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ON INDECOMPOSABLE SETS WITH APPLICATIONS

ANDREW LORENT!

Abstract. In this note we show the characteristic function of every indecomposable set F' in the plane
is BV equivalent to the characteristic function a closed set I, i.e. ||[I1r — lr|| gy (r2) = 0. We show by
example this is false in dimension three and above. As a corollary to this result we show that for every
€ > 0 a set of finite perimeter S can be approximated by a closed subset S, with finitely many inde-
composable components and with the property that H'(0"S:\0"S) = 0 and ||1s — Is, || gy (m2) < €
We apply this corollary to give a short proof that locally quasiminimizing sets in the plane are BV,
extension domains.
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1. INTRODUCTION

Sets of finite perimeter are the largest class of sets that permit a broad theory of analysis. They have wide
application in the Calculus of Variations, PDE, image processing and fracture mechanics. In some sense the
theory of sets of finite perimeter is an analogue for sets of what the theory of Sobolev functions is for functions.
A very useful notion for Sobolev functions is the notion of precise representative for a function f € WP,
this is a function f € W1 with Ilf— fHWm = 0 and f has additional smoothness and regularity properties.
Another very useful result is Whitney’s theorem that for any € > 0 there exists a smooth function f such that
I f — fllwr» < €. We prove analogues results for sets of finite perimeter in the plane and we apply them to give
a short proof that quasiminimizing sets are BV extension domains.

Recall a set E is said to be of finite perimeter in domain (2 if it is measurable and

Per (E, 2) := sup{/ divg : ¢ € [C&(Q)]N’ oo < 1} < 00.
E

A set is simply called a set of finite perimeter if it is of finite perimeter in IR" and we define Per(F) :=
Per(E,IR™). When dealing with sets of finite perimeter it is common to work with the representative that has
negligible points removed. Given a set E we define Neg(FE) := {z € E : |B,(z) N E| =0 for some r > 0}. Let
E = E\Neg(E). By Proposition 3.3 [1] we know |11z — 15llpvm2) = 0. If a set F is such that Neg(F) = 0 we
say F'is shaved.
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A set of finite perimeter is called indecomposable iff for any disjoint subsets A, B C E such that £ = AU B
we have Per(E) = Per(A) + Per(B) then either |A| =0 or |B| = 0.
The main theorem we will establish in this note is the following.

Theorem 1.1. If F € IR? is a shaved indecomposable set then the closure F of F has the property
|[1r — 1zl gy g2y = 0.

Consequently the characteristic function of any indecomposable set is BV equivalent to the characteristic func-
tion of a closed set.

A straightforward corollary to this is:

Corollary 1.2. Suppose E C IR? is a set of finite perimeter, then for any € > 0 we can find a closed subset
E C E with finitely many indecomposable components such that H'(OME\OM E) = 0 and

e — el pvre) <€ (1.1)

We will show by example that Theorem 1.1 is false for indecomposable sets of finite perimeter in IR"™ for
n > 3. Our example also shows that Theorem 7 of [2] for saturated indecomposable sets in the plane does not
hold true in dimension three and above. It is unclear to us if Corollary 1.2 is true in dimension three and above.

Theorem 1.3. There exists a shaved set of finite perimeter S C Q = (—1,1) x (=1,1) x (=1,1) with the
following properties

(i) S 1s connected and S© is connected. Hence S is an indecomposable saturated set.
(if) [9\S] > 5555- f
(iii) H? (GMS\ng(Sz)) > 0 for any Lipschitz map ¢ : S* — IR>.

Our main application of Theorem 1.1 will be to show that local quasiminimizers in the plane are BV extension
domains. This is already known as a consequence of the work of David—Semmes [5], however our proof is much
shorter. Specifically we say a set E of finite perimeter E is a K-quasiminimal set in {2 iff for all open U CC {2
and all Borel sets F, G C U we have Per(E,U) < KPer((E'U F)\G,U). And we say a set E of finite perimeter
is locally K-quasiminimizing if there exists § > 0 such that for any € OF the set E is a K-quasiminimal
in Bs(z). In the case where E is bounded ¢ can be chosen depending on x.

Finally a set E of finite perimeter is a BV; extension domain if and only if there are constants ¢ > 1 and
0 > 0 such that whenever v € BV (E) is such that the diameter of the support of u is smaller than §, then there
is a function Tu € BV such that ||DTul|| < ¢||Du||(E) and Tu = u on E.

Corollary 1.4. If E C R? is a locally K -quasiminimizing set then it is a BV extension domain.

Note also that if Corollary 1.2 were true in dimension three and above then the proof of Corollary 1.4 would
work in these dimensions too. A generalization of Corollary 1.2 to higher dimensions could potentially be a
useful technical tool in the study of sets of finite perimeter.

In addition we will obtain the following corollary which is also an easy corollary to Theorem 7 [2]. Firstly
some definitions, Ambrosio et al. [2] (Def. 2) define a hole of a set of finite perimeter S to be an indecomposable
component of S¢ with finite measure. A set S is called saturated (again see Def. 2, [2]) if it is the union of itself
and all its holes.

Corollary 1.5 (To Thm. 1.1). Suppose S C IR? is a indecomposable saturated set then there exists an open
set S such that |1s — Is|| py(r2) = 0.
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2. SKETCH OF PROOF OF MAIN THEOREM

The proof of the Theorem 1.1 follows from three basic steps. Each follows from the last in a fairly natural
way. We will firstly state the steps then sketch the reasons they hold afterwards.
Since F is a shaved indecomposable set it has the property

|B,(z) N E| >0 for any = € E,r > 0. (2.1)
Step 1. Let Z := {z € R? : limsup,_, w > %} We will show we can find a countable collection of balls

{By, () : ,, € Z} with the following properties.
i) {B:_L(acn) in € N} are disjoint.
i) ZcU, Br,(zn).

iii) |By, (z,) N E| > ﬂf‘ for each n.
iv) I :=J,, B, (xn) is connected.

(
(
(
(

Step 2. We will show that for H! a.e. x € 9E\Z there exists r, > 0 such that

r
1600

HY(OE N B,(z)) > for all r € (0,74] . (2.2)

Step 3. We will show that H*(0E\Z) = 0.

Sketch of Step 1. By definition of Z for any z € Z we can find r, > 0 such that |B,(z)NZ| > ’TTTQ for

all 7 € (0,7.]. So by the 5r Covering Theorem we can find a subcollection {B,_ (z,):n € N} such that
Brzy (2,) :n € N¢ are pairwise disjoint and Z C |J,, Br., (2,). The only remaining issue is to show that

II :=J,, Br., (2n) is connected. Suppose it is not, so there are two non-empty disjoint connect components
of Ily and II; such that IT = IIy U II;. Letting Qg = E N Ily and Q1 = E N II; it is possible to show that
HY(0MQoN0MQ,) =0 and this implies E is not an indecomposable set, contradiction. Thus IT is connected.

Sketch of Step 22 Now we can assume without loss of generality that 2 € E°. So we can find p, > 0 such that
|EN By(x)] < 15500 for all € (0, p,). Note also by (2.1) for any x € 0F we have that |Eﬂ B_-_ (x)’ > 0 for

any r > 0. So let r € (0,ps), by Step 1 we have a countable collection of balls { B, (z,): n € N} that satisfy
(1), (i1), (iii), (iv). A subcollection of these balls {Brp (xp,,) 1 k€ N} is such that B, (vp,) N B.(x) # 0 for

k
any k € N, EN B.(z) C U,, By, (zp,) and I = U Br,, (zp,) is a connected set. So IT is a ‘tentacle’ of balls
that reaches from the outside of B, (z) to B_z_ (). And note that any ball B, (;,) has at least a quarter of
its area is filled by E. On the other hand most of B, (x) is empty of E. So assume for the moment for simplicity
that the tentacle reaches into B_» - (z) in something like a line, pick a direction v that is roughly orthogonal to
the line. Now there must be a large set of lines in direction v running through B, (z) that start at some point
in EN B,(z) and end in some point in E° N B,(x). The variation of 1 g restricted to any of these lines is at
least 1, so integrating across these lines gives (2.2). Note the reason our proof works in IR? and does not work
in higher dimension? is that a ‘tentacle’ in higher dimension has arbitrarily small surface area, where as in two

dimension the surface area of a tentacle is O(1).

Sketch of Step 3. Suppose H'(OE\Z) > 0. Assume for simplicity H'(0E\Z) < co. Let u(A) :== H'(0ME U

(OE\Z)). We can find an open set U with 9™ E C U and a compact set C' C 0™ E such that u(U) < (0™ E)+ €
1

and p(C) > u(0™ E) — e. We can assume ¢ is sufficiently small so that u(0E\U) > w.

2And recall indeed by the example constructed in Theorem 1.3 shows the result in false in higher dimension.
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Now since § = dist(OU,C) > 0 we can find a countable collection of pairwise disjoint balls
{B,, (xn) : x, € OE\U, 1, < d} such that > r, > cou(0E\U) some constant c¢g > 0. By Step 2 we have
that >, HY(OMEN By, (2)) > 125 u(0E\U). Since B, (z,,) N C = 0 for all n we have

wOF\U) + H*(OME) — ¢

HYOMEN B, (2,)) + H(C) > —2
Xn: (0" EN By, (en)) + H'(C) = 1555

which is contradiction for small enough e.

3. SKETCH OF PROOF OF THE APPLICATION TO QUASIMINIMIZING SETS

As stated the main application of Theorem 1.1 is Corollary 1.4. So to establish this we will use the criteria for
BV extension domains found in [3,4]. Namely E is a BV} extension domain if for every set of finite perimeter
F C E with diam(F) < v we can find F with F ¢ F and Per(F,IR?) < CPer(F, E). Following the method of
(the preprint form of) [6] we take F' to be equal to F and it will suffice to show that

Per(F,R?) < (1 4+ K)Per(F, E) (3.1)

for any set of finite perimeter F' C E with diam(F') < . We will achieve this in the following way: for any § > 0
we will find an open set 2 with F CC {2 and

H'OMENQ) <H'OMENIMF) + 6. (3.2)
Then by the fact that E is a local K-quasiminimizer Per(E, 2) < KPer(E\F, 2). Now

H'OMENOMF) < HYOMENN)

Per(E, 2)

< KPer(E\F, )

= K(H'OMFNE)+H" ((0ME\OYF) N R2))

(3.2)
< KPer(F, E)+ K. (3.3)

N

As this holds for arbitrary § > 0 we have inequality (3.1). Note this inequality can not work unless we can
show (3.2) and hence establish H'((0™ E\OM F) N 2) < §. Now for arbitrary sets of finite perimeter F' C E it
is not true we can find (2 such that F' CC 2 and (3.2) holds true. For a counter example let E = B;(0) and
pick zp € OF, let € (0,1) and let (i be the set of points with rational coordinates in E N B, (z0). Then the set
F =, Baa-a000+n) (Gn) N E s a set of finite perimeter for which (3.2) is false for any open set 2 with F' CC 2.

However we will be able to carry out this argument by replacing F' by the set F afforded to us by Corollary 1.2.
The set F has almost the same characteristics of F' and we can find an open set 2 with F CC {2 such that
HY(OMEN Q) < HY(OME N OMF) + 6. So we can carry out the chain of inequalities to establish (3.3). Having
established (3.3) for F the same inequality follows for F' with arbitrarily small error by (1.1). See Lemma 6.4
and Section 6.2 for full details.

4. PRELIMINARIES

As in Definition 3.60 [1] we every ¢ € [0,1] we let E* denote the set of points of ¢ density, i.e.

b n g EOBr(@)]
E .—{xEIR }13}) T =1 (4.1)

where I'(n) = |B1(0)|.
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It is a fundamental result of Federer (see Thm. 3.61 [1]) that if F is a set of finite perimeter in 2,
H L (\ (B UE UEY)) =0,

The measure theoretic boundary is defined by

OME = {x € R" : limsup

ENB, E°N B,
7| N B (@) > (0 and limsup %0 By () > 0}
r—0 |Br(x

)| r—0 |Br(z)]

It is well-known that H"*(OM E\Ez) = 0 and |[Dll | = Hg@}f, see Theorems 3.59 and 3.61 [1].

5. PRELIMINARY LEMMAS
Lemma 5.1. Suppose E C IR? is indecomposable. Then we can find a countable collection
{By,(xn) : 2, € E}
such that

(U B,, (l'n)> is connected, (5.1)

2
| B, (z,) N E| > % for allr € (0,7,],n € N. (5.2)

As a consequence for H a.e. x € OE\(E' UOME) there exists r, > 0 such that

r

HY(OEN B,
(OEN By () > 1555

for all r € (0,74]. (5.3)

Proof of Lemma 5.1. Let Z = E' U E3. By Theorem 3.61 [1]
HY(E\Z) = 0. (5.4)

So for any x € Z there exists 7, > 0 such that
2
|By(z) N E| > e for all r € (0,ry]. (5.5)

Step 1. By the 5r Covering Theorem (see Thm. 2.11 [8]) we can find a disjoint sub-collection
{Bu_L (Tp) : @y € Z} such that Z C |J,, By, (@n) =: 1I. We will show II is connected.

Proof of Step 1. We argue by contradiction. Suppose IT is disconnected. Let Il be a connected non-empty
component of IT and let ITy = IT\Il. Now define Qo = E NIy and Q; = E N II;. These are both the
intersection of two sets of finite perimeter and hence are sets of finite perimeter.

We claim

H' ((E\Qo)\Q1) = 0. (5.6)

So let w = F\Z, note H'(w) Y0 and E\(QoUQy) = E\II C (ZUw)\II C w. So equality (5.6) follows. We
also claim

Q1\(E\Qo) = 0. (5.7)
Now (Q1 UQo)\F = II N E\E =) so (5.7) is immediate. So we actually have

H' (Q1A(B\Qo)) = 0. (5.8)
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By Proposition 3.38 [1] this is more than enough to conclude

Per(Q1) = Per(E\Qo). (5.9)

We will show .
H' (Q5nQf) =0 (5.10)

1
Now if z € Q7 we must have

|[ENILNB(x) 1
lim 5 ==
r—0 mr 2
” [ENB,@)] _ 1
N
_— > . 5.11
THO 72 -2 ( )
Hence (5.11) together with Theorem 3.61 [1] implies
H' (Qi\7) =
S0 .
HY(Q?\IT) = 0. (5.12)

1
Now note that if @ € Q7 N II we can not have x € Il because II is open and so Bs(z) C I for some § > 0.

1
By the fact x € QF also we must be able to find y € Bs(x) N Q; which contradicts the fact ITy, ITy are disjoint.
Thus L )
Qi NII C Qi NII. (5.13)

1
And in the same way since I1; is open for all small enough r we have that B,(x) C IT. Thus if z € Q7 NIy

(BT NB @) _ 1

1
by definition of 7, lim,_.o s 5 we actually have

E°N B, 1
fo [EE0B@) 1

r—0 w2 2

hence x € E%. Thus . )
Qf NI, C E=. (514)

Hence

i (oh (i)
< H! ( f\H) + H! (Ql N I\Q? ﬂHl) + H! (Q1 NI\ E* mnl)

(5.12),(5.13),(5.14) 0. (5.15)
Now going in the opposite direction if x € F NI again since I is open for all small enough r we have that

; ; ENIL| 1
g [Br@OEL . Br@)NENIL| 1

r—0 mr? r—0 2 2
and B nE° B N(ENIL)° 1
S B@NE] B0 @Enm)y| 1
r—0 2 r—0 mr2 2

1
So Ez NI, C (ENII)% = Q7 hence putting this together with (5.15) we have established

H (E’ N HlAQ%) — 0.
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In exactly the same way we can show that Hl(E% N1l AQQ%) = 0. Since Iy, Il are disjoint this completes the
proof of (5.10).

Now F = Qo U Q1 and Per(Qo) = Hl(Qé), Per(Q:) = Hl(Q%) and Per(E) = Per(Qo) + Per(Q1) 59
Per(Qo) + Per(E\Qo). So as Qo, E\Qo are both sets of finite perimeter this contradicts the fact E is
indecomposable. This concludes the proof of Step 1.

Step 2. We will establish (5.3).

Proof of Step 2. Firstly by Theorem 3.61 [1] we can assume x € E°. Now recall from the sketch of the proof
(see property (2.1)), for any y € FE we have |B,.(y) N E| > 0 for any r > 0. Thus since « € OF it has the same
property. Now since z € E° we can find p, > 0 such that

r2

100000

|ENBy(z)| < for all r € (0, ps). (5.16)

However we must also have that |E NB_r_ (x)’ > 0. So by property (i) we have established in Step 1 we can
find a countable collection

r
{Brk(l'k) X € E,’I"k < m}

such that E' U E2 C Uy Bry (z1) and (U, By (21)) is connected. Now pick a point 2o € E' N B_r_(z) and a
point yo € E*\B,(z). Since |J; By, (z) is open and connected it is path connected and so we must be able to
find a path ¢ : [0,t] — U, B;, (xx) with ¢(0) = xo, ¢(t) = yo. Let s € (0,t) be the smallest number such that

¢(s) € OBx(x), by compactness clearly this number exists. So

{p(w) : 0 <w < s} C Br(x). (5.17)

Let v = @Ei;:igl For any vector w let (w) := {A w : A € R}. Define Py (z) to be the orthogonal projection of =

onto subspace V. Note that for every k

H' (P (Br(ax) N E)) > 1% for all 7 € (0, 7] (5.18)

since if this was not true we would have that |B,(xx) N E| < % which contradicts (5.2).
We know ¢([0,t]) C U, By, (zx), let {Brpk (xp,) 1k € N} be a subcollection defined by

{d(w) : 0 <w < s} N B, (x,) #0 for any k. (5.19)
So
{p(w) : 0 <w < s} C UBTFk (py)- (5.20)
k
And
U B, @) T B @), (5.21)
k
Now since (520,
Py ({o(w) s w e [0,5]}) € | Py (Bry, (@) (5.22)
k

by the 5r Covering Theorem (see Thm. 2.11 [8]) we can find a subcollection

{Br,, (24) : keN}
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such that

{Puy (Br,, (@) ke N} < {Poy (Br, (@4)) s k€ N} (5.23)

and
{P<U> qu_k,(qu)) tke N} are disjoint. (5.24)

Now as H' (P, ({¢(w) : w € [0,5]})) > £ so putting this together with (5.22) and (5.24) we have

> " 2‘”22 'H (Poy(By,, (@)

S ot (P (o(w) s w € [0,))
o (5.25)

So let O := |J; Bray (2q,) N E. By (5.18), (5.24) and (5.25) we have

HY (P, 5:“2}11( ) (Bras (24,) N E))

J>18) Z TQk
(5.25) o
> 5.26
Z 200 (5.26)
Now by (5.21) O C Bz(x). We claim we can find a subset II C Py, (O) with |II| > 1555 such that
HI(PH( )ﬂECﬂA( '3 ))>0foranyw€ﬂ. (5.27)

Suppose this is not true. So there is a set A C Py, (O0) where |A| > g such that H' (P, 7>1( w)NENA0,£,7)) =0

530
for allw € A. Let & = {J,c, P, >( w) N ENA0,%,r) and by Fubini |Z| > [A] & > 2430 and | N E°| =0 and
this contradicts (5.16). We have established (5.27).

33 =
Now by Theorem 3.103 [1] we know that

.
<
1600 Lenv(ﬂE’P<”>( w) N Br(e )>dw

<V (g, B (z))
=H' (0ME, B, (2)).

So this establishes (5.3). O

Proof of Theorem 1.1. Firstly as before, without loss of generality we can assume that for any z € F,
|F'N Bs(x)| > 0 for all § > 0.

Step 1. We will show H(F\(0MF U F!)) = 0.
Proof of Step 1. Suppose B

HY(F\(OMF U F"Y)) > 0. (5.28)
Let Z = F\(0MF U F'). Note that Z N Int(F) = () because if z € Z N Int(F) then x € F' which contradicts
the definition of Z. So as Z C F we know that Z C OF and thus Z C 9F\0™F.
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oo pick B C Z with H(B) = 1 and define S = B U 0™ F otherwise define

Let € > 0. If H'(Z) =
t w(A) := HY(ANS). Note
1

S = (F\FYYuUoMF. Le
OF\OMF) > min {H'(F\(F' UOMF)),H' (B)} = 3> 0. (5.29)
Measure  is Radon so we can find an open set U such that 9 F C U such that
w(U) < w(dMF) + e (5.30)
and we can find a compact set C' C O™ F such that
w(C) > uw(dMF) —e. (5.31)

And so
dist(C,9U) =6 > 0. (5.32)

We can take w > 0 and a subset Iy C 0F\U with
H'((0F\U)\ID) < € (5.33)

and for any r € (0,@),x € Iy we have that u(B,(z)) = H'(B,(z)NS) < 2r. By Lemma 5.1 we can find ¢ > 0,

I C I} such that .

1/ aM
H (0" F N B.(z)) > 1600

for all x € I, r € (0,0). (5.34)

And
HY(IZ\I) < e. (5.35)

Now by Vitali covering theorem (see Thm. 2.8 [8]) we can find a pairwise disjoint collection

{By,(xr) :xp € Ih}

such that .
p(TN\(J Br, (21))) =0 (5.36)
and -
sup {r, : k € N} < min {g,w,a} . (5.37)
Note
5 < wEROVF)

w(OF\U) + n(d0F nU\OMF)
< WOF\U) + p(U\OYF)
3

(5.30)
< w(@F\U) +e.

So p(OF\U) > 3 — €. Now

(5.36),(5

> (B, (z1)) ) w(OF\U) — 2¢ (5§0) WOF\OMF) — 3e. (5.38)
k

By (5.34) and the fact z € I, 1 < 0 we have

1600HY (0™ F N B,., (x1,)) > 73, for all k.
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Since we choose 1, < w and zy, € I't C I be definition of I, u(B,, (zx)) < 21k so
(B, (z1)) < 3200H*(0M F N B, (x))

thus putting this together with (5.38) we have

9)

(5.2
> 3200H' (0™ F N By, (x1)) > p(OF\OMF) =3¢ >
k

|

Now since zy, € I'1 C F\U by (5.32) and (5.37) we know that C N B, (zx) = 0 for any k, so
HY(OMF) > HY( +ZH v (1) N OM )

(5.40),(5.31) 8
> Hl M -
= (OFF) + 5400 ~ €

which is a contradiction assuming e is small enough.

Step 2. We will show that F is a set of finite perimeter and D1z = D1l .

Proof of Step 2. By Step 1 |F\8MF U F1| = |F\F| = 0. So by Proposition 3.38 [1] we have Per(F) =

and hence F is a set of finite perimeter and D1l = D1 f.

6. THE APPLICATIONS
6.1. Quasiminimizing sets
The following lemmas hold true in IR"™ without additional complexity, so we state them in IR".
Lemma 6.1. Given as set of finite perimeter S, suppose H"~(A) = 0 then Per(S, A) =0
Proof Lemma 6.1. By Theorem 1.9 (2), Corollary 1.11 [8] measure u defined by
w(H) := H" Y (0MS N H)

is a Radon measure.
Suppose set A has the property H"~1(A) = 0. Then u(A) = 0, so

0=inf{p(V): ACV,V is open }

= inf {Per(S,V): A C V,V is open }
= Per(S, A4).

Using the fact A — Per(S, A) is also Radon measure, see Proposition 3.38(a) and Proposition 1.43 [1].

Lemma 6.2. Let E, F be sets of finite perimeter in R™, F C E. Then
Per(F,0ME) = H" Y (O Fn oM E).

and
Per(E,0MF) > H" Y(0M FnoME).

Hence
Per(F,0M E) < Per(E,0MF).

621

(5.39)

(5.40)

(5.41)

Per(F)
O
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Proof of Lemma 6.2. Note that the measure v(A) := H" 1(0MF N A) is a Radon measure. Letting o > 0 be
some small number. Pick open {2 with

IMENOMF Cc 0 (6.4)
such that
v(Q)=H" ' OMFNR)<H" ' OMENOMF)+ 0 =v(OME) + 0. (6.5)
Step 1. We will establish (6.1).
Proof of Step 1. Define
anl MF Br
B:= {x € (M F)° : limsup (aTn_lm () > 0} (6.6)
r—0

and
D= {x € 0ME timint H" "1 (M E 1 B, (2)) /"~ < 1}.

By Theorem 6.2 [8] we have that H"~!(B) = 0 and since 9™ E is rectifiable by Theorem 16.2 [8] H"~!(D) = 0.
So using Lemma 6.1 for the last equality

Per(F,0M E) = Per(F,0M E N 0MF) + Per(F,0M E\oM F)
= Per(F,0ME N OMF) + Per(F,0M E\(0™ F U BU D)). (6.7)

Note H" 1(OME) < C. Let € > 0. We can find a decreasing sequence of number §,, — 0 such that the sets

M M w
Up, = red E\(a FUBUD): gn—1 aMEmB< ) (6.8)
and #ﬁj)) > % for all € (0, d,,)

have the property that 0™ E\(0™ FUBUD) C > _,
Let Uy = Uh\ (UsoUs), Uz = U\ (Uso 3 Us), - Uk = Z/lk\ (U2 i1 Us)- Now Uy, Uy, are disjoint for any I, k
and

oME\(OMFUBUD)=Ju: = U (6.9)
i=1 i=1
Since {U1, Us, ...} are pairwise disjoint
-1 (6.9) 1 oM M
S H"NU,) < H"H0ME\OMF). (6.10)

Pick m. Since by Section 5.1 [8] we have S1(U,,) < 2H!(U,,) where S* denotes Spherical Hausdorff measure.
n—1

So we can find a collection {Br;c (z1) 11K < O } such that Up, C Uy, Bre(2) and 32, I'(n — 1) (%) <
25Y(U,,). Now for each k we can pick x, € By (z1) N Uy, and then we have a collection of balls

{Br(w) : 7% € Upny1i < O} (6.11)

such that
Unm C|JBr, (21) =t Vi (6.12)
k

and

Zr" V< eSYUR) < cHY(Uy,). (6.13)
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Hence using the fact that zx € U,, C U,, we have

1 M (6.12) 1AM
H' YV, ndMF) < ZH” (OMF N B,, (1))

Sy
(6.13)

< ceH" HU,). (6.14)

611) (6.8)

Now

(6.9), (6 12)
Per(F,0ME\(0M FUBUD)) < ( m>

< > H"'(VanoVF)

(6.14)

< ZceH"_l(Um)

(6.10) —1/9M M

< ceH" Y (OME\OMF). (6.15)

Taking the limit as € — 0 we have Per(F,0™ E\(0™ F U BU D)) = 0. So putting this together (6.7) we have
Per(F,0M E) = Per(F,0M En oM F). (6.16)

And

=)
~

Per(F,0MENOMF) er(F, )

H Y oMFNnQ)

A INS

>
IN &
&

LOMFNOME) + 0. (6.17)
Now as o is arbitrary, from (6.17) and (6.16), Per(F,0™ E) < H" " Y(0M F N 0™ E). Conversely for any open
set 2 with OME C §2 we have Per(F,2) > H" Y(OMF N 0ME). Thus by taking the infimum over all such
open sets we have Per(F,0M E) > H"~1(0™ F N 9™ E) and this completes the proof of Step 1.
Step 2. We will establish (6.2).
Proof of Step 2. First note that 0 ENOM F is an (n— 1) rectifiable set. Let § > 0, for H" ! a.e. 2 € M ENOM F
there exists r, > 0 such that

|H”71(8MF NOME N By(z)) — nF(n)h"*1| < §h™~! for any h € (0,7,). (6.18)
Let o > 0. Defining Iy := {ac cOMFNOME :a < 7"3,} for all small enough o > 0 we have that

H" Y OMFnoME\T,) < 6. (6.19)

Since A — Per(E, A) is a Radon measure we can extract a compact subset Iy C I'y such that

Per(E,I1) + § > Per(E, I).
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And we can find a compact subset Iy C I such that H* " 1(Iy) + 8 > H*1(I). Let I3 = It U Ts. So I3 is
compact and has the properties
Per(E, I'3) 4+ 6 > Per(E, Iy) and H"~Y(I3) + 6 > H" 1(I). (6.20)

And
IscTycdMFnovE. (6.21)

Again since we are dealing with a Radon measure we can find an open set U with I3 C U and
Per(E,U) < Per(E, I's) + 4. (6.22)

Now dist(I5,U) =: 8 > 0 by Vitali covering theorem we can find a collection of pairwise disjoint balls
{By.(z1) : v, € I's,k € IN} where
sup{ry : k € N} < min {f, a}

and -
H" N (I5\(| ] Br, (z1))) = 0. (6.23)
k=1
Now since [ J;— | By, (zx) C U we know
o (6.22)
U (xx) | <Per(E,U) < Per(E,I3)+6. (6.24)

But as I's C Iy

Per (E, U B,, (xk)> = ZPGI‘ (Ea By, (xk))
k=1

= > H"YOMEN By, ()
k=1

(nl(n) —&)rp~ 1. (6.25)

hE

x>~
Il

1

Now recall I Cc Iy C OMENOMF so

—1 (6.18) - —1/ M M
an Y14 6)r > Y H"'OMENOYF N B, (zk))
k=1
(6.21)
> ZH” YI3n By, (1))
k=1
©23) prn=1( )
(6.20)
> H" NIy) -6

(6.19)
> H" Y oMENOMF) - 26. (6.26)

Now putting (6.24)—(6.26) together we have

Per (E,I3) > H" {(OMENOMF) =35 — ¢ _orp~ . (6.27)
k=1
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Now since the collection of balls {B,, (zy) : xx € I3,k € IN} are pairwise disjoint and z € I's we know
n—1
by (6.18) we know Per(E, B, (vx)) > %

%(n) > rptt <> Per(E, By, (z1))
k k

< Per(E,R").
So
> et < cPer(E,R"). (6.28)
k
Now putting (6.27) and (6.28) together we have
Per (E, I3) > H" Y (0OMENOMF) — 36 — cdPer(E,R"). (6.29)

Since Per (E,0™ F) > Per (E, I'3) and § is arbitrarily small this establishes (6.2).

Proof of Lemma completed. By applying Step 1 and Step 2 we have

(6.2)
Per(E,0MF) > H" '(OMENOVF) (6.30)
D per(F, oM E) 0

Lemma 6.3. We will show that if E C IR" is an open set of finite perimeter and F C E is a relatively closed
set of finite perimeter, then
OM(E\F) = (0MF n E) U (0™ E\OMT). (6.31)

Proof. The lemma above holds true for arbitrary sets of finite perimeter E and F C E, we will only need it for
open set F and relatively closed set F and as the proof is easier in this case we argue only this result.
Let
I =0M(E\F)NF and I, = 0M (E\F)\F. (6.32)

Since T is relatively closed, if x € I'; then for some small enough 6 > 0, (Bs(x) N E)NF = so
_Br(@) N (ENF)| . |Be(z) NE] 1

1 = 1 - = =
ro0 I'(n)rm ro0 I'(n)rm 2
and thus I3 C OME and hence Iy C (OME\F) ¢ OM E\O™F. On the other hand It C F C F and E is

open. By definition of O™ (E\F) for any = € I, for all small enough 7 we have |B,.(x) N (E\F)| ~ —F(”z)rn and

| B, (z) N (E\F)°| ~ F("T)Tn But as E is open B,.(z) C E for all small enough 7 so we must have z € 9™ F. Thus
I COMF N E and hence as It U Iy = 9M (E\F) this establishes (6.31). O

Lemma 6.4. Let E C R" be a locally K -quasiminimizing set and let F C E be a relatively closed subset of

finite perimeter. Then
Per(F,0M F) < KPer(F, E). (6.33)

Proof of Lemma 6.4. First note by Theorem 4.2 [6] we know the topological boundary OF is equal to the
measure theoretic boundary 0™ E.

Step 1. We will show there exists open set {2 with F C (2 such that

H™ Y ((OE\OMF) N N) <e. (6.34)
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Proof of Step 1. Let u(A) := H" " 1(ANOE). So u is a Radon measure on IR" and hence we must be able to
find open set U with 0F N OF C U such that u(U) < H"Y(OE N JF) + e.
Note F NOFE is a closed set. So 0 = inf {|x —y|: 2 € OFNOE,y ¢ U} > 0. Let Il = J,copror Bs(z). Note

() < wU) < H Y OENIMF) + e (6.35)

Note by compactness there exists A > 0 such that Nx(OF) N'F C II. Let A = U,cp\n, (om) B%(l’) Note
ANOE = 0. And
F = (FNN\(OF))U(F\Nx(0F)) C IT U A.

Now
pw(AUIl) = p((AUII)NIE) = pu(IINIE)
(6.35)
< H" Y OENOMF) +e

So letting 2 = AU II, open set {2 satisfies (6.34).

Proof of Lemma completed. Note that for any open set O with E C O,

H" YOMFNEN Q) < H Y(OMFNE) < Per(F,0).

Thus
Per(F,E) > H" Y (OMFNEN ). (6.36)
So using Lemma 6.2
Per(E\F,2) 2V HYOMFNEN Q)+ H((OME\OMF) N Q)
(6.36),(6.34)

< Per(F, E) + ¢. (6.37)
Now since F CC (2 and F is a quasiminimizer
Per(E,2) < KPer(E\F, )
(6:37)

K (Per(F, E) + ¢) (6.38)

And since F is closed, 9™F C F so

(6.3)
Per(F,0ME) < Per(E,0MF) < Per(E,F), (6.39)

thus

(6.39)
Per(F,0M E) 4 Per(E, 2\F) < Per(E,F) + Per(E, 2\F)
= Per(E, )
(6.38)
< KPer(F,E) + Ke. (6.40)
Since this gives
Per(F,0ME) < KPer(F, E) + Ke.

And as € is arbitrary this establishes (6.33). O
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6.2. Proof of Theorem 1.4.

As stated in Section 3 by the criteria for BV} extension domain of [3,4], E is a BV, extension domain if for every
set of finite perimeter F' C £ with diam(F") < § we can find I’ with F' C I with Per(F,IR") < (1+K)Per(F, E).
We will take F' = F' and we will show

Per(F,IR?) < (1 + K)Per(F, E). (6.41)
So start using Corollary 1.2 we can take closed subset F C F with H1(OMF\0M F) = 0 and
[l — Tr|By <e (6.42)

Now by Lemma 6.4
Per(F,0M E) < KPer(F, E). (6.43)

Note since F is closed, Per(FF,F¢) = 0. And note since F C E we know H'(E°NF) = 0 and so Per(F, E°NF) = 0
by Lemma 6.1. So

Per(F, EY) = Per(F, E° N F°) + Per(F, E° NTF) = 0. (6.44)

Now again by Lemma 6.1

(6.43),(6.44)
Per(F, R?) < Per(F, E') 4 Per(F,0ME) + Per(F,E°) < (1+ K)Per(F, E). (6.45)

Hence

5

(6.42) (6.45)
Per(F,R*) < Per(F,IR*)+¢ < (1+ K)Per(F,E) +e. (6.46)
For any open set O with £ C O we have
Per(F, E) < Per(F,0) = H' (0MF,0) < H'(0M F, 0) = Per(F, O).

As this is true for all open sets O with E C O we have Per(F, E) < Per(F, E) thus putting this into (6.46) we
have Per(F,IR?) < (1 + K)Per(F, E) + € and this holds for all € > 0, so this establishes (6.41). O

6.3. Saturated indecomposable sets.
Proof of Corollary 1.5.

Step 1. First we show that |S| < oco.
Proof of Step 1. By the isoperimetric inequality (see [1] Thm. 46) we have that

min {|5], [R2\S|} < (47) " (Pex(S,R?))?

Now if |IR2\S| < (4m)~t (Per(S, IR2))2 then IR*\S must have an indecomposable component with finite
measure which contradicts the definition of saturated, so this can not happen.

Step 2. Let
a=inf{r > 0:[Dlg|(B-(0)) > 0} and b= sup {w > 0: |DLg| (R*\B.(0)) > 0}.

We will show
H'(OMSNoB,) > 0o0r H(SNAB,) > 0 for all s € (a,b). (6.47)
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Proof of Step 2. Suppose not, so for some s € (a,b) we have that
H*(OMSNOB,) =0and H'(SNOB,) = 0. (6.48)

Now by definition of a,b we know Per(S, By) > 0 and Per(S, B,") > 0. Now let A =SSN B, and B =5nN B,".
So A, B are both sets of finite perimeter.
Now for H' a.e. z € 9M A\OM S, since A C S we must have z € St (recall definition (4.1)) and so z € dB;.
Thus
H'(0MA\(0MS N B, U (SN JBy))) = 0.

In the same way
H*(OMB\(0MS N BSU (SNdBy))) = 0.

Thus by (6.48) we have that H'(0” AN 9™ B) = 0 and as |AN B| = 0 by Proposition 1 [2] we have Per(A) +
Per(B) = Per(S) which contradicts the fact that S is indecomposable.
Now suppose b = oo, then letting

Hy:={s>a:H(OMSNOB,) > 0}. (6.49)

and
Hy:={s>a:H'(SNOB,)>0}.

We have two cases to consider. Either |H;| = oo or |Hz| = co. We will deal with each in turn. Firstly we will
use a standard adaptation of Theorem 3.103 [1] we have that for any u € L'(Br(0))

R
V(u, Br(0)) = / V (1, 9B4(0))ds (6.50)
0
where )
V(u, dBs(0)) = sup {/ u (s cos (g) , $sin (g)) ¢'(0)do : ¢ € 030([0,27rs})} . (6.51)
0
Now suppose |H;| = oo then
5 (6:50),(6.49)
V(ls,IR?) > / V(1s,0Bs(0))ds = cc. (6.52)
H,
Which contradicts the fact that S a set of finite perimeter. Now suppose |Hz| = oo. Let By :=
{s € Hy: H'(0B,(0) N S) > ms} then by the Coarea formula
oS> [ HY9B,0)NS)ds > / rsds > By {w x> 1}]. (6.53)
SE B2 s€ B2

Hence |Bz] < oo. Now for any ¢ € Hy\B; we must have V(llg,0Bs(0)) > 1. Thus as in (6.52),
V(llg,R?) > |Hy\By| = oo which contradicts the fact S has finite perimeter. So in either case we have
a contradiction, thus b < oco.

Step 3. We will show ’Bb(O)C N S’ =0.

Proof of Step 3. Since | D1 g (Bb(O)C) = 0 either ‘Bb(())c N S‘ =0or ‘Bb(())c N SC‘ = 0 in the latter case S° has
an indecomposable component of finite measure which contradicts the fact that S is stratified.

Step 4. We will show S¢ has only one indecomposable component.
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Proof of Step 4. Let Uy, Us,... be the indecomposable components of S€¢. Since S is saturated, |Uy| = oo for
any k € N. Thus |Uy N Bg| > 0 for all k. Since H'(0M Uy, N Bf) = 0, thus [Dly, | (BS) = 0 so either 1y, =1
on By or 1y, =0 on Bf. As |U, N By| > 0 the former is true and so |Bj\Uy| = 0. Thus for every k,l we have
|Ux N U;p| > 0 which is a contradiction. So there is only one indecomposable component.

Proof of Corollary completed. By Theorem 1.1, S¢ can be represented by an indecomposable component It
which is closed. So S := (II)€ then S is open and Dl g = Dls. O

7. EXAMPLE: PROOF OF THEOREM 1.3

The construction. Let {(; : k € N} be an enumeration of the points in the unit square in the e, es plane with
rational coordinates, i.e. points in the set Q1 := {xe; + yes : x,y € [—1, 1]} that can be written as xe; + yes for
some z,y € [—1,1]NQ.

We will define a thin column in direction ez around (j by

I}, = {xe1+y€2+263+Ck V(@ —Ceer)?+ (y— G e2)? <271907F 0 < 2 < 1}-
And we define O = |J,c Ix. Let
U={(z,y,2): —1<2<1,-1<y<1,-1<z<0}.

Finally let
S=0uUlU.

Since O and U are shaved so U is also a shaved set.
Step 1. We will show S is path connected.

Proof of Step 1. From the construction it is clear that for any p € S, the line interval
[p, (p-er)er+ (p-ea)ea — %3] C U. Thus for any py,ps € O

e:
Ly = [ph (p1-e1)er + (p1-e2)er — 3‘3} cS (7.1)
and o
Ly = {p% (p2-e1)er + (p1 - e2)e2 — 3} CS. (7.2)
Finally
e e
L3 = [(m -er)er + (p1 - e2)es — ?37 (p2-e1)er + (p1 - e2)ea — ?3} cucs. (7.3)
So

LiULyULs CS.

Thus p; and ps are connected in S.

Step 2. We will show S¢ is connected.
Proof of Step 2. Let Q = (—1,1) x (=1,1) x (=1,1). If p € Q\S then p + Aeg € S for any A > 0. Thus given
any two points p1,p2 € Q\S we have [p1, p2 + 2e3] C 8¢ and [p1, p2 + 2e3] C S¢ and thus the path

P = [p1,p1 + 2e3] U [p1 + 2e3,p2 + 2e3] U [p2 + 2e3,p2] C S°,

thus P is connected.
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Step 3. We will show S is a set of finite perimeter.
Proof of Step 3. Let On = Uiv:1 11}, and define

Sy =0nyUU.

Note that Sy is a set of finite perimeter and
N
Per(Sy) < ) 2r2710007F 417 <18,
k=1

Now Sy converges in measure to S (see Rem. 3.36 [1]) so by Proposition 3.37 (b) we know Per(S) < 18 and
thus S is a set of finite perimeter.

Step 4. For a.e. p € Q\S there exists 1, > 0 such that
SN Br(p)] >0, |S°N By(p)| >0 for all r € (0,7)) (7.4)

and
Per(S, By(p)) > 0 for any r € (0,7,). (7.5)

Proof of Step 4. By Lebesgue density theorem for a.e. p € Q\S there exists r, > 0 such that

|B,(p) N S|

1
> — for any r € (0,7,]. (7.6)
| B (p)] 2 3

Now for any r € (0,7,] we can find z,y € Q such that (x,y,p-e3) € ONBx(p) and as O is an open set for some
p € (0, 7) we know
|B,(p) N O > 0. (7.7)

So (7.7) and (7.6) together establish (7.4).

Now arguing by contradiction and assuming Per(S N B,(x)) = 0 then as this means |D1s| (B,(z)) = 0 so
by Theorem 3.44, [1] we have that fB |]15 — (Is)p,(s)|dz = 0. However by (7.7) and (7.6) and this is a
contradiction. Thus (7.5) is established.

Step 5. We will show that Q\O C S.

Proof of Step 5. For any p € Q\O either we have p € U or p € (Q\U)\S. So using (7.4) of Step 4 for the latter
case we know that for a.e. p € Q\O, p € S. So there exists a subset G C Q\O with |(Q\O)\G| =0 and G C S.
Thus G C S and since Q\O C G this completes the proof of Step 5.

Proof of Theorem completed. By Step 1 and Step 2, S and S¢ are connected. Since S is a set of finite perimeter
by Proposition 2 [2] we have that S is an indecomposable set. Since H2(9M8¢) = H2(0MS) < oo in the same
way by Proposition 2, §¢ is indecomposable. Thus it is its own only indecomposable component. Hence (1.3) is
established.

Now note by Step 5, Q\O C S and

3999

Sl—4— (2~10000—k)

o (1.3) is established.
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Finally by Step 4 we can find a set G C Q\S with [(Q\S)\G| = 0 and for every p € G there exists r, > 0
such that (7.5) holds true. So arguing by contradiction suppose there exists a Lipschitz map ¢ : S? — IR® such
that H2(0MS\$(S?)) = 0. Now by Theorems 3.59 and 3.61 [1],

H?*(¢(S*) N B,(p)) > H*(0™S N B,(p)) = Per(S, B,(p)) > 0 for all r € (0,7,).

So p € ¢(S?) = ¢(S?). Thus G C ¢(S?) but this is a contradiction because H?(¢(5?)) < (Lip(¢))2H?(S?) =
47(Lip(¢))?. Thus we have established (1.3) and completed the proof of the theorem. O

Remark 7.1. The example constructed in Theorem 1.3 also shows that Theorem 7 of [2] has no analogue in
higher dimension. Note by property (1.3) there are no bounded components of S¢ so S has no holes and is
therefore saturated. Thus the set S constructed is an example of a set Ambrosio et al. define as simple (see
Defs. 3 and 2 [2]). And by property (1.3) 9™ S can not be almost everywhere covered by the Lipschitz image of
the sphere.
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greatly improved the readability of this note.
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