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REGULARITY RESULTS FOR AN OPTIMAL DESIGN PROBLEM
WITH A VOLUME CONSTRAINT

MENITA CAROZZA'!, IRENE FONSECA? AND ANTONIA PASSARELLI DI NAPOLI®

Abstract. Regularity results for minimal configurations of variational problems involving both bulk
and surface energies and subject to a volume constraint are established. The bulk energies are convex
functions with p-power growth, but are otherwise not subjected to any further structure conditions. For
a minimal configuration (u, F), Hélder continuity of the function u is proved as well as partial regularity
of the boundary of the minimal set E. Moreover, full regularity of the boundary of the minimal set is
obtained under suitable closeness assumptions on the eigenvalues of the bulk energies.
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1. INTRODUCTION AND STATEMENTS

In this paper we study minimal energy configurations of a mixture of two materials in a bounded, connected
open set 2 C R™, when the perimeter of the interface between the materials is penalized. Precisely, the energy
is given by

I(u, E) = /Q (F(Vu) + x, G(Vu)) dz + P(E, ), (1.1)

where E C (2 is a set of finite perimeter, u € WP(§2), p > 1, xg is the characteristic function of the set E
and P(E, 2) denotes the perimeter of E in £2. We assume that F, G: R® — R are C* integrands satisfying, for
p > 1 and positive constants ¢, L, a, § > 0 and p > 0, the following growth and uniform strong p-convexity
hypotheses:

(F1) 0< F(§) < L(p? + €5,

(F2) /Q F(§+Vyp)dx > /

| (F@ + 02 + 1P + Vel T (96 d,
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and
(G1) 0 < G(€) < BL(K* + €)%,

2 2 2\ 252 2
(62) | Gle+Vern= [ (GO +ate +1R + Vo) T Vel da

for every £ € R™ and ¢ € C}(2).
We are interested in the following constrained problem

min {Z(u, E) : u=wug on 992, |E| =d}, (P)

where ug € WHP(£2) and 0 < d < |£2] are prescribed. Note that the strong convexity of F' and G, expressed

by (F2) and (G2), by virtue of Theorem 1.4 below, ensures the existence of solutions of the problem (P).
Energies with surface terms competing with a volume term appear in a plethora of phenomena in materials

science such as models for optimal design [4], phase transitions [18], liquid crystals [19], epitaxy [12] (see also [11]).
Our first regularity result is the following:

Theorem 1.1. Let F and G satisfy assumptions (F1)—(F2) and (G1)—(G2), respectively. Assume, in addition,
that F' is p-homogeneous, i.e., F(t§) = tPF (), for all t > 0. If (u, E) is a minimizer of problem (P), then

loc

0*E) N Q) =0.

0,2 . ) .
u € C..7 (2), where p' denotes the Hoélder’s conjugate exponent of p, i.e., p' = p%l, Moreover, H" 1 ((0F \

Previous results in this direction have been obtained in [4] and [20]. Precisely, Ambrosio and Buttazzo [4]
and Lin [20] considered problems of the form

/Q(UE(x)qu) dz + P(E, 0) (1.2)

with u = 0 on 942 and o (z) := axg +bx o\ g for a and b positive constants. It was proven in [4] that minimizers
of (1.2) exist and that if (u, F) is a minimal configuration then wu is locally Holder continuous in {2 and, up
to a set of H™ ! measure zero, there is no difference between the theoretic measure boundary of E and its
topological boundary. Recently, in [8], it has been proven that there exists v = «y(n) such that, for a minimal
configuration (u, F) of (1.2) if 1 < a/b < 7(n), then w is locally Holder continuous in §2 and 9*E, the reduced
boundary of E, is a Ch“-hypersurface. Moreover, Lin [20] showed that if (u, E) is a minimizer of (1.2) among
all configurations such that u and F are prescribed on 92, then u € C%'/2(£2) and §*E, the reduced boundary
of E, is a C1:®-hypersurface away from a singular set X of H"~! measure zero. In [21], Lin and Kohn establish
a partial regularity result for the boundary of the minimal set of the problem

I(u, E) = /Q (F(x,u,Vu) + x,G(z,u, Vu)) de + P(E, £2), (1.3)

subject to the following constraints
u=¢® on 0 and |E|=d,

requiring that F' and G satisfy severe structure assumptions and have quadratic growth. A more detailed analysis
of the minimal configurations of (P) was carried out in the two dimensional case by Larsen in [19]. However,
also in this case only partial regularity of 9*E is obtained.

All minimum problems considered in the above mentioned papers have bulk energies of Dirichlet type with
quadratic growth, i.e., of the form | - |2. Here, in Theorem 1.1 we treat constrained problems, we do not require
any additional structure assumption on the bulk energies, and we assume p-growth (not necessarily p = 2) with
respect to the gradient.
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We point out that the Holder exponent 1% in Theorem 1.1 is critical, in the sense that the two terms in the

energy functional (1.1) locally have the same dimension n — 1 (under appropriate scalings). Actually, we will

0,4 +5 . " .
show that v € C..” (£2), for some § > 0, under suitable conditions on the eigenvalues of F' and G, that,

loc ~
together with a result in [23] (see Thm. 2.3 in Sect. 2), allows us to conclude that 0*E is a C*? hypersurface,
for some 0 < § < 1. More precisely, we have

Theorem 1.2. Let F and G satisfy assumptions (F1)—(F2) and (G1)-(G2), respectively. There exist v =
~y(n, p, %) <1 and d =3d(n,p) > 0 such that if

(F) () = a8

0,4 +¢ . .
and if (u, E) is a minimizer of problem (P), then w € C|.”"  (§2) for some positive & depending on n,p,«, 3.

~ = loc
Moreover O*E is a C*°-hypersurface in 2, for some § < % depending on n,p, o, 3, and H*((OE\ 0*E)N{2) =0
for all s >n — 8.

Note that in Theorem 1.2 we do not impose the p-homogeneity of F', condition that we required in Theorem 1.1
only to avoid heavy technicalities.
Consider the prototype integrands

F(€) = L(p* + )

In this case the parameter « in assumption (G2) coincides with 3 in assumption (G1), and condition (1.4)
reduces to

4
2

and G(&) = BL(p* + [¢*)".

y
ﬁg—a
L=y

with v = 7y(n,p) < 1.
The functional (1.2) is a particular case of (1.1), setting

() = bleP? and G =(a—beP,  a>b

In this case, the parameters «, 5 in (G2) and (G1) are given by

a—1>
f=a="0,
and condition (1.4) becomes
a 1
l<o<—
b~ 1—xn

So, Theorem 1.2 gives back Theorem 2 in [8] as a particular case.
Further, without imposing any condition on the eigenvalues of the integrands, we are still able to obtain the
following partial regularity result:

Theorem 1.3. Assume that (F1)—(F2) and (G1)-(G2) hold and let (u, E) be a minimizer of problem (P). Then
there exists an open set 2o C 2 with full measure such that u € C%"(§2y), for every positive n < 1. In addition,

O*E N £y is a CY-hypersurface in o, for every 0 < 7 < 2. and H*((OE\ 9*E) N §2) =0 for all s > n — 8.

In the study of regularity properties, the constraint |E| = d introduces extra difficulties, since one can work
only with variations which keep the volume constant. The next theorem allows us to circumvent this extra
difficulties, ensuring that every minimizer of the constrained problem (P) is also a minimizer of a suitable
unconstrained energy functional with a volume penalization.
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Theorem 1.4. There exists A\g > 0 such that if (u, E) is a minimizer of the functional
Ta(v, A) = / (F(V0) + x.G(Vv))dz + P(A, 2) + A||4] — d] (1.5)
Q

for some A > Ao and among all configurations (v, A) such that v = ug on 02, then |E| = d and (u, E) is
a minimizer of problem (P). Conversely, if (u, E) is a minimizer of the problem (P), then it is a minimizer
of (1.5), for all A > Xp.

Theorem 1.4 is a straightforward modification of a result due to Esposito and Fusco (see [8], Thm. 1). Since
several modifications are needed, we present its proof in Section 3 for the reader’s convenience. Similar arguments
have been used in Fonseca, Fusco, Leoni and Millot [11] (see also Alt and Caffarelli [1]).

From the point of view of regularity, the extra term )\|\A| - d| is a higher order, negligible perturbation,
in the sense that if o € 0*FE N 02 then |E N B,(xo)| decays as o™ as ¢ — 07 while the leading term
fBQ(ID) (F(Vu) + x,G(Vu)) dz + P(E, B,(x0)) decays as 0"~ !.

The proof of Theorem 1.1 is based on a decay estimate for the gradient of the minimizer u, obtained by
blowing-up the minimizer » in small balls. We establish that the minimizers of the rescaled problems converge
to a Holder continuous function v, and we show that u and v are “close enough” (with respect to the norm in
the Sobolev space W) in order to ensure that u inherits the regularity estimates of v.

Theorems 1.2 and 1.3 are obtained by a comparison argument between the minimizer of (P) and the minimizer
of a suitable convex scalar functional with p-growth, for which regularity results are well known. Also here, we
show that the two minimizers are “close” enough to share the same good regularity properties. We remark that
in this comparison argument we need that u is a real valued function. In fact, in the vectorial setting (see [22])
minimizers of regular variational functionals may have singularities and only partial regularity results are known
(see for example [3,7,13]).

This paper is organized as follows: in Section 2 we fix the notation and collect standard preliminary results.
The proof of Theorem 1.4 is given in Section 3, since the result is needed in the proofs of the other theorems.
The proofs of Theorems 1.1, 1.2 and 1.3 are presented in Sections 4, 5 and 6, respectively.

2. NOTATIONS AND PRELIMINARY RESULTS

In this paper we follow usual convention and denote by ¢ a general constant that may vary from expression to
expression, even within the same line of estimates. Relevant dependencies on parameters and special constants
will be suitably emphasized using parentheses or subscripts. The norm we use in R” is the standard Euclidean
norm, and it will be denoted by | - |. In particular, for vectors £, n € R™ we write (£, n) for the inner product
of £ and 7, and [{| := (£,€)7 is the corresponding Euclidean norm. When a,b € R™ we write a @ b for the
tensor product defined as the matrix that has the element a,.bs in its rth row and sth column. Observe that
(a®b)x = (b-z)a for x € R", and |a ® b| = |a||b|. When F: R" — R is C!, we write

DeF(€)ln] = o

if £, n € R™. It is convenient to express the convexity and growth conditions of the integrands in terms of an
auxiliary function defined for all £ € R™ as

V(E) = Vou6) = (u2 +1¢2) 7 ¢ (2.1)

where ;1 > 0 and p > 1. We recall the following lemmas.

F(&+1tn)
t=0

Lemma 2.1. Let 1 <p < oo and 0 < pu < 1. There exists a constant ¢ = ¢(n, N,p) > 0 such that

—1,2 2 2\ 252 “G),u(f)_Vp,u(U)P
P+ ) T < T

p—2
<c(P+EP+n?) 2

for all £, n € R™.
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For the proof we refer to [17], Lemma 8.3. The next lemma can be found in ([15], Lem. 2.1) and ([2], Lem. 2.1)
for p > 2 and 1 < p < 2, respectively.

Lemma 2.2. For 1 <p < oo and all £, n € R™ one has

L+l +mP) T dt

S p—2
(1 + €2 + nf*) ="

1
C b
where ¢ depends only on p.

It is well-known that for convex C! integrands, the assumptions (F1) and (G1) yield the upper bounds

IDeF(E)] < er(p® +1€2) "5 IDG(E)] < ealp® +1€2) "5 (2.2)

for all £ € R™, where we can use ¢; := 2PL and ¢y := 2P3L (see [17]).
Also, if F and G satisfy (F2) and (G2), respectively, then the following strong p-monotonicity conditions
hold:

(DeF(€) — DeF(n),& —n) = c(p)l|V(§) = V()|

(DeG(&) = DeG(n), € — 1) = c(p)at|V(€) = V(n)? (2:3)

for all &, n € R™ and some ¢(p) > 0. In fact, (F2) and (G2) are equivalent to the convexity of the functions

£ — F(&) = F(&) — t(u® + |¢]*)®
and _ ’
£ — G(&) = G(&) — al(u® + €)%,
respectively (see for example [17], p. 164). Hence, the convexity of F implies

F(&) — L + €8 > F(n) — L + In|*) % + (DeF(n), € —n) — tp{(16 + n|*) & 10, € — )

and
F(n) = £(u® + n*)2 > F(§) — L(1® + [€°)2 + (DeF(€),n — &) — ep{(p® + [€1%) 2 7', m = §).

Summing previous inequalities and using Lemmas 2.2 and 2.1, we obtain

(DeF(€) — DeF(n), & —n) > p{(1® + |€]*) 271, € —n) — tp((u® + [n*) 5 10, € — )

> Ip((p? + (€2 Ee — (U2 + ) E 6 — )

1
> c(p)t / (2 + |6+t — OP)E " dtle — ]2

> c(p)|V(€) — V(n)]2,

i.e., the first inequality in (2.3). The second inequality in (2.3) can be derived arguing similarly.
Further, if F' and G are C?, then (F2) and (G2) are equivalent to the following standard strong p-ellipticity
conditions

(D2F(€)n,m) > es(u® + €))7 [n?, (D2G(E)n,m) > ealy® +[€2)"F |n?

for all £, n € R™, where ¢; are positive constants of form ¢z = ¢(p)¢ and ¢4 = ¢(p)al, respectively.
The next lemma establishes that the uniform strong p-convexity assumptions (F2) and (G2) yield growth
conditions from below for the functions F' and G.
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Lemma 2.3. Suppose that H : R" — [0, +00) is a C' function such that

0< H(E) < L(u? + |¢*) (24)
for all € € R™, wherep > 1,0 < u <1, L>0. Assume, in addition, that
| HE+ Vo oz [ B+ T+ 6P +16P) T Vol do (25)
Q Q

for all £ € R™, ¢ € CH(Q), Q C R™ and for some positive constant (. Then there exists a positive constant
c(p, L, L, 1) such that

N &~

H(E) > (1 + )8 —c(p, L, lp)  for all € € R™ (2.6)

Proof. We use again the fact that assumption (2.5) is equivalent to the convexity of the function

§— K(&) = H() — l(p” + [¢)%.

Hence
K(§) = K(0) + (DeK(0),€),

or, equivalently, N _
H(E) = (u® + [€)% + H(0) — b + (DeH(0), €) (2.7)

for all £ € R™. By (2.4) and (2.2), we have that
H0)>0 and  |DeH(0)| < 2PLpP~ Y,

and by Young’s inequality

|(DeH(0),6)] = [((2) 7 DeH (0), () 76)| < c(=)(2) 7 IDeH () 7T + =llg]”

p2  ~ 1 ~ p ~
< o(e)27T (£) TILAT 4 el + [6)8 (2.8)
Inserting (2.8) in (2.7), we get
~ D 2 ~ -1~ »p ~ D ~
H(E) > Ui + €)% —e(e)27 (£) 7 TL7 1P — el + [¢) 2 — fp”
and, choosing € = %, we conclude that

1

(1 +1€1%)% - Zal P P O
pe+1E1)2 —¢p 7 pP — L.

O] )

H() >

As already mentioned in the Introduction, we will compare the minimizer u of the problem (P) with the mini-
mizer of a suitable regular convex variational integral. In order to take advantage of the comparison argument,
we will need the following regularity result (see [10], Thm. 2.2)

Theorem 2.1. Let H : R" — [0,400) be a continuous function such that

D
2

0< H(E) < L(p?+ [¢P)
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for all € € R™, wherep >1,0< <1, L>0. Suppose, in addition, that
| HE+ Voo [ B+ T+ 6P +96P) T Vol do
Q Q

for all € € R, ¢ € CL(Q), Q C R™ and for some positive constant ‘. If v € WYP(82) is a local minimizer of
the functional

H(w, 2) = /QH(Vw) dz,
H(v, By (20)) = min {H(w, By(z0)) : we v+ Wol’p(Br(xo))} for all By(zo) C 2,

then v is locally Lipschitz in §2, and

e suwp (4 +[VoP)E e Lipf (24T o (2.9)
B%(ﬂfo) Br(z0)

for every Bg(wo) C Br(xo) C £2.

In what follows, we will need a more explicit dependence on the eigenvalues of H of the constant in (2.9).
Actually, a careful inspection of the proof of Theorem 2.2 in [10] reveals that the constant in estimate (2.9) is
of the type

2n

c(n, E,Zp) =c <£> N (2.10)

where ¢ = ¢(n,p) > 1.
The following is a technical iteration lemma (see [17], Lem. 7.3)

Lemma 2.4. Let ¢ be a nonnegative, nondecreasing function and assume that there exist ¥ € (0,1), R > 0,
and 0 < 3 <~ such that
o) < 9Vo(r) + brP

forallO<r < R. Then we have
el) < (L) olr) + b
= ’,“ b)
for every 0 < p <r < R, with C = C(¥, 3,7).

The next result relates the decay estimate for the gradient of a Sobolev function with its Hoélder regularity
properties (see [14], Thm. 1.1, p. 64 and [16], Thm. 7.19)

Theorem 2.2 (Morrey’s Lemma). Let u € WUY(§2) and suppose that there ewist positive constants K,
0 < a <1 such that

/ |Vu|dz < Kr" 1,
B (x)

for all balls B(z,r) C 2, x € 2,7 > 0. Then u € C®%($2).

Given a Borel set F in R™, P(E, {2) denotes the perimeter of E in (2, defined as

P(E,Q):sup{/ divodr : ¢ € CJ(2;R™), |9 < 1}.
E
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It is known that, for a set of finite perimeter E, one has
P(E,Q)=H""'(0"E)

where

O'E = {J;E 0: limsupw >O}

0+ pnfl

is the reduced boundary of E (for more details we refer to [5]).
Given a set E C {2 of finite perimeter in (2, for every ball B, (z) € 2 we measure how far E is from being an
area minimizer in the ball by setting

W(E, By(z)) := P(E, B,(x)) — min {P(A, B,(z)) : AAE € B,(z), xa € BV(R")}.

The following regularity result, due to Tamanini (see [23]), asserts that if the excess ¢(FE, B.(z)) decays fast
enough when r — 0, then E has essentially the same regularity properties of an area minimizing set.

Theorem 2.3. Let {2 be an open subset of R™ and let E be a set of finite perimeter satisfying, for some
5€(0,3)
V(B By(x)) < er" 10

for every x € Q2 and every r € (0,19), with ¢ = c(x),ro0 = ro(x) local positive constants. Then O*E is a
CY-hypersurface in 2 and H* ((OE\ 0*E)N 2)) =0 for all s > n — 8.

3. PROOF OF THEOREM 1.4

This section is devoted to the proof of Theorem 1.4, which follows closely that of Theorem 1 in [8]. Since
several modifications are needed, we present it here for the convenience of the reader.

Proof of Theorem 1.4.

Step 1. We prove the first part of Theorem 1.4 arguing by contradiction. Assume that there exist a sequence
{An}hen such that A\, — 0o as h — o0, and a sequence of configurations {(uy, E)} minimizing 7, such that
up, = ug on 912 and |Ep| # d for all h. Notice that

I)\;L (U}“Eh) S I(UOaEO) = @a (31)

where Ey C {2 is a fixed set of finite perimeter such that |Ey| = d. Assume that |Ep| < d for a (not relabeled)
subsequence (if | E| > d the proof is similar). We claim that, for h sufficiently large, there exists a configuration
(i, Ep) such that Ty, (@in, Ey) < Iy, (un, Ey,), thus proving that |Ej| = d for all h sufficiently large, say A > Ao.

By our assumptions on F and G, it follows that the sequence {uy} is bounded in WP (£2), the perimeters
of the sets Ej, are bounded, and |Ej)| — d. Therefore, without loss of generality, we may assume, possibly
extracting a subsequence (not relabeled), that there exists a configuration (u, F) such that u, — u weakly in
WYP(02), xg, — xr a.e. in 2, and E is a set of finite perimeter in 2 with |E| = d.

Step 2. Construction of (ay, Eh) Fix a point € 9*E N {2 (such a point exists since F has finite perimeter
in 2,0 < |E| < |£2], and {2 is connected). By De Giorgi’s structure theorem for sets of finite perimeter (see [5],
Thm. 3.59), the sets E, = (E — z)/r converge locally in measure to the half space H = {z - vg(z) > 0},
i.e., Xg, — xu in L} (R"™), where vg(z) is the generalized inner normal to E at z (see [5], Def. 3.54). Let
y € B1(0) \ H be the point y := —vg(z)/2. Given € > 0 and small (to be chosen at the end of the proof), since

XE, — xu in L*(B1(0)) there exists 7 > 0 such that

Wn

By (x) C £2, |Er N Byya(y)| <e, |E- N Bi(y)| > |E- 0 By2(0)] > PYETE
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where w,, denotes the measure of the unit ball of R™. Therefore, setting x, := x 4+ ry € {2, we have

wnpr™

B, (z,) C 2, |EN By jo(x,)| <er”, |E N By(z,)] > n2’

Assume, without loss of generality, that x,, = 0, and in the sequel denote the open ball centered at the origin
and with radius r > 0 by B,. From the convergence of {Ej} to E we have that, for all h sufficiently large,

W™

|EhﬂBr/2| <€Tn, \EhﬂB,«| > W (32)
Define the bi-Lipschitz map ¢ : B, — B, by
r
1—-0(2" -1 if =
(1—o( ZL)J; if |z| < 5
@)= as+o(l-— |z iftg\x\<r, (33)
|z[" 2
x if |z| >r,
for some fixed 0 < o < 1/2", to be determined later, such that, setting
Eh = @(Eh), Up = Up, O @_1,
we have |Ej,| < d. We obtain
T, (un, En) — T, (i, Bn) = { [ (Fw)+x, 67w do - [ (F(Va) +x,, 6(Van) dy]
R B, '
+(P(En, B,) — P(Ey, B,)) + M (|En| — | Enl|)
= Lp+lon+Ish. (3.4)

Step 3. Estimate of I j,. We start by evaluating the gradient and the Jacobian determinant of @ in the annulus
By \ Byjy. If r/2 < |z| <, then we have

0P,
6.%‘ j

(x):(l—l—a—%)ézj—l—narn% forall i,j=1,...n
and thus, if n € R™,

(Vdon) -n= (1—1—0— %) 77|2—|-nm””(|;EC|.TZ)22
from which it follows that .
Vol > (1+0— %) In).

From this inequality we easily deduce an estimate on the norm of V&', precisely,

Voo ( Ve on )’ ! (3.5)

—1 _ v — -
||V@ (@(1‘))” = max ‘V@Om mi}i ‘V@om

[n|=1

n —1
< <1+0’—%> §(1—(2"—1)0)71 for all x € B, \ B, 2.
x
Concerning the Jacobian, we write, for x € B, \ B, s,

P(z) = o(|z])

o (3.6)
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where

o(t) = (1 +o0— %) , for all ¢t € [r/2,r].

Let I denote the identity map in R™. Recalling that if A = I+a®b for some vectors a, b € R™, then detA = 1+4a-b,
a straightforward calculation gives for all z € B, \ B/,

Jo(z) = ¢ (| |)( “”)) (1—1—0—1—(71_3;#) (14—0—2—7:)”_1. (3.7)

We have

n\ n—1 ar’™ n—1 or™
or n—1 [z]™ n—1 [=]™
1 - — =(1 1-— > (1 1—-(n—1
( +o le"> (1+0) ( 1+a> > (1+0) ( (n )1—|—a>

:(1+a)"—2(1+a (n—l)r| ) +a—(n—1)W (3.8)
Since x € B, \ Bz, by (3.7) and (3.8) we have
Jo(2) > (140 +n-1)2") (1+0-m-1T=) = (1402 —(n—l)QUzT%
|z Ea 2"
> (14 0)% - 4"(n —1)%0° —1—|—20—(4”(n—1)2—1)02>1—|—0 (3.9)
provided that we chose
1
TS mo1g-1
On the other hand, from (3.7) we get also
JO(z) <1+ 2"no. (3.10)

Let us now turn to the estimate of I; . Performing the change of variable y = @(z) in the second integral
defining 11,5, and observing that x5 (®(z)) = xg, (z), we get

L, = /B [F(Vuh(x)) — F(Vup(z) o VO~ (D(2))) JP(2)

r

X5, (@) [G(Vun(@)) = G(Vun(2) o VO (#(2)) ) JO(x) | de
=: A1,h + Az’h, (3.11)

where A; j stands for the above integral evaluated in B,/ and Ay j, for the same integral evaluated in B, \ B, ;.
Recalling the definition of @ in (3.3) and the growth assumptions on F, G in (F1) and (G1), respectively, we get

-1

Ay = /B [F(Vun(z)) = F(Vup(z) o (1 —o(2" = 1)) I)(1 - 02" - 1))"] dz
/2

—1

+ / X, (2)[G(Vun(2)) = G(Vun(z) o (1 —a(2" = 1)) I)(1 - 02" —1))"] dz

B'r'/2

> _/ F(Vup(z)o (1—0(2" = 1)) 1) (1—0(2" —=1))" dz
»
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—1

—/ XE, (2)G(Vup(z) o (1 —o(2" — 1)) I) (1 —o(2" - 1))” dx

B'r'/2

> —c(p,ﬂ,L)/ (1+ x&, (@)|Vun(z) o (1 —o(2" = 1)) 1P (1= 0(2" = 1))" da
B,./s
—c(p, B, L)pP (1 = o(2" —1))"r"
> —clp. L) [ (14 xm, @) Tun (@) (1 - 02" — 1)) do
B,./s

—e(p, B, L)pP (1 = o(2" = 1))"r"
=—c(l-0o(2" - 1))n7p/ |Vun(2)|” dz — cp? (1 — (2" — 1)) "r"
B2
Z _O(napv 67 L7 a, /”')(@ + ,,Jl)
where we used (3.1). Recalling (3.5), (3.10) and (3.1) we have

Ao = / [F(Vun(z)) — F (Vun(x) o V&~ (8(2))) JB(z)] do

+ / XE, (z) [G(Vuh(:r)) -G (Vuh(w) o V¢*1(¢(x))) J@(x)] dz
Br\B; /2

> clp.BL) [ (s, @) Van@P (L= (2" = Do) (14 2'0) do
By \B,./2
—c(p, B, L),up(l + Q”na)r"
> —C(n,p,B,L,0) / [Vup(z)[P dz — c(p, B, L)p? (1 + 2"no ) r"

BT\BT'/2
> —C(n,p,B,L,o,pn)(0 +1").

Thus, from the above estimates we conclude that
Il,h Z —C(”,p757[4707/ﬁ)(9+rn)~ (312)

Step 4. Estimate of I . We use the area formula for maps between rectifiable sets. To this aim, for z € 0* £},
denote by T}, 5 : m,, — R™ the tangential differential at = of ¢ along the approximate tangent space 7 »
to 0*Ep, which is defined by Tp, (1) = V&(z) o7 for all 7 € 7, . We recall (see [5], Def. 2.68) that the
(n — 1)-dimensional jacobian of T}, , is given by

Jn—lTh,x = det(T;:’x © Th,x)v

where T} is the adjoint of the map T}, .. To estimate J, 1T} 4, fix € 0"Ey N (B, \ B,/2). Denote by

{71,...,7n—1} an orthonormal base for 7, ,, and by L the n x (n — 1) matrix representing T} , with respect to
the fixed base in 7, , and the standard base {e1,...,e,} in R”. From (3.6) we have
Ly = vz = 20 ((p’(|x|) - ‘P(x)> LN i=1,...nj=1,...,n—1
|z | ) || |zl

Thus, for j,l =1,...,n — 1, we obtain

2(Jaf) & ( s02<|x|>><w~n><x-n>
(Lo L); )+ (@) - 22 .

2
T 2
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Since Jp—1Th, ¢ is invariant by rotation, in order to evaluate det(L*oL) we may assume, without loss of generality,
that 7; = e;, for all j =1,...,n — 1. We deduce that

2 2 / /

. o (12]) 7(n-1) 2 e (z)) | 2’ ®@=
Lol = I _

o P + (¥ (lzl) FE e

where I("~1 denotes the identity map on R* ! and 2/ = (x1,...,2p—1). With a calculation similar to the one
performed to obtain (3.7), from the equality above we easily get that

aawon) = (FR) i (+200 ~ ) B

and so, using (3.6) we can estimate for x € 0", N (B, \ B, /2)

n—1 /
Ia- e = Ao T) = (220 ¢1+ s (e - SN EE ey

] @*(|2])

< (%) (e < @lal) <140+ 2% — 1o

To estimate I3 5, we use the area formula for maps between rectifiable sets ([5], Thm. 2.91), and we get
Iy = P(Ey,B,) — P(Ey,, B,) = / e / Jn1Tp o dH™
O*EpNB, O*EnNB,

:/ (- JuiThe) AR +/ (1= Jo 1 Tha) dHP1.
8*Eh,mBr\BT/2 8*Eh,mBr/2
Notice that the last integral in the above formula is nonnegative since @ is a contraction in B, ,, hence
Jn—1The < 1in B, 9, while from (3.13) and (3.1) we have
/ (1 - JnflTh,m) dHnil Z —QHTLP(E}L,ET)J Z —2“77,90,
0*EnNB,\B, 2
thus concluding that
Iy > —¢(n)Bo. (3.14)
Step 5. Estimate of I3 . We recall (3.2), (3.3), (3.7) to obtain

I3 = Ah/ (JP(x) — 1) do + /\h/ (J&(x) — 1) dz
EhnBT\B,,./Q E;LI'TB,,./Q

> M Ci(n) (20:% — 6) or’ — /\h[l — (1 — (2" — 1)0’)"]57"71

Wn

> \por” [C’l(n)m

—Ci(n)e — (2" — 1)ng]
Therefore, if we choose 0 < ¢ < e(n), with €(n) depending only on the dimension, we have that
Ig’h Z )\hCQ (TL)UTn (315)

for some positive Ca(n).

Step 6. Conclusion of Step 1. Estimate (3.15), together with (3.4), (3.12) and (3.14), yields

I, (un, Bn) — I, (in, En) > Mo Car™ — C(n, p, o, 1) (6 + 1) > 0
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if A, is sufficiently large. This contradicts the minimality of (uy, E}), thus concluding the proof of the first part
of Theorem 1.4.

Step 7. Conversely, if (u, E') is a minimizer of Z and )¢ is as determined on Step 1, then for A > Ao Steps 1-5
ensure the existence of a minimizer (uy, Ey) of Z, with |Ey| = d. Hence, by the minimality,

I(U,E) SI(U)\,E)\) :IA(U)\,E)\) SI)\(U,E) :I(U,E)

1.€.,
I(u, E) = I\ (ux, Ex) O

and so (u, F) also minimizes 7.

4. PROOF OF THEOREM 1.1

This section is devoted to the proof of our first regularity result, stated in Theorem 1.1. The proof is obtained
by establishing that the bulk energy and the perimeter of the free interface both decay on balls of radius p as
p" 1, for p — 0F. We divide it in two steps: In the first we prove the decay estimate for the perimeter, and in
the second we address the decay of the bulk energies.

Proof of Theorem 1.1. Let (u, E) be a solution of the problem (P).

Step 1. First decay estimate. Fix xo € {2 and let R < dist(zg,92). Assume, without loss of generality that
0 < R < 1. Here we want to prove that there exists a constant ¢ = co(n,p, Ao, @, 5, ¢, L) such that

/ |Vul|P dz + P(E, By(20)) < cor™ !, (4.1)
B, (xo)NE

for every 0 < r < R. _
First, consider g € OE N {2 and set E := E \ B,(xo) where 0 < r < R. For A\g determined in Theorem 1.4,
we have B
IAO (’LL, E) < IAO (uv E)’

1.€.,
/Q (V) + XEG(Vu)) dz + P(E, )
/Q (Vu)+ y. G(Vu)) dz + P(E, Q) + )| |E| — d|.
Therefore,
[ (e = X )6(u)da + (B, Bu(o)) < PUB, o0) + Aol B = |
and so

/ X;G(Vu)da + P(E, B, (xg)) < c(n)r™ ! 4 c(n)Aor™ < e(n, Ao)r™ 1,
By (z0)

since r < 1. Lemma 2.3 implies that

ozg / X5 |VulP dz — c(p, p, o, 5,4, L)| B (x9) N E| + P(E, Br(x0)) < ¢(n, o)™t
Br(xo)

or, equivalently,

¢
oy / Xp|Vul|P dz + P(E, By (x0)) < ¢(n, Xo)r™ ™' + ¢(p, p, a, 3, £, L)| B,(z) N E|
B(mo)
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< C(napv s, o, ﬁ)ga L7 AO)Tn_l'
Therefore
{
mln{a§71} [/ XE‘Vu‘pdx_‘_P(E?BT(xO)) Sc(napvﬂ‘aa7ﬁ7€al’a AO)Tnil.
Br(mo)

This inequality yields that
/ |VulP dz + P(E, B.(x0)) < cor™ 1, (4.2)
B, (xo)NE

where we set ¢g := ¢(n,p, Ao, @, 5, ¢, L).
If zg € OE N 2, or B,.(zp) N E is not empty and we argue exactly as before, or B,(zg) C 2\ E and
estimate (4.1) is trivially satisfied.

Step 2. Second decay estimate. Here we want to prove that there exist 7 € (07 %) and § € (0,1) such that for
every M > 0 there exists hy € N such that VB(x,r) C {2 we have

/ |VulP dz < hor™ ™! or / [VulP doe < MT"_‘S/ [Vul? dz. (4.3)
Br(x0) By (o) By (z0)

In order to prove (4.3), we argue by contradiction. Fix 7 € (0,1/2), 6 € (0,1) and choose M > 79=". Suppose
that for every h € N, there exists a ball B, (z5) C {2 such that

/ |VulP dz > hr~t (4.4)
By, ()
and
/ |Vul|P do > MTTHs/ |Vu|P d. (4.5)
B'r'r'h (Ih) B'r'h (xh)
Note that estimates (4.2) and (4.4) yield
/ Vul? de + P(E, By, (1)) < corf ™ < @ / IVl dz, (4.6)
By, (zn)NE By, (z1)
and so
/ IVul? dz < C—O/ VulP da. (4.7)
By, (zn)NE h By, (xn)

Substep 2.a. Blow-up. Set
= ][ |VulP dz
By, (1)
and, for y € B1(0), introduce the sequence of rescaled functions defined as

(xh +7hY) — an
ShTh

vp(y) == “ , where ap ::][ u(x) da.
By, (xn)

We have )
Vun(y) = ;VU(% +rpy)

and a change of variable yields

1
£ vowra=5f  u@pde-1. (4.8)
By ShJ B, (zn)
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Therefore, there exist a subsequence of vy, (not relabeled) and v € W1?(By) such that
vp = v weakly in WP (B;), and v, — v strongly in LP(By).

Moreover, the lower semicontinuity of the norm implies
][ [Vo(y)|P dy < lihm inf][ Vo (y)|P dy = 1. (4.9)
Bl — 00 Bl

Substep 2.b. We claim that v, — v in T/Vl P(By). Consider the sets

E—Z‘h
Th

E;: = ﬂBl.

Since P(E}, B1) = == P(E, B,, (z1,)), by (4.6) we have that P(E}, By) are bounded, and so, up to the extrac-
h

tion of a subsequence (not relabeled), x,. — X,. in L' (and weakly in BV (By)) for some set of finite perimeter
h
E* C B;.
Using the minimality of (u, E) with respect to (u + ¢, E), for ¢ € W, ?(B,, (x1)) we obtain

/Brhm) (F(Vu(@)) +x, G(Vu(@)) de < /B

or, equivalently, using the change of variable x = zj, + rpy, we get

o (F(Vule) + Vo)) + X, G(Vu(z) + Ve(a)) ) dz,

/B 1 (F (s Vun(y)) + XEEG(%Vvh(y))) dy

< /B (F (ShVor(y) + VoY) + X, Glon Von(y) + Vw(y))) dx (4.10)

for every v € Wol’p(Bl). Let n € C§°(By), 0 < n < 1. Choosing ¥, (y) = spn(v — vp,) as test function in (4.10),
we get

[ (PTGl Tt dy

< /31 (F(Cthv(y) + (1 =) Von(y) + Vs (v — vh))) dy
+ [ v (GEmTv0) + 5u(1 = Tun) + Fss(v - ) ) dy

< /B (F(enVol) + (1t = mVun(y) ) dy + /B Yo (G(nVo(y) + (1 = ) Vun(y)) ) dy
+ / <D5F(<m7Vv(y) + sn(1 = n)Vun(y) + Vneu(v — vn)), Visn (v — vh)> dy
+ /B Xos <D5G(gthv( )+ on(1 = 1) Vou(y) + Vnsu(v — va)), Visn (v — vh)> dy
/ ( (snVu(y) +sn(1 - n)Vvh(y))) dy + / Xgs (G(cthv(y) + (1= n)Vvh(y))) dy
te

p—1
/ (12 + [sn Vor]? + [ Vo> + [sn (v = 0n)[?) 7 fon(v — vp)| dy (4.11)
B
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where, in the last inequality, we used (2.2). Hence, using Holder’s inequality and the convexity of F' and G in
estimate (4.11), we obtain

/B (F(%V?}h(y)) T Xpr G(<thh(y))) dy
= /B1 ((1 —n)F(nVun(y)) dy + UF(%Vv(y))) dy

+ / Xy ((1 —n)G(nVun(y)) + nG(cth(y))) dy (4.12)
By

1
P P
+C/ lsn (v — vp)|P dz + gﬁ (/ w? 4+ [Vop|P + |Vol? dx) </ |v — v P dx) ,
By B1 By

4.4) and the definition of ¢, we have

—~

since we may suppose that ¢, > 1 for h large. In fact, by

Sh> (4.13)

)

=

and so ¢, — +00 as h — 4o00. By virtue of (4.8), from estimate (4.12) we infer that
[ n(FOT00) + 66 Ton0) dy
1

< [ (F@ve) o+ [ x,, (166 00) ay

1
r
+C§,ZZ/B [v —vn|P + ccp) </B |v—vhpdx> . (4.14)
1 1

Note that, by changing variable in (4.7), we have
c
rﬁ/ |Vu(zy, + rpy)|P dy < EOTZ/ [Vu(zp, +rpy)|P dy,
BlﬂE;; B1
and thus, by the definition of vy,

Ci
/ Von(y)lP dy < / Von(y)[P dy
BlnE;; h’

By

and, by the use of (4.8), we get

Cown,
| ulray < 2 (115)
1 h

Since Xgy = X weakly in BV (By), by Fatou’s Lemma and (4.15) we obtain

/ [Vou(y)P dy < liminf Vo (y)|P dy = 0. (4.16)
BiNE* h BiNE;

Using assumption (G1) and the homogeneity of F' in (4.14), we get

/Bl nsh (Vg (y)) dy < /Bl n<ﬁF(Vv(y))dy+cLI Xy (

1

P

e [ v—vh|pdy+c<,%z(/ |v—vhpdy) ,
Bl Bl

wVo(y)[? + | Vur(y)[P) dy
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1.€.,

[ o)< [ oru@)ay [ o (Vo)P + [Fon)P) dy
B, By B

r
-l-c/ v—vh|pdy+c</ |v—vhpdy> . (4.17)
Bl Bl

Passing to the limit as h — +oo in (4.17), by virtue of (4.16), the strong convergence of vy, to v in LP and the
lower semicontinuity of F', we obtain

[ aFu)dy < timint [ oFCo@)dy < [ aFTo) dy,
B1

Bl Bl

that is,

lim [ nE(Von(y))dy = / nF(Vo(y)) dy. (4.18)
By B,

By the strong p-convexity of F' and Lemma 2.1, we have

[, 1V (Vor(y) = V(Vo(y))* dy (4.19)
< e(p.) [, n(F(V0r(y) = F(V0(y)) ) = (DeF (Vo (y)).n(Ven(y) = Vo(y)) dy.

By the minimality of (u, E), we get
[, (DeF(T00) s DT, Vi) dr =0
for every ¢ € Wy (B,, (x1)) or, equivalently,
/B <D5F<<th(y)> + X DeG(snVun(y)), v¢> dz =0
for every ¢ € Wy P(By), or still
/B 1 (DeF(6hVun(y)), Vo ) dy = /B 1 (Xp DGV 0n()), Vi) . (4.20)
Then, choosing 9 := n(v, — v) with n € C§°(B;) as test function in (4.20), we obtain
[ (DeF@Vunt). (7o, - Vo)) dy
= [ (DRI ). aton — o)) dy
— /B1 Xp: <D5G(<thh(y))ﬂ7(Vvh - VU)> dy
—/B Xe; <D5G(§hvvh(y))» V(v — v)> dy. (4.21)

Using estimates (2.2) for D¢ F' and DG, (4.21) yields

[ (DeF@Tu a7 - o))



REGULARITY RESULTS FOR AN OPTIMAL DESIGN PROBLEM WITH A VOLUME CONSTRAINT 477

< e(p, B, L) / (Vo ()P~ |Vllon — o] dy
By

e(p. B, L) / 5 Von ()P~ ]| Von — Vol dy. (4.22)
BiNE?

By

By the homogeneity of F', Holder’s inequality, (4.8) and (4.15), (4.22) implies that

[ (Per@u v - Vo))

p=1 1
p p
.01l ([ 1vopan) " ([ o opa)
p—1 '
P »
+elp. B, L ) ( Vo >|pdy> ([ rvonr -+ woiray)
BiNE; B:
1 p—1
P P Cco\ 1o
et 8. L ¥lle) ([ o= ol ay) " ol L) () 7 (1.23)
1
Since vy, converge strongly to v in LP(B7), passing to the limit as h — oo in (4.23), we get
lim / (DeF(Vur(y)), n(Vu,, — Vo)) dy‘ = 0. (4.24)
h—+o00 B

Passing to the limit in (4.19) and using (4.18) and (4.24), we obtain

lim NV (Vou(y)) — V(Vo(y))* dy = 0,
——+00 B

which, by Lemma 2.1, implies that

Jim [+ Vo) + Vo)) T Ven(y) - Vo)l dy =0, (4.25)

In the case p > 2, one can easily check that (4.25) implies
v, — v strongly in W,SP(By).
In the case 1 < p < 2, it suffices to observe that Holder’s inequality with exponents % and ﬁ yields

/ n|Vup, — Vo|P dz
B

D 2—p

2 2
( [+ 19l + (90 dx)
B

P

< (/ n(2 + |Von|? + |Vo[2) ™= [V, — Vol? dx)
B

p— 2
<c (/ n(p? + [Vup|® + |Vv\2)T2|Vvh — Vol? dx) , (4.26)
By
where we used (4.8). Hence, also in this case, by (4.25) we conclude that
vp — v strongly in WLP(By),

and this asserts the claim.
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Substep 2.c. Reaching a contradiction. Notice that (4.5) can be written as

][ |Vul|P do > MT*‘S][ |Vu|P du,
B'r'r'h (Ih) B'r'h (xh)

1

P
ShJ By, (xn)

or, equivalently,

|VulP dz > M77°, (4.27)

by the definition of ¢;. By the change of variable x = xj, + rpy and the definition of vy, from (4.27) we infer
that

1
—p][ [spn Vo |P dz > M7=,
ShJ B,

1.€.,

][ Vo [P dz > MT72. (4.28)

.

By virtue of the strong convergence of vy, to v in T/Vlf)’f(Bl) and (4.9), we have that

1
lim][ IVon|? :][ PP < = (4.29)
h B. B, T

Clearly, (4.29) contradicts (4.28) because M > 707",

Step 3. Conclusion. We conclude that if (u, E) is a solution of (P), then there exist 7 € (0,3) and § € (0,1)
such that, setting M = 1, there exists hg € N with the property that whenever B,.(z) C {2, then

/ |Vu|P do < hor™™* or / |Vu|P dz < T”_‘S/ |Vu|P de.
Br(xo) Brr(x0) By (x0)

Hence,

/ |Vul|P de < T"*‘S/ |Vau|P dz + hor™ 1,
BTT'(:EO) Br(mo)

and using Lemma 2.4 with ¢(p) := [, (o) |Vu|Pdz, v =n—¢ and 8 = n — 1, we obtain that

—1
/ [VulPdz < ¢ (£>n / |Vau|P dz + hop™ ' 3,
By (o) r By (z0)

for every 0 < p < r < R, and so
/ |VulP dz < Cp" .
Bp(xO)

By Holder’s inequality

P
/ |[Vuldz < ¢ / |VulPdz | pv < CpTlJFﬁ =Cp' v,
B, (o) By (z0)

Theorem 2.2 yields that, at least, u is locally Hélder continuous with exponent 1%. At this point, the equivalence
between reduced boundary and topological boundary can be obtained arguing as in ([4], Thm. 2.2), with the
obvious modifications. O



REGULARITY RESULTS FOR AN OPTIMAL DESIGN PROBLEM WITH A VOLUME CONSTRAINT 479

5. PROOF OF THEOREM 1.2 — FULL REGULARITY

This section is devoted to the proof of the full regularity result stated in Theorem 1.2. The key point is
to prove that if the ratio —2~, where @ and 3 are the parameters appearing in hypotheses (G1) and (G2), is

=T
sufficiently small then [, [Vu|? decays as p" =119
P

Proof of Theorem 1.2.

Step 1. Let (u, E') be a minimal configuration of problem (P). We first show that u € Co’l/p/+5((2) for some

loc

positive §, with p’ = p%l. Fix € 2 and a ball B,.(z) CC (2. Assume, without loss of generality, that 2 = 0
and r < 1. In what follows, we will omit the dependence on the center simply denoting by B, the ball B,.(0).
By Theorem 1.4, we have that (u, E) is a minimizer of problem (1.5) for A sufficiently large. Let v be the
minimizer of

we Whe(B,) H/B (F + G)(Vuw) da,

satisfying the boundary condition v = u on dB,.. Then

/ (DeF(Vu) + X, DeG(V)) - Vopda = 0 (5.1)

r

and

D¢(F +G)(Vv) - Vepdr =0 (5.2)
B,

for all ¢ € W,**(B,). Note that assumptions (F1)-(F2) and (G1)-(G2) imply that the integrand F + G satisfies

(H1) 0< (F+6)(©) < L1 + ),
(H2) [ E+0E+ Vo oz [ (46O + T + | + V)T 767
2 2

and (see (2.3))
(H3) (De(F +G)(€) = De(F +G)(n), & —m) > e(p)|V (&) = V(n)?,
with growth and coercivity constants L, £ such that

L<(@B+1)L and (> (a+1)L.

By virtue of (H1) and (H2), we can apply Theorem 2.1 and (2.10) to H = F'+ G, to obtain that for all 0 < p < §

T

P 4 P
[ 190R)E o <18, sup (12 + [V0)F < cng sup(i? + Vo)’
B, Br

e 2

<ec (%) (5)" /B (12 +|Vo]?)% da, (5.3)

i

for some constants ¢ = ¢(n,p) > 1 and o = 27". On the other hand if § < o <, one easily gets that

/ (1 + | Vo2 do < 2”%/ (12 + |Vol*)? dz.

B, B,
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Therefore estimate (5.3) holds for every 0 < g < r. Subtracting (5.2) from (5.1), we obtain

/ (De(F +G)(Vu) ~ De(F +G)(V)) - Vipdz / DeG(Vu) - Vipda =0,

. B,\E
or, equivalently,
/ (De(F +G)(Vu) — De(F +G)(Vv)) - Vipda = / DeG(Va) - Vipda. (5.4)
B, B \E

Next, we treat separately the cases p > 2 and 1 < p < 2.

Case p > 2. Set p:=u —v in (5.4). In (5.4) we use (H3) and Lemma 2.1 in the left hand side, the second
condition in (2.2) and Holder’s inequality in the right hand side, thus obtaining

cme/B (12 + |Vul® + |Vv\2)pT_2|Vu — Vol*dz < cpﬁL/ (1? + \Vu\z)pT_l\Vu — Vou|da

1
2

<eit ([ G riwutas)” ([ @+ 19ut) V0 - Vo)
B,

T

=

< 0L (/ (1% + |Vul?)2 dx) (/ (1% + |Vul? + |Vo[2) = [Vu — Vv2das>
B

T

where, in the last inequality, we used that p > 2. Hence

p—2 L 2 p
/ (1% 4 |Vul> + |Vo*) = |[Vu — Vo2 dz < ¢, (%) / (12 + |Vul?)? dz. (5.5)
B,

By virtue of (5.5), one has that for 0 < p <r

/ [Vu— VolP de < cp/ (12 + |Vul* + |Vv\2)¥|Vu — Vol?dz

e e

2
< o (%L) [ 62 +19up)tas, (5.6)

i

therefore, from (5.3) and (5.6), we get

1/p 1/p 1/p
(/ [Vul|P daz) < (/ |Vu — Vol? dx) + (/ |Vol? dx)
B B, B,
L\? .\ VP
< Cnp (ﬁT) (/ (p? + [Vul?)2 dx)
l B

r

+Cnp (%) % (§>n/p (/B}uz +|Vol?) dx)l/p- (5.7)

By Lemma 2.3 applied for H = F'+ G and by the minimality of v, we have

e

p 2 - ~
/ (1 + Vo) do < 2 / (F + G)(Vo)de + c(n,p, L, T, )"
s B,

2 -~
<2 [ (P4 @) (Vayds + clnp LT "
B,
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2L ) .
<2 [+ V) dot clnp L L™, (5:5)
B,

where in last line we used the growth assumption (H1). Combining (5.7) and (5.8), we obtain, for all 0 < p < r,
that

[ (@) @] (e

+¢(n,p, L, )07,

AN f ) et 7 et
+Cn’17 = (g) / (lu‘z + ‘Vu‘z)z da —l—c(n,p,L,é,,u)gP
Y4 r B,
L

and therefore the following estimate holds

(31 % ~ P 0 ';L / 9 oD
Vaul|P dz < i [ (e £ + |Vul?)®
/ |VulP dz < ¢ ( ; ) <£> (r) ; (u° +|Vul?)z dz

+e(n,p, L, 0, 1) ", (5.9)
for every 0 < p < r.

Case 1 < p < 2. As before, we choose ¢ = u — v in (5.4). In (5.4) we use (H3) and Lemma 2.1 in the left
hand side, the second condition in (2.2) and Hoélder’s inequality in the right hand side to obtain

cn’pz/B (1% + |Vul? + |Vo|2) "2 |[Vu — Vo2 dz < cpﬂL/ (1% + |Vu|?) "2 |[Vu — Vo| da

< cng/ (12 + |Vl + [Vo2) 7 [Vu — Vo| da
B,

1
2

<ot ([ 4 u  19eFan) ([ 24 9l 4 90 Tu - T )

r By

and so
p= L\’ p
/ (1% + |Vul? + |Vo|2) "2 [Vu — Vo|? dz < e <%> / (1 + |Vu* + |Vo|?) 2 da. (5.10)
B, B,
On the other hand, for 1 < p < 2, Holder’s inequality with exponents % and ﬁ yields

/ |Vu — VolP do
B

e
P 2—-p

g(/ (,ﬁ+|vu|2+|vv2)¥|vu_w2dx> (/ (u2+Vu2—|—|Vv2)§das>
BQ BQ

< Cnp (%)p (/ r(/ﬂ FIVul? + |Vo[2) dx) ’ (/B

2—-p
2

e

(1 + |Vul? + |[Vo|?)? d:c)
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L\? P
= Cnp (%) /B (2 + |Vul? + |Vv]?)2 dz

where we used (5.10). From (5.3) and (5.11), we get

1/p 1/p 1/p
(/ [Vul? das) < (/ |[Vu — Vol? das) + (/ [Vol? das)
B B B,

e e

L g\
< Cnp (i) (/ (12 + |Vul? + |Vo|?)2 d:c>
l B,
L\" ro\/» 2 2\2 e
Feny <7> (&) (] 1wyt as
L g\
< cCnyp (%) (/ (1? + |Vul?)? dx)
e (ﬁj) (&) (&)™ (/ (1 + Vo) d:c)l/p
AN ) \r B, ’
By virtue of (5.8), that holds for all p > 1, from estimate (5.12) we obtain

</BQ |Vul? dgg) /e < Cnp (%) </ ’P(Mg L Ve da:) 1/p
) () ) 6 (frmos”

n

+c(n,p, L, 6, p)r?

~[()(9)

+e(n,p, L, L, p)r

ke
_|_
N
~)
N———
kel
N
ERLS
N——
3
~
hs}
| E—
N
T
$
=
_|_
<
=
N———
-
~
i

Therefore

]
_l_
/N
~)l
~—
|
VS
RRLS
N—

3
~
=

| I |
=
5
S
=
_l_
<
=

J

Hence, both estimates (5.9) and (5.14) can be written as

p
L n/ ~ ~
o (57 0] s cnnior
B, ¢ B,

e

[VulPde < ¢, [(@) <£~
1 1

+ c(n,p, Z’a Z’ M)Tn

o+1
p

r

where
if p> 2,

7/
e
N—
3w

ifl<p<2.

N
e
N———
/N
~tn
~—
o=

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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We find the largest ¢ < 1 for which there exists ¥ < 1 such that

L ol v
L p
Cnp (g - (;) 19"”’) =9t
14
This equality is equivalent to
o41
Qn=1)/p L\ *
=T (2) e ),
cr l
where, for simplicity, we set ¢ = ¢y, ¢ > 1. Note that such 9, € [0,1) exist. Indeed
. okl
df 1 n_q n—1 _1 L P
— (%) = =Y9» v — =
dﬁ( ) p v K (5 7
and so _(e41)
df 1/n—1\"{L\ ~
Twn=0 « 19_E( = ) <?>
Set (o)
1/n—1\"(L\ *
19 = — — d = 19 .
0 c(n)(z) an o == f(Yo)
Since £ < L and ¢ > 1 it follows that 9, € (0,1) and
F00 = 2y 10
Moreover,
(n-1) =\ 5 -1\ G
9y L\ " = z [ " L\ "
= — =~ 19;7 = ’l9p 0 — =~
o1 o1
n L P n 1 L ’
—op (1) (=2 e Z
n—1 Y n—1 Y
We write
~ ”,—'H(lfn) ~\ O
¢ = (n—1)=D 1 (L) " I
o nn c% Z = Cnp z
o (n—1)=1 1 ~ i . _
with &, = T and 0 := Zt=(n — 1). Note that (o € (0,1). In case in which p > 2, we need
cr
(5.17)

(%) <

Recalling that £ > (o + 1)¢ and L < (6+ 1)L, in order to have (5.17) it suffices to impose that

B NF(B+1\T . [(L\TTF
<a+1) <a+1) < Cnp (Z) (5.18)
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In fact

BB+ DL) <éup((@+ D07 = (BLPL7 <20y

SIS

2 ~ o
5L) » _ 1
= i < =C = 5
( 7 (:0 n,p I
and inequality (5.18) is clearly fulfilled if the ratio aiﬂ is sufficiently small.
Similarly, in case in which 1 < p < 2, we need

1

ﬁL) L\"

— = < (. 5.19
(%) (%) <« (519)
In order to have (5.19), it suffices to impose

1 G+ F+1+2
b_(bxlL < Cnp L : (5.20)
a+1l\a+1 AL

/6(5 + 1)5+%L&+1+% < En,p((a + 1)€)g+1+% = (/BL):E&-F% < én,p(z)a-+1+%

() <o (i) -

and inequality (5.20) is clearly fulfilled if the ratio % is sufficiently small.

Then, choosing «, 8 such that (5.17) (if p > 2) or (5.19) (if 1 < p < 2) are satisfied, in view of (5.15) there
exist ¥ € (0,9¢) and 0 > 0, depending on «, 8, n,p, ¢, L, such that

In fact

/ [VulP doe < 19"_1“’5/ |Vul|P dz + ¢(n, p, f, E,Z)r".
By

r

Since 7 < 1, the term 7" can be majorized by r» 1TP% for every 0 < § < min{4, %}, and from the previous
estimate, we deduce that

/ [VulP de < 19"_1+P‘§/ |Vul? dz + c(n, p, . L, Oy 14pd
By

r

This estimate, by virtue of Lemma 2.4, yields that for all 0 < p <7 < 1
0 n—1+pd -
[ vurds <) (8)7 [ vulr s+ et (5.21)
B, r B,

So, for0 < o< 1
/ |Vu|P de < cpn~1HP°
B

e

and by Holder’s inequality

/B Vudx<c</B

Sl

n—1+ps+n(p—1) _ BN
_ Cp" 1+5+p/’

[VulP d:r) 07" < cp P

e e
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S I, 0,97 +0 . :
By Theorem 2.2, the previous inequality implies that u € C| " (2) whenever (5.18) (if p > 2) or (5.20) (if
1 < p < 2) hold true.

Step 2. Fix a point = € {2 and let 7 > 0 be such that dist(z,92) > 7. Consider 0 < r < ro < 7 and denote by
A any set of finite perimeter such that EAA CC B, (z). From Theorem 1.4 we have that

I)\O (u, E) S I)\o (U, A)?
and thus
/ (F(Vu) + X, G(Vu)) dz + P(E,2) + Aol B] — d]
(9]
< / (F(Vu) +x,G(Vu)) dz + P(A, 2) 4+ o] |A] — d].
2

Using that EAA CC B, (x), we deduce that

P(E.Br(@) ~ PIAB, () < [ (xa(0) = xo (@) G(Tu) do o+ o1 4] - ||

i

< ﬁL/ |Vul? + er™,

T

where we invoked assumption (G2). By the decay estimate (5.21), we infer that
P(E,B,(z)) — P(A, B.(z)) < er™ P 4 op < epn =140

since r < 1. As § can be replaced by any smaller number, we can choose pj < % and the result follows from
Theorem 2.3. d

6. PARTIAL REGULARITY — PROOF OF THEOREM 1.3

In this section, we prove that a partial regularity result holds without imposing any bounds on « and 3, as
stated in Theorem 1.3.

Proof of Theorem 1.3. Set

p—0

. 1
20 := {xef):llmsupw/BPVuP:O},

for an arbitrary 0 < § < %. Note that (see Thm. 3, Sect. 2.4.3, in [9]), |2\ 29| = 0. Fix a point = € 2y and let
ro be such that dist(z, d£2) > rg. Since x € {2y, for every € > 0 there exists a radius R = R(e) < ro such that

1
— VulP < 6.1
v |, Il <2 (61)

for all 0 < r < R(¢g). By (5.15) and (5.17), for all 0 < p < r we have

J,

Inserting (6.1) in previous inequality, we get

o+1

P
z P n/p o~
[VulPdz < ¢, p |+ <7> (g) / |Vul? de + c¢(n, p, L, £, p)r™.

o i

P 1
n/ n—1tp 2

/ [VulPdz < ¢ er |1+ (Q) p] I (/ [Vu|P d:r) +er”,
B r -

e
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where ¢ = ¢(n, p, u, a, 3,¢, L). By Young’s inequality, we deduce that

P
n/p
1+(§) ] {/ |Vu|pdx+rn_1+1’5}—|—cr"
B

P
n/p
1—1—(€) ] / |Vu|P de + er™1+P9, (6.2)
T B,

/ |[VulP dz < ¢ e2
BQ

1
<ce?

for every 0 < p < r < R(e), since we may suppose, without loss of generality, that » < 1. Therefore, in particular,
writing (6.2) for p = %, we get
1 17"
/ [VulPde <ce? |14 <§> / |Vaul? da + cr™ =199, (6.3)
B .

r
2

Choosing ¢ in (6.3) such that
1 21-p

2 < —— >
c(l—l—?F)

2 1\
/ Vul|P dz < ———5 |1+ (—) ] / |VaulP dz 4 er™~1HP0
5 (1 +2?) 2 B,

= / |VulP dz + er™ AP

we obtain

n\P n
(1+25)" 2 .
1 n—1+4+p
= (5) /B \VulP dz 4 ™= 1P0, (6.4)

From (6.4), thanks to Lemma 2.4 applied with ¢(r) := fBr |VulP dz and ¥ = 3, we obtain that

/ |VulP dz < cpn=1HP0 (6.5)

o
for all 0 < p < r < rg and some ¢ = ¢(n,p, o, 3,4, L). Hence, by virtue of Theorem 2.2 and Hoélder inequality,

we deduce that u € Co’ﬁ+5(90)’ for every 0 < § < %.
Let us denote by A any set of finite perimeter such that EAA CC B,(z). From Theorem 1.4 we have that

I)\o (u7 E) < I)\o (U, A)7

therefore, by assumption (G1) and the decay estimate (6.5), we deduce that

P(E, By(r)) — P(A, B,(x)) S/ (xa(z) = xp(@)G(Vu)dz + Ao||A] — | E]|

BP
< ﬁL/ [VulP dz 4 Ao||A] — |E|| < cp" PO L ehgp”
B/’

and the conclusion follows again by Theorem 2.3 applied to 2y in place of (2. g
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