;RH) 2

(2:R") T .
E / (IB*™ ()11 + | D" (B)]2) dt + 7+ E($™ (0), yo) — BB, ya), (2.7)

where (3™, 4™) solves the equation (2.2) with the terminal condition ¢(T') = $2.

It suffices to prove that

lim _JaleF) > (2.8)
m—-+oo ||<PTHL2 (£2;R")

There are only two cases which are
T ~
lm B [ (1B 01 + 1D 0)]) dt > o
m——+oo 0

and "
lim ]E/ (1B 6™ ()2 + |D*0™ ()2 dt = o. (2.9)

m——+00

In the first case, (2.8) follows from (2.7) at once. In the second case, it follows from (2.6) that there are
¢} € L%, (12;R") and a subsequence of {@/f! },>1, still denoted by itself, such that

oM — % weakly in Li—T(Q; R"). (2.10)
We claim that
(@™ (), 9™ () = (2(), () weakly in LE((0,T) x R") x LE((0,T) x 2;R"), (2.11)
where (¢(-),4(-)) is the solution to the equation (2.2) with (1) = @Y.

)
When (2.11) is proved, it follows from (2.9) and (2.11) that

E/ (B + D75 (1)]2) dt

Since the system (2.1) is approximately controllable, we derive from Proposition 2.2 that ¢(t) = 0 for all
€ (0,T). Then, (2.8) follows from (2.7) in this case.
The remainder is to show (2.11). For any (£(-),n(-)) € LA((0,T) x £;R™) x LZ((0,T) x £2;R™), let S(-) be
the solution to the equation:

ds(t) = (A
{ S(0) = 0.

S(t) +&E@)dt + (FiS(t) +n(t)dW (1), t e [0,T],
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By Ito’s formula, we have that

T T .
E(S(T), o) = E / (E(t), g™ (B)dt + B / (n(t), HE™ (1) + ™ (1))t

Similarly, . .
E(S(T), %) = E / (E(), $(1))dt + E / (n(t), H(t) + ().

These two equalities, as well as (2.10), imply that, as m tends to +oc,

T T
E / (E(8), e (B)dt — E / (€(0), p(e)dt, Ve € I2((0,T) x 2R
0 0

and . ) - )
E / (n(t), d™ (1)) dt — E / (n(t), D())dt, ¥ € I2((0,T) x 2:R™),
0 0
which lead to (2.11). O

Making use of Lemma 2.5, as well as Proposition 2.2, we can get the following properties of J,(-).

Lemma 2.6. Suppose that the system (2.1) is approzimately controllable. Then the functional J,(-) is strictly
convex. Consequently, Jo(-) admits a unique minimizer ¢ in L% (£2;R™). Furthermore, pr = 0 if and only if
ly(T;0,0) — deL%_.T(Q;R”) <r.

Proof. We first show the strict convexity of J,(-), i.e., for any « € (0,1),
Ju(opr + (1~ @)pr) < adulpr) + (L a)Ju(@r). forany or #@r € L5 (2R").  (212)
Without loss of generality, we can assume that ¢ # 0. It follows from (2.3) that

J, (o«pT +(1- Oé)@T)
=aJa(or) + (1 — ) Jo(o1)

+rllapr + (1 — a)¢T||L2fT(Q;R") - r(||a<pTHL§_T(Q;R") + (1 - 04)||@THL’;T(Q;RH)) (2.13)

ala — T )
+ 28 [ (156t - B oI +1076(0) - D750 |P) .

Now, if
loer + (1 - 0)prllzs, @mm < ollerlie, @mn + 1 - 0)Erls, (ome)

then (2.12) is obviously valid from (2.13). On the other hand, if
apr + (1 — CY)QTHL;T(Q;RH) = O‘”‘PT”LQFT(Q;R") +(1- O‘)H@T”LQ}.T(Q;R")a

then ¢p = kop for some k > 0 with k # 1. From the uniqueness of the solution to the equation (2.2), we have
that

o(t) = ko(t), ¥(t) = ky(t), ae. te (0,T).
Hence,

T

T
E/O (1B (1) = B a®)II* + | D*w(t) — D*9(1)[*) dt = (1 —k)QE/O (IB*e@)II* + 1 D™ (t)||?) dt.  (2.14)
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Since the system (2.1) is approximately controllable and @7 # 0, it follows from Proposition 2.2 that

T
E/ (IB*®)II* + | D* 4 (t)]|*) dt > 0,
0

from which, as well as (2.13) and (2.14), the desired inequality (2.12) follows.
We next show the existence and uniqueness of the minimizer of J,(-) in L% (£2;R™). Let d =
infwTeL%T(Q;Rn)Ja(goT). By Lemma 2.5, we have that J,(-) is coercive, and then d > —oo. Now, there ex-

ists a sequence {@'}m>1 C L% (£2;R™), such that d < Jo (@) < d+ . By the coercivity of J,(-), we derive
that ||¢7 HLz (omn) <M for some M > 0. Hence there ex1sts a subsequence of {¢}m>1 converging weakly

to @7 in L}-T((Z R"™). We still use {¢7'}m>1 to denote this subsequence. By the same way to show (2.11) (in
the proof of Lemma 2.5), we can verify that

(@™, ™) — (1)) weakly in L2((0,T) x 2;R™) x L3((0,T) x £2;R™).

Since J,(+) is weakly semi-continuous, it holds that

1
< Ju(¢r) < lm Ju(g}) < lm (dm) —d.

m— 00 m— 00

Hence ¢r is a minimizer of J,(-). The uniqueness of the minimizer of J,(-) follows from the strictly convexity
of J,(+).
Finally, we show that
¢r =0 [ly(T50,0) — deL2 (QRn) ST

Suppose that ¢ = 0. Then it follows from (2.3) that for each op € L% (2;R"),

0< lim Ja(@T + h%@T) - Ja(‘:bT)
h—0t h

= rllerllez (@mm +EW(0),30) = Eler, ya).

By Ito’s formula, we see that
E(p(0),y0) — Edpr,y(T;0,0)) =0, Vor € Lz, (2 R").

Hence,
Elpr,ya —y(T50,0)) < rllerliz (ammy, VYor € L%, ($2;R™),

which leads to [|y(750,0) — yal L2 (2mn) <7
T
Conversely, we suppose that ||y(T;0,0) — ?Jd”L; (2:rn) < 7. Then for any ¢r € L% (£2;R™),
T

Jalor) 2 rllerlly (emm +E@(0),50) — E(¢r,ya)
_’r.”(:DT”L2 QR")+E<§0T7 (T,0,0)_yd>
ly(1;0,0) — yd”L2 (2;Rm)

> T”QOT”L%_.T 2;R7) T H<PT||L3TT(Q;R"L)
> 0= J,(0),

which leads to ¢ = 0. This completes the proof. O

We are now in a position to prove Theorem 2.3.
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Proof of Theorem 2.3.

(1) = (2). It is clear from Lemma 2.6.

(3) = (1). Since for any 7 > 0, yo € R™ and yq € L% _(£2;R™), the problem (NP), admits an optimal control
pair, then the system (2.1) is approximately controllable.

(2) = (3). Let ¢ be the minimizer of J,(-). Then, the Euler—Lagrange equation associated to J,(-) reads as
follows:

T
E / ((B* (1), B o(t)) + (D™(t), D™(t))) dt

) (2.15)
+ E«O(O)a y0> +7E A@—Tv YT ) — E<@T7 yd> =0, V(pT € L2.7:T(‘Qa Rn)
H‘:OT”L%_.T(Q;R")
By Itd’s formula, we see that for each pp € L%_—T((Z; R"),
T
E(eor, y(T;ur, u2)) — E{p(0),y0) = ]E/ ((u2(t), B*o(t)) + (u1(t), D*(t))) dt. (2.16)
0

Let (i1, 72) be given by (2.4). We first claim that it is an admissible control pair to the problem (NP),.
Indeed, it follows from (2.15), (2.16) and (2.4) that

E( y(T;i,d2) —ya +ri—————, o7 ) =0, Vpr € L% (2R").
H‘PTHL’; (£2;R7)
T
That is
I or
y(T;ay,02) = yg — r———-
H‘:OT”L%_.T(Q;R")

Hence, (i1, 12) is admissible to (NP),.
We then claim that (a4, G2) is the unique optimal control to the problem (NP),. To this end, let (uq,us2) be
any admissible control pair to (NP),. Consequently,

E{y(T;u1,u2),01) 2 =rllerils_(ame) +E(ya 1), Vor € L%, (2;R™). (2.17)

By letting ¢ = ¢ in both (2.15) and (2.16), we obtain from (2.4), as well as (2.17), that

T

T A~
E / (las ()] + [a2(t)|?) dt = E / (IB=¢(0)1? + | D*(0)]1?) e
0 0

= —E{@(0),90) = rllérlicz (omn) +E(PT: ya)
T
< E(@r, y(T; ur, u2)) — E(@(0), yo) = E/O ((ur (), @ (8)) + (ua(t), 2(1))) dt.

Hence,
T

T
IE/O (lan ()12 + [z (t)2) dt SIE/O (ur(t), (1)) + (ua(t), (£))) dt.

This, together with the Cauchy—Schwartz inequality, implies the optimality of the control pair (i, ds). The
uniqueness of the optimal control pair to (NP), follows immediately from the classical parallelogram rule of
the norm || - ||#,. Hence, the proof is completed. O
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Remark 2.7. If F; =0, k =0, then 41 = D = 0, hence the system (2.1) degenerates to

{ y(t) = (Ay(t) + Bus(t))dt, t € [0,T), (2.18)
y(0) = vo-
Meanwhile, the dual equation (2.2) degenerates to
—de(t) = A*p(t)dt —(t)dW (t), t € [0,T],
{ o e 219
(NP), and J,(+) turn to respectively
(NP);  infueu, vzl L2(o,mx2ry)

and .

Jo (or) :%E/o | B*(t )|| dt+7”||90THL2 (2;R™) +E((0), y0) — Epr, ya)- (2.20)

From Theorem 2.3, J}(-) admits a unique minimizer ¢ € L%T(Q;R”), and the unique optimal control to
(NP)} is given by 1a(-) = B*¢(-) € LA((0,T) x £;RY).
We now view the system (2.18) as a deterministic control system

y(t) = Ag(t) + Bua(t), t < [0,T],
(0= dut)+ Bus), seo o)
y(0) = wo,
with p(-) € L?(0,T;R'). Since the stochastic system (2.18) is approximately controllable, the deterministic
one (2.21) is approximately/exactly controllable as well. Hence for any r > 0 and g4 € R™, we can also consider
the norm control problem

(NP)Z* inf,, eux

u2||L2(0,T;Rl)v
with
U; = {ua() € 2O, T5RY); [[5(T502) — Gl < 7}

Define a functional J;*: R™ — R by setting

*% [ — 1 r * — — — — _
Jo " (@7) 25/0 1B*@(6)[1* dt + @z + (2(0), o) — (&7, Fa), (2.22)
where ¢(-) solves the following deterministic equation:

—5(t) = A"p(0), te [0.T)
{ oo (229

By a similar method as that to prove Theorem 2.3, we can show that J**(-) admits a unique minimizer oy € R",
and the unique optimal control to (NP):* is ua(-) = B*4(+) € L*(0, T; R!).
In the above two problems (NP)% and (NP)%*, if we take yq = g4 € R"™, then

or = ¢r, U2(-) = ua(").

In fact, it is obvious to get the second equality if we have ¢ = @7, hence we need only to prove the first
one. It is easy to see that (E@(-),0) solves the equation (2.19) with ¢(7T') = E¢p. Notice that for each random
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variable &, it holds that E||¢[|? > ||E£[|2. Then, we see that

‘s SR . .
Jo(Epr) = SE /0 IB*(Ep())II* dt + r[[E@rlis_(omn) +E(ER(0),50) — EESr, ya)

1

T
32 [ 1B dt+ iy, ome) + ER(0) 1) ~ Ber. )

= J; (7).

IN

Hence, ¢7 = E@r. Furthermore, using y4 = 74 and the uniquely minimal property of ¢ for J:*(-), we have
Ja(@r) = J3"(¢r) = I3 (or) = Jo(er) > J5(ér),
which yields that
¢r = or.

Remark 2.8. Now we consider the norm optimal control problem for the following system driving by a 1-
dimensional Brownian motion {W(¢);¢ > 0} and a Poisson random measure N on R* x E (£ = R\{0}) defined
on (92, F, FVN Pt > 0):

dy(t) = (Ay(t) + Bu(t))dt + Cy(t) / D(2)y(H)N(dt,dz), t € (0,T), (2.24)
y(O) = Yo-

Here y(-) € LZ(£2; D([0,T);R™)), u(-) € LE((0,T) x 2;R™), Ae R™*", Be R"™™ C e R"™ " and D : E —
R™ " is B(E)-measurable satisfying / | D(2)]|*A(dz) < oo, where X is the intensity (Lévy measure) of N with
E
the property that
/(1 A J22)A(d2) < oo,
E

In this case, the norm optimal control problem reads as follows: Fixed T" > 0, r > 0, yo € R™ and y4 €

L%, (£2;R™), consider
(NP),  infuew llull L2¢0,1)x 2mm):

where the admissible control set U is defined by
Uy & {ue 12((0.T) x ZR™); ly(Tsw) = yall i, ommy <7}

Also, we define for each ¢r € L% (£2;R™), a functional J): L% (£2;R") — R by setting
! 1 T * 2
Jo (1) :§E ; [ B*p(t)[|” dt + 7"H<PT||L3TT(Q;R") +E(p(0),%0) — E{pr, ya),
where (o(+), (), ¢(+)) solves the following BSDE with jump

—dp(t) = (A* (t) + C™1p / D*( dt— / (2, )N (dtdz),
o(T) = ¢r.

(2.25)
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We refer to [12] for the well-posedness of the equation (2.25). Following the same arguments as those in the
proof of Theorem 2.3, we can obtain the following result:

Theorem 2.9. The following statements are equivalent:

(1) The system (2.24) is approzimately controllable;
(2) For any r > 0, yo € R™ and ya € L% (;R"), the functional J(-) admils a unique minimizer in

L%, (£2;R");
(3) For any r > 0, yo € R™ and yq € L%, (;R™), the norm control problem (NP), has a unique optimal
control.

Moreover, if ¢r is the minimizer of the functional J)(-) in L%, (§;R™), then i defined by
u(t) = B*¢(t), as, a.e.t€(0,T),

is the unique norm optimal control to the problem (NP)., where ¢(-) solves the equation (2.25) with the terminal
condition o(T) = pr.

3. EXACTLY CONTROLLABLE SYSTEMS WITH A GENERAL FILTRATION

In this section, we do not assume that (£2, F,F, P) is the natural filtration space. Let us consider the following
exactly controllable stochastic linear control system:

{ dy(t) = (Ay(t) + Ajui(t) + Bua(t))dt 4+ uy (£)dW (), t € [0,T],

y(0) = yo, (3.1)

where u1(-) € L2((0,T) x £2;R™) and ua() € L2((0,T) x £2; R") are controls, and A € R"*", 4; € R"™", B €
R™*!. For simplicity, let H denote the space L2((0,T) x £2; R™) x L2((0,T) x £2; R!) endowed with the canonical
norm.

Since (£2, F,F, P) is a general complete filtration space, similar to [9], we define the transposition solution
(which is different from the strong solution defined by Pardoux and Peng [10]) to BSDE, and then give the
definition of exact controllability of the system (3.1).

Let us assume that f: 2x[0,7] x R" x R" — R is measurable with respect to P ® B(R™) @ B(R")/B(R"),
and g : R™ — R™ is measurable with respect to B(R™)/B(R"), where P denotes the o-field of F-progressively
measurable subsets of 2 x [0, T]. We assume moreover that f(-,0,0) € L2(§2; L'(0,T;R™)), f(-,-,) is uniformly
Lipschitz with respect to its second and third arguments, and g(-) is uniformly Lipschitz continuous.

Definition 3.1. We call that (y(-), Y (:)) € L2(£2; D([0, T]; R"™)) x L2(£2x (0, T); R™) is a transposition solution
to the following BSDE

{ dy(t) = f(t,y(t), Y (t)dt + g(Y (£))dW (), t € [0,T7, (3.2)

y(T) =¢,
if for any ¢ € (0,7), £ € L% (2;R") and (u(-),v(-),n) € (L§(2 x (t,T); R"))* x L%, (2;R"), it holds that

T
E ((T), y(T)) ~E (n,4(t)) = E / (2(r), (r,y(r), Y (7)) dr

T T
LE / (u(r),y(r)) dr + E / (v(r), g(Y (r))) dr,

where z(-) is the strong solution to the following forward stochastic differential equation:
{ dz(7) = u(r)dr + o(r)dW(r), 7€ [t,T],
z(t) =n.
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It is worth mentioning that the equation (3.2) admits a unique transposition solution under g(Y(¢)) = Y (¢)
(¢f. 19], Thm. 4.1).
The following definition of exact controllability is quoted from [14], Definition 4.2.

Definition 3.2. The system (3.1) is said to be exactly controllable in the transposition sense, if for any yo € R™
and & € L% (£2,R™), one can find a us(-) € LE((0,T) x £2;R') such that the following BSDE

{ = (Ay(t) + Ayui (t) + Bua(t))dt +ui ())dW (t), t € (0,T],
y(T) =¢

admits a transposition solution (y(-), u;(+)) satisfying y(0) = yo.
Let » > 0 and yq4 € L%_—T(Q; R™). We consider a norm optimal control problem as follows:
(NP)  inf (uy up) el (i, u2) || 7,

where the admissible control set I/ is defined by

U= {(w,u) €15 |y(T501,u5) = yall iz mey <7}

Note that U is not empty if the system (3.1) is exactly controllable. We call (@1, @2) € U a norm optimal control
pair to the problem (NP) if

(@, G2) 7 = f (uy ug)enell (i, uz)ll-

To present the main result of this section, we first define a functional J: L%_—T(Q; R"™) — R by setting

1 T * *
J(pr) = 51[*3/ (IB* eI + 147 e(t) — w(OI?) dt + rlierlliz,_(2rn) +E4p(0),50) — Eler,ya),  (34)
0
where (¢(+), 9(+)) solves the following BSDE (in the transposition sense):
{ —dp(t) = A*p(t)dt +(t)dW (t), t € [0,T],
o(T) = ¢r
with o7 € L% (£2; R™). Our main result in this section is stated as follows.

Theorem 3.3. Suppose that (3.1) is exactly controllable in the transposition sense. Let pr be the minimizer of
the functional J(-) in L%, (§;R™). Then (i1, 2) defined by

a1 (t) = ATp(t) — ¥(t), () = B¢(t), t € (0,T),

is the unique norm optimal control pair to the problem (NP). Here (¢(-),1b(-)) is the transposition solution to
the equation (3.5) with terminal condition $(T) = .

Remark 3.4. For the following general control system

{ y(t (Fy(t) + Gu(t))dt + Gru(t)dW (), t >0, 56)

0) = yo,

similar to Definition 3.2, one can define its exact controllability in the transposition sense. By ([14], Rem. 4.4)
a necessary condition for (3.6) to be exactly controllable is RankG1 = n. In this case, we can also define the
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norm optimal control problem, and by the same method used in Remark 2.4 the general system (3.6) can be
reduced to a standard form like (3.1), i.e.,

y(0) =yo. 3.7)

{ dy(t) =(Fy(t) + Avur (t) + Bua(t))dt +ui ())dW (t), t € [0,T],
Suppose that (41(+),a2(-)) € H and g(-) are respectively the optimal control pair and the optimal state of the
system (3.7). Then a(-) = M (g;g;) and g(-) are respectively the optimal control and state of the system (3.6),
where Ay, B, M satistying G1M = (I,,,0),GM = (A1, B).

If we verify the existence of minimizers of the functional J(-) defined by (3.4) (see Lem. 3.9 below), then we
can prove Theorem 3.3 by the same approach as that in the proof of Theorem 2.3, hence the details are omitted
here. To show the existence and uniqueness of minimizers of J(-), we need several lemmas to be given below.

The following lemma, quoted from ([14], Rem. 4.4) provides a Kalman-type rank condition for the system (3.1)
to be exactly controllable. It will play a crucial role in proving not only the unique continuation property of
solutions to BSDE (3.5) (¢f. Lem. 3.8 below), but also the strict convexity of J(-) (¢f. Lem. 3.9).

Lemma 3.5 ([14]). The system (3.1) is exactly controllable (in the transposition sense) if and only if
Rank{B,AB,AB,A’B, AA\B, A|AB, AiB,...} = n. (3.8)
Lemma 3.6. Suppose that the sequence { @ }m>1 C Li—T((); R"™) satisfies
O — @) weakly in L% (2;R™). (3.9)

Then
m m . ny\ 2
(@™ (), 9™ () = (¢°(),¥°()) weakly in (LE((0,T) x 2R™))",
where (o™ (+), ™ (+)) is the transposition solution to the equation (3.5) with o(T) = @}, for each m > 0.
Proof. For any (£(-),n(-)) € (L2((0,T) x £2; R"))2, denote by z(-) the strong solution to the following equation:
{dx(t) = (Az(t) + £(t))dt +n(t)dW (t), t €[0,T],
x(0) = 0.

From the definition of transposition solution (taking the testing equation (3.3) to be (3.10)), we obtain that,
for any m > 0,

(3.10)

T T
E(z(T), o) =E / (€)™ (6) dt — E / (), ™ (1)) dt. (3.11)

In view of (3.9), (3.11) and the arbitrariness of (£(-),n(-)), as m tends to 400, we have

T T
E / (), o™ (1) dt — E / (), (1)) dt,
and . .
E / (), o™ (1)) dt — E / (n(t), 9°(1)) dt.
This completes the proof. O

Remark 3.7. The previous result is similar to the conclusion (2.11) in Lemma 2.5. But we use a different
method (based on the definition of transposition solution) to prove it. The main reason is that It6’s formula
cannot be used directly in the present setting.
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Lemma 3.8. Suppose that the system (3.1) is exactly controllable in the transposition sense. Assume that

T
E [ (1B + 14100 - v)) de =0, (312)

Then

p(t) =0, Vte|0,T],

P(t) =0, ae. te]0,T],
where (¢(+),1(+)) is the transposition solution to the equation (3.5).
Proof. We borrow some idea from [11]. By virtue of Theorem 5.1 from [3], it is clear that the equation (3.5)
admits a unique solution (p(-),%(-), M(+)) € L2(£2; D([0,T]; R™)) x L2((0,T) x 2;R"™) x M?(0,T) satisfying

T T T
o) pr= [ Aps+ [ weawis) + [ ), vee 0.7
¢ 0 0

where M?2(0,T) is the space of square integrable martingales. From (3.12) and the cadlag property of o(-), it

follows that
B*p(t) =0, ¥Vt €[0,T],

Ajp(t) —(t) =0, a.e. t € [0, 7).
Since (¢(+), (), M (-)) is the solution to the equation (3.5), and noting (3.13), we have that for each ¢ € [0, T,

(3.13)

0= B"p(0) — B p(t) :/0 B*A*p(s)ds —|—/O B*)(s)dW (s) +/0 B*dM(s).

From the uniqueness for the decomposition of a semimartingale and the strong orthogonality of the martingales
M(-) and [, (s)dW (s), we conclude that

B*A*p(t) =0, Vt € [0, 7],

3.14
B*y(t) =0, a.e. t € [0,T]. (3.14)
From (3.13) and (3.14), using the same method we have that
B*Ajo(t) =0, a.e. t €[0,T].
Similarly,
B*A*A*p(t) =0, B*A"Ajo(t) =0, Yt e [0,T],
B*A7A%p(t) =0, B*A7Ajo(t) =0, Vte[0,T], (3.15)

From (3.13)—(3.15), we obtain that
{B*,B*A*, B* A}, B*A*A*, B*AT A}, B*A* A}, B* AT A", ... }o(t) =0, Yt e (0,T).

Since the system (3.1) is exactly controllable in the transposition sense, it follows from Lemma 3.5 that (3.8)
holds. Then, ¢(t) =0, Vt € [0,T]; hence () = 0, M(t) = 0, a.e. t € [0,T] for the uniqueness of the solution
to (3.5). By Remark 4.3 from [9], (¢(-),%(-)), the first two components of the solution to the equation (3.5),
coincides with the transposition solution. This completes the proof. O

Lemma 3.9. Suppose that the system (3.1) is exactly controllable in the transposition sense. Then the functional
J(-) defined by (3.4) admits a unique minimizer o in L% (2;R™).
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Since the proofs are similar to those of Lemmas 2.5 and 2.6, we only give a sketch.

Sketched Proof of Lemma 3.9. We proceed in the following three steps:

Step 1. The functional J(-) is coercive in Li—T(Q;R”)‘ This statement can be verified by using arguments
analogous to the ones described in the proof of Lemma 2.5 with the claim (2.11) replaced by Lemma 3.6.
Step 2. J(-) is strictly convex. Its proof is analogous to the first part of the proof of Lemma 2.6 with the use
of Proposition 2.2 replaced by that of Lemma 3.8.

Step 3. J(-) admits a unique minimizer @7 in Li—T (£2; R™). The proof of this assertion is similar to the second
part of the proof of Lemma 2.6. O
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