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SECOND-ORDER SUFFICIENT OPTIMALITY CONDITIONS FOR OPTIMAL
CONTROL OF STATIC ELASTOPLASTICITY WITH HARDENING

THOMAS BETZ! AND CHRISTIAN MEYER!

Abstract. The paper is concerned with the optimal control of static elastoplasticity with linear
kinematic hardening. This leads to an optimal control problem governed by an elliptic variational
inequality (VI) of first kind in mixed form. Based on LP-regularity results for the state equation, it is
shown that the control-to-state operator is Bouligand differentiable. This enables to establish second-
order sufficient optimality conditions by means of a Taylor expansion of a particularly chosen Lagrange
function.
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1. INTRODUCTION

In this paper we establish second-order sufficient optimality conditions for an optimal control problem gov-
erned by an elliptic variational inequality (VI) of first kind in mixed form. This VI models the problem of static
elastoplasticity with linear kinematic hardening. The precise statements of the VI and of the optimal control
problem will be given at the end of the introduction. The static VI has only limited physical meaning, but can
be regarded as time discretization of a corresponding quasi-static counterpart. The latter one models elasto-
plastic deformation processes at small strain and thus appears in various industrial applications. Therefore, if
an instantaneous control strategy is applied to optimize or control such an application, then the static optimal
control problem considered in this paper will arise.

Optimal control problems subject to VIs represent mathematical programs with equilibrium constraints
(MPECs) in function space. Problems of this type are known to be difficult to handle, even in the finite
dimensional case, cf. e.g. [19,26] and the references therein. These difficulties are induced by the non-smoothness
of the control-to-state mapping, which prevents the derivation of necessary optimality conditions in terms
of the Karush-Kuhn-Tucker (KKT) conditions. Instead several alternative stationarity concepts such as e.g.
Clarke(C)-, Bouligand(B)-, and strong stationarity have been introduced as necessary optimality conditions.
MPECSs in function space have been considered by many authors in various aspects, in particular concerning the
derivation of first-order necessary optimality conditions and regularization and relaxation methods, respectively.
We only refer to [1-3,16-18,23,25]. In [14, 15] C- and B-stationarity conditions for optimal control of static
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elastoplasticity are derived. Moreover, the necessity of strong stationarity for local optimality is established
in [15] for an academic problem involving an additional, physically meaningless control function.

While second-order sufficient conditions for optimal control of PDEs are well investigated, see e.g. [4,6,7]
and the references therein, the literature on sufficient optimality conditions for optimal control of VIs is rather
rare. To the best of our knowledge the only contributions in this field are papers by Mignot [22] and by Kunisch
and Wachsmuth [20]. Mignot proved that the obstacle control problem is convex if the desired state is behind
the obstacle and thus not reachable. Kunisch and Wachsmuth presented sufficient conditions for the optimal
control of the obstacle problem in the general case. In a follow-up paper [21] these conditions are used to design
an efficient path-following algorithm based on a Moreau— Yosida regularization. Sufficient optimality conditions
for optimal control of VIs that are not of obstacle type, such as static elastoplasticity, have not been discussed
so far.

Furthermore, there are only few differentiability results concerning VIs which are not of obstacle type. For the
static elastoplasticity system under consideration Herzog et al. showed in [15] that the solution mapping associ-
ated to the VI is weakly directionally differentiable. This is however not sufficient for a substantial second-order
analysis. Therefore the main step towards second-order sufficient conditions is to improve these differentiabil-
ity results. To be more precise, we prove that the solution operator is Bouligand differentiable in appropriate
spaces under mild assumptions on the data. Once this result is proven, the derivation of second-order conditions
is then rather straight forward. In particular the analysis of [20] can be adapted to optimal control of static
elastoplasticity.

The outline of the paper is as follows: After fixing the notation and stating the precise problem and the
standing assumptions in the remaining part of this section, we will present some known and preliminary results
in Section 2. The Bouligand differentiability is shown in Section 3. Finally, Section 4 is devoted to the derivation
of the second-order sufficient conditions.

Notation

In all what follows £2 C R%, d = 2,3, is a bounded Lipschitz domain with boundary I". The boundary consists
of two disjoint parts I'y and I'p. Throughout the paper vectors and tensors are denoted by bold-face letters.
We denote by S := ngxrg the space of symmetric d X d matrices endowed with the Frobenius norm. For o, 7 € S
the associated scalar product is denoted by o : 7 =", ; OijTij- The symbol X’ is used for the dual space of a
normed space X. The space of linear and continuous operators from a normed space X into a normed space
Y is denoted by £L(X,Y). If X =Y, then we sometimes simply write £(X). Moreover, we define the following

abbreviations
WEP(2;RY) = {u € WHP(2;RY) :w =0 on I'p},
V= W5 (2;RY),
Wp P (2;RY) == (WS (2;RY),
U := L*(I'y;RY),
S = L*(§%;S).

The dual pairing between V and V' is denoted by (-, -) and the scalar product in L2-type spaces such as
L2(02), S, and S? is always denoted by (-, -). Furthermore, throughout the whole paper, ¢ > 0 represents a
generic constant.

Statement of the optimal control problem

Let us state the VI of first kind associated to static elastoplasticity with linear kinematic hardening: Given
an inhomogeneity ¢ € V' find generalized stress X = (o,x) € S? and displacement w € V so that X € K and
(A, T-X)+(B*'u, T—-X)>0 foralT ek }

VI
BX=/( inV’ (V1)
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is satisfied. The quantities in (VI) are defined as follows: For X = (o, x),T = (7, ) € S? and v € V the linear
operators A: S? — S2 and B: S2 — V'’ are defined by

(AX, T) = /

TZC710d$+/MZH71Xdl‘ and (BX, v):—/azs(v)dx.
e Q 2

Herein C~!(z) and H~!(x) are linear maps from S to S, which may depend on the spatial variable x, and
e(v) = 1/2 (Vv + (Vo)) is the linearized strain tensor. The closed and convex set K C S? of admissible
stresses is determined by the von Mises yield condition, i.e.,

D D2 _ 2
K:={¥Yec8?:¢(X)<0aec in 2} with ¢X)= [ +X2 s =3, (1.1)

Here P = o — 1/d(trace o)l is the deviatoric part of . It will be convenient in the following to abbreviate
D D
o~ +x~ by
DX =oP +xP.

e (DX
D'DY = (DE>

Note that

holds. For a detailed introduction into this and other common plasticity models we refer to [11].
With (VI) at hand the optimal control under consideration reads

Minimize J(u,g)
s.t. the plasticity problem (VI) with £ € V' defined by

<E,v>:—/ g-vds, veV,
I'n

where J: V x U — R denotes a given objective functional.

Remark 1.1. Due to Sobolev’s embedding theorem the source term ¢ as defined in (P) is not just an element
of V' but satisfies £ € W, "* for d =2 and £ € W, " for d = 3, (¢f. also Sect. 4).

Standing assumption. The following assumption is supposed to hold throughout this paper:

Assumption 1.2.

(1) The domain 2 C R? d € {2,3}, is a bounded Lipschitz domain in the sense of Chapter 1.2 from [9]. The
boundary of {2, denoted by I, consists of two disjoint measurable parts 'y and I'p such that I' = I'yUIp.
While I'y is a relatively open subset, I'p is a relatively closed subset of I" with positive measure. Furthermore
we suppose that the set {2 U I'y is regular in the sense of Groger (cf. [8], Def. 2).

(2) The yield stress og is assumed to be a positive constant.

(3) C=! and H~! are elements of L>(§2;L(S,S)). Both C~!(x) and H~!(z) are assumed to be uniformly
coercive on S. Moreover, we assume that C~! and H~! are symmetric, i.e. 7:C 1(z)o = o : C™1(x)T and
an analogous relation holds for H™! for all o, T € S.

Some words concerning this assumption are in order. If £2 C R? is a bounded Lipschitz domain, then 2 U Iy is
regular in the sense of Groger, iff 02\ I'p N ['p is finite and no connected component of I'p consists of a single
point, ¢f. [10]. For d = 3 the set 2 U I'y is regular in the sense of Groger, if the boundary 0I'p within 942 is
locally bi-Lipschitz diffeomorphic to the unit interval (0, 1). Sufficient conditions for this are given in [10]. We
point out that a broad class of non-smooth domains is regular in the sense of Groger.
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The conditions in Assumption 1.2, (3) are for instance fulfilled by isotropic and homogeneous materials, where
the compliance tensor is given by

g = ﬁa — mtrace(a)I

with Lamé constants ;¢ and ). In this case C~! is coercive provided that p > 0 and d A + 2 > 0. A common
example for the hardening modulus is given by H™'x = x/k; with the hardening constant k; > 0 (see [11],
Sect. 3.4).

2. KNOWN AND PRELIMINARY RESULTS

In the following we recall two well-known results concerning (VI) which will be useful in the sequel. Further-
more we establish a new regularity result for the solution of (VI), see Theorem 2.4 below.

Proposition 2.1 ([12], Props. 3.1, 3.2 and Lem. 3.3). For every £ € V', problem (VI) possesses a unique
solution (X, u) € S x V.

Based on this we can introduce the solution operator associated to (VI):

Definition 2.2. The control-to-state map V' 3 £ +— (X, u) € S? x V is denoted by G. We sometimes consider
G with different domains and ranges. For simplicity these operators are also denoted by G.

By introducing a slack variable the variational inequality in (VI) can equivalently be reformulated by means
of a complementarity system:

Theorem 2.3 ([14], Thm. 2.2). Let £ € V' be given. The pair (X,u) € S x V is the unique solution of (VI)
if and only if there exists a plastic multiplier X € L?(§2) such that

AX + B*u+ \D*DX =0 in S (2.1a)
BEY =/( inV, (2.1b)
0<ANz) Lo(X(z)) <0 ace in {2 (2.1c)

holds. Moreover, X is unique.

If the inhomogeneity ¢ in (VI) is slightly more regular, then one can improve the integrability of the solution
of (VI), as shown in the following. This result is essential to prove the Bouligand differentiability of G in
Section 3.

Theorem 2.4. There exists p > 2 such that for all p € [2,p] and for any £ € WBl’p(Q; R?), the unique solution
(X, u) of (VI) belongs to LP(§2;S?) x W}D’p(Q;Rd). There exists L > 0 such that

X — ZQHLP(Q;S2) + Jlur — u2||WL1;p(Q;Rd) <L|t - gQHWB“’(Q;Rd) )

i.e., G is Lipschitz continuous from W' P(2;RY) to LP(£2;S?) x WP (2;R?).

Proof. The arguments are similar to [27], Theorem 4.4.4 and Proposition 4.4.5. We aim to apply Theorem 1.1
of [13]. To this end, we will reformulate (VI) and (2.1), respectively, as a single nonlinear PDE in u, cf. (2.7)
below, and verify Assumption 1.5(2) of [13] for the underlying nonlinearity.

Let (X, u) be the solution of (2.1). Testing (2.1a) with (7,0), 7 € S, we find Clo — e(u) + A\DX =0 a.e.
in 2. If we test with (0, i), p € S, we arrive at

H'x +\DX =0 ae.in §2. (2.2)
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Combining both equations yields
Clo—e(u)—H 'x =0 ae. in 2. (2.3)

Next we derive a pointwise form of (VI). The arguments are standard. For convenience of the reader we shortly
recall them. Let 29 be an arbitrary Lebesgue point of C™1, o, H™!, x, e(u) and their products arising in the
sequel. Moreover let (7, 1) € K be given, where K := {T € S? : ¢(T) < 0}. With p > 0 such that B(zo, p) C 2,
we define

~ o~ (T’IJ‘)v a:EB(aso,p)

T, ) =

( N) {(0'7X)v T e .Q\B(.To’p)
Obviously, (7, ft) is an element of K. Testing (VI) with (7, 1) yields

1
< — Clo:(r—o)+H 'x: (p—x) —elu): (r —0o) da.
|B(x03p)‘ B(zo,p) ( ( (

We take the limit p \ 0 and obtain

C ! (wo)o(x9) : (T = a(0)) + H ' (xo)x(20) : (1 — x(20))
—e(u(xzg)) : (T — a(zp)) > 0.

Since almost every point in {2 is a common Lebesgue point of C™1, o, H™!, x, and (u), there holds f.a.a.
x €2
CH(@)a(x): (T —o(x)) + H H(2)x(z) : (1 — x(2))

—e(u(x)): (r—0o(x) >0 V(r,pn) € K. @4)

Now we insert (o (z), ) into (2.4), which results in
H(x)x(x) : (u—x(x)) >0 for all u €S such that (o (), u) € K.

This is the necessary and sufficient optimality condition for the convex problem

il
min — _
[J,ER*O’(:E) 2 I H 1(3?)

(S

with K := {7 € S: (7,0) € K}. Herein the norm induced by H~!(z) is defined by lellg-1(z) = (H Y (z)p:p)2.
Note that p € K — o(x) is equivalent to (o(x), u) € K. Therefore we have f.a.a. x € 2

x(x) = Projy_ ) (0) = Projy. “(a(x)) - o(x), (2.5)

-1
where, for a given closed and convex set £ C S, Pro jﬁg @) denotes the orthogonal projection on E with respect
to the norm induced by H~!(x). Inserting (2.5) in (2.3) yields

C M (2)o(z) + H (@) (0(z) — Proj (o(z)) = e(u)(x) ae. in 2, (2.6)

We define M,: S — Sby o — C }(z)o —|—H*1(x)(0'—ProjHI-I{1 (@) (o). In view of the monotonicity of H=!(z)(o —

Projﬂgl(z)(a)) (see, e.g., [12], Lem. 4.1), we have for every o, 7 € S

(My(0) = My(7), 0 = 7)g = (C (@) (0 —7), 0 —7)g = m|o — 73,
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where m is the coercivity constant of C~1. Thus M,(-) is strongly monotone and coercive because of M, (0) = 0.

()

-1
Due to the boundedness of C~! and H~! and the non-expansiveness of ProjHI{E( with respect to the norm

induced by H~!(z), there exists m > 0, independent of o, 7 and z, so that
My (o) = Ma(T)l[g <Ml — 7lls -

Thus, thanks to the Browder—Minty theorem the inverse M !(-) w.r.t. o exists fa.a. z € 2. Let us define
M~ (z,0) := M (o) fa.a. z € 2. Then (2.6) is equivalent to o = M ~!(-,e(u)) and hence, due to (2.1b), u
is a solution of

/QMfl(-,E(u)) re(v)de=—({,v) YvelV, (2.7)

which is the desired nonlinear PDE in the displacement field only. In order to apply Theorem 1.1 of [13], we have
to verify that M ~! satisfies ([13], Assumption 1.5(2)), i.e., M ~1(-,0) € L*°(£2;S), M~1(-, &) is measurable, and
M~" is Lipschitz continuous and strongly monotone w.r.t. o f.a.a. x € (2.

The strong monotonicity of M,(-) implies that M, !(-) is Lipschitz continuous with Lipschitz constant 1/m,
thus independent of x. Due to

(M (o) = M (), 0 = 7), > m/m* o — 7|2,

M1 is also strongly monotone. Moreover, M~1(-,0) = 0 € L°(£2;S). Hence it remains to show that
M~1(z,0) is measurable with respect to z. As C~!, H~! are measurable, there exist simple functions
C,LH, ! € L=(5;L(S)), n € N, with ||C™ () —(C;l(x)Hﬁ(S) — 0 and |[H '(z) —H;l(w)Hﬁ(S) — 0 fa.a.
x € £2. Thus, there exists N© € N, depending on z, such that 7: C,*(z)T > m/2 HT||§ for all n > NE. The
same holds true for H,,'. We define

X C:'(z), n>NC . H:'(z), n> NE
—1 n ’ i x —1 n ) i x

= d H =

G (@) {]IS, else a n (@) Is, else,

where Is: S — S denotes the identity. Obviously Cﬁ L. — S, ]EI; L. 2 — S are simple functions. Moreover
C,Y(x),H, (z) € S are coercive and C,'(z) — C7!(x) and H,'(z) — H '(z) faa. z € {2. Analogous

n n n
~ ~ —1
arguments as for M, show that M?:S — S, defined by o — C,'(x)o + H,(z)(o — ProjH;—I(” (I)(O')) €S,
is invertible f.a.a. x € 2 and the inverse (M?)~!(-) is Lipschitz continuous with Lipschitz constant L? =
max(1,2/m), independent of n. By construction M"(z,0) := M"(o) and (M") " (z,0) = (M?*)"!(o) are
m—1

) _
simple functions with respect to z. For x := Projﬂg{ (x)(o') and x,, := ProjH;—I(" m)(o') we find

0<H '@)(x —0): (X, —x) +H, (@) (X — 0) 1 (X — X0)
=Ml (z) - H, (@) (x — ) : (xn — x) —H, (@) (0 = X) : (X0 — X)-

The uniform coercivity of H; () thus implies |[H~!(z) — H;l(x)ﬂﬁ(g) Ix —alls > cllx,, — x|ls and therefore
Ix,, — xl|ls = 0. Hence {x,,(x)}nen is bounded in S. Consequently it holds

1M2(0) = Ma(o)lls = || (€1 @) = € @) + (B, (@) ~ H @) + H - @)x — L, (@)x,

S

< (@) - C @l + | B @) - B @) ) 1l

n— 00

+ HH’I(x)Hﬁ(S) Ix = xalls + HHil(x) B H:]I:LI(QJ)HL:(S) xnlls !
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and thus f.a.a. x € 2
(M) @, 0) = M7z, 0)||g = [|(Mg) " (M (M) (0) — (M)~ H (MG (M ()
<Ly [|MR (M)~ o) — M (M (o)]|
=max(L,2/m) | Mz(M; (o)) — M3 (M (a)[|g = 0,
so that M ~1(-,0) is indeed measurable. Alltogether we have shown that
M~1(-,0) € L=(£2;8),
M~Y(-, o) is measurable,
(M Yz,0) = M~ Yz,7), o — T)S > % o — 'r||§,
| M~ (2, 0) = M~ (,7)|| < é o — 7]l
fa.a. x € 2 and all o, 7 € S. Therefore M~ satisfies Assumption 1.5(2) in [13], and Theorem 1.1 (cf. [13]),
implies the existence of p > 2 such that, for all p € [2,p] and every ¢ € W,;l’p(ﬁ; R%), (2.7) admits a unique
solution w € W5P(2;R?). Moreover, the associated solution map W, ?(2;R?) 5 £ — u € WHP(2;R?) is
Lipschitz continuous for all p € [2,p]. As M_ ! maps LP(§2;S) Lipschitz continuously into itself with Lipschitz
constant 1/m, we conclude that o = M~1(-,e(u)) € LP(£2;S). Finally, since H~! is uniformly coercive by
Assumption 1.2, (2.3) implies x € LP(£2;S), and both o and x depend Lipschitz continuously on w and thus
on /. B
Remark 2.5. We underline that the proof of Theorem 1.1 from [13], adapts a technique introduced by Groger

in [8] for scalar second-order differential operators to the case of nonlinear elasticity. For this purpose Assump-
tion 1.2(1) is required.

Let us shortly comment on the existence of globally optimal controls for (P). Based on the Lipschitz continuity
of G: U — V the following existence result can be proven by standard arguments:

Proposition 2.6. Let J: V x U — R be weakly lower semicontinuous and let R > 0, g € U exist such that
J(G(g),9) 2 J(G(g),9) Vg €U with ||g —gll, > R,
then there exists a globally optimal solution of (P).

Note that we cannot expect the solution to be unique due to the nonlinearity of G.

3. BOULIGAND DIFFERENTIABILITY

In this section we establish the Bouligand differentiability of G : ¢ — (X, u) from ng’p(Q; R%) to % x V.
This result will be the essential tool to verify the sufficiency of our second-order conditions in Section 4. Before
we are in the position to prove the Bouligand differentiability, we have to recall a directional differentiability
result from [15] and derive some auxiliary results for the directional derivative.

Throughout this section let £ € Wp Lp (£2;R?) be fixed but arbitrary and denote the associated state by
(X, a, ), ie, (X, a,\) €S xV x L?(f2) solves

AY + B*u+ \D*DX =0 in S (3.1a)
BX =( inV/, (3.1b)
0<Ax) Lo(X(x)) <0 ae. in 2. (3.1c)
Then we define the following subsets of {2 up to sets of zero measure:
Ag = {x € 2: A=) > 0}, (3.2a)
B:={rec2:¢(X(x)) = Az) =0}, (3.2b)
I:={xec:¢(X(x)) <0} (3.2¢)
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The following theorem covers the directional differentiability of G in a weak sense:

Theorem 3.1 ([15], Thm. 3.2). For every £ € V' and every 6( € V', the control-to-state map G: V' — S* x V
is directionally differentiable at £ in direction 6¢ in a weak sense, i.e., there exists 0,G({;00) € S x V such that

G +t50) —G() |

; SwG(;80)  ast ™\, 0.

The weak directional derivative 6,G(0;6€) is given by the unique solution (X',u') € Sy x V of the following
variational inequality:
(AZ', T - %) + (B, T — %)
+ (N DX DT -X"))>0 foralTeS,, (3.3a)
BX' =, (3.3b)

where the convex cone Sy is defined by

Sp={T €S VDT €S, DZ(x):DI(z) <0 ae. in B,
DX (z):DT(z) =0 a.e. in Ag}.

Again the VI in (3.3a) can be reformulated by means of a slack variable:

Theorem 3.2 ([15], Prop. 3.13). Let £ € V' and 6¢ € V' be given and let (X,u,)) be the state and plastic
multiplier associated with £. A pair (X', u') € S? x V is the unique solution of (3.3) if and only if there ewists
a multiplier N € L%(£2) such that

AY + B*u + \D*DX + ND*DE =0 in S? (3.4a)
BXY' =4t in V', (3.4b)

R>)N(r) LDY:DX'(2) =0 a.e. in As, (3.4c)
0<XN(z) LDX:DX'(2) <0 a.e. in B, (3.4d)

0=MN(z) LDY:DX'(z) €ER ae inl (3.4e)

holds. Moreover, N is unique.

Under more restrictive assumptions we will sharpen the assertion of Theorem 3.1. To be more precise we
require

Assumption 3.3.

(i) Let £,6¢ € W,;l’p(Q; R?) with p € (2,p] and p given by Theorem 2.4.
(ii) The solution of (3.1) satisfies x € L*(£2;S) with

2p

> 3.5
s p—2 ( )
Moreover we set sp
= . 3.6
9 S+p (3.6)

Note that ¢ > 2 and p’ < q < p due to (3.5), where p’ is the integrability exponent conjugated to p, i.e.,
1/p+1/p =1.
Remark 3.4.

(i) If the right hand sides ¢ and 6/ in (3.1) and (3.4) are elements of U = L?(I'y;R?), and thus feasible controls
for (P), assumption (3.3) (i) is automatically fulfilled (¢f. Rem. 1.1).
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(ii) Note that we assume the higher integrability (3.5) only for the particular solution x of (3.1), where the
control-to-state map is differentiated. Later on, in Section 4, this will be a fixed stationary point of (P).
Let us point out that we do not assume the control-to-state operator G' to map from W, Lp (£2;R?) into
LP(2;S)x L*(£2;S) x Wé’p((); R?) (¢f. Thm. 2.4). Nevertheless such higher integrability of the solution could
probably be proven, provided that the data of the problem are sufficiently smooth. This is for instance the
case, if volume loads are applied without mixed boundary conditions, i.e., I'p = 942, and 9f2, C, and H are
sufficiently smooth (cf. e.g. [24], Thm. 5.2).

For the rest of this section we suppose Assumption 3.3 to hold.
Next let us consider the following perturbed problem:

AX + B*u+ \D*DX =0 in S (3.7a)
BXY =0+ inV, (3.7b)
0<Az)Lo(X(x) <0 ae in 2 (3.7¢)

Clearly, (3.7) admits a unique solution. For the difference to the solution of (3.1) we find:

Lemma 3.5. Let (X,)\) and (X,)) be given by the solution of (3.1) and (3.7), respectively. Then it holds

(1) ||E - 2”};7(952) S L H6€||W—1,p(Q;Rd)7

(i) DX —DX —0in L™(2;S) for all 1 <m < oo, if 3¢ — 0 in W, P(2;RY),

(iii) A - )‘HLq(Q) < |0l 5 1r (oipa)-

Proof. Let (64n)nen € W5'P(£2;R%) be an arbitrary sequence with 6, — 0 for n — 0 and let (¥, ;) be
given by the solution of (3.7) with right hand side £ + 0/,,. Assertion (i) follows directly from Theorem 2.4.
To prove (ii), observe that |DX,(z) — DZ‘(J;)HS < 209 a.e. in 2, i.e., DX,, — DX is bounded in L™((2;S).

In addition we know DX, (x) — DX(x) — 0 a.e. on {2 because of (i). Consequently Lebesgue’s theorem of
dominated convergence implies (ii). From (2.2) and (3.1c) one deduces the following characterization of A

02N =\DX DY = -H 'x:DX¥ ae. in 2. (3.8)
Completely analogously one shows o3\, = A\,DX,, : DX, = —H 'y, : DX, a.e. in 2. Hence it holds
_ 1 L _ B B
A= A=~ (-H'x: (PX, -DX)-H '(x,, —X): DX,). (3.9)
0

Thus, due to (3.6) and (i) we obtain

| An — AHLQ(_Q) <c (H56| Le(2s) IPZn — DSHLI’(Q;S) +oolxn — XHLQ(Q;S))
< clldlullzrr@me)
which establishes (iii). O

To establish a regularity result for the directional derivative (X', u/, \') let us now consider another perturbed
problem:

AXY, + B*us + \D*DX, =0 in S?, (3.10a)
BX, =(+t5l inV’, (3.10b)
0< M(z) Lp(Xi(z)) <0 ae. in 2 (3.10¢)

with ¢ > 0 given.
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Lemma 3.6. Let (X, ) be given by the solution of (3.1), (X¢,\;) by the solution of (3.10) and (X', \') by the
solution of (3.4). Then it holds

(i) ZE o 5 in LP(2;S?) as t \,0,

(ii) 22—~ X in L9(02) as t \, 0,
(i) [Nl Loy < clléllly-1r(opay and HZ/HLP(Q;S'Z) < Llo€llyy ;e (opa)-

Proof. Let (tn)neny C RT be an arbitrary sequence of positive real numbers converging to zero and let (X, , Ar,,)
be given by the solution of (3.10) with right hand side ¢ + ¢,,6¢.

(i): According to Theorem 3.1 we know (X, — X)/t, — X’ in S?. Moreover it holds

n

2, -
2

< LI6ll =10 (g a) (3.11)
Lr(02;8?)

because of Theorem 2.4. Thus there exists a subsequence converging weakly in LP(£2,S?). The uniqueness
of the weak limit therefore implies (i).

(ii): Analogously to (3.9), one shows that

Ao A1 DY, - DX ~x
t”i == <_H1X . tn o H—l th X
tn og

:D2%>. (3.12)

t'fL n

Due to (i) and (3.6) it holds H !'x : (DX, — DX)/t,, — H 'x : DX’ in L(§2). If we choose m = s,
Lemma 3.5 (ii) implies H™'(x,, — X)/tn : DXy, — H'x' : DX in L(£2). Consequently, (A, — A)/t, —
1/0d (-H'xDX' —H 'x/:DX) in LY(f2). Since DX’ : DX = 0 ae. in A, A = 0 ae. in B and Z, ¢f.
(3.4c), (3.2), and (3.1c), we have ADX’: DX = 0 a.e. in §2. In view of (2.2) we thus know

H'x: DX = -\DX' :DX¥ =0 ae. in . (3.13)
Hence _
i, — A 1 -
e Z S H ' DX in LIY(0). (3.14)
tn o

Testing (3.4a) with (0, i), p € S, yields
H 'Y + \DX' + DX =0 ae.in 0. (3.15)
Because of (3.2), (3.1c), and (3.4c)—(3.4e) one deduces 03\ = NDX : DX a.e. in {2 and therefore
ooN =-H'x':D¥ - \DX' . DX. (3.16)

Thus, (3.13) yields N = —1/02H"'x’ : DX, which together with (3.14) implies (ii).
(iii): In view of (i) and (3.11) it holds HZ’HLP(Q;SQ) <L HMHWELP(Q;W). From (3.6) and (3.12) we furthermore

deduce
‘ <c <|>-<| )
L49(R) La($2;8)

<c ”(%”VVBLP(Q;R(!)
and hence (ii) gives ||| 4(o) < c\|5€||W51,p(Q;Rd). O

At, — A

ln

Xt, — X
tn

+ 09
LP(£2;S)

‘DZ%—DZ
tn

L*(£2;S)
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Corollary 3.7. For u’ given by the solution of (3.3) there exists a constant ¢ > 0 such that
!/
| ||W11)*1”(_Q;]Rd) <c H‘%”WBLP(Q;Rd) .

Proof. Let T € S be arbitrary and deﬁneAT €S2by T := (1, —7). Due to DT = 0 it then follows T+ X' € S;.
Thus we are allowed to test (3.3a) with T'+ X, which together with Lemma 3.6 (iii) yields

/Qs(u') 7 de < (AS,T) < |2 g 17l

<c HM”WBLP(Q;W) 1Tl e 2y VT ES

By the Hahn—Banach theorem e(u’) can thus be extended to a functional on LP (£2;S) and Korn’s inequality
gives the claim. O

Now we are ready to prove the main result of this section.

Theorem 3.8. Let (X, u,)\) be the solution of (3.1), (X,u, ) the solution of (3.7) and (X', u’, \') the solution
of (3.4). Then it holds

|- 55|+ u—u—|, =o (||5£||W51,p(Q;Rd)) : (3.17)

i.e., G is Bouligand-differentiable from ng’p(ﬂ; R%) to S? x V.

Remark 3.9. We point out that a norm gap is needed for the proof of Theorem 3.8, i.e., we were not able
to show Bouligand-differentiability from V' to S? x V, but we need ¢, ¢ € Wp Lp (£2;R?). However this is not
surprising since such norm gaps are commonly needed for the differentiability of nonlinear operators and also
appear in the proof of Fréchet-differentiability for quasi-linear equations (see e.g. [28]).

Proof of Theorem 3.8. Let (04y,)nen C WD_l’p(Q;Rd) be an arbitrary sequence with ¢, — 0 for n — 0. Fur-
thermore by (X, u,,\,) we denote the solution of (3.7) with right hand side ¢ + §¢,, and by (X!, u/,, \,)
the solution of (3.4) with right hand side §¢,. By subtracting (3.1a) and (3.4a) from (3.7a) and testing with
X, — X - X we arrive at
(AZ, -2 -3), 2, - Y -3+ (B (up—u—u,), X, - ¥ - X)
=:I; (318)
+ (\DE, — ADE — ADX!, - \,D¥, DX, —- DX — DX,) = 0.

Thanks to (3.1b), (3.7b) and (3.4b) we know B(X, — ¥ — X") = 0 such that I; = 0. Since C~* and H~! are
uniformely coercive, the linear operator A induces an equivalent norm on S? so that (3.18) implies

BT - (AZ, -2 X)), 5, - Z X))

:_/Q\x/npzn_m_ngng dz

20 >0

= (3.19)
- /Q()\n —X\-\,)DX,: (DX, - DX - DX') dx

- / \N.(DX, —DX): (DX, - DX —DX')de < I, + I, + I, + I,
2

where
Ig:= _/ X, (DX, -DX): (DX, - DX - DX dz.
I}
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Moreover, I is given by

I = _/ (= A= XD, : (DX, — D5 — DX",) du,

As
and I, and I; are defined by the analogous integrals on B and Z, respectively, where A, B and T are as defined
n (3.2). Note that A, UBUZ = §2. By Lemma 3.5 there exist subsequences \,, and X,, with A, (2) — A(z)
and X, (r) — X(x) a.e. on £2. For the sake of convenience we denote these subsequences again by ), and X,,.
Next we will estimate I, I, I; and I, separately.

Estimation of 1o:
According to (3.6) there exists m > 1 with % + L + 1 =1 such that Lemma 3.6(iii) implies

10 £ Wl [DZ0 - DS, g [P, - D5 - DI .
SC”(MnHWL_)“’(Q;Rd)HDZ DZHL"’(QS)HZ - -3 .

nllse -

Estimation of I:

If © € As, then it holds A(z) > 0 and (3.1c) gives ¢(X(x)) = 0. Due to pointwise convergence and the
complementarity (3.7c) there exists N, € N, depending on z, such that A,(z) > 0 and ¢(X,(z)) = 0, i.e.,
|DX, (z)||g = o0, for all n > N, and f.a.a. z € A,. From Lemma A.1 we conclude

DE(2) : (DZ(x) - DX, (x))

“ PR, [P e @), | o

ls

Obviously it holds |z, (z)| < 1 and hence Lebesgue’s dominated convergence theorem yields
2z, — 0 in L8(A,) forall 1< ¢ < oo. (3.21)
Since DX : DX’/ =0 a.e. in Ay, cf. (3.4c), one obtains

I, - _/_ (Aw — A~ \,)(DE, - DE): (DX, - DE — DX.,) dx

s

4 / (= A= No)za [DS], | DE, - DE|, do.

s

Again, by (3.6) there exist m > 1 and £ > 1 with % +Ll+1l=1and % + % + % = 1. Thanks to Lemmas 3.5
and 3.6(iii) we thus arrive at

L < [ = A = Xl o) 120 - DE,

L (2:8) |PX, - DY - DX,

+ 00 H/\” — - )\;lHL(I(Q) HZTLHLE(A ) 2 - EHLP (12;52)
< C”MHHW;,“’(Q;M) HDS DZHL’W (2;5) HZ Y-

nllse

(3.22)
allse

2
tc ||5‘€TLHW51*”(Q;R4) ”ZTLHLE(AS) .
Estimation of Ip:

For = € B, one finds ¢(X(z)) =
or A, (x) > 0 and thus ¢(X,(x))

A(x) = 0. Hence we have either \,(z) = 0 and consequently \,(z) — A(z) =0
=0, i.e., [|[DX,(z)|s = 0o. Then Lemma A.1 yields that

_ -1 _
(An = NDZ: (DE = DE,) = (A = N3 [PZ -~ DI 2 (3.23)
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in both cases. Moreover we know that MDY DX =N, DX:DX! =0ae. in 2 and DX:DX/ <0and 0 < N,
a.e. in B, ¢f. (3.2) and (3.4c)—(3.4e). Therefore we obtain

I, = _/(/\n - )\;L)Dzn : (Dzn -DX - DZ‘LL) dz
B

= / A —A—X,) (DX, —DX): (DX, — DY — DX dz
B

+ / (A~ NDE: (DE —DZ,) + A\, DE: DX, —XDE: 5] da
B ~~

>0 <0 =0

+/[A;(DS:D2n —|pZ|}) - N, pE: DX da

B —— ——
=02 =0

<- / (A — A= \.)(DX, - DX): (DX, — DX — DX’ dz

B
+/(>\n —\DE: (D5 -DX,) dz +/ X, (00 |DEnlls —02) da
B BN~~~ N——

>0 <oo

<- / (A — A= \,)(DX, - DX): (DX, — DX — DX’ dz
B

-1 _ 9
+/B(>\n ~ N3 [T = DZn; dz,

where we used (3.23) for the last estimate. Thus, as in (3.22) there exist m and ¢ with % +L+1=1and
%—l—%—i—%:l,sothat

Iy < H)‘" —A- /\;LHLq(Q) ||D2n o D2| L™ (§2;8) HDE” ~-DX - D2;L||SQ
1 < _ _
+ 9 H>‘n - )\HLQ(Q) HDZH - DZHLé(Q;S) Hzn - ZHLP(Q;S2) (3.24)
<c H‘%n”vvglvp(n;ned) D2 — DSHLW(Q;S) [Zn — X - 2;”52

+c ||5fn||€vgl»P(Q;Rd) ||D2n - DEHLE(Q;S) :

Estimation of I;: B B
For € T there holds ¢(X(x)) < 0 and A(z) = 0 in view of (3.1c). Due to the continuity of ¢, the pointwise
convergence and the complementarity (3.7c) there exists N, € N such that ¢(X',(z)) < 0 and A, (z) = 0 for all
n > Ny and for a.a. € Z. In particular this implies (A, — A)/ [|6€n[yy-1.5(,gay — 0 a.e. in Z. Furthermore we
know ||A, — XHLQ(I(@) /Nl 1.0 (0:ray < ¢ Vn € N with 2 < g, ¢f. Lemma 3.5(iii) and (3.6). Thus, Lemma A.2
implies ~
A — A . o=
Wy = — 0 in L*(7). (3.25)
||6EVLHW51”’(Q;R4)

Due to (3.4e), it follows
L= [()\n ~A-\N.)DX,: (DX, - DE - D) dx
T
- /jwn 160l yp—1.0 20y DZn : (DEy, — DE — D) da (3.26)

< 00 lwnllp2iz) 16€nlly-1r(@upa) | Zn — 2 = 2 |l -
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In summary, (3.20), (3.22), (3.24), and (3.26) together with (3.19), Lemma 3.6(iii), and Young’s inequality
yield

— N2

1% - % - 2 ||

S 2
<c (HDSn ~ D ) + \|wn\|L2(f))

2
||6£7l||W51"’(Q;Rd) (3.27)

¢ (e + [DZn = DE| e ) =0,

where we used Lemma 3.5(ii), (3.21) and (3.25) to pass to the limit.
To prove the remainder term property for u, we subtract (3.1a) and (3.4a) from (3.7a) and test the arising
equation with

T = (e(u,) —e(a) —e(ul), —e(u,) +e(u) +e(u,)) € S?

so that - - ~
(A(Zy - 2= 37), T) + (B*(un — w —u,), T)
+ (MDX, —A\DX - \DX! — N, DX, DT) = 0. (3.28)
=:15

is obtained. As DT = 0, it holds I, = 0, and Korn’s inequality implies

n

<clu, _"_’J_'UJQLHV HEn -3- E;HSr

a8~} < (Bt — ), T) < e(A(S, — 5= ). ) 520)
Hence (3.27) gives [|u, —a —ul,||, / H(%"”WBI”’(Q;HM) — 0.
Since the above arguments hold for every subsequence of (X, w,, \,), a standard argument implies (3.17)

for the whole sequence. O

In view of Lemma A.2 we can enhance the result of Theorem 3.8.

Corollary 3.10. Let (X,u,)\) be the solution of (3.1), (X,u,)) the solution of (3.7) and (X', u',\) the
solution of (3.4). Then it holds

12 = 2 = 5 1o ey + I = @ = @l oy = 0 (18610 oz (3.30)
forall1 < 3 <p.

Proof. As in the proof of Theorem 3.8 let (64,,)nen C WD_l’p(Q;Rd) be an arbitrary sequence with ¢, — 0
for n — 0. Furthermore by (X, u,, \,) we denote the solution of (3.7) with right hand side ¢ + 6¢,, and by
(X ,ul, \) the solution of (3.4) with right hand side 6¢,. Thanks to Theorem 3.8 there exist subsequences,

denoted in the same way, such that
Y, -r-x

H(%”WBLP(Q;]M)

Uy — U — U,

— 0 a.e. in §2, — 0 a.e. in £2.

”(MHWBLP(Q;DW)

Moreover these subsequences are bounded in LP(§2;S?) and Wlljp (£2;R?), respectively, c¢f. Theorem 2.4,
Lemma 3.6 and Corollary 3.7. By Lemma A.2 we get (3.30) for the subsequences and a standard argument
gives (3.30) for the whole sequence. 0

Theorem 3.8 entails two consequences stated in the following corollaries:

Corollary 3.11. Let the multipliers A\, A\ and X' be given by the solutions of (3.7), (3.1) and (3.4), respectively.
Then it holds

B () (3.31)
forall1 <~y <gq.
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Proof. In view of (3.8), (3.16) and (3.13) it holds

GEA=A=N)=—H 'x: DX +H 'x: DX +H 'x': DX
=-H'(x-x):(P¥-D¥)-H '(x -x-x'):D¥
~H 'x: (DX -DX - DX).

Since ¢ = 1/(1 + %), cf. (3.6), every v < ¢ can be written as y = 1/(1 + %) for some [ < p. The boundedness

||Df](w)||S < 0p a.e. in {2 implies

A=A=N <clx = Xllzs(ag) |[DZ - DI

HL’Y(Q)

Ls(£2;S)
+ellx —x =Xl nse)
+ x| L (2:8) ||2 -2 2/||Lf’(Q;S2) :
Thus Corollary 3.10 and Lemma 3.5 yield the claim. O

Corollary 3.12. For all 1 < 3 < p the control-to-state map G: ng’p(Q;Rd) — LP(12;$?) x W,;"@((Z;]Rd) is
directionally differentiable at £ in direction 50.

Furthermore the mapping ng’p(ﬂ; R%) > ¢+ X\ € LY(£2) is directionally differentiable at £ in direction ¢
forall1 <~ <q.

Proof. Since S; is a cone, the mapping 0/ + 6G(¢,0¢) is positively homogeneous so that
(tX' tu/,tN) is the solution of (3.4) with right hand side ¢6¢. Consequently, (3.30) yields

(HEt - ¥ - tE/HL[,(Q;SQ) + |luy —a — tu/HWgﬁ(Q;Rd)) Jt 90, The second assertion follows analogously

from (3.31). O
Remark 3.13. If the solution of (3.1) satisfies the weaker condition x € L*(£2;S) with s > -E5, ¢f. (3.5),
then it can be shown by similar arguments as in the proof of Theorem 3.8 that the control-to-state map is only
directionally differentiable without the remainder term property (3.17).

4. SECOND-ORDER SUFFICIENT OPTIMALITY CONDITIONS

With the differentiability results of the previous section at hand we can now establish second-order suffi-
cient condtions which guarantee local optimality for (P). We will present two different second-order sufficient
conditions:

1. The first set of conditions given in Theorem 4.6 allows for a general (smooth) objective. It involves a
particularly chosen Lagrange functional, see (4.2) below. However, the coercivity of the Hessian of this
Lagrangian is required on a cone which is larger than the classical cone of critical directions.

The proof is based on a Taylor expansion of the Lagrangian and employs the remainder term properties of
the directional derivative in Theorem 3.8.

2. Theorem 4.12 states another set of second-order sufficient conditions. These apply if the objective provides a
particular structure, namely J(u,g) = i(u) + j(g), where i and j are smooth and j is in addition uniformly
convex. In this case it is sufficient to assume the coercivity of the Hessian of the Lagrangian only on the
cone of critical directions.

The proof follows the lines of [20] and argues by contradiction.

Both proofs require the objective to be sufficiently smooth. To be more precise, we need the following

Assumption 4.1. Let J: V x U 3> (u,g) — J(u,g) € R be twice continuously Fréchet-differentiable.
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In preparation of our second-order analysis, we will next provide some auxiliary results. First observe that,
in view of Theorem 2.3, Problem (P) is equivalent to

Minimize J(u,g)
AY + B*u+ AD*DX =0 in S?,
s.t. BXY = —-7x3(g) inV/,
0<Ax) Lo(X(x) <0 a.e. in f2.

Here the operator 73, denotes the adjoint of the trace Tyv: V' — U on Iy, i.e.,
w:U—=V' (tk(g), v) ::/ g-nv(v)ds, veV
I'n
In all what follows we set

p = min(p, 3), (4.1)

where p is as defined in Theorem 2.4. Then 75 continuously maps U into W, Lp (£2;R?) according to Sobolev’s
embedding theorem. For simplicity we denote 73, with range in W, Lp (£2;R%) by the same symbol.

Remark 4.2. In dimension d = 2 we can choose p = min(p, 4) by Soboloev’s embedding theorem. In order to
keep the discussion concise we set p = min(p, 3) for both d = 3 and d = 2.

Remark 4.3. Due to the continuity of 73, the results of Section 3 imply

(i) HE - EHLP(Q;SQ) <L ”TXT” lg — gHU

(ii) ||)‘ - S\HLQ(Q) <c HT;/H ”g - g||U7

(i) (5] ose) < L7l g gl

(iV) ||E -¥ - ZIHL[f(Q;S?) + Hu —u-— u/”WLl)*ﬁ(_Q;Rd) =o(llg— g”U) Ve [1’p)7
V) A=A =N =0lg—ally) ¥veLq)

(

vi) [y reopey < cllTillllg — glly
with [|73 ]| := HT;/HL(U,WJ;LP(Q;W))'

The next lemma covers the Lipschitz continuity of the function ¢ in the yield condition (1.1) on the admissible
set IC:

Lemma 4.4. Letv > 1 and X1, 35 € K. Then
[o(X1) — ¢(22)HLV(_Q) < oo || X - 22HLV(Q;S2) :
holds true.

Proof. By definition of K we find

v

16(21) = HE ey = [ |5(PF2 + 021105, - D) aa

<og |1 X1 = 2ol o2 - U
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As indicated above, we define a Lagrange functional which is especially suited for the discussion of (P). For
this purpose let us introduce the space

S2 .= {T € S? . DT € L™(£2;S)}.

Endowed with the norm || T'[| go+|| DT || . (2.5 S2_is a Banach space. Obviously every solution of (3.1) and (3.7),
respectively, belongs to S2 . With this space at hand the Lagrangian is defined by

L:VxS8% xL*(02)xUxS?*xV x L*(2) x L®(2) —R,
L(u, X N\g,T,w,pn,b):=Ju,g)+ (AX+ B u+ A\D*DX, T) (4.2)
+(BX +7x5(9), w) — (A, ) +{A(X), 0) e (), 10 (2 -

Obviously, £ is twice continuously Fréchet-differentiable by Assumption 4.1. Note that we do not introduce a
Lagrange multiplier associated with the complementarity relation A¢(X) = 0 a.e. in (2, which is typical for
MPECs, ¢f. for instance the Lagrangian defined in [26].

Before we are in the position to establish our first set of second-order conditions, we need to prove a last
auxiliary result:

Lemma 4.5. Let (X, u,\) be the state and multiplier associated to g € U and let (X, @, \) be the state and
multiplier associated to g € U. Furthermore let i € LS(82) and 6 € L"(£2) with ¢,r > sp;qu)st’ where s >

2p/(p —2) and p is as defined in (4.1). If 1 >0 on Ay :=={zx € 2: -1 < #(X) < 0} for some 71 > 0 and
0>0o0onAy:={xe2:0< X< 1} for some 7 > 0, then there are vi,va > 2 so that

_/QA,:dechg_gHle, /Q¢<2>édxs(:ug—guﬁ

Proof. Defining 2, := {x € £2: XN(z) > 0} and E; := £ N Ay, we see

— [ Apdr=— A dx—/ AL dx
/Q B YT~ Q1\E;
>0 >o

< —/ (A= N)j dz (4.3)
2:\E
3 1
< ||)‘ - >‘||Lq(g) HIELHLC(Q) |£21\ E1|? .

Here we used that A\ = 0 a.e. in £2; \ E; due to (3.1c) and that there exists 3 < p with % + % + % =1in
consequence of ( > —L— where ¢ is as defined in (3.6). Furthermore (3.7¢) and the definition of £2; and 4,

X sp—p—2s’
imply
1
‘Ql\El‘:T—p/ de.T
h i X (4.4)
<o [ pEP = - oS
T J\Ex 1 J\Ex
Thus, thanks to Lemma 4.4 and Remark 4.3, we arrive at
— [ A d < el]A= N 1l o) (D) = 6D o
/Q €2)) (2) (4.5)

_ _ .2 142
< e A= Ml gy Wil e 12 = 2 oo < cllg =gl



288 TH. BETZ AND CH. MEYER

with vy := 14 p/f > 2. Similarly we define {25 := {z € 2 : (X (x)) < 0} and E3 := 25 N Az. Analogously

to (4.3), one finds
1
) 1922\ Ea|7

Lr($2

/Q O(2)8 d < [6(2) — H(Z)| 0 16

where we used that r > —32
sp—p—2s

As in (4.4) we deduce from (3.7¢) and the definition of (23 and Ag that

1 _
\92\E2\<—q/ A=A da.
T2 2\ E2

Because of Lemma 4.4 and Remark 4.3 we thus obtain similarly to (4.5)
_ o 14g
[ olmpar<clg-gl?

with v := 14 ¢/v > 2.

Our first result on sufficient second-order conditions reads as follows:

Theorem 4.6. Let Assumption 4.1 hold. Suppose further that g € U together with its state (X,

V x L%($2), adjoint state (Y, w) € S? x V, and multipliers (fi,0) € L?(£2) x L*(£2) satisfy
(1) the following regularity conditions:
x €L5($2;S), T eL"($;S%), neclé(R), 6cL'(2)
with

2p
—9’

sp

> o
y sp—p—2s

n,¢ T >

where p is as defined in (4.1),
(2) the following optimality system:
AY + B*w + AD*DY + §D*DX =0
BY + 0, J(u,g) =0
TNW + 0gJ(1,g) =0

DX :DY = [
A =0 a.e. in §2
0p(X) =0 a.e. in {2
n>0 a.e. in A;
6>0 a.e. in Ag

with
Al ={2€2: 71 <dX)<0}, A:={z€2:0<A< 7}

for some 11,79 >0,
(3) the second-order condition:
there exists o > 0 such that

a(Qu,E,A,g)'C(aa 27 S‘aga T, w’ﬁ7e_)(u/7 Zla )‘/a h)2 >« ”hH?]

for allh € U and (X', 4’,\') solving (3.4) with 60 = —7% (h).

implies the existence of v < ¢ with ¢ as defined in (3.6) so that % + % + % =1.

(4.6)

A) € 8% x

(SSC)



SECOND-ORDER SUFFICIENT OPTIMALITY CONDITIONS 289

Then there exists an € > 0 such that the following quadratic growth condition
_ o —112
J(u,g) 2 J(u,9) + 7 llg —glly (4.9)
is satisfied for all g € U with ||g — g||,, < €. Thus g is a strict local optimum of (P).

Remark 4.7. The Lagrangian £ is twice continuously differentiable in its space of definition in (4.2). If the
dual variables (7', 0) satisfy the integrability conditions in (4.7), its second derivative with respect to the primal
variables (u, X, A, g) is given by

O srg L@, 3,0,8, 7, w, j1,0)(5u, 6%, 6, 6g)°

, ) , _ . (4.10)
= V2, 07 (0,9)(u,09)? +2 | SADSE : DY dx + | ||DSX|[30dx
(] 2

and defines a continuous bilinear form on the space V x LP(§2;S?) x L4(§2) x U. In the following we denote the
integrals in (4.10) as L2-scalarproducts by (.,.).

Remark 4.8. Let us compare the sufficient optimality conditions in Theorem 4.6 with the necessary ones.
In Section 3.3 from [14], so-called C-stationarity conditions are proven to be satisfied by every local optimum.
These conditions coincide with (4.8), except that they only provide a sign condition for the product of the
multipliers /i and @, whereas (4.8g) and (4.8h) contain sign conditions for each multiplier individually. More
restrictive optimality conditions for MPECs are given by strong stationarity. To the best of our knowledge, it
has not been proven so far that these conditions are necessary for local optimality for problems of type (P).
Only in the rather academic case of an additional control appearing as inhomogeneity in (2.1a) Herzog et al.
proved strong stationarity conditions to be necessary in [15]. These conditions also contain sign conditions for
each multiplier individually, but only on the strongly active set A, and the inactive set Z, respectively. Hence
the sign conditions in (4.8g) and (4.8h) are even more restrictive than strong stationarity. Moreover, higher
regularity of the optimal hardening variable ¥ and the multipliers 7', ji, and 6 is required in (4.7) in contrast to
C-stationarity, where these variables are only element of L2-type spaces. Notice however that we do not impose
any differentiability properties on neither x nor I, ji, or . Nevertheless, in summary, there is thus a significant
gap between the necessary and sufficient optimality conditions for (P).

Proof of Theorem 4.6. At first we note that Assumption 3.3 is satisfied because of s > psz2 and (4.1). Let g € U
be arbitrary and (u, X,\) € V x S2 x L?(§2) be the state and multiplier associated with g.

We aim to deduce the quadratic growth condition (4.9) from a Taylor expansion of the Lagrangian. To this
end we introduce the abbreviations z := (u, X, ), g), 2 := (u, X, )\, g), and @ := (¥, w, i, 0). Since L is twice
continuously differentiable in its space of definition, there is a ¢ € [0, 1] such that

L(z,@) = L(2,@) + V.L(2 o) (z — ) + %viz(z Ytz 2),@)(z — 2)% (4.11)

In the following we discuss each expression of (4.11) separately.

The zero-order terms:
Due to (3.1a), (3.1b), (4.8¢) and (4.8f) it holds

L(z,@)=J(u,g), L(z,®)=J(u,g)— A\ @)+ (6(X),0) (4.12)

and Lemma 4.5 shows
£(z,@) < Jw.g)+o(lg-al}) - (4.13)
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The first-order term:
From (4.8a)—(4.8d) it follows

V:.L(z,@)(z — 2) = (AT + B*w + AD*DY + 0D*DX, ¥ — X) + (BY + 0,J(u,g), u — u)

=0 =0
+ (0gJ(u,g) + nw, g —g)— (A= X, i) + (A= X, DX : DY) = 0. (4.14)

- =(A-A )

>

The second-order term:
The second derivative of £ at z; := z + t(z — z) in direction (z — 2)? is given by
ViL(z1,@)(z = 2)> =V, g/ (U, g)(u— 1,9 —§)° +2 (A= ND*D(X - %), T)
+(|pz -2, 0)
= v%u,g)‘](aag)(ulvg - g)2 + (v%u,g)‘](utvgt) - V%u,g)‘](ﬁ'vg)) ('LL - ﬁ'vg - g)Z
=:Dq

+2040uJ (0, g)[u—u —u',g — g + 05 (u,g)(u — u — u)
+202J(0,g)[u—a—vu,u]+2((A\-ND'D(X - %), T)

+ (o= - D23, 6).

2

The regularity condition (4.7) implies the existence of § < p and v < ¢ such that % + % + % = % + [l)

cf. the proof of Lemma 4.5. Hence due to Remark 4.3 (i)—(iii) it holds

(A= \N(DX - DY), DY) = (NDX', DY) + (A — \N(DXY -DX - DY), DY) + (A — A= \N)DX', DY)
T
= ()‘/DE/’ D?) - ¢ H/\ o ;\Hm(n) HE -3 - Z/HLﬁ(Q;S2) ||?||LU(Q;S2)
—¢ H>‘ —A- )‘/Hm(n) HZ/HLP(Q;S2) HTHLU(Q;S'Z)

> (VD' DY) — cllg ~ally (115~ £ = 2| + I3 =3 = N)-

Furthermore, (4.7) yields [l) + % + 1 <1 and consequently

2.0) = (=3, 0) + (|px - = - D[]}, 6) +2 (P - PE - DX): DX, 0)

—_——
=:Ds3
> (IP2']5.0) el 2 = £ = &'l oy 15 = & = Z oo 18] oy

-¢ ||2/||LP(.Q;S) |2 -3 - 2/||Lff(9;s2) |6

(Ipz - x|

Lr(£2)

> (|02, 8) ~ cllg —glly |2~ £~ =i
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Recall that Dy +2Dg + D3 = V2L(z,0) (X', u', N, g — g)%. Thus, because of (SSC), Remark 4.3, Theorems 2.4
and 3.8, one obtains

Viﬁ(zt,a))(z - 2)2 ZViﬁ(Z,J))(Z/,u/,A/,g - g)2
—cllg —glly (HE -3- E/HLﬁ(Q;S% +A=A- XHLw(Q))
e HV%MQ)J(ut,gt) - V%uvg)J(ﬁ,g)HE(

= c[|0g0ud (. @) sy e — w = wlly llg — glly (4.15)

2
VXU,(V xU)) lg=gllv

H[,(V,V/) Hu —u— u/Hf/
I

R e
2 —112
>alg =gl —o(lg - gl

where we used that J is twice continuously differentiable by assumption. Altogether (4.11), (4.12) and (4.13)-
. . - o ) . _

(4.15) yield the existence of an € > 0 so that J(u,g) > J(u,g) + 5 [|g — gl|; for all g € U with ||g — g||, <,

i.e., the desired quadratic growth condition. O

Remark 4.9. It is easily seen that, for every p > 2, there are numbers s, 7, {,r € [2, oo[ satisfying the conditions
in (4.7). However, if p tends to 2, then the bounds for s, 1, {, and r tend to co. If p as defined in (4.1) satisfies
p > 4, then the assumption on s in (4.7) is automatically fulfilled. In view of Sobolev’s embedding theorem such
high integrability can not be expected for controls in U = L?(I'x;R?) but for controls in L”(I'y;R?) with v
suffictently high.

Remark 4.10. By using the technique introduced in [7], it should be possible to include box constraints on the
control into the above analysis and establish second-order sufficient conditions accounting for strongly active
sets. However, in this case, a two-norm discrepancy will arise. As we wish to keep the discussion concise and
thus focus on the difficulties induced by the VI, we omitted additional control constraints here.

We now come to the second version of sufficient optimality conditions. If the objective functional satisfies
additional properties, then we are able to tighten condition (SSC). To be more precise, we can restrict (SSC) to
the cone of critical directions so that (SSC) becomes a classical condition (c¢f. [26], Thm. 7). Moreover we can
weaken the integrability condition for the hardening variable in (4.7). In the following, as before, (u, X, )\, g) €
V x S? x L%(2) x U again denotes a stationary point. The precise assumptions on the objective then look as
follows:

Assumption 4.11. The objective functional J: V x U — R is given by J(u,g) = i(u) + j(g), where the
functions 4,j satisfy:

i) i: V — R is twice continuously Fréchet-differentiable,

ii) j: U — R is twice continuously Fréchet-differentiable and there is v > 0 such that

0%(g)z* > vzl vheU.
Theorem 4.12. Let Assumption 4.11 hold. Suppose further that g € U together with its state (X, a,)\) €
5% x V x L2(02), adjoint state (X, w) € S? x V, and multipliers (ji,0) € L*(£2) x L?(£2) satisfy
(1) the following regularity conditions:
X € L(2;S), YT e L";S?), pelLs(N), 0cL™ ()
with

3>L7 77»C,7”>

p—2

sp

_p_2s (4.16)

where p is as defined in (4.1),
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(2) the optimality system (4.8) with
Al ={r€: -1 <¢p(X)<0}, A ={rec:0<IA<n}

for some 11,79 >0,
(3) the second-order condition:
there exists a > 0 such that

Oy 50 L0, 20, .7, w0, i, 0)(u', X', X h)? > a||h|}, (SSC)
for allh € U and (X', ', \') solving (3.4) with i'(w)u’ + j'(g)h = 0.
Then there exists € > 0 such that the following quadratic growth condition
J(u,g) > J(@,g) +allg — gl (4.17)
is satisfied for all g € U with ||g — g||,, < €. Thus g is a strict local optimum of (P).

Remark 4.13. A comparison to the second-order sufficient conditions for finite dimensional MPECs in [26]
shows that the assertion of Theorem 4.6 can be seen as a natural generalization of the finite dimensional result
in the following sense:

The second-order sufficient conditions in Theorem 7 from [26], Scheel and Scholtes involve the strong sta-
tionarity conditions in combination with the coercivity of the Hessian of the Lagrangian on the cone of
critical directions. In our case this cone consists of all directions (u/, X', N, h) which solve (3.4) and satisfy
J'(w,g)(u',h) = 0. Thus the second-order sufficient conditions from [26] exactly coincide with these of Theo-
rem 4.12 except that we had to slightly tighten the sign conditions of strong stationarity. As already mentioned
in Remark 4.8, strong stationarity conditions are equivalent to (4.8) except that they require the sign conditions
in (4.8¢) and (4.8h) only on the smaller sets A, and Z. However, when turning from component-wise inequality
constraints in finite dimensions to pointwise constraints in a function space setting, one needs an additional
‘safety distance’, induced by the larger sets A; and A;. In this way the sufficient conditions in Theorem 4.12
can be regarded as a natural extension of their finite dimensional counterpart.

Proof of Theorem 4.12. The proof is similar to Theorem 2.12 from [20]. Nevertheless, for convenience of the
reader, we recall the arguments. We argue by contradiction and assume that the quadratic growth con-
dition (4.17) is violated. Then there exist a sequence (g,)neny C U and a sequence of associated states
(X, Uy A )nen With (X, U, An, g,) — (2, @, A, g) in LP(2;S%) x WP (2;R?) x LI(2) x U, ¢f. Lemma 3.5,
such that

o 1 2
J(@,9) + ~llgn — glly > J(un, g,)- (4.18)
For the sake of convenience we introduce the abbreviations

Pn ’ Pn ’ Pn ’ Pn

on =9, —ally, hn:=

Due to the boundedness of h,, and the compactness of the trace operator there exists a subsequence, denoted
in the same way, with

h,—~h inU,  75%(h,) —75R) n Wy (2;RY) V1I<g<p (4.19)
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Let (X, ,u,,,),,) denote the state associated to g + pn,h and let (X, u},, \},) denote the solution of (3.4)

n

with right-hand side —7% (h). Theorem 2.4, Corollary 3.12, Remark 3.13 and (4.19) yield

y, - X X, -
B R I
' Pn LA(2;8?) Pn LA(2;8?)
Pn L8(£2;8?) Pn W5 (2;Rd)
2 . ) * * —
g Zpn = 2;1 +L‘|7—N(hn) _TN(h)HWD_l‘ﬁ(_Q;Rd) u} 0
Pn LA(2;52)
Similar arguments hold true for v,, and ¢,, so that we get
Z, — 3 in L°(12;S?%) V1< B<p, (4.20a)
e in W57 (02;R%) V1< 8<p, (4.20b)
ln — A in L7(£2) V1<y<yq. (4.20c)

with ¢ as defined in (3.6). Thanks to (3.1a), (3.1b) and (4.8a)-(4.8¢c) we obtain

Tt 9,) = 7(8,9) = 1/ (8) (un — ) + §'(9)(g,, — 8) + 5" (@) (wn — 0)* + 31" (3,9, — 9)°
+ (A(Z, — )+ B*(u, — @) + \,D*DX, — \D*'DE, T)
=0
+(B(X, — X)+71x(9,) —™n(9), )+ (AD*DX,, T) — (A\D*DX,, T)

=0

g _ g _ 1., . _ 1., .. _
=i'(@)(un — @) +7(9)(g, — 9) + 5" (Un) (un — u)? + 37"(90)(gn — 9)°
+ (AY + B*w + AD*DY, X¥,, — X) + (BY, u,, — u) + (TnW, g,, — )
+ ((An — S\)D*DT, Zn)
1, . _ 1., _ S =
= izll(un)(un - u)2 + iﬂll(gn)(gn - 9)2 - (02) DX, X, — 2)

+ (A = N)D*DY, X,,),
where (@, g,,) denotes an element between (u, g) and (uy,,g,,). In view of (4.18) it holds
(A = ND*DY, X,) — (ID*DX, X, — X))

2
<P % (i (@n) (wn, — )* + 5"(3,)(9, — 9)°) »

which is equivalent to

(1., D*DY, %,) - (0D°DS, Z,,)

pn 1 (4.21)

< Z - 5 (l//('&n)[un - u, 'Un} +j//(gn)[gn - g7h"D '

The integrability conditions give 1/v+ 1/n+1/p<1land 1/r+1/5 <1 for some 1 <y < gand 1 <[ < pso
that Lemma 3.5, (4.20a) and (4.20c) imply

(1, D*DY, 3,) — (MD'DY, ), (D*DE, Z,) — (D*DE, 54) (4.22)
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where we used HDEHS < oy for the last convergence. Since the second derivatives of i and j are continuous
bilinear forms by Assumption 4.11 we infer

‘ -1/

(@) [wn — @, vp]| < (@) | vy lun = wlly onlly < ¢ lun —ally,

since (@p)neny and (v, )nen are bounded due to (weak) convergence. Together with an analogous estimate for
7" (@)1g9, — g, hn], (4.19) and (4.20b) consequently imply

(W) [un — w,00] =0, j"(g,)gn — g, hn] — 0. (4.23)
Note that v,, and h,, are bounded due to (weak) convergence. From (4.21)—(4.23) we deduce
(M, DY : DY) — (0, DX : DX},) <0. (4.24)

Moreover (3.4c)—(3.4e) and (4.8d)—(4.8h) yield

N, =0=0 inTZ, DY : DX =DX:DX}, =0 in A,
A, >0 in B, DY : DX >0 in B,
>0 inB, DX:DX}, <0 inB,

so that
(A, DY :DX) — (9, DX : DX}) > 0.

Together with (4.24) this gives
(\p, DY :DX) — (0, DX : DX},) = 0. (4.25)
Because of (4.8a)-(4.8¢c), (3.4a) and (3.4b) we get the identity

(A\h, DY :DX) — (6, DX :DX},) = (\,D*DX, ) — (0D*DX, X},)
=— (A%}, + B*up, + \D*'DX},, T) + (AY + B*w + AD*DY, X},)
=(BX},, w) — (BY, u},) = — (rnw, h) — (BY, up,) = i (w)uj, + 5'(g)

>

and in view of (4.25) we thus arrive at

i'(w)uy, + j'(g)h = 0. (4.26)
As in the proof of Theorem 4.6 we introduce the abbreviations z,, := (un, ¥'n, An,g,), 2 == (4, 3 )\, g), and
w = (Y, w,1,0). Analogously to (4.12) and (4.14) we obtain L(z,w) = J(u,g), L(zn, @) = J(un,g,) —
(Ans 1) + (¢(X5), 0), and V. L(2Z,@)(z, — Z) = 0. Hence we have
J(un’gn) - J(ﬁvg) = ‘C(ZTH‘D) + ()‘nv ﬂ) - (¢(2n)’ é) - [’(27‘;})
T oo ) _ (4.27)
= §vz£(2n,@)(zn - 2) + (Ana :U’) - (¢(2’ﬂ)a 0) ;
where Z,, denotes an element between z and z,, so that (4.18) and (4.27) give
Lo - =\2 .0% - )
§Vz£(zn,w)(zn —z)° < . (Ans 1) + (6(Z5), 6) . (4.28)

From Lemma 4.5 we infer
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or equivalently

1o (zn—2\> 1 o(p2) 1 o (zZn—2\" g o (zn—2Z\
§Vz£(z,w) N <_+p—2_§ ViL(Zp, @) 5 - Vil(z,w) 5 - (4.29)

Pn 7 n

Recalling (4.10), we notice

N N2 _ _\ 2
N O Ny L s f(u,—u g,—g
vi‘c(zna w) ( - ) - Vi‘c(z’ w) ( = ) = I:v%u,g)‘](unvgn) - V%’u,g)‘](uvg)] ("7’ —)
(4.30)
Since V%u g/ 1s continuous by assumption and the sequence (2, — 2)/pn is bounded because of (weak) conver-
gence, cf. (4.19) and (4.20), the right-hand side of (4.29) converges to zero. For the discussion of the left-hand

side we use

_\ 2
V2L(2,®) (z”p; z) — i"(w)(vn)® + 5"(@)(hn)? + 2 (1sD*DZ,, T) + (||zn||§, é) : (4.31)

¢f. (4.10). By Assumption 4.11 we know
7"(@)(R)* < liminf j"(g)(hn)*. (4.32)

Moreover we can chose 1 < f <pand 1 <+ < gsuchthat 1/6+1/y+1/n<1,2/8+1/r <1 due to (4.16)
and get

(tnD*DZy, T) — (M, D*DXY,, 1),

— 2 —
(12412, 8) = (=413 6).

From (4.20b) and (4.29)—(4.33) we deduce

(4.33)

—_\ 2
V2L(2,@) (Zh, up, My, h)* = lim V2L(z, @) (z” z) <0,

so that (SS’VC) and (4.26) imply h = 0. As (3.4) is uniquely solvable we conclude that X7, = 0, u} = 0 and
Ap, = 0. By definition it holds ||k, ||, = 1. Therefore (4.29), (4.31) and Assumption 4.11 yield

v 1
P 2
0< < 3" @) h)
- _\ 2
1 o C  u -t g3
<73 [v%uvg)‘](unvgn) - V%uvg)J('u,,g)] n77 Ign I
2 ” -
L —O " 1 U * Y. 1 _
+ o + (ppg) _ 5@//(114)('0”)2 _ (LnD DZ,, T) ~3 (”Zn”§7 9) )

In consequence of the continuity of V%u g)J and (4.20) the right-hand side converges to zero, which is a contra-

diction. O

We end the paper with an equivalent formulation of (SS’VC) in Theorem 4.17 below. For this purpose we first
state some auxiliary results:

Lemma 4.14. Let h,h,, € U be given and let (X, u’,,\,) be the solution of (3.4) with right-hand side
—75(hy). If (X0, ul, Ny hy) — (X 0/, N R) in S2 x V x L2(2) x U, then (X', u', N, h) solves (3.4).

n»’ o’
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Proof. Since (X', u/,, h,,) solves (3.3), it holds
(AZ], T) — (A5, 5,) + (B, T) - (B"u),. )
+(\ 2z, 0T) - (A [PZ[2) 20 vTes, (4.34a)
BXY! = —1h(hy). (4.34b)
For T' € S fixed but arbitrary the weak continuity of A and B implies
(AX,,T) - (A¥",T), (B*u,,T)— (B, T). (4.35)
Due to (4.34b) and the compactness of the trace operator we infer

(B*ul,, X)) = (ul,, —7x(hn)) — (0, —7n(h)) = (B*u/, ') . (4.36)

n’

As in the proof of Lemma 3.6, ¢f. (3.15), we derive
\DY, = -H 'x! -\, DX.
The right-hand side converges weakly in S because of the boundedness of DX and accordingly
MDY - \DX' = -H 'x' -~ NDX inS. (4.37)

Therefore we deduce - ~
(A, DX, :DT) — (A, DX :DT) . (4.38)
The operator A is continuous and coercive. Therefore S? > T + — (AT, T) € R is continuous and concave so
that
lim sup ( — (AZJ;I, E;l) ) < - (AZJ/7 E/) . (4.39)

n—oo
Next, we introduce the space
S3 = {T € 5% VDT € S}
endowed with the scalarproduct

(2, T)g; = (2, T)+ (\, DX:DT).

In the following we show that S% is a Hilbert space. Let (T',)nen be a Cauchy sequence in S3. Then (T'),)nen
and (\/XDTn)neN are Cauchy sequences in the Hilbert spaces S2 and S. Consequently, there exist T' € S2 and
n € S such that T, — T in $2 and VADT,, — [t in S. Moreover there are subsequences converging pointwisely
a.e. in {2 so that g = VDT a.e. in 0. Thus, S% is complete and therefore a Hilbert space. Finally, we define
the continuous function
f:8 >R, T (5\, DT:DT).

Thanks to (3.1c) —f is concave and hence weakly upper semicontinuous. Since Sf\ is a Hilbert space, all linear
functionals on S% can be represented by scalarproducts. From (4.37) we thus infer X — 3 in S so that

limsup (- £(2)) < - (A [P=]7) . (4.40)
n—oo
Altogether (4.34)—(4.36), (4.38)—(4.40) yield that (X', u’) satisfies (3.3a). The weak continuity of B and the
compactness of the trace operator give (3.3b). It remains to show that X’ € S;. Testing with DX’ in (4.37) we
get VADX' € S because of the boundedness of DX. Since equality and inequality conditions remain valid for
the weak limit, we have X’ € Sy. Thus (X', u’) solves (3.3), i.e. the VI associated to the directional derivative.
Furthermore, since X’ fulfills (4.37), the same argument that led from (3.15) to (3.16) shows that X’ coincides
with the multiplier in (3.4). Hence (X’,u/, \') indeed solves (3.4). O
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Corollary 4.15. Let h,h, € U be given and let (X, u’,,\,) be the solution of (3.4) with right-hand side

—7%(hy). If (X0, ul, Ny hy) — (2,0, N k) in S%2 x V x L2(2) x U, then (X7, ul) — (X',u') in S* x V.
Proof. By Lemma 4.14 we know that (X', u’, N, h) solves (3.4). Subtracting (3.4a) from the corresponding
equation for (X7, u!,\) and testing with X' — X/ vyields
(A —x), ¥ -3) + (B*(u —u)), ¥ - X))
+ (AD(X' = 37), DX = X))+ (N = \,)DPX, D(X' - X)) =0.

In view of the coercivity of A it follows

|~ Z |k < (B ), & - 3) ~ (A, D - 2)12)
=:1, ) =11, (441)
— (N = N,)DZ, D(X' — ).
=:11I,

By the same arguments as in the proof of Lemma 4.14, ¢f. (4.36) and (4.40), we obtain

I, — 0 and limsup(—II,) <0. (4.42)

Due to (3.4¢)—(3.4e) and the boundedness of DX, the assumed weak convergence yields
11, = (NDE, DX') — (\,DE, D¥') — (NDE, DX',) + (\,DE, DX
—_——— —_——
0 ~ (4.43)
=- N\, DX, DY) - (NDX, DX) === 0.
Altogether (4.41)—(4.43) imply X! — X’ in S2. To prove the strong convergence of u/, we subtract (3.4a)

from the corresponding equation for (X7, u/,, \,) and test with T := (e(u’) — e(u’,), —e(u’) + e(ul,)) € S2.
Similaryly to (3.28)—(3.29) we conclude u], — w' in V. O

Again, from Lemma A.2 we infer

Corollary 4.16. Let h,h,, € U be given and let (X, ul,,\,) be the solution of (3.4) with right-hand side

—Tx SUL Ay, ) — su, N, mn x V x x U with p > 2, then — m
S(hy). If (X0, ul, N,k X' N h) in LP(£2;S?) x V x L2(2) x U with hen X! — X'
Lﬁ((Z SQ) forall1 < 3 <p.

Proof. Thanks to Lemma 4.15 there exists a subsequence, denoted in the same way, with X/ — X’ a.e. in (2.
Moreover the subsequence is bounded in LP(§2;S?) because of the weak convergence so that Lemma A.2 implies
the claim for the subsequence. By a standard argument we obtain the result for the whole sequence. O

We are now in the position to state the equivalent reformulation of (SSAG) In case of optimal control of PDEs
such a result is well known, see for instance [5] and, based on the above findings, especially Corollaries 4.15
and 4.16, the same arguments also apply in our case.

Theorem 4.17. Let Assumption 4.11 hold. Furthermore let (x , U, A) € 82 xV x L2(£2) be the state associated
tog e U. If x € L5(92;S), (X, w) € L"(£2;S?) x L*(2) and (ji,0) € L (Q) x L"(£2) satisfy (4.16), then the
following two statements are equivalent:

a) There exists o > 0 such that
a?u,E,A,g)'C(ﬁv 23 5\7.@, Ta ’a’a lav é)(ula 2/7 )‘/7 h)2 >« ||hH?]

for allh € U and (X', ', \') solving (3.4) with i'(w)u’ + j'(g)h = 0.
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b) For all h € U\ {0} and (X', v, \') solving (3.4) with i'(w)u’ + j'(g)h = 0 it holds
8(2u,2‘,)\,g)£(ﬁ'7 Sa 5‘7 g7 Ta ﬁ’v ﬂa g)(ula E/a )‘/7 h)2 > 0
Proof. The arguments are similar to Theorem 4.4 from [5], It suffices to show b) = a): We argue by contradic-

tion and suppose that a) is not satisfied. Then for every a > 0 there exist h, € U and (X, u,, \,) solving (3.4)
with ¢ (w)ul, + j'(g)he = 0 such that

o zrg) L@, N8, T, w, [1,0)( X, uly, Ny ha)? < alhallf; - (4.44)

[eRRaNeR)

Since S is a cone, the solution map of (3.4) is positively homogeneous and we can assume ||hq ||, = 1. Thanks
to Lemma 3.6 and Corollary 3.7 (X7, u/,, \,) is bounded in L?(£2;S?) x WSP(£2;R) x L(£2). Consequently,
there exist subsequences, denoted in the same way, such that (X7, u/, X, hy) — (X', 4/, N, h) in LP(£2;S?) x

WEP(2;RY) x LI(2) x U and ' (@)u’ + j'(g)h = 0. In view of (4.44) and (4.10) we get
0> liriljgp 8(21%27/\79)[,(11, 2 NG T, w, 0,0) (X, u,, )\, h)?
>liminf 0, 5 g £(, X, X, 9,7, w, 1, 0)(2,, wgy, Ny ha)® (4.45)
The integrability conditions imply the existence of 1 < 8 <p with 1/¢+1/8+1/p<1and 2/6+1/9 < 1. By
Corollary 4.15 and Corollary 4.16 there are subsubsequences, denoted in the same way, with u/, — «/ in V and

> — X in LP(£2;S?). Due to Assumption 4.11 U > h 82j(g)h2 € R is weakly lower semicontinuous and
we infer from (4.45) that

—lim inf {a%‘(a)(u;)2 +0%(g)h? + 2 (\, DX, DY) + (HDE’Q|

0> 0%(a)(u)? + 0%(g)h* + 2 (DX, DT) + (HDE’|

= a(Qu,Z,)\,g)’C(aa 27 5‘7 gv Ta ﬁ’a /ja 0_)(2/’ u/v >\/a h)2

s 9) (4.46)

Since (X', u’, N, h) solves (3.4) by Lemma 4.14, we deduce from b) that h = 0 and thus (X', 4/, N h) = 0.
Using Assumption 4.11, (4.45), and the strong convergence u), — 0, X/ — 0, we conclude

v = vlimsup HhaH?] < limsup 9%j(g)h?
a—0 a—0

< limsup {a(zu,E,A oL@ B9, 0)(3, ul, N, ha)? — 8%i(w) (u,)?
a—0 ’

(e RS

W, i,
—2(x,px,,, PT) - (=, |3, ) }

«

<limsup dZ, 55 LW, 2 A, 6,7, w,1,0)(XZ,, u, A, ha)?

a—0 arter
— lim {0Pi(@)(u))? +2 (D5, DY) + (D202, 0) |
a—0
<0.
This is the desired contradiction. O

Remark 4.18. The proof above can analogously be applied to (SSC) provided that the objective J contains a
Tikhonov type term like j.

APPENDIX A. AUXILIARY RESULTS

Lemma A.1. Let X be a Hilbert space and x1,x2 € X. If ||z1|| = ||22||y, then it holds

1 2
(@1, &1 = 22)x = 5 llzn — 22l -
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Proof. The assertion directly follows from straight forward computation:

2 1 2 2 2
(o1, 21 = w2) = o1k = 5 (ol + ol = llox - 2%

1 2
—§H$1—$ﬂx,

where we used ||z1]|y = ||#2]| y for the last equation. O

Lemma A.2. Let E C R? be measurable and bounded, v € (1,00) and f,f, € LY(E), n € N. If
sup, e || fnl vm) S cand fo— foae in B, then f, — f in LE(E) for 1 <k <.

Proof. We define g,, := |f,, — f|". Obviously, g,, converges pointwise to zero a.e. in E and g,, € L (E). Moreover
gn is bounded and thus there exists a subsequence converging weakly in L= (E). Due to Egorov’s Theorem the
weak limit equals the pointwise limit. Thus the weak limit is independent of the chosen subsequence, which
implies weak convergence of the whole sequence g,, to zero. Consequently, || g 9n dx — 0, which implies the
assertion. O
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