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RESONANT EFFECTS IN RANDOM DIELECTRIC STRUCTURES

Guy BoucHITTE!, CHRISTOPHE BOUREL? AND LUIGI MANCA?

Abstract. In [G. Bouchitté and D. Felbacq, C. R. Math. Acad. Sci. Paris 339 (2004) 377-382; D.
Felbacq and G. Bouchitté, Phys. Rev. Lett. 94 (2005) 183902; D. Felbacq and G. Bouchitté, New J.
Phys. 7 (2005) 159], a theory for artificial magnetism in two-dimensional photonic crystals has been
developed for large wavelength using homogenization techniques. In this paper we pursue this approach
within a rigorous stochastic framework: dielectric parallel nanorods are randomly disposed, each of them
having, up to a large scaling factor, a random permittivity e(w) whose law is represented by a density
on a window A, = [a~,a"] x [0,h] of the complex plane. We give precise conditions on the initial
probability law (permittivity, radius and position of the rods) under which the homogenization process
can be performed leading to a deterministic dispersion law for the effective permeability with possibly
negative real part. Subsequently a limit analysis h — 0, accounting a density law of € which concentrates
on the real axis, reveals singular behavior due to the presence of resonances in the microstructure.

Mathematics Subject Classification. 35B27, 35Q60, 35Q61, 35R60, 60H25, 78M35, 78 M40.

Received September 10, 2013. Revised April 13, 2014
Published online December 9, 2014.

1. INTRODUCTION

Physical background. The paper is motivated by recents studies on metamaterials which are artificial struc-
tures that can be described, in certain ranges of frequencies, by homogeneous parameters. These materials enjoy
very unusual properties not encountered in natural materials. In particular, it is possible to design devices in
such a way that their effective permittivity and permeability be both negative, resulting in an effective negative
index, as studied years ago by Veselago [25]. Several geometries have been proposed, notably the split ring
resonators structure, that can produce artificial magnetism [5,18,20]. Such a structure can be combined with
a metallic wire mesh structure in order to produce meanwhile a negative permittivity [2,13,15,16,22-24]. In
reference [21], O’Brien and Pendry also suggested that it is possible to obtain an artificial magnetic activity in
photonic crystals made of dielectric rods with a strong permittivity. In that case, there are internal resonances
(Mie resonances) in the rods at wavelengths which are large compared with the period of the structure. Around
the resonances, the magnetic field is strongly localized inside the rods: this produces a loop of displacement cur-
rent inducing a microscopic magnetic moment. All the microscopic moments add up to a collective macroscopic
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moment, resulting in artificial magnetism. In [11,14] a rigorous justification for this phenomenon was proposed
in the particular case of a photonic crystal made of infinitely long parallel rods illuminated by a transverse
magnetic polarized incident field: by using a two-scale analysis and by exploiting the spectral decomposition of
the 2D-Dirichlet-Laplace operator on the section of the rods, it was possible to establish a frequency dependent
effective permeability law with sign changing real part. Next in [14], the influence of random variations in the
position and permittivity of the rods has been studied numerically. For the well posedness of the diffraction
problem, a small dissipation (positive imaginary part) has been assumed for the permittivity of the random
rods and, as expected, the influence of this dissipation combined with disorder tends to attenuate the resonance
effects.

In this paper we will study the previous dielectric rod structure in a full rigorous random framework. The
incident magnetic field is assumed to be polarized in the vertical direction e3 and parallel to the rods. By invari-
ance in the x3-direction, the diffration problem can be therefore reduced in a 2D framework. The generalization
of our results to a full 3D-framework is much more involved and could be foreseen as a challenging perspective
(see [6] in the periodic deterministic case).

Description of the random obstacle and scaling. We consider a bounded domain B C R? in which
small circular inclusions are randomly disposed. These inclusions occupy a subregion D, (w) C B representing
the sections of the highly dielectric rods. Here 7 is an infinitesimal quantity accounting the distance between
inclusions while w represents the random dependence in contrast with the standard notation for the angular
frequency commonly used in waves theory.

More precisely, to every event w (in a probability space {2 defined later), we associate a sequence of disks
{B(0j(w), pj(w)); j € Z*} whose centers 6;(w) and radius p;(w) are chosen randomly independent and so that
B(6;(w), p;(w)) CCY :=(0,1)>. Then, letting y(w) € Y be a uniformly distributed random translation of the
unit lattice of R%, we define the following random subset of R?:

D(w) := U DI (w), Di(w) :=j —y(w) + B(Bj(w),pj(w)). (1.1)
JEZ?

Then after a n dilatation, we determine a fine perforated domain in B by setting

D))= |J Diw),  Diw) = nD(w) (1.2)
jEJU(W)
where  J,(w) = {j € Z2 | n(j — y(w) +Y) € B}. (13)

For technical reasons (see Rem. 2.1), we also assume that there exists 6 € (0, 1) such that dist (8,(w),0Y) >
pj+ 6 for all j € Z* and all w € £2. The scattering obstacle D, (w) is depicted in Figure 1.

A fundamental issue is now to choose a suitable scaling for the permittivity contrast between the rods
and the surrounding matrix. In order that resonances occur for an incident wavelength which is large with
respect to the radius of the rods (of order 1), we need that the relative permittivity in them to be of order
n~2. We refer for instance to [11,14,21] for further comments on this choice. To simplify we will assume that
the permittivity in the matrix B \ D,(w) is the same as in the vacuum. In contrast in each rod, namely on
DJ(w), we set the relative permittivity to be 772 e;(w) where {e;(w),j € J,(w)} are mutually independent
equi-distributed random variables ranging in the set CT of complex numbers with positive imaginary part. An
important observation is that in our model the so called “optical radius” of the dielectric rods, given by the real
numbers 7p;(w)/R(€;(w)n?), is randomly distributed but independent of 7.

Diffraction problem. The set of random rods is illuminated by a monochromatic incident wave traveling in the
H|| mode. The incident magnetic field is therefore of the form H™¢(z,t) = u'™(x1, z2)e”*¥* e3 where v denotes
the angular frequency and u™¢ solves Helmholtz equation Au™¢ + kZu'™¢ = 0 in R? where ko := v/c = 2w/ is
the wave number (c is the light speed in the vacuum and X the wavelength).
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FIGURE 1. Description of the random obstacle.

Here and in what follows, in order to simplify the mathematical framework, the unit of length has been
normalized so that roughly A represents the ratio between the physical wavelength and the size of the obstacle
B. Therefore our normalized kg and \ are dimensionless quantities.

Then as usual the total electromagnetic field solving Maxwell’s system is completely determined by the
magnetic field H, (z,t) = u, (21, z2)e """ e5 where u,, solves

div (a,(z,w)Vu,(z,w)) + ki uy(z,0) =0 x € R* we Q. (1.4)

Here the complex function a,(z,w) represents the inverse of the local permittivity. In view of the scaling
adopted before, it is given by

2

il 1050 (@) (1.5)

an(;p,w) = ].]RZ\’D,,(w) (SL’) + Z éZJT

jEJT/ (W)
In addition the diffracted field u‘f] = u, — u'"® satisfies the outgoing Sommerfeld radiation condition
TIL%O\/F (6ug/8r - ikgug) = 0. (1.6)

Let us emphasize that the randomness of the system and all the physical informations of the model are
determined by the probability law p on Y x [0,1/2] x C* shared by the random triples (0;(w), p;(w),&;(w)).
We point out also that in this model no magnetic activity is present in the rods namely their permeability is
taken to be the same as in the vacuum.

Asymptotic issues. We are interested in the behavior of diffraction problem (1.4) for infinitesimal values of
parameter 7. In particular we want to show that, under suitable conditions on the probability law p, the solution
uy(x,w) does converge almost surely to a deterministic limit. We expect this limit to be characterized as the
unique solution of a new diffraction problem in which the obstacle B is filled with an homogeneous material
characterized by suitable effective permeability and permittivity tensors.

Our goal is twofold:

— First we want to derive conditions on the given probability law p under which uniform L?-estimates hold for
the sequence {u,} allowing to undergo the homogenization process in a similar way as in the deterministic
case studied in [3].
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— Second we wish to study the homogenized dispersion law for the effective permittivity in term of p. In
particular an important issue is the influence of the disorder when the support of the probability law of
the €;(w)’s concentrates along the real axis. Surprisingly the limit anaysis will reveal that the homogenized
permeability law retains a non vanishing dissipative part.

Outline. The paper is organized as follows. The main homogenization result is stated in Section 2 after intro-
ducing suitable notations and definitions. In Section 3, we analyze the effective permeability law emphasizing
on the combined role of resonances and randomness. In particular, we discuss the behavior of the limit field
with respect to some critical choice of the law p. Then after a detailed review of the stochastic framework in
Section 4, we present in Section 5 the two-scale analysis of the diffraction problem. Section 6 is devoted to the
proof of the main result (Thm. 2.3) followed by a technical Appendix.

2. THE MAIN HOMOGENIZATION RESULT

Notations. We denote by {ej, ez} the canonical base of R%. Sometimes eq, e; will be identified as elements of
Z2. Given z,y € R?, |z| denotes the Euclidean norm and x - y the scalar product. Accordingly, for every r > 0,
B(z,r) is the open ball centered in x of radius r and we denote B, := B(0,r) = {|z| < r}. For every open
set A C R?, C2°(A) stands for the space of C* complex valued functions whose support is a compact subset
of A. Given a complex number z € C, we denote by R(z) and I(z) its real and imaginary parts. We denote
Ct:={z€C : S(z) > 0}. Given ¢ a fixed parameter such that 0 < § < 1/2, we define

M ={(0,p,e) €Y x [0,1/2] x C" : dist (§,0Y) > p+ 6}. (2.1)
Eventually we will consider Y := (0,1)? as the unit periodicity cell in R2. Accordingly we denote by Wﬁ1’2(Y)

the set of restrictions to Y of functions in VVlif (R?) which are Y-periodic. This space is naturally endowed with
a Hilbert space structure.

Probability space. A general event w € (2 will be represented as

w = ((9j7pj’€j)j6227y) = (may)a

where m = (m);cz2 is a sequence of elements in M and y € Y. We consider a reference Borel probability law
p on M which, for the sake of simplicity, we assume to be compactly supported. Then our general probability
space (2, A,P) reads

R:=1IxY, A=Fo2B(Y) P=rnc/l?

being £2? the Lebesgue measure and the space IT := M z? (metrisable and compact) endowed with the product
measure ™ = ), p and Borel tribe F = Q). B(M).

In the following C'(£2) will denote the space of bounded continous functions on {2. The expectation of a random
function f(w) in L*(£2,P, A) is denoted by the symbol E(f).

We indicate in bold symbol 8;(w) (respectively p;(w), €;(w),y(w)) the random variable associated with the
projection w € §2 + 0; (resp. w — pj,;,y). The triples (8;(w), p;(w),€;j(w)) are independent and identically
distributed random variables, which seen as functions on M share the given probability law p. Accordingly the
random disk DJ (w) is given by (1.2).

Next we introduce the following Borel subsets of 2:
E:{w69:|y—90|<p0}, E*ZQ\E (2.2)

We notice that the real number P(X) € (0, 1) represents the average filling ratio of the inclusions in B. Indeed,
recalling that the last marginal of P coincides with the Lebesgue measure on Y, by the law of large numbers it
holds almost surely:

Dy(w)]

lim ——+ = P(X) = 7r/ p? p(dfdpde).
'r]~>0 |B‘ M
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Remark 2.1. If (6, p, ) belongs to M then the disk B(6, p) is contained in Y and its distance to the boundary
dY is at least 6. The prescription of such constant § > 0 will be crucial in order to obtain a uniform L?(B)
estimate for the solution w, and its convergence in a suitably strong sense (in particular § > 0 is required in
order to obtain Lemma A.2 which is a key tool for proving Propositions 6.6 and 6.9).

Effective permittivity. The effective permittivity tensor £ that arises from our asymptotic analysis turns
out to be symmetric positive and independent of the frequency. It relies only on the geometry of the rods, namely
on the distribution law of their radius and centers. In fact the computation of £°f falls in the homogenization
theory for Neumann problems on random perforated sets as developed for instance in [17]. We have the following
variational characterization, for every z € R?

efz. 2 .= inf {/ lo|?dP : o€ L2,(;R?), 6 =0 in ¥, E(o) = z} (2.3)

Q
where L2 (£2; R?) denotes the set of solenoid random vector fields as defined in (4.10). The minimum above is
taken over a closed subspace of (LQ(()))2 which roughly corresponds to vector fields on R? which are divergence

free and vanish on the random set D(w) (see Prop. 4.6). It is easy to check that, for every z = (21,22) € R?,
the solution o to (2.3) exists and is unique. By linearity, it is given by o = 21 0! + 25 0% where, for i = 1,2, o*

denotes the solution associated with z = e;. Therefore, the effective tensor £ can be witten as follows
effjf = E(o'-0?). (2.4)

Let us mention some straightforward estimates for that tensor. Firstly we observe that, if we set Y5 := {y €
Y : dist(y,0Y) > d}, then by (2.1) and (2.2) it holds X' C IT x Y5 and therefore vector fields o = o(y) are
admissible if they belong to the class Ss of restrictions to Y of Y-periodic, divergence free fields of L (R?)
vanishing in Y5 (see (ii) of Prop. 4.6). Therefore the infimum in (2.3) is finite and attained in a unique o.
Futhermore the following upper bound holds:

e < 001, with C(8) := inf{/ya|2dy : 0 €S;, /Ya(y):e}, (2.5)

where e is an arbitrary unit vector and I, denotes the two by two identity matrix. Note that the constant
C'(9) represents the inverse of the effective diffusion coefficient in the (determinist) case of a periodic perforated

domains with square holes (it blows up to infinity as § — 0). On the other hand the effective tensor £ is non
degenerate. In fact as can be easily checked by Young inequality, we have the following lower bound
1
S — i (2.6)

- P

Indeed one has [y,
supremum in z*.

o2 > 2z 2" — |2*]2P(X*), for every admissible o and z* € R?, thus (2.6) by taking the

Remark 2.2. Unfortunately the formula (2.3) is far to be explicit and £ is not necessarily a scalar tensor
unless the probability distribution of the center 8y(w) is invariant by 7/2 rotations. Note that if the radius of
the rods is a constant pg (i.e. the probability law of p, is a Dirac mass) then e° is scalar, does not depend on
the law of the center 8y and (2.3) agrees with the classical formula of the deterministic case (see [8]).

Effective permeability. The effective permeability p° depends on the frequency v and its behaviour is ruled
by the spectral values of the Dirichlet Laplace operator in the two dimensional unit disk D := B(0,1). Let us
denote by oo := {A\,,n € N*} with 0 < A\ < A2 < ... < A, < ... the eigenvalues of this operator and let
{¢n,n € N*} be an associated orthonormal basis of real eigenvectors in L?(D). We set

Cp = / ©n, (thus 1 = chgpn in L?(D) and Z len|? = 7).
D
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Then, recalling the definition of X in (2.2), we introduce the random variable A(w)

kOEO (w)pj(w) y(w) — Op(w) £
ANw) = 1"‘2 —k;2 (w)pg( )Son< Po(w) ) fweX

1 ifwe X*.

(2.7)

As will seen later in Section 5, this function A solves a stochastic version of the classical Helmholz resonator
problem (for which we refer to Lemma A.1 in the Appendix).

The effective permeability 1% (kg) can be then expressed as a function of the incident wave number kg (recall
ko = %) as follows:

(ko) = E( _1+Z / 6_06/2)%2 p(0, p, €). (2.8)

We notice that the random fluctuations of the center 6 of the disks have no effect on the value of °f (which
depends only on the (p, e)-marginal of p).

Homogenization result. The main result of this paper stated below requires two hypotheses on the probability
law p:

37 > 0 such that / [dist (ep?k5, 00) ] ~n dp < oo, (2.9)
M

p({(0,p,e) € M | 3(e) > 0}) > 0. (2.10)

We will establish that, under these assumptions, for almost all @ € (2 the magnetic field u,(-,©) characterized
by equations (1.4) and (1.6) does converge pointwise outside the obstacle to a non random function u € Wl})f (R?)
characterized as the unique solution to

i 2.11
e (21)

div (A(z)Vu) + k}bu =0,
satisfies the outgoing radiation condition (1.6).

Here A(x) and b(x) represent the the local permittance and permeability functions over all R? defined by:

A(z) :=1p(z) ()71 + 1ge\p(z) I, (2.12)
b(z) = 1p(z) pT (ko) + lp2\g(z),

being the effective permittivity tensor given by e°f and the frequency dependent permeability 1% (ko) (ko =
wy/Eofto) by expansion (2.8).

Let us emphasize that the first equation in (2.11) has to be understood in the distributional sense. In particular
the fact that Vu, div (A(x)Vu) belong to L . imply the following transmission conditions on the boundary
of B:

ut=u", Oput = ((eeff)_1Vu_) -, (2.13)

where superscript + indicate the traces from outside and inside for v and the normal derivative 9,u (being n
the exterior normal on 9B). These transmission conditions indicate that « fits with the limit magnetic field seen
from the exterior. We wish however to point out that inside the obstacle u(x) differs from the weak limit of
u,. In order to account the fast oscillating behavior of u,, inside B, we will use the random function A(w) given
by (2.7) and define

ug(z,w) = u(z)(Aw) 15(z) + lgz2\p(z)). (2.14)



RESONANT EFFECTS IN RANDOM DIELECTRIC STRUCTURES 223

Theorem 2.3. Assume that the distribution of rods is given by the i.i.d random variables (0;,p;,€;) with a
probability law p satisfying conditions (2.9) and (2.10).
Then the diffraction problem (2.11) admits a unique solution u and, for P-almost all & € (2, there holds
uy(-,@) — bu weakly in L{ (R?).
Furthermore, on compact subsets of R*\ B (where b = 1), the convergence u,(-,@) — u is uniform as well as

for all derivatives. Eventually the defect of strong L?-convergence in B can be recast from the following equalities,
holding for every bounded Borel subset A C R?:

77—»0

lim / luy(z,0) —bu|?dz = E (/ luo(x, ) — buzdx> = var(A) / |u(x)|? dz (2.15)
A A BNA
being ug given by (2.14) and var(A) := E(|A|?) — |E(A)|? the variance of A.

The proof of Theorem 2.3 is quite long and involved. It is postponed in Section 6 where the arguments are
presented along three steps. The most delicate issue is the L? upper bound estimate (see (6.1)) which is proved
a posteriori in the last step by using a contradiction argument (in the same line as in [4,5]). Previous to this
proof, in Section 5, we assume a priori this L?- upper bound in order to anticipate the two-scale analyis of the
system and identify directly the stochastic two-scale limits of the relevant quantities. In order to lighten the
presentation, some technical results are posponed in the Appendix (Sect. A).

Remark 2.4. This result generalizes to the random case the results of [3]. More precisely, the periodic case
is recovered by taking the probability p to be a Dirac mass at (0, py, o). Conditions (2.9) and (2.10) are
trivially satisfied provided S(eg) > 0. In this case the probability space (£2,P) can be identified with (Y, £?)
and the function uy = uo(z,y) € L3 (R% Wul’z(Y)) coincides with the classical two-scale limit of u, (see [1]).
Furthermore, the convergence in (2.15) yields the strong two-scale convergence of u, to ug(z,y) in B and the
strong L? convergence u, — u on every bounded subset A such that BN A is Lebesgue negligible. This is an
improvement of the result presented in [3]. In fact this improvement of the convergence is extended here to the
random setting by using the dynamical system approach developed in Section 4 and the map 7T defined in (4.1).
More precisely (see Prop. 6.6), we will show that for any ball By of arbitrary large radius, there holds for almost
all o € 2

Uy (z,0) — uo (ZL',T%(:)) ‘2 dz = 0.

lim
n—0% /B

Remark 2.5. We can see easily that the imaginary part of ¥ (kg) is positive if the condition (2.10) is verified.
Thanks to this assumption, the limit problem (2.11) turns out to be well posed. Notice that (2.9) and (2.10)
are trivially satisfied if the support of the permittivity law in the rods does not intersect the real axis. If it is
not the case, it looks natural to add a small dissipative parameter so that our homogenization result applies
and then to send this parameter to zero. This important issue is discussed in Section 3.

3. FREQUENCY DEPENDENT EFFECTIVE PERMEABILITY LAW

In the context of finding new metamaterials with magnetic activity, the homogenization result in Theorem 2.3
demonstrates that random dielectric structures are theoretically able to produce permeability laws like in (2.8).
In particular effective permeability coefficients p® with large negative real part are possible in suitable ranges
of frequencies. At this stage, it is worth to study the behaviour of the effective permeability u® (ko) with repect
to the probability law p characterizing the random rods.
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FIGURE 2. Resonances in determinist (left) and random (right) cases.

3.1. Resonant effects

Let us rewrite (2.8) as

21.2
eff 2 p-ky
ki —_1+§cn/7d 0,p,¢),

nel

. 2 M
being I :={n>1 : ¢, # 0} and k, := k,(p,&) € C* such that k; = ek

The internal resonant frequencies are characterized by the real random numbers {v,,n € I} where v, =
/Re(k2). Indeed, if the random variable () remains small, a huge variation of p° will appear when kg passes
through one of the v,,’s with a change of sign of the real part. On the other hand it is clear that the random
fluctuations of the v,,’s contribute to damp the leading term in the power series.

To illustrate these facts, we have considered rods with constant relative permittivity ¢, = 100 + 57 and
compared the situations where the reference radius py = 0.375 is kept constant or is uniformly distributed on
interval I := [0.3,0.45]. The first case is purely determinist and corresponds to taking p to be a Dirac mass at
(po, Bo,er) (the position of center 6y has no influence) whereas in the second case we have p = 1;(p)dp ® 6(6 —
0o) ® 0(s —&r).

In Figure 2, we have drawn the real and imaginary parts of uf predicted by the homogenization formula in
the determinist case (left hand side) and in the random case respectively (right hand side). The abscissa A = i—g
represents the normalized wavelength.

3.2. The case of vanishingly small loss dielectric

We discuss now about the dependence of the effective problem with respect to the permittivity law, in
particular in the case where this law p is supported on the real axes (non dissipative medium) possibly violating
the condition (2.9) needed for the validity of our homogenization result. For the sake of simplicity we take p of
the form

p(0,p,e) = do(0 — 0o) @ v(p) ® g(a) da @ do(b), (3.1)

where € = a + b, g is a Lipschitz function on R with compact support and « is an arbitrary probability law for
p on (0,p™] (such that B(6y, pT) CC Y). Then we introduce a small absorption parameter h > 0 (designed to
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FIGURE 3. Real and imaginary part of u$T for h € {0,1,5}.

tend to zero) and set

Ph = 30(6 —66) ®1(p) ® g(a) da & do(b — h). (3.2)

Clearly, for every h > 0 the condition (2.9) holds and py, X p as h tends to zero. For every h > 0, the
condition (2.10) holds and by applying Theorem 2.3, the homogenized medium obtained in the limit n — 0 is
characterized by the effective permeability

k2p4
off =1 o2 Thn In::/ P . .
g, (ko) +Zn:|c I“Ihm, In, o o — k2 pr(dfdpde) (3.3)

Our goal is to propose an effective theory for non dissipative random structures, like those described by (3.1),
by passing to the limit h — 0. For every n € N, we introduce the real compactly supported Lipschitz function
fn : R— R, defined by

An An
) = 35 [ a(G+s) ) (3.4)
kg Jo.pr)” K P2

Proposition 3.1. For every kg € R*, there holds pu$™ (ko) — p® (ko) where

i) =1-n [ ot Sl (<pv [ 2 as ing,0). (35)

(0,p+] neN

where = lim B t)dt and refers to the Cauchy principal value).
here PV ([ f I'OR\[ss]fd d ref he Cauch incipal val

Some comments about the validity of the resulting model can be found in Remark 3.2. In order to illustrate
the random dependance, we draw in Figure 3 the function u$? for decreasing values of parameter h and pu§T
given in (3.5) which corresponds to h = 0. To simplify, we choosed the law of v(p) to be Dirac mass at pp = 0.35
while g(a) = 1072(10 — |a — 100]) "

Remark 3.2. The limit absorption process described in Proposition 3.1 is stable in the sense that the result
remains unchanged if in (3.2) we substitute (b — h) with %C (%), being ¢ any probability law on R} compatible
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with (2.9). At this point it is tempting to claim that, even if the initial random law in the rods is non dissipative,
the limit medium as 1 — 0 can still be described by the homogenization theory with an effective permeability
law given by (3.5).

However the situation is not so simple and we face here a paradox. Indeed, if the initial probability law is
non dissipative like in (3.1), it looks obvious that the homogenized limit should be described by real effective
coefficients. Surprisingly it is not the case in our model: according to formula (3.5) the imaginary part of gt
shows positive values when the incident wave number ko ranges in suitable intervals of RT. Several possible
explanations can be addressed. First our asymptotic analysis n — 0 has been performed in harmonic regime
fixing a priori the frequency of the incident wave. Second we applied the limit absorption principle (h — 0)
once the microscale parameter 7 was sent to zero. This clearly is only one strategy among many others.

Remark 3.3. If S(u&f (ko)) > 0, Proposition 3.1 can be improved as follows: let u;, be the solution of (2.11)
being in (2.12) u°f substituted with p$f. Then uj, — u strongly in L2 (R?) where u is the unique solution
of (2.11) with g in (2.12) determined by (3.5) (the main point of the proof is an L? uniform estimate for {uy}
which can be obtained by using the same kind of contradiction argument as in the proof of Theorem 2.3).

Proof of proposition 3.1. Let us plug in (3.3) the expression (3.2) of pp. By using the change of variable
5=0— s together with Fubini’s formula, we are led to

kg

+o0 +o0 L
Tn = *7(dp) — a n d / 2 752 In ds. .
" /(O,er]p 7o) /oo e Inls)ds £ 2 n(s) ds (3.6)

— 00

Here f, given by (3.4) inherits the Lipschitz continuity of g, and therefore, for every n, there holds:

. Foo s fn(s)
im | mgge fe)ds = PV / = s

. e p
A%[m mfn(s)ds = 7 fn(0).

Thus we have

lim Iy, ,, = I, ::/ 0% y(dp) — PV/ f”—(s)ds + i fn(0). (3.7)
h0 (0,p+] 5

In view of (3.5), (3.7) and recalling that Y, |c,|? = 7, the convergence (3.5) is established provided we have
li 1 = ’I,. 1 der t ious lity as well as the s bility of the series, it
Lim (Zn: lenl*In,n) Zn: |en|“ I, In order to prove previous equality as well as the summability of the series, i
is enough to show the following uniform upper bound for suitably large ng:
sup{|Zp,n| : n>ng, h >0} < +4oc. (3.8)

Let us set ay = inf{|s| : fn(s) # 0}. Looking at (3.4), since p ranges in [0,1/2) and g is compactly
supported while \,, — oo as n — oo, it is easy to check that
o 4

liminf =% > —-.
n—oo N\, ki

On the other hand, from the expression in (3.6), we deduce that

|7, <1+;/f(s)ds<l+ A
ol =y Va2 + h? " T4 kg,

The upper bound (3.8) follows and the proof is finished. O
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4. STOCHASTIC FRAMEWORK

The random set D,(w) defined in (1.2) can be generated (after a proper rescaling) through a continuous
dynamical system. To that aim we will follow basically the approach developed in [17] (for the homogenization
of randomly perforated domains) and more recently in [26]. We begin this Section by some classical background
on the dynamical system approach. Then we specialize in the construction of stochastic Sobolev spaces with
an emphasize on the characterization obtained in Proposition 4.4 (which improves some tools given in [26]).
Pratical consequences for our particular case are given in Proposition 4.6.

Dynamical system and ergodicity. On our probability space ({2, A, P), we define a group of transformations
T,: 02— 2, xcR? as follows

Ty ((mj)jez%y) = ((m3+[w+y]) ez, T +y — [z + y]) ) (4.1)

where by abuse of notations we write [z], for # € R?, meaning the couple ([z1], [z2]) formed by the integer parts
of the coordinates of x.

It is easy to check that the map (z,w) — T,(w) is Borel regular and that it enjoys the usual properties
of a ergodic dynamical system: for every x € R?, T, preserves the measure P. Moreover since the discrete
dynamical system associated with the Bernoulli shift over the product space (II,7) := (M 22, &, p) is ergodic
(see for instance [12], Thm. 8.4.5), it can be easily checked (as noticed in [26]) that Ty, is ergodic on (£2,.4,P).
This means that, for every z € R?, one has P(A) € {0,1} for every T,-invariant A € A (i.e. such that
P((ToA\ A) U (A\ T, A)) =0).

As a fundamental consequence, by Birkhoff ergodic theorem (see [10], Prop. 12.2.11), for every f € L*(£2, A, P),
the following equality holds almost surely

hm—/ fdex_/deP’ P - as. (4.2)

Statistically homogeneous random fields and scaling. With our dynamical system, we associate the
family of statistically homogeneous random fields which are functions f(x,w) of the kind F(T,w), being F a
measurable function on (2. The rescaled versions F (T =w) can be seen as a stochastic counterpart of the class of
periodic functions oscillating at scale 1. Such random Tields are well fitted to represent our random permittivity
because the properties of a rescaled cell Y,/ (w) = n(j — y(w) +Y) in the configuration w can be expressed in
terms of the reference cell Y in the configuration T 2w, More precisely, recalling the definition (2.2) of X, the

random sets D} (w) defined in (1.2) can be characterized as follows
x € Df](w) = j= [% + y(w)} and T:we X (4.3)

In particular the perforation D, (w) introduced in (1.2) satisfies
z€Dy(w) <= (:E,T%w) € B,(w) x X, (4.4)

with By(w) == Uje, @) 10 — y(w) +Y) and Jy(w) given in (1.3).
Accordingly, since €;(w) = o(T' %w) on each DJ(w), the inverse of the random relative permittivity a,(z,w)

reads:
2

an(x,w) =S 187/(‘*’) (SL’) (%12(1&&)) + 12* (Tﬂ:]&))) + ]-R?\Br,(w) (SL’) (45)

Stochastic derivative. We associate with T}, a group of transformations U,, x € R? acting on measurable
functions on 2, i.e. if f: {2 — R is A-measurable, then
(Upf)(w) = f(Tpw), we R, zcR2

The following result is classical (see for instance [17], Sect. 7.3)
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Lemma 4.1. For every x € R?, U, is a unitary transform on L?(£2,P) and the group x € R? — U, is strongly
continuous.

The following notion of stochastic derivative is taken from [26].

Definition 4.2 (stochastic partial derivative). The stochastic partial derivative 97 (i = 1, 2) is the infinitesimal
generator of the strongly continuous semigroup Uj,,t > 0 in the space L?(§2). For i = 1,2, the domain
D(8¢) C L3(2) of 9§ is given by

D(8}) = {f € LX(Q;P) : W

converges in L?(f2;P) as t — O} (4.6)
U _

and for f € D(07), we set 0] f(w) = }irr(l) M, w € (2.

Accordingly the stochastic gradient V° : D(V®) — (L?(£2;P))? is defined by

Vof=(011,05f),  feD(V?):=D(0)N D).

Notice that such a gradient has a vanishing average over (2. Moreover, for f,g € D(V®), one has E(97 f g) =
—E(f 07 9).
Approximation. A function in L?(£2) can be approximated by elements of D(V®) by using the following

analogue of the “convolution” procedure. Let ¥, (z) := n?¥(nz) where ¥ : R?> — RT is a fixed smooth
regularisation kernel with compact support such that fR2 1) = 1. Then for every f € L?(2), we set

folw) = . f(Tpw) ¥, (x) da. (4.7)

Lemma 4.3. For every f € L?(02), f, given in (4.7) belongs to D(V®) and converges strongly to f in L?(£2).
Moreover it holds

Ve fulw) = —/ f(Tpw) V&, (z) dz, Pae we (4.8)
R2
As a consequence the space D(V®) is dense in L*(2) and the operator V* is closable.
By the change of variable z — x + te;, we have for ¢t > 0 and ¢ € {1,2}

In(Tie,w) = fnl(w) (Un(z —te;) — Wn(x))
t

t

dz.

= f(wa)
R?

For small ¢, the integral above can be restricted to a compact neighborhood K of the support of ¥. Then,
since [p., o |f(Tow)|? dzdP = |K| E(|f|*) < +00, by Cauchy-Schwartz:

Ju(T: elwz i 1C) + | f(Thw) 8;;" dz — 0 strongly in L%(£2).
R? i

Thus f, € D(V®) and (4.8) holds. On the other hand it is easy to check that f, — f in L?({2). Therefore
we have shown that the operator V* is densily defined. To check that it is closable we consider u,, in D(V*®)
such that u, — 0 and V°u, — ¢ in L?(£2). For every f € D(V®), one has: E(¢ f) = lim, E(Qju, f) =
—lim,, E(u, 07 f) =0, thus & = 0 by the density of D(V®). O

Stochastic Sobolev space. The Sobolev space H!(2) will be the completion of D(V*) with respect to the
Hilbert norm || fllg: = [|fllz2(p) + IV fllL2(0p)- By Lemma 4.3, D(V*®) is closable and admits a unique
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extension to H1(£2). This extension still denoted V° acts as a linear continuous operator from HZ({2) into
L?(£2). We may now define a divergence operator by duality. Let

D(div®) := {f € (L2(2))? : 3C > 0,E(f- Vi) < Cllgllroa) Vg€ H;(Q)}.
Then, for every o € D(div®), the stochastic divergence div® o is characterized by the indentity
E((div o) g) = —E(o-V?g) forall g€ HX(£). (4.9)

Equipped with the norm o — [E (|o|? + [div® o|?)]'/2, D(div®) is a Hilbert space as well. The subspace

L2,,(£2) of “solenoidal” fields will play an important role. It is defined as
L2,(0) = {0 € D(div®) : divie = 0}. (4.10)

We are now in position to give a characterization of Sobolev space H!(f2) and D(div®).

Proposition 4.4. The following assertions are equivalent:

i) feH(R2)
ii) There exists a sequence f, € HL(§2) such that

fo—f inL*2) and sup E(|V*f.]?) < +oc.

iii) There exists a constant C' > 0 such that E(f div® o) < C ||ol|(z2(0y)2, for every o € D(div®).
iv) For a.a. w, the realization x — f(T,w) belongs to I/Vli)c2 (R?) and its distributional gradient V. (f(T,w)) is a
statistically homogeneous random field in (L2, (R? x £2))2.

loc

In all these cases, for a.a. w, we have the following relation holding in the distributional sense in R?:

7
61‘Z‘

(f(Tow)) = (95 f) (Tow). (4.11)

Proof. The equivalence between assertions i), ii) and iii) is straightforward once it is observed that the graph
G = {(f,V°f) : f € HX9)} is a closed subspace of L?(£2) x (L?(2))? whose orthogonal reads G+ :=
{(div®o,0) : o€ D(div®)}.

Let us prove now that every element f € H!({2) satisfies the property iv) together with (4.11). In a first step,
we assume that f € D(V®). Then for every pair (p,g) € C(R?) x L?(£2) and i € {1,2}, by the invariance
property of P, one has

B (s() [ 0 1(T) ol ) = finy () g(w) d AP

t—0

/ J(Trype,w) — f(wa)
2 Jr2 t

o p(x) — oz — te;)
= hm/Q . f(Tyw) ; g(w) dz:dP

t—0
=— / f(Tpw)0y,0(x) g(w) de dP (4.12)
2 JRr2
from which follows that, a.a. w, the map x — f(Tyw) belongs to Wl})f (R?) with (4.11).

In a second step, we consider an approximation sequence f,, — f in H!(§2) such that f, € D(V®). By the
first step, may apply (4.12) to f,, which, after the change of variable w +— T_, w, leads to

B (02,) [ o)aTsw)dn) = -2 (1(0) [ 0np(oalTw)ar ).
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The relation above remains true for f by passing to the limit n — oo. Then by applying the inverse change
of variable w — T_,w and by the arbitrariness of g € L?(2), we conclude that (4.11) holds true for every
fe ().

Conversely assume that iv) holds and let us prove that f € H!(§2). We consider the approximation f,, defined
in (4.7). By Lemma 4.3, we have f,, € D(V®) and, since by hypothesis f(T,w) belongs to VVlicz(RQ) we may
rewrite (4.8) as V® f,,(w) = [ V,[f(Tww)] ¥, (x) dz. Then by Jensen inequality (recall [ ¥, = 1), we derive that

VP < [[9UEw)] .

Now if V. [f(T,w)] is statistically homogeneous i.e. of the kind F(T,w) for a suitable F' € (L?(£2))?, we infer
that sup,, E(|V® f,(w)|?) < E(]F|?) < +oco. The conclusion follows by applying assertion ii) to the sequence
{fn}- O

Corollary 4.5. Let o € (L*(£2))? and h € L*(2). Then o belongs to D(div®) with div® o = h if and only if,
for a.e. w € 2, the function x — o(Tyw) satisfies div,(o(Tew)) = h(Tyw) in the distributional sense in R2.

Proof. We set 0,(w) = [z () o(Tpw) da. for given o € (L?(£2))? and ¢ € C°(R?). Then in a similar way as
in (4.8), we have that o, € D(div®) with

for Pae we 2, divio,(w) = — /U(wa) -V(x)de. (4.13)

Indeed, for every g € H!(£2), one has Vyg(T_,w) = —V.(9(T-,w)) and by using Fubini and changes of
variable w +— Ty, w, one gets

Blo, V) = ( [ 0() V000 ola) a0
=& ([ o) Tulo(T- ) o(0) de) =5 ( [ 0(0) - Vo) o(7- ) a0
=E <g(w) /O’(me) -Veo(z) dx),
which according to (4.9) is equivalent to (4.13).
Let us assume firstly that for a.a w div,(o0(Tyw)) = h(T,w) holds in the distributional sense. Then setting
on 1= oy, where ¥, is the regularization kernel used in Lemma 4.3, we infer from (4.13) that div® o, (w) =
[ WMTw) ¥, (z) dz. Thus (0, div® 6,,) — (0, h) in L*(§2). As by construction the operator div® has closed graph,

we conclude that div® o = h.
Assume conversely that div® o = h and let ¢ € C2°(R?). Then we claim that

for Pae we 2, divio,(w) = /h(me) o(x)de. (4.14)
Combined with (4.13) and since ¢ is arbitrary, this implies that div,(c(Tyw)) and h(T,w) agree as dis-

tributions. In view of (4.9), we consider an arbitrary g € H({2). Noticing that, for all z, div® (¢(Tew)) =
div® o(Tyw) = h(Tyw) (for a.e. w), we have by using Fubini

Bloy V) = ( [ 0(T) - V000 ol)do) = & () [ 1T (o) da).

The claim (4.14) follows from the characterization (4.9). O
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Back to our particular case. Let us particularize previous definitions in the case of the dynamical system
introduced in (4.1), where the events w € {2 are of the form w = (m,y) with (m,y) = ((mg)rez2,y) € II x Y.
It is convenient to associate with every f = f(m,y) in L?(£2), the following continuation on IT x R:

flm,a) = f ((my))o = [2]) = f(To(m,0)). (4.15)

We observe that, in the case of a function f independent of m, f coincides with the Y-periodization of f.
On the other hand, the realization of a general random field f can be recast from the identity f(7T.(m,y)) =

flm,z +y).
Proposition 4.6.
i) It holds f € HL($2) if and only sz belongs to L2(II,; WY2(Y)) and for m almost all m € II, the function

f(m,-) is an element ofI/Vl 2(R2). In this case, one has

o fim,-) = =—(m,") a.einY. (4.16)

Ayi
ii) A vector field o € (L*(£2))? belongs to L2,(£2) if and only if its extension &(m,-) is divergence free in R?
for almost all m € II.

iii) Let f € HL(£2) be such that V*f = 0 for P-almost every w € X*. Then f is constant P-a.e. in X*, that is
there exists a contant ¢ (independent of m) such that for @ a.a. m € II

fim,)=c ae on{yeyY :|ly—0y(m)| > py(m)}. (4.17)

Remark 4.7. According to the assertion i), a function f(m,y) € L?(£2) such that f = f(y) is independent
of m belongs to HL(£2) if and only if f(y) € Wﬁl’z(Y). In the general case, checking that an element f €
L2(IT,m; Wh2(Y)) satisfies f(m,-) € W,5?(R?) amounts to check a compatibility condition for the traces of
f(m,-) on Y, namely:

f(Te,(m,tey)) = flm,tej+e;), a e te(0,1), {i,j} ={1,2}. (4.18)
This holds true for instance if f(m,-) is in Wul’z(Y) with a trace independent of m.

Remark 4.8. The constancy property in 4i7) will be crucial in the homogenization process. It will ensure that
the internal resonances associated to each rod can be handled separately. An abstract proof can be deduced
directly from the ergodicity of the dynamical system (see [26]). Here in order to help for a more intuitive
understanding, we proceed directly in our particular case.

Proof. Let f € H}(£2). In view of the assertion iv) of Proposition 4.4, we know that for P almost all (1, y), the
function z — f(m, 2 + y)(= f(Tk(m,y)) belongs to W,-?(R2). Since this property is invariant by translation, it

loc

follows that for IT a.e. m, it holds f(m,-) € W,"?(R?). Furthermore, by (4.11), we know that

loc
Vaf(m,z+y) =V f(T,(m,y)) foraa. (z,y) e RZxY.

In particular, let us choose a Lebesgue point 2 € Y for both sz(m, ) and V* f(m, ) and average the equality
above on a small ball {|y| < r} with r < dist(z, dY") so that T,(m,y) = (m,z + y). Then by taking the limit as
r — 0 we obtain (4.16) holding for a.e. z € Y. As a consequence, f € L2(II,m; W12(Y)) with

J oy = [ (/ Fmay)P + [V F(m, y>|2dy) AT = [[f 310 < +o0.
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Conversely, if for a.a. m € IT, the function f(m, ) given in (4.15) belongs to I/Vl1 2(]RQ) then it is also the case

for the translated maps z — flm,z+vy) = f(Ty (m,y)) for every y € Y. Moreover we have V. (f(T:(m,y)) =
F(T,(m,y)) where F' = V., f is an element of (L?(£2))?. Indeed as f(m,-) agrees with f(m,-) on Y, one has

E(|F|?) / (/ Vo f] dx) dr < / 1f () 32y < +oo.

Therefore the random field (w,z) — V,f(T,(w)) is statistically homogeneous on 2 x R? and we conclude
that f € H!(£2) by applying the assertion iv) or Proposition 4.4.

The assertion ii) is a direct consequence of Corollary 4.5. Let us prove iii). From the assertion i), we deduce
that the function f € H!(2) is such that for w almost all m € II, f(m,-) as an element of W12(Y) has
a vanishing gradient on the connected set Y\ B(6¢(m), py(m)). Therefore there exists a constant c(m) such
that f(m,-) = c(m) a.e. on Y \ B(0y(m), py(m)). In addition, in order to fit with the trace compatibility
condition (4.18), we need that for a.e t € (0,1) and for {7, 5} = {1,2}

C(m) = f(ma €i +tej) = f(Tei (matej)) = f((karei)katej) = C((mk+€i)k)'

From this follows that the function m — ¢(m) is shift invariant over (M, ), thus constant by ergodicity. This
yields (4.17).
O

5. TWO-SCALE ANALYSIS OF THE DIFFRACTION PROBLEM

In this section and all along the rest of the paper, we will consider a subset 2 C 2 of full measure (that is
P(£2) = 1), the elements of which will be referred as “typical events”.
For such @ € (2, we ask first that:

e property (4.2) holds for all f € C(§2) (according to the terminology in [26], x — T,(@) is a “typical”
trajectory of the dynamical system)

e for generic elements f in a dense subset of H!({2) the realizations z +— f(T,(®)) belong to T/Vlf)cz(]RQ) and
satisfy the chain rule (4.11)

e for ¥ in a dense subset of D(div®), it holds divy (¢(T5(@)) = div® (T,@) in L}

lOC(R2)'

We notice that the existence of such a set 2 of full measure is straightforward by exploiting the separability of
C(£2) and, in order to fit to two last items, by applying Proposition 4.4 (resp. Cor. 4.5) to a countable dense
subset of elements f in the Hilbert space H! (resp. 1 € D(div®)).

5.1. Two-scale convergence

As our aim is to obtain convergence results almost surely, we will use a recent variant of the notion of
“stochastic two-scale convergence in the mean” introduced for the first time in 1994 in [7]. Precisely we will use
the notion of “realizationwise two-scale convergence” as introduced in [26] in the context of the homogenization
of random thin structures and singular measures. The definition below is given using a reference open ball Br
of R? (where in practice the radius R is so large that Br D B).

Definition 5.1 (stochastic two-scale convergence). We say that a sequence f, € L?(BpR) two-scale converges
to fo € L*(Br x 2,£* ® P), and we write f,(x)— fo(z,w) if for all © € §2 it holds

i, [ (o) o) (15) @ = e ( 5 fole. ) pla) () o) (5.1)

77—»0



RESONANT EFFECTS IN RANDOM DIELECTRIC STRUCTURES 233

for any ¢ € C°(Bg) and ¢ € L?(£2). The sequence will be said to be strongly two-scale convergent (denoted
fo— fo) if in addition

limsup/B | fo(2)]Pdz < /B Q|f0(w,w)|2dw]P’(dw). (5.2)

n—0

A justification of definition (5.1) is that any sequence f;, has a two-scale converging subsequence provided it is
bounded in L?(Bg). Notice that the existence of a two-scale limit implies that the left hand member of (5.1)
is independent of the choice of @ € 2. In that case, in order to identify such a two-scale limit, it is enough to
restrict to a particular event @ € 0.

The main feature of strong two-scale convergence is that we have the following product rule:

fo—= fo, gn—=>90 = fn9y — E(fogo) in the distributional sense on Bg. (5.3)

This applies in particular for f, of the kind fy(z) = ¢(z)¢(T2w) with & arbitrary in 2, ¢ € C(Bg) and
Y € L*(£2) (in that case, there holds f,— () (w)). Furthermore the strong convergence f,—- fo implies
that

2
lim ‘fn(w)—fo (x,T%cDN dx =0,
Br

n—0+t
whenever fj is suitably regular.

Remark 5.2. If in definition (4.1) we choose p to be a Dirac mass (determinist case), we fall on the classical
notion of two-scale (resp. strong two-scale) convergence which has been introduced years ago in [1,19].

Remark 5.3. Let us emphasize that the notion of stochastic two-scale convergence introduced above will be
applied to to each particular realization f,(x,o) of a sequence of random functions we wish to study, providing
then a two-scale limit fo(z,w,®) depending a priori of the realization & and of the associated extracted subse-
quence. This apparent drawback disappears in the context of effective media theory when the homogenization
procedure provides a unique two-scale limit fy(x,w). Note that this uniqueness argument is used in the context
of periodic homogenization as well.

5.2. Differential characterization of the two-scale limits
In this subsection, we fix an event @ € 2 and to simplify notions we denote:
uﬂ(x) :un(l'»w)ﬂ aﬂ(w) :an(xa‘b)a Dy, :Dﬂ(‘b)’
We assume a priori that the sequences (uy), (1 Vuy) and (1,\p, Vuy,) are bounded in L?(Bg) and satisfy

Up—> up(z,w), nVu,— Py(z,w), 1gp\p, V= xo0(z,w), (5.4)

for suitable functions uy € L?(Bg x £2,£? @ P) and xo, Py € (LQ(BR x 2,L%® IP’))z. Such an assumption will
be justified later on in Section 6 where the L? bounds are established as well as the uniqueness of the two-scale
limits (which do not depend on the choice of @).

Proposition 5.4. Let ug, Py and xo be the two-scale limit defined in (5.4). Then for de & P-almost every
(x,w) € Br x 2 we have the following relations:
Py(z,w) =0 in (BxX*) U[(Bg\B)x ],
Viug(z,w) = Po(x,w) in Br x (2,
Yo(r,w) =0  inBxX,

N N N N
® N o W
NCENSARANG

div® xo(z,w) =0 in Br x 0.
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Proof. For ¢ € C2°(Br) and ¢ in a dense subset of D(div®), we use ¢(z)1(T=w) as test function in order to
express the two-scale convergence nVu,— Fy. We obtain:

/BRXQPO(x,w) (@)Y (w) de dP(w) = lin%) 7 /BR Vo, - @(z) (T%&)) dx. (5.9)

n—

Let assume that (¢, ) is supported in B x X*. It follows from (4.3) that the integration domain in the right
hand side of (5.9) reduces to B\ D,. The convergence 1p,\p, Vu,— xo implies that the right hand side of (5.9)
vanishes as 77 — 0. First part of claim (5.5) follows by a trivial localization argument. The second part is deduce
by the same kind of argument after notice that Vu, remains bounded in L?(Bpg \ B).

In order to prove (5.6), we integrate by parts the right hand member of (5.9). We obtain

n | Vu,-@(x)y (T%&)) dz = —/Bun (ano(ac) “p (T-nz&)> + ¢(z) (div sv) (T-nz&)> ) dx

Br

where the stochastic divergence appears by applying the chain rule formula (4.11). Passing to the limit 7 — 0,
by using (5.9) and the convergence u,— ug, we deduce that

/ Py(z,w) p(2)Y(w) de dP(w) = — / up(z, w) p(z) div s (w) de dP(w).
Brx (2

Brx (2

The claim (5.6) follows by exploiting the integration by parts formula (4.9).

Recalling (4.4), claim (5.7) is a consequence of the two-scale convergence 1p,\p, Vu,— xo(7,w) evaluated
with test functions of the kind ¢(x) w(T%aD) being ¢ supported in X and ¢ compactly supported in B (that is
in B, (@) for all n small enough).

Next we multiply (1.4) by function 7 ¢(x) w(T%G)) with (p,1) € C°(Bg) x HL(£2), and integrate by parts
with the help of chain rule formula (4.11). It comes

. s z (U z = 2 = ()
/BR an Vg, (go(w) Ve (Tﬁw) +n (Tﬁw) Vgo) n kg /BR Uy p(x) (Tﬁu) .
Then noticing that a,, is of order n* in D,;, we infer from (5.4) that
[ xolew) - eln) v uw) dedp@) = o,
Brx (2
Relation (5.8) follows by localizing in # and by using once more (4.9). O

5.3. Identification of ug(x, -)

Proposition 5.5. Let ug be the two-scale limit in (5.4). Then ug € L?(Bg; HL(£2)) and there exists a function
u = u(x) in L*>(Bg) (independent of w) such that:

i) up(z,w) = u(z) ae in (BxX*) U[(Bgr\B)x 2]
ii) div® (sal(w)Vs up(z,w)) + kg up(z,w) =0 in Bx X.
ili) Assume furthermore that condition (2.10) holds and let A be defined by (2.7). Then

up(z,w) = u(z)Alw) a.e in Bx (2. (5.10)
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Proof. From equation (5.6) we deduce that V*uq is an element of L?(Bg x {2) and therefore ug € L?(Br; HL(£2)).
In addition, by (5.5), we have V*ug(z,-) = 0 in (B x X*) U ((Bg \ B) x £2). Then claim i) is a consequence of
the assertion iii) of Proposition 4.6. Next in order to prove claim ii), we consider p € C>°(B) and ¢ € C°({2)
running in a dense subset of the subspace {1 € H!(£2) : » = 0 in ¥*}. Then we multiply equation (1.4) (for
w = w) by test function (x) (T %&)) and integrate over B. Then taking into account chain rule (4.11), we are
led to )
/B ay(.0) Vi, - (Vipla) (T50) + —la) VU(L50)) do = K /B ty (@) (T3 0) da dP.

In view of (4.5) and since 1 vanishes outside X' and ¢ vanish in B, (@) for  small enough, we may substitute
an(z,®) with 772(60(T%<D))_1 in the equality above. Then we may pass to the limit  — 0 by using the weak
two-scale convergences in (5.4) and relation (5.6):

/ g5 (W) Po(z,w) - VE(w) p(x) dedP = k? / uo(x,w) p(z) Y(w) da dP.
Bx 2 Bx 2
Eventually, since Py = V3uq (by (5.6)) and by the arbitrariness of function ¢, we are led to relation

/ go Hw) Vo up(z,w) - VEh(w) dP = k;g/ uo(z,w) Y(w) dP, (5.11)
Q o

holding for a.a. € B and for all ¥ € H!({2) vanishing outside X. In view of the characterization (4.9), this is
precisely equivalent to relation of assertion ii).

Let us prove now the assertion iii). By using the claim i) of Proposition 4.6 (namely relation (4.16)) and
recalling that X = {(y,m) : y € B(0o(m), py(m))}, we may rewrite equation (5.11) as a boundary value
problem in B(8q(m), po(m)). For a.e. (z,m) € B x II, the function ¢ := ug(z, m,-) belongs to W12(Y), agrees
with constant u(x) in B(0g(m), py(m)) and solves

A+ Keom)p=0  in B(Bo(m), po(m)),
o = u(x) on 9B(8o(m), po(m)).

This is precisely the Helmholtz resonator problem depicted in the Appendix. By applying Lemma A.1 with
p = po(m), a := k3 eo(m), we find that the unique solution reads ¢ = u(z) w(y — @o(m)) where w is given by
the series (A.1). The assumption (2.10) ensures that a p? does not belong to o (spectrum of Laplace operator
on the unit disk). Eventually, owing to (2.7), one has A(m,-) = w(- — 8g(m)) for m a.e. m € II and we are led
to relation (5.10). O

Remark 5.6. As a consequence of Propositions 5.5 we know that ug(z,-) € H!(2) for a.e. z € B. Thus
relation (5.10) implies A € H(£2) unless u = 0. To conclude this, two hypothesis are needed:
e The condition (2.10), saying that p({(6, p,e) € M, S(e) > 0}) > 0;
e The two-scale convergence (5.4); which will be in fact equivalent, up to a subsequence, to the L? bound (6.1)
(see Lem. 6.2).

Accordingly, the property A € H!(§2) appears to be a necessary condition in order to have (6.1). Actually,
we will have to assume conditions (2.9), (2.10) in order to ensure that (6.1) holds for P-almost all & € 2 (see
Prop. 6.9). As can be seen in Lemma 5.7 below, the fact that A belongs to H1(§2) can be derived directly from
the assumption (2.9) (in fact we need it merely for r = 0).

Lemma 5.7. Under condition (2.9), we have A € HX(Y) and it holds for every & € 12

tim [ 14 (135) \de:|8\/ |A(w)[2P(dw),
B ' 0

n—0+

lim /B|VSA(T%J;> \de:|B\/Q\VSA(w)\2}P’(dw). (5.12)

n—0+
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Proof. We notice that A(m,-) = 1 near dY and by Remark 4.7, in order to show that A € H!(£2), we have
only to check that A € L?(I1,w; W"2(Y')). Recalling that [, ¢n@m dy = dnm and [, [Ve,|? dy = A, we can
compute

A - 1||2L2(Q) = Z an cp, ||vyA||2L2(Q) = Z B An €y (5.13)

n€ly n€ly

where we denote

kiep® N2 kiep? N2
coim [ ontn o= [ (B Vap pm [ (Y
/131 oy M N — kgep? P, f M Mg — kgep? P

From condition (2.9) (which clearly holds also if » = 0) and the fact that p is compactly supported, we infer
that sup,, a, < +00. Furthermore, since A\, — oo as n — oo, there exists a constant C' > 0 such that for n

sufficiently large
2

2.2
M \1

_ kiep?

n

Thus, as Y, |cn]? < 400 and in view of equalities (5.13), we deduce that A € H!(§2) with V*A(m, ) = V,A(m,)
(see (4.16)).

Let us prove now (5.12). By applying Lemma 4.1 and the chain rule (4.11), we find that the maps x A(T% w)
and = — VSA(T%&)) are in L?(B) and (L?(B))? respectively. Accordingly, by (4.2), we infer that (5.12) holds

for every w € £2. O

5.4. Identification of vector field x,

Let us point out that xo(x,w) defined by (5.4) is associated up to a 7/2 rotation to the (transverse) electric
field which is oscillating at scale 7 in the obstacle B. In the following we will use the average of xo(z,-) that is

j(@) = (j1, j2) = E(xo)- (5.14)

We are going to determine explicitly xo and j in term of the effective permittivity tensor £ given in (2.3)
and of the local gradient Vu(z) of function u defined in Proposition 5.5 (which, roughly speaking, describes the
slowly varying magnetic field “outside” the rods).

Proposition 5.8. Let us assume that (2.10) and (5.4) hold. Let A be the tensor defined in (2.12) and let u,
Xo, J be the functions introduced respectively in Proposition 5.5, (5.4) and (5.14). Then

i) We have the relation:

Jj(@) in (Br \ B) x 2
= .].
xo(z;w) { J1(2) oM w) + o) 02(w) in B x 2, (5.15)
where for i € {1,2}, o' € L?,(12) is the unique solution of (2.3) with E(c) = e;.
ii) w belongs to H*(BR) and the following constitutive relation holds
. Vu(zx) if v € Bp\ B
(=) = AG) Vu {(eeﬁ)l Vu(z) ifreB. (5.16)
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Proof. Let ¢ € C°(Bgr) and % in a dense subset of L2 (£2) such that ¢ = 0 on X. By (4.3), the function
T '¢(T% @) vanishes in D, (&) whereas, by Corollary 4.5, the vector field z — (T %J)) is divergence free. Thus:

)dw

= | Veuy(0,0) - o(2)p (T25) do = - /

BR BR

Sk
&

/BR [qun(:ﬂ,&)lBR\Dn(w) (1’)} . @(90)111 (T
(2, 0)[Vipla) - % (T:0) | da.

Let us pass to the limit n — 0. In view of the two-scale convergences in (5.4) and noticing that uo(z, ) ¥ =
u(z) 1 (see assertion i) of Prop. 5.5), we obtain

/ Xo(z,w) - p(z) Y(w)de dP = —/ uo(x,w)Vep(r) - P(w)de dP
Brx 2

Brx (2

:_/ (@) (x) dx~/ ¥(w) dP. (5.17)
Br 2

Choosing first ¢ to be compactly supported in B and by localization, we deduce from (5.17) that for a.e. x € B,
the vector field yo(z, ) satisfies the equation
E(xo(z,-) - %) =0 for all ¢ € L2 () such that 1 = 0in X and E(sp) = 0.

Recalling that xo(z,-) vanishes on X (see (5.7)) and in view of (5.14), we find that xo(z,-) satisfies the
variational characterization of the solution of problem (2.3) for z = j(z). Accordingly xo(z,-) agrees for x € B
with the linear decomposition appearing in (5.15).

In order to prove that xo(z,-) = j(z) for z € Br \ B, we take now ¢ to be compactly supported in Bg \ B
and observe that relation (5.17) holds true for all ¢ € L2 (£2) (it is not necessary that 1 vanishes in X). By
localization, we find that, for a.e. z € B\ B, it holds E(xo(z, )- 1) = 0 for ¢ € L2 (£2) with vanishing average.
As constant vector fields belong to L2 (£2), we may choose in particular ¥, = xo(z, ) — j(x) so that
E (Ixo(z,-) = j(@)*) = E(xo(z,)-%,) —j(x) - E(shy) = 0.

This ends the proof of assertion i). Let us prove now the assertion ii). To that aim, let us apply (5.17) with
W = o' for i = 1,2. Recalling that E(c?) = e;, we get

: = — u(x Op T
[ e e@o@arae = - [ uwian

Br

holding for every ¢ € C2°(Bpr). This allows to identify the distributional derivative of u on Bp as

ou
81'2‘

= E (xo(z,-) - 0'), i €{1,2}. (5.18)
Clearly, by Cauchy-Schwartz inequality, the right hand member of (5.18) is a function in L?(Bg). Moreover,

by applying (5.15), we obtain that Vu(z) = j(x) for a.e x € Br \ B whereas

ou
8l‘i

= E(o¢'-0") j1 +E(0?-0%) jo» a.e. inB.

Then by the characterization (2.4) of tensor *f, we conclude that relation (5.16) holds. O
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6. PROOF OF THE MAIN HOMOGENIZATION RESULT

This section is devoted to the proof of Theorem 2.3. Recall that u,(-,&) denotes the unique solution to (1.4)
and (1.6). It is associated with a particular realization & of the random structure. From now on, we fix a
reference ball B of radius R such that B CC Bp is compactly embedded and we will focus our attention to
events @ € (2 such that:

sup/ |y (2, @) dz < oco. (6.1)
n>0.JBg

As it will be shown later, the set of such events has in fact full measure in {2 (see Prop. 6.9). The proof of
Theorem 2.3 is organized in three steps as follows:

Step 1. (convergence far from the obstacle). First we show that if, for a given @ € (2, we assume the bound (6.1),
then possibly passing to a subsequence, u,(-,@) does converge uniformly as well as all its derivatives on every
compact subsets of R? \ B. In addition the radiation condition at infinity is preserved (see Prop. 6.1).

Step 2. (derivation of the homogenized problem). Still assuming (6.1) for a given & € 2, we consider a weakly
convergent subsequence u, (-,@) — u in L?(Bgr). Then by using the two-scale analysis performed in Section 5
on Br and by applying to u,, Step 1 on R? \ B, we may pass to the limit in (1.4) obtaining that u satifies
the homogenized problem (2.11) (see Prop. 6.4). Under the condition (2.10) on the probability p, the solution
to this homogenized problem turns out to be unique and independent of the realization w. As a consequence,
the whole sequence u,(-,&) does two-scale converge to v = u(x). At this point we have proved that all the
conclusions of Theorem 2.3 (except the convergences in (2.15)) hold true for all @ satisfying (6.1).

Step 3. (strong two-scale convergence and L?-bound). In this last step, we improve the convergence obtained
in Step 2 under the additional assumption that p satisfies (2.9). More precisely we establish (see Prop. 6.6) that
the sequence u, (-, @) actually converges strongly two-scale so that (2.15) holds. So the proof of Theorem 2.3 is
complete once the bound (6.1) is established for P-almost all @ € £2. This is done a posteriori (see Prop. 6.9)
by using a contradiction argument in which we apply Proposition 6.6 to a renormalized sequence of solutions.
Summarizing we are going to obtain the full homogenization result under the sole assumptions (2.9) and (2.10)
on the probability distribution p of the dielectric rods.

6.1. Behavior far of the obstacle

This first step is related to the convergence of u,(-,&) at a positive distance from B. We use the following
result whose proof relies on the hypo-ellipticity of operator A + k2 and is very similar to that used in [4],
Lemma 2.1 in the context of a 3D-diffraction problem.

Proposition 6.1. Fiz @ € 2 and let u, := u,(-,@) be solving (1.4) with outgoing Sommerfeld radiation con-
dition (1.6) for an incident wave u™°. Let us assume that u, — u = u(-,@) weakly in L*(Bg). Then the
convergence u, — u holds in C°(K) for any compact set K C R?\ B. Furthermore u satisfies the Helmholtz
equation Au+ k3w =0 in R?\ B and (u — u'™®) still satisfies (1.6). The same conclusions hold if in the radia-
tion condition satisfied by u,, we substitute the incident wave u™® with a sequence (uinnc) such that uinnc — ulne
uniformly.

We can now derive an important additional energy estimate from which we can infer the two-scale conver-
gences (5.4) for suitable subsequences and for some functions ug, Py and yo.

Lemma 6.2. Let & € 2 such that condition (6.1) holds. Then it holds

sup/ an(2,@)|Vauy(z,@)]? de < +oo.
n Br

As a consequence the sequences (n"Vu,(v,0)) and (1p,\p, (@) (2)Vu,(z,0)) are bounded in L?(BgR).
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Proof. Recalling that a,, = 1 in Bg \ B, we multiply equation (1.4) by @, (the complex conjugate of u,) and we
integrate by parts on Bp, obtaining

[ e DV o a1 [ funo)Ple = [ oo T @ a
Br a’fl

BR 8BR

Thanks to Proposition 6.1, the right-hand side of the previous relation is uniformly bounded. Com-
bined with (6.1) we obtain the desired upper bound. The last assertion follows from the definition of a,
in (1.5). O
6.2. Derivation of the homogenized problem

As announced in Section 2, the limit problem is characterized by two functions
A(.Z‘) = 1R2\B(1‘) + 1[3(1‘) (693)_1, b(l‘, k‘o) = 1R2\B(l‘) + Meﬂ(kﬁo)lg(l‘),

with e, 1 given in (2.3) and (2.8) respectively. Then we recall the homogenized problem given in (2.11)

div (A(z)Vu(x)) + k¢ b(x, ko) u(z) = 0, r € R?
u —u"®  satisfies the outgoing Sommerfeld radiating condition.

Lemma 6.3 (uniqueness). Assume that S(ut) > 0. Then the solution to (2.11) is unique in VVS)E(RQ)

Proof. Let u € W2 be solving (2.11) for u'*¢ = 0. By multiplying the first equation by % (the complex conjugate

loc
of u) and integrating by parts over Bg, we obtain:

/BR (AVu - Vu -k blul?) dz :/ Ha—n

As u satisfies the outgoing wave condition (1.6), following classical arguments (see [9]), it is easy to infer that
the right hand member in the equality above has a non negative imaginary part. Exploiting that A is positive
definite whereas 3(u°) > 0, we deduce that u vanishes a.e. on B. Therefore by the transmission conditions
in (2.13), it holds u* = d,u™ = 0 on 9B. As u solves (A + k)u = 0 on R? \ B, it is straightforward that u
vanishes over all R2. O

Our second step consists in proving the following convergence result.

Proposition 6.4. Let us assume (2.10) and let & € 2 such that condition (6.1) is satisfied. Then the sequence
of solutions u,(-,&) converges weakly in L (R?) to b(-)u(-), where u is the unique solution of the homogenized
problem (2.11).

Proof. By Lemma 6.2 and the bound (6.1), there exists ug(x,w) € L%(B x §2, £? ® P) and vector fields xo(z,w),

Py(z,w) in (L*(B x 2,dz ® ]P’))2 such that the two-scale convergences (5.4) hold up to a subsequence. In
particular for such a subsequence (still denoted with the same symbol), we have

Up(z, )= up(z,w), ay(z,@)Vauy(z,®)— xo(z,w),

where ug is given by Proposition 5.5 whereas xo(x, -) is given by Proposition 5.8. We deduce the following weak
convergences in L?(Bgr):

an (2, @)V oy (z,0) = E(xo(z, ) = Alz)Vu(z). (6.2)
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Then we may pass to the limit in the distributional sense in (1.4) so that u solves the first equation of (2.11)
in Bg. The fact that u solves Helmholtz equation in R? \ B with (u — u!"¢) satisfying the outgoing Sommer-
feld condition (1.6) is a consequence of Proposition 6.1. Summarizing we have proved that u as an element
of I/Vli)c2 solves the system (2.11). Thanks to (2.10), we have $(u®) > 0 so that this limit u is unique by
Lemma 6.3. In particular the whole sequence u,(+, &) does converge weakly to b(-)u(-) in L, (R?) as stated in the

loc

Proposition. O

6.3. Strong two-scale convergence and L?-bound

We start with a technical lemma where we use the discrete spectrum o of the Dirichlet Laplace operator on
the unit disk and the random positive numbers

1

)= G0 @ R e0)

Lemma 6.5. Under condition (2.9), we have for almost every w € §2:

lim sup (172 Z [Xj(w)]2+r) < o0, lim+ (772 sup [Xj(w)]z'”) =0 (6.3)
1m0t ) T e

where the set J,(w) is defined in (1.3).

Proof. We notice that #(J,,(w)) ~ [Bn~2. Then as the random variables X ;(w)?>*" are independent and identically
distributed, we may apply the strong law of large numbers. Thus for almost all w € {2 we have

: 2 ) 247 _ 718 |B‘
71]15%77 A Z [XJ (w)] - 71]15% ﬂjn(w)
JEJ'U(W)

S W) =18 /M[ij)]z“ dP(w),

JETy(w)

where the right-hand side integral is finite by hypothesis (2.9). For the second part of (6.3), it is enough to
apply Lemma A.5 to the sequence [X;(w)]*>T". O

Proposition 6.6. Let us assume (2.9), (2.10) and let & € 2 be such that relations (6.1) and (6.3) hold. Then
for any ball B © B, we have

2
lim ‘un(as,&) — ug (ac,Tch)) ’ dz =0, (6.4)
n—0+ Br K

being u the unique solution of (2.11) and uy given by (2.14). Consequently u,(-, &) strongly two-scale converges
to ug and it holds (2.15).

Proof. The proof of (6.4) with ug given by (2.14) follows directly from Lemmas 6.7 and 6.8 below where the

convergence to zero in L? norm of u,(z,&) — uo(z, T=w) is established on subsets Bg \ Dy, and Dy, respectively.

The localization of (6.4) on a Borel subset A C Br and the two-scale convergence of u, to ug given by (2.14)

leads immediately to relation (2.15). O
In the rest of this Section, in order to lighten the presentation, we will use the following notations

Vin =10 —y(@)+Y), Djn=n(—y(@)+ B(0;(@),p;(©))), Y, =Yin\Dijn

that is we prefer to write Y;,, instead of Y; (@) and so on for the other terms.
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Lemma 6.7. Under the assumptions of Proposition 6.6, we have

nliir)l_'_ ||U77(,L:)) - UHLP(BR\D,,) =0, Vp € [13 OO) (65)

Proof. We modify u, in the subset D, (&) by considering the harmonic extension. This way we obtain the new
function 1, € H'(Bg) defined by

Uy(x) = uy(z,@), x € Br\D,
Aty (z) =0 x € Dy,

By the rescaled inequality (A.5), we have

~ 2 ~\1[2 =2
lanll 7 (Br) = lun (O (sp\0,) + Z iyl 2 (D, )
i€,

< lun (D)7 mavp,) + €5 Z ”a"”%”(”ﬁn) = (14 ¢5)|lun (@) 7n (Bp\p,)

ied,

<(1+0) /B (g (22, D)1 + a (2, &) |Vt (2, 5)[?) da.

By (6.1) and the estimate in Lemma 6.2, the last integral is uniformly bounded. Therefore, by the Sobolev
compact embedding H'(Bgr) C LP(Bg) for p € [1,00), we can extract a convergent sequence (still denoted
by 4,) such that 4, — @ in LP(Bpg). It remains to check that & = w in B. To that aim we observe that
Uy — up—> U(z) — uo(r,w) whereas we have the strong two-scale convergence 1p\p, (&)(2)—= lpxs=(7,y).
Therefore by applying the product rule (5.3), we deduce the following convergence in distributional sense

(it = wn) 1vp, @) — E((@(x) = uo(@,w)) Loxs- ) = B(Z*) (i) - u(x))

where the last equality comes from ug(z,w) = u(z) in X*. As equality @,(z) = u,(z,®) hold in B\ D,,, we
conclude that @ = u a.e. in B. O

The proof of next Lemma is particularly involved. We will need a general estimate established in the Appendix
(Lem. A.3) that we are going to use in the rescaled form (A.6).

Lemma 6.8. Under the assumptions of Proposition 6.6, it holds

Jim,Jun(,3) — ug (2. 752) 2o, = 0.
Proof. Let us set vy(z) = u,(z,0) — uo(x,T%aD). We write ||vn||2LQ(Dn) = ZjeJn ||vn||2L2(Dj,n) and, for every
j € Jy, we apply to v, the rescaled inequality (A.6) on each disk D;, choosing o = £;k3. We get

2,4 2
2p]277 2 [ Avy + & I;O’UVIH%"’(’Dj )
£j p; kg, 00) n "n

2
v <
| 7]||L2(D,7) > E distz(

J

1o S (2P ) (e + I (6.6)
2 * 2 * . .
- dist®(¢; k3 p2, 00) ML) miL(Yy,)

As @ satisfies (6.3), we have the following convergence

b, = sup n? [X;(@)> — 0. (6.7)
JEJIn
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On the other hand, recalling that the (p;, ;) remain in a bounded set of RT x C and that e; = eo(T=w) for
x € Dj.,y, we deduce from (6.6) the existence of a suitable constant x > 0 (depending only on §) such that

K ”UUHQL?(DU) < (by +772)||V'U77||2L2(BR\DU) + ”UWHQL?(BR\’D,,)

+> (X?(w) /Y* ‘Un(33)|2) + by 1 HAU,] +

i€y Jm

EO(T/W @) kgv

2 (6.8)

L2(Dy)
Therefore, in view of (6.7) and (6.8), the Lemma is proved provided one shows the following claims

i) ||Un||2L2(BR\D,7) —0;

.. 2

ii) sup||Voyllzzs\p,) < 00
n>0

€0 (T; a;) k2

: 2 7 0 2 .
i) sup 7 || Avy + == —vl[ 2, < Hoo;
v Y () [ @) —o

j€Jy YJ*m

Recalling that Tz& € L* for x € Br\ D, (sec (4.3)) while uo(ac,T%cD) = u(z) for x € Br\ D, (see Prop. 5.5,
i)), claim i) follows directly from Lemma 6.7. On the other hand as Vu,(z) = Vu,(z,©) — Vu(z) holds in
Bg \ D, we deduce claim ii) taking into account that u € H*(Bpg) (see Prop. 5.8) and the gradient estimates

in Lemma 6.2.
Let us prove now claim iii). As u,, solves (2.3), we get for € D; ,(®):

Avg(x) + 637'7/268 vy(x) = Az + ap(z, @)u, — Ay (uo (1’,T% J)) ) — 62]263 ug (x,T% J))
= a0 (o (5,73 2) ) ~ LB (. 75.2) (6:9)

On the other hand, thanks to relation ug(-,w) = u(-)A(w) in B and the chain rule (4.11) it comes
- - 2 s - 1 -
A, (uo (ac,T% w) ) = Ayu(z)A (T-«w) + EVU(QC) -VeA (T%w) + n—Qu(ac)As/l (T%w> . (6.10)

Plugging (6.9) and (6.10) yields

Avy(x) + 52];(% vy(z) = —Azu(z)A (T%-&)) — %Vu(m) VA (T%QN))
_ 771_2(A5u0 (w, T%QN)) —gj k% UQ (w, T% J)) )

Recalling that (7,,,&) € X' (see (4.3)) and that ug solves the equation appearing in assertion ii) of Proposi-
tion 5.5, we deduce after multipling by n

n (Avn(ac) + 62];;8 vn(as)> = -—nAu(x)A (T%&)) —2Vu(z)- VA (T%GO . (6.11)

By Lemma 5.7, we have A € H!(2) from which follows that functions z + Axu(x)A(T%J)) and z —
Vu(z) - V*A(Tzw) are bounded in L2(02) (and strongly two-scale converge to Ayu(z)A(w) and u(z) - VSA(w)
respectively). Thus claim iii) is a consequence of (6.11).
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It remains to show claim iv). Let ¢ = (24 r)/2, being r the parameter introduced in the hypothesis (2.9) and
let ¢* be such that ¢~ ' 4+ ¢* = 1. By applying Holder inequality first on the sum over j € J, and then on the
integral, it comes

1
* a*

q q
S P [ s | xwr] [T ( / |vn|2)
JET, Yin(w) jeT, jedy \7Yi,

1

aq

Z 772Xj(W)2q ”UVIH%Q‘I*(BR\DM'
jEJn("‘")

Q=

A

IA

By (6.3) the first factor on the right hand side remains bounded as 7 — 0" while the second factor vanishes
in virtue of Lemma 6.7. This implies claim iv). The proof of Lemma 6.8 is complete. g

The last issue before completing the third and last step of the proof of Theorem 2.3 consists in proving the
energy bound (6.1). As announced it will be done by using a contradiction argument.

Proposition 6.9 (energy bound). Assume that (2.9) and (2.10) hold. Then the bound (6.1) holds P-almost
surely.

Proof. Let Q C {2 be the set of all w such that (6.3) holds. As by Lemma 6.5, Q is of full measure, it is enough
to show that the bound (6.1) holds true for every w € Q. Assume by contradiction that (6.1) does not hold for
some particular @ € Q. Then there exists a sequence n; \, 0, 7 € N such that

tj = ||u7]_7('va))||L2(BR) / o0 asj — O0.

ur,]-(',LD)

By the linearity of the problem, the normalized function v; = P satisfies

div (ay, (z,0)Vv;(2)) + kv;(z) =0  x € R?
lvillL2(Br) =1,

v — % satisfies the Sommerfeld radiating condition.

This means that v; solves the diffraction problem (1.4) for = n; and a incident wave “— “ tending to zero

as j — o0o. As by construction {v;; j € N} is bounded in L?(Bg), we may apply Proposmon 6 6 and we are led
to

lim lvj(z,&) —vo(z, Ty /@) | dz = 0, (6.12)

j—o0 Br
where vg(7,w) = v(z)[1r2\s(z) + A(w)1s(x)] being v the solution of (2.11) for a vanishing incident wave. Here
the random function A is the one defined in (2.7). By the uniqueness Lemma 6.3, we have v = 0, thus vo = 0
which is incompatible with (6.12) and equality ||v;|| = 1. O

APPENDIX A.

In the following Lemma we keep the notations of Section 2 for the spectral Dirichlet problem in the unit disk
D of R?. We denote B, = pD = B(0,p).

Lemma A.1 (Resonator problem). Let p > 0 and o € C such that p?> a ¢ o¢. Then

i) The boundary value problem Aw +aw =0, w=1 on 0B, has a unique solution w € WI’Q(BP) given by

_1+Z/\ap_;”p (y) with cn:/Dgon. (A.1)
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ii) For allve Wy *(B,) N\W22(B,), it holds

. o
| Av + vl p2(p,) > dist (a,p—;’) o]l z2(,)-

Proof. Straightforward by using the spectral decomposition of the Laplace operator on B, whose eigenvalues
are {2—3} with normalized eigenvectors {\/L#Pn(%)} O

Lemma A.2. Let 6 € (0,1/2). Then there ezists cs > 0 such that, for every (0, p) with dist (6,0Y) > p+46 and
for every u € WH2(Y) werifying Au =0 in B(0, p), there holds

/ |Vu|? < 05/ |Vul?. (A.2)
B(0,p) Y\B(0,p)

/ Juf? < cé/ (1ul? + [Vul?). (A.3)
B(6,p) Y\B(0,p)

Proof. In a first step we show the result assuming that B(6, p) is the largest ball in Y such that dist (6, 9Y) > p+4
namely B = B(f, 1 — ) with 6 = (3, 1).

Proof of (A.2): Assume by contradiction that (A.2) does not hold. Then there exists a sequence (u,) C WH2(Y)
such that

/7|Vun\2 =1, /  |Vu,[* =0, Au,=0inB. (A.4)
B Y\B

Without any loss of generality we may assume additionally that fY u, = 0. Thus, by Poincaré inequality,
{u,} is bounded in W12(Y) and, possibly after extracting a subsequence, does converge strongly in L?(Y)
to some limit u € WH2(Y). From (A.4) it comes that Vu = 0 in Y \ B while Au = 0 in B. Therefore u is
constant and vanishes by the zero average condition. In addition the convergence u,, to 0 over Y \ B is strong
in WH2(Y'\ B)  yielding in particular that the trace of u, does converge strongly to zero in W1/22(9B). As uy,
is harmonic in B, we deduce that [5|Vun|? — 0 in contradiction with (A.4).

Proof of (A.3): Assume by contradiction that (A.3) does not hold. Then there exists a sequence (u,,) C W1H2(Y)
such that

/ ‘un‘z =1, / |un|2+|vun‘2 — 0, A’Lbn =0in B.
B Y\B

By (A.2), we deduce that (u,) is bounded in W'2(Y) and satisfies Vu, — 0 in L*(Y) while u,, — 0 in
L*(Y'\ B). It follows that u, — 0 strongly in W?(Y) in contradiction with [F |u,|* = 1.

So far we have proved (A.2) and (A.3) if B(6,p) = B(A,1/2 — ). Let us consider the general case of § € Y
and p < 1/2 such that dist (6,0Y) > p+ 4. It is easy to see that

B(0,p)=0+t(B - (4,3)) with =12

With the same transformation, we define Yy, := 6 4+ ¢(Y — (1,1)). Clearly, by affine change of variable,
inequalities (A.2) and (A.3) still hold true when we substitute Y with Yy , and B with B(6, p). For instance, the
same constant cs appears provided the homothety factor ¢ satisfies ¢ < 1. The general case follows by observing
that we have the inclusion Yy, \ B(6,p) C Y \ B(6, p). O

Lemma A.3. Let cs > 0 given in Lemma A.2 and (0, p) with dist (§,0Y) > p+4. Then for every u € WH2(Y)
verifying Au € L?(B(0, p)), there holds

2 2
[ < Au+aul +4es {14+ —1 (Jul? + |Vul?).
2 oo
dist? ( —") B(0,p) dist” (e, _pz) Y\B(8,p)

7p2
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Proof. We set B = B(0, p) and use for every u € W12(Y) the decomposition u = u; + uz, where
Au; =0 on B, up=u onY \ B, Ug = U — Uj.

Then us € W01’2(B) and as Aus = Au in the distribution sense on open subset B, we have that uy € W22(B)
and by applying Lemma A.1

dist (o, p200) [l 205 < (A0 + i — un) | 2gs) < | Au+ ull 2y + o] sl 2(s)-

Then by triangle inequality

sz < g A+ aull ) + (14 A ) ]
UIL2B) = Gist (o, p~200) Uiz dist (o, p~20) “liLz)-
The conclusion follows by applying Lemma A.2 to w; noticing that w3 = u on Y \ B. O

Remark A.4. In Lemmas A.2 and A.3 the constant ¢s blows up to infinity when § — 0. We will apply both
lemmas in the infinitesimal domain 7Y in the form of the following rescaled inequalities. Let nn > 0 and let
© € WH2(nY') such that Ap € L?(nB(0, p)). Then, provided dist (§,0Y) > p + §, one has

/ o < s / o + 72| Vel?, / o < cs / VP, (A5)
nB(0,p) n(Y\B(0,p)) nB(0,p) n(Y\B(6,p))

2
[ el e (10 0 Jof” / (ol + 7 [Vol?)
nB(0.p) dist® (., 28) | Juor\B(0.0)

2

20t «
+—1 / Ap+ S| . (A6)
dist? (a, %) nB(6,p) n
Lemma A.5. Let {X;,i=1,2,...,n,...} be a sequence of identically distributed non negative random vari-
Zn  as. o1
ables in L*(£2, A,P). Define Z, :=sup{X;,1<i<n}. Then it holds: == ** 0 and lim ~E(Z,) =0.
n n—oo M,

Proof. Let £ > 0. Noticing that the function ¢ — P({X,, > te}) is non increasing on R™ and does not depend
on n, we have:

i?’({% >5}> :ip({% >€}> </0+OOIP’({X1 > te}) dt = é]E(Xl) < 4o0.

By Borel-Cantelli lemma, it follows that P (lim sup,, {); n

N(w) such that:
ZnT(Lw) < max { ZNn(w),e} , Vn > N(w).

> e}) = 0. Thus for a.a. w there exists a finite integer

We may assume that Zy(w) is finite. By letting n — oo and then ¢ — 0, we conclude that — % 0.

n

Furthermore, since {Z, > t} C U, {X; > t} hold for every ¢, the function f,(t) := w satisfies the

upperbound f,,(t) < f(t) :=P({X1 > t}). As [;° f(t) = E(X1) < 400, we infer by dominated convergence that
E(Z e

i 220 g falt)dt = 0. O

n— 00 n n—o0 0
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